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Infinite-dimensional discrete-time bilinear models driven by Hilbert-space-valued random sequences can be
rigorously defined as the uniform limit of finite-dimensional bilinear models. Existence and uniqueness of
solutions for such infinite-dimensional models can be established by assuming only independence and structural
similarity for the stochastic environment under consideration. Uniform structure equiconvergence implies
uniform state convergence under suitable stability-like conditions.

1. Introduction

Mathematical modelling is usually understood as the problem of building a mathematical
model, for instance in terms of differential or difference equations, for a given real, say physical,
system. This is closely related to the system identification problem (see, e.g., [2]). Generally, the
model candidates are well-defined mathematical objects such as, for instance, nonlinear ordinary
differential equations whose existence and uniqueness of solutions have been previously estab-
lished. In this paper we shall be dealing with the problem of properly defining a class of such
mathematical objects, rather than with the problem of exhibiting a well-known mathematical
equation which may reasonably describe the behaviour of some real process.

The class of mathematical objects that we shall be considering here is the one which describes
the behaviour of an important subclass of nonlinear dynamical systems, namely bilinear systems
(see, e.g., [1,6-8,11]). The major part of the available literature on bilinear systems is related to
deterministic, continuous-time, and finite-dimensional models, although some important contri-
butions outside the above category have already been published (see, e.g., the references in [3,5]).
Here we shall be considering discrete-time bilinear systems operating in a stochastic environ-
ment, whose model is formally given by the following difference equation:

Xip1=| Ao+ Z AW, e | x; +u,
k=1
where { A, ; k = 0} is a sequence of bounded linear operators on some separable Hilbert space
H, {e,; k> 1} is an orthonormal basis for H, and {u;;i> 0}, {w,;i>0}, and {x,;i> 0} are
H-valued random sequences. Suppose H is infinite-dimensional, so that the above series may be
infinite. The purpose of the present paper is to give a rigorous definition of the above
infinite-dimensional stochastic discrete bilinear model, and to investigate the problem of ap-
proximating its state sequence by state sequences generated by finite-dimensional models.
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The paper is organized as follows. H-valued second-order random variables are briefly
reviewed in Section 2, since they comprise the basic support upon which the main results will be
built. In Section 3 it is shown that the infinite-dimensional structure under consideration can be
properly defined as the uniform limit of finite-dimensional structures on the Hilbert space s# of
all second-order H-valued random variables. Existence and uniqueness of the state sequence
generated by the underlying limiting model are also verified in Section 3. Finally, the reverse
problem of approximating the resulting state sequence by using finite-dimensional structures is
considered in Section 4.

2. Notational and conceptual preliminaries

Throughout this paper we shall assume that H is a separable nontrivial Hilbert space. || - || and
(-; ) will stand for norm and inner product in H, respectively. Let B[ H] denote the Banach
algebra of all bounded linear transformations of H into itself. We shall use the same symbol || - ||
to denote the uniform induced norm in B[H]. Let T* & B[ H] be the adjoint of T B[H]}, and
set BJH]|"={T€B[H):0<T=T*)}, the closed convex cone of all self-adjoint nonnegative
(ie., 0< (Th; h) Vh € H) operators on H. Let B_|H] denote the class of all compact operators
from B[H], and set B [H]"=B_[H]N B[H]". For T B, [H]" we define the trace of T as
usual,

def 2 od
t(T) = X (Tepse) = X Ay,
k=1 k=1
where {e,; k>1} is any orthonormal basis for H, and {A, >0;k>1} is the set of all
eigenvalues of T, each of them counted according to its multiplicity. Now set |7 | = (T *T)'/?
€ B[H)* for any T < B[H), and recall that TE B[H]" < T=|T| and TE€B_[H] < |T| €
B [H] Let Bi[H]|={T<€ B [H]:tr(|T|) < oo} denote the class of all nuclear operators on H.
In particular, set Bi{H]" = B,[H]|NB[H]"={T< B, [H]" :tx(T) < 0}. Finally, for any f, g
€ H define the outer product operator (f e g) € B,[H] as follows: (fog)h=(h; g)f for all
he€ H, so that (fo f) < B,[H]". For a brief presentation on nuclear (or trace-class) operators,
the reader is referred to [12].
Let (2, =, p) be a probability space, where £ is a o-algebra of subsets of a nomempty basic
set §2, and p is a probability measure on 2. Let 5 be the set of equivalence classes of H-valued
measurable maps x defined almost everywhere on £, such that

e = e (2} = [ix ()i du(w) < o,
2

where & stands for the expectation operator for scalar-valued random variables. The above is the
so-called second-order property. Now, set the following inner product in 5#:

(3 7 = e((x30)) = [[(x()5 ¥(0)) du(w)

for all x, y €5, which induces the above norm in 5. Thus, 5#= L,(£2, p; H): the Hilbert
space of all second-order H-valued random variables. For any x, y € 5, consider the sesquilinear
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functional £{( -; y) (x;-)}: H* > C, which is bounded. Then (cf. [12, p. 120]) there exists a
unique operator in B[H], say &{ x o y}, referred to as the correlation of x €3¢ and y € 5#, such
that

(E{xoy)f;8)=¢e{{f;y){x;8)}) Vf, g€H.

2.1. Remark. It is a simple matter to show that, for every x, y €3¢ and T € B[H],
(a) &(xoy}€B[H]and &{x°x) € B,[H]",
(b) tr(&{x o x}) = |Ix[|5%,
(©) ITx 50 < |T1 - (IX|{ -

Now consider a family {x, € #; § € Z# #} of random variables. For each { € = let {e,,; k
> 1} be an orthonormal basis for H made up of all eigenvectors of &{x,° x,} € Bj[H]", whose
existence is ensured by the Spectral Theorem (see, e.g., [9, p- 460]). Such a family is said to be
structurally similar if there exists an orthonormal basis for H, say {e,; k> 1}, such that
{e;r; k>1)={e,; k>1} for every £ € E. {e,; k> 1} is referred to as the common orthonor-
mal basis for H of {x,€5¢;{<€ Z}. Note that structural similarity may be thought of as a
generalization of correlation stationarity. Actually, a family {x, €5#; € =+ @} is correlation
stationary if there exists a Q € B[ H]" such that &{x,° x.} = Q for every £ € Z. For any family
{x,€H; £ Z+) we set

i texy = { ¥ €51 y isindependent of {x,€5¢; £ € Z}}.

In particular, for any x €5¢, 4, ={ y €5 y is independent of x € #}.

2.2. Remark. Note that y € 4 < x €.#,. The following well-known independence properties (see,
e.g., [10]) will be needed in the sequel:
(a) If x €7, then, for every measurable functionals ¢, ¢ : H — C,

e{o(x)¥(y)} =e{o(x)}e{d(»)}.

(b) If { y,€5#;ve T # @} is independent of { x, €5#; £ € =+ f}, then, for any finite subset
{x¢;1<k<m} of {x;;§€ X} and for every measurable map N: H" — H,

N(xgseer Xg ) EF, very-

2.3. Remark. For any x €5 consider the linear functional &{(-;x)}: H— C, which is
bounded. Then, by the Riez Representation Theorem (see, e.g., [9, p. 345]), there exists a unique
element in H, say E{ x}, referred to as the expectation of x € 3, such that

(E{x};hy=¢{(x;h)} VheH.
Two random variables x, y € > are said to be uncorrelated if
¢{xey}=E{x}°E{y}.

By the Riez Representation Theorem (and according to the definition of expectation, correlation,
and outer product operator), uncorrelatedness turns out to be equivalent to

e{f(x) 8(»)} =e{f(x)} e{8(»)}
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for every bounded linear functionals f, g: H — C, with the upper bar denoting complex
conjugate. Hence, independence obviously implies uncorrelatedness, according to Remark 2.2(a).
However, only uncorrelatedness will not suffice our needs in Section 3. We shall really need the
separation property in Remark 2.2(a) for quadratic functionals, which is not generally true for
uncorrelated random variables. When uncorrelatedness is enough (e.g., for linear models), a
sharper and more elegant approach can be developed. To see this, let us first recall the following
particular case of Remark 2.2(b). Take any finite subset {x; ;1 <k <m} of a family {x,; {€ =
4. If x €S xitem) then, for every measurable map N: H” — H,

N(xg,..., x; ) EF,.

However, the above is not generally true if we assume x € N, z#, instead of x €S tem)
Indeed, 1t is possible that (y + z) € £, even if x, y, z € are pairwise independent. Thus, .£_ is
not a linear subspace of 5, opposite to %, = { y €5 : y is uncorrelated with x € 5}, which is
a closed linear subspace of 5. Therefore, if uncorrelatedness was sufficient, we could replace the
set £ by the Hilbert space %, throughout the next section, which would certainly supply a
nicer set-up. But, this is not the case for nonlinear models.

3. Infinite-dimensional stochastic bilinear model

Consider the infinite-dimensional stochastic discrete bilinear model that has formally been
introduced in Section 1. The purpose of this section is to give a rigorous definition for such a
model. This will be achieved in Lemma 3.4 below. We begin by establishing two auxiliary results
that will suffice our needs.

3.1. Proposition. Let {w, € ;£ € Z+ @)} be a structurally similar family with a common
orthonormal basis { e, ; k> 1} for H. For each § € = and for every n > 1, set

A, (n)=Aog+ Y Awe ey L, —H,
k=1
where { A, € B[H]; k > 0} is a uniformly bounded sequence of operators. We claim that, for each
£ € Z, the sequence of maps { A, (n): S, —H;n>1} converges uniformly or, equivalently, for
each § € X there exists a map ,, 5, — X such that

“Mwe(n)v'“dwﬁ”x’
-0 asn— owo.

sup
oves,, 121l

Such a map has the following properties:

15, 211 < (11 4oll + supl| 4, Welloe lollg 00 = ast,

for every a € C and v &€ #, , and, for each i > ],

e’

Mws( L UJ) = LAy
=0 j=0
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whenever v; efwf forevery j=0,1,..., i and (le;ovj) SR for every k=1,..., i, which happens
whenever w, € 4, , . ,, according to Remark 2.2(b).

Proof. For each £ € & we get from Remark 2.2(a) that
(A wes e)v; A wes e)v)y
=e{(wes e (e we)(Aw; Av) )
=e{(wgse (e woyte((Awi Av)) =(E{weow te; e )(Aw; Av)y
for every k, /> 1, whenever v €5, . Moreover, since {w,&.#; 5 € Z'} is structurally similar,
E{weow e, =A, €4, so that L (A, = tr(@“’{wgowg})—[lw§|[3(< oo, for each £ X and

every k>1, where A,, >0 is the eigenvalue of &{w; ow;} € B[H ]+ assoc1ated with the
common eigenvector e, for each £ > 1 (cf. Remark 2. 1(b)) Hence, for each £ € =)

2

P
Z A we; e)v
k=m

Ed

(A weseyvs A we; €)0)

~

3

P
)‘5,1<‘-’1§ ex)(Agv; Av)y < sup HA/(”Z”U“izPZ >\§,k

m<k<sp k=m

i

FLeh ek

=

for all v S and for any 1 < m < p, according to Remark 2.1(c). Therefore, uniform conver-
gence follows for each £ € = since ¢ is complete, and

|, (7 +v)v =, (n)0]l (

Sup Sup ” H < Sup”Ak”
v21 0#vES,, Ulloe k=1

0 1,2
> Ag,k) -0 asn— 0.

k=n+1

Let us finally verify the bounded linear-like properties of the map 7, (which just fails to be a
bounded linear one because its domain £, is not a linear subspace of ). Boundedness is
readily verified since, for each £ € % and for any v €., ,

|2, (n) 0]l < (I|A0H+ sup|| Al ”Wgﬂaf)HU”x

k=1

for every n > 1 Homogeneity is trivial. The additivity property can be verified as follows. For an
arbltrary §€ E take u,v €, for which (u +v) €S, Then, in such a case, A, (n)(u+v)=
(n)u +7, (n)v for every n > 1, so that

WE(U“‘U)“‘(J?{WU"‘J?/WEU)HM
SHJ%W‘S(M"‘U) —‘Mwé(n)(u‘{_ U)”.%" +H‘Mw (n)u'_ﬂw;-un.)f
+(oZ, (n)v =, 0] x>0 asn—co.

Thus, our additivity property holds true for i = 1. Now let v; €, forevery j=0,1,..., i, i+1
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and (Z’j—=ovj) €S, forevery k=1, 2,..., i, i+ 1, and suppose the desired additivity property
holds for some i > 1. Then, since it holds for i =1,

i
'%we( Z vj + Uit
Jj=0

MZU+J2¢U,+1 Z.szfu—(— Vie1s
Jj= j=0

which concludes the proof by induction. O

3.2. Remark. In the preceding proposition we got uniform pointwise convergence (i.e., uniform
on J,, for each £ € X), but not uniform equiconvergence (i.e., uniform on %, and uniform in
§ € ). Now, suppose the structurally similar family {w, €3¢ ; { € £} is correlation dominated in
the following sense: there exists a Q € B;[H]" such that

E{wgow,} <Q Vi€,

For instance, correlation stationarity for {w, € ; § € =} characterizes a particular case for
which the above assumptions obviously hold true. By setting A, = (Qe, ; e,) > 0 for each k > 1
we get A, =(E{weowsle, ;) <A, forall § € = and every k > 1, so that

p
sup Z A< ), sup A, <

(X Kom . k=m X

"M“

for any 1 < m < p, where Z7_ A, = tr(Q) < oo, Hence,

(. (1) =2, )l 2 (

sup  sup < supl| 4|l
¢eZ 0#ves, 1ol ¢ k>1

o0 1/2
Y }\k) -0 asn— .

k=n+1

Thus, the sequence of maps {sz (n): S, —H;n>1} converges to &, : 5, 9% uniformly
on £, C5¥ and uniformly in £E = (ie., umform equiconvergence), whenever the structurally
similar family { w, €3¢, fez}is correlatlon dominated.

3.3. Proposition. Consider a sequence {v, € ;i>0}. Let {w,€5#;i>0} be a structurally
similar sequence such that wo € 4, and w;€ S, vy Jor every j> 1. Then

[IEEED W,—1:00,01,-

vE€L,, A, ...H,0EL, Vj=0,...,i—1,
k

Y. A, ... A€, Vk=0,.. i-1,

j=0

> ... A, 0+ 0, ES,

Z Ay Ay to = YA, A

for every i >1, with £, : S, — H defined as in Proposition 3.1.
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Proof. Since v, €4, we get (4, v,) €5 by Proposition 3.1. Hence, according to Remark
2.2(b), wy €4, 1,0,y implies that vy, &, vy, and &, v, + v, are in £, . Then, by the additivity
property of &7, in Proposition 3.1,

MWI[MWOUO + Ul] =, A, g+, 0.
Thus, the desired result holds for i=1. Now suppose it holds for some /=1, so that

(A, 1)) e for every j=0,..., i by Proposition 3.1. Hence, according to Remark
22b), w1 EF, s,,} implies that

Ui+l ij

----- W05, 0150 v ey

A, .. . A €L, V=0, i

i+1? 1

Vk=0,..., i,

Wiv

k
Y A, . .&/wjvj €4,
j=0

i+1"

i
> Ay AU eF,
j=0

Then, by the additivity property of ./,  in Proposition 3.1,

i+1

i
&, ¥ Ay A VTV | = Y Ay U
j=0 Jj=0

Thus, the result holds for / + 1, which concludes the proof by induction. O

34. Lemma. Let {w,€5¢;i>0} be a structurally similar sequence with a common orthonormal
basis {e,; k> 1} for H. Set

A, =Ay+ 2 A(wise: I, > H
k=1
for every i >0, as defined in Proposition 3.1, where { A, € B[H]; k >0} is uniformly bounded.
Given xo € and {u; € ;i >0}, assume further that wo €5, andw, €2,
for every j = 1. Then the difference equation in 3,

e ]
X1 =[dot 2 A(wis e |x; +u,
k=1
has a unique solution, which lies in 9, for every i >0, given by x, =%/, x,+ u, and, for every
i>2,
i-1
x; =, ..., x5+ Y Ay oAU U
j=1

Proof. Set vy, = x, and v;,, = u; for every j > 0, so that w, €4, and w, €7,
for every j > 1. Then, by Proposition 3.3,

,,,,, Wi 1,00 U150 U]}

i—1 i—1 i
(a) X, Ao+ ESL,, Ly | XAy Aot = A, A,
j=0 Jj=0 Jj=0
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for every i > 1. Therefore, by setting
(b) X, =3y Ay AV FVES,

for every i = 1, we get
(c) xi+1=-527w,xi+vi+1’ Xo="Up>

for every i > 0. On the other hand, if {x,€5¢;i> 0} solves the difference equation (c) then,
from (a), it is readily verified by induction that (b) holds true forevery i = 1. O

4. Finite-dimensional approximations

Under the assumptions of Lemma 3.4, consider the state sequence {x; €., ;i> 0}, so that

(1) Xjp1 =, X, Fu;=

Ag+ Y, Ak(w,,ek>}x +u;
k=1

for every i > 0. Now, for each n> 1, consider an approximate state sequence {x,(n) €5, ;
i > 0}, such that

Ao+ i A(w;s ek>}xi(n) +u,

k=1

(2) x;+1(n) =J27w‘(n)xi(n)+ui=

for every i > 0. Here, x,(n) is supposed to be endowed with independence properties similar to
those imposed to x,. Precisely, we assume that xq(n) €5¢ is such that wo €4, . ) and
W E I xo(mhtign.eonty 1 W, y for every j > 1, for each n > 1. Note that this includes the usual
partlcular case of xo(n) bemg actually indentified with x, (i.e., xy,(n) = x, € 5# for every n > 1).
We refer to the models (1) and (2) as infinite-dimensional and finite-dimensional, respectively.
However, note that the state in (1) and the approximate state in (2) are both H-valued random
sequences, hence infinite-dimensional. What is really finite-dimensional in (2) is the sequence
(({w;s ed,....{(w;;e,));i>0}, in the sense that it is a C"-valued random sequence. Since, by
Proposition 3.1,

(3) s, (n) >4, asn-—co

W

uniformly on £, €5 and pointwise in i/ (which will be referred to as uniform pointwise
structure convergence—cf. Remark 3.2), it is natural to enquire about an expected state
convergence,

(4) x;(n)—>x;, asn— o

in 5, for each i>0. Such a pointwise state convergence actually follows in a natural and
straightforward way from the uniform pointwise structure convergence. For, from (1) and (2) we
may write

n [e.o}
xi+1"xi+1(")= Ay + Z A(w;s ey (xi-xi(n))+ Z AW, ep)x;
k=1 k=n+1
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for every n>1 and i > 0. Note that, by the independence condition under consideration and
from Remark 2.2(b), we actually have x,(n) €%, and (x;—x,(n)) €F, for every n>1 and
i = 0. By the above equation we get

101 (m) = X lle < (1 4oll + S0P LAl ), (1) = % Le

Z Aw;s e )x;

k=n+1

’

Ea

where, for each i > 0,

-0 asn— oo,
L

Z Aw;s ex)x;

k=n+1

according to Proposition 3.1. Thus, ||x,,,(n) ~ x,,1ll+»— 0 as n = oo whenever ||x,(n) — x,|| »
—0 as n— oo. If [|xq(n) — xo)l»—0 as n— oo, we have confirmed by induction that the
following holds.

4.1. Corollary. Consider the assumption of Lemma 3.4, and the models in (1) and (2). If
1Xo(n) — Xolly—>0 asn— oo,

then, for each i > 0,
lIx,(n) —x;]l»—0 asn— oo.

Equivalently, the state sequence generated by the infinite-dimensional model in (1) can always be
pointwise approximated by state sequences generated by finite-dimensional models as in (2),
whenever uniform poiniwise structure convergence holds true.

On the other hand, if (3) holds uniformly on £, C 5# and uniformly in ; (which will be
referred to as uniform structure equlconvergence——cf Remark 3.2), it is also natural to enquire
whether (4) holds in 5# uniformly in /. However, such a uniform state convergence does not
necessarily follow from uniform structure equiconvergence. To verify this, let us consider the
simplest class of counterexamples where the bilinear models are reduced to linear ones. Thus,
assume that 4, = 0 for every k > 1, so that

x; = x;(n) = Ay (xo — xo(n))

for every n>1 and i> 0. Now suppose x,(n)=(1— 8,)x, €5 for every n>1, for some
complex sequence {B8,#0&€C;n>1} such that [B,] >0 as n— oo, where the random
variable x, € ¥ degenerates to ho € H (i.e.,||x; — Ayl =0 for some h, € H, so that xo=h, € H
with probability one). Then,

1 (1) = x;lle = | B, 1] Ao o |
for every n > 1 and i > 0. Moreover, suppose 4, € B[H] is power unbounded (i.e., sup, . ¢l 45|l
= 00), so that, by the Banach-Steinhaus Theorem (see, e.g. [12, p. 74]), there exists an h € H
such that sup; o||46h|| = oo. By setting h, = h we get

sup (1, (7) = x,lle = | B, sup | Ao =

i»0
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for every n > 1, even though ||x,(n) — x|l ,»— 0 as n — co and |(#,, (n) -, )v|l,» = 0 for all
veS, CH, for every n>1 and i > 0. Summing up leads to the followmg remark.

4.2. Remark. Consider the assumptions of Lemma 3.4, and the models in (1) and (2). The
additional conditions

lIxo(n) = Xoll,y—>0 asn— oo
and

(*5& (”) )U”Jf
su su -0 asn— o0
5 P lfoff
iz0 O0=ves ki

do not guarantee that

sup||x;(n) = x|l,—>0 asn— .

i=0
Equivalently, the state sequence generated by the infinite-dimensional model in (1) may not be
uniformly approximated by a state sequence generated by a finite-dimensional model as in (2),
even under the assumption of uniform structure equiconvergence.

Now we shall give a sufficient condition for uniform structure equiconvergence to imply
uniform state convergence. Assume that {w,€5¢;i> 0} is correlation dominated (so that
uniform structure equiconvergence holds according to Remark 3.2) and {u;€5¢;i>0} is
uniformly bounded (i.e., sup,. ollu;l|% = sup; otr(&{ u, ° u;}) < co; note that correlation domi-
nance implies uniform boundedness, but the converse is not necessarily true). Set

o =||Agll + sup||4,|lsup|lw,]| s,

k=1 iz0

and suppose a < 1. From Proposition 3.1 we have

1xicalloe <HAw, Xl Tl < allxille + suplju)l e
i=0

so that, by induction,
i—1
i j ~1
X le < @'llxolle + supllulle 2o o <[lxolle+ supllull»(1 —a) <o
i20 j=0 i=0
for every i > 1, whenever a < 1. Since sup; . 4||x;|| » < oo we get (cf. the proof of Proposition 3.1
and Remark 3.2)
def

0<y,= sup
i=0

Z AW, e )x;

k=n+1

¥4

1,2
SSUPHAkl!SUPHX,-IIx( > X) -0 asn-— .
k1 i>0 k=nt1
Therefore,
i—1

xi(n) = x| < @llxo(n) = xolle +¥, 2 & <llxo(n) =~ x|l +7,(1 — @)
j=0

—1

for every i, n > 1. Thus we have shown that the following holds.
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4.3. Theorem. Consider the assumptions of Lemma 3.4, and the models in (1) and (2). Assume
further that {w, €3¢ ;i >0} is correlation dominated and {u, €3¢ ;i > 0} is uniformly bounded.

If
lIxo(n) = Xollw—>0 asn— oo

and

1,2
a = Aol + sup|| Al supte(&(w,ow, })] <1,

k=1 iz0

then

sup||x;(n) — x,)|l»— 0 asn— co.

i»0
Equivalently, the state sequence generated by the infinite-dimensional model in (1) can be uniformly
approximated by state sequences generated by finite-dimensional models as in (2), whenever o <1.

5. Concluding remarks

This paper dealt with modelling of infinite-dimensional discrete bilinear systems driven by
H-valued second-order random sequences. The stochastic environment, under which the system
is supposed to operate, was characterized by independence and structural similarity only. No
assumption on stationarity was required, and the probability distributions involved were allowed
to be arbitrary and unknown. Actually, stationarity was replaced by the less stringent assump-
tion of structural similarity. On the other hand, independence could not be relaxed to uncorre-
latedness, as discussed in Remark 2.3. For a comparison of the independence conditions usually
assumed in the stochastic bilinear systems literature the reader is referred to [4], where
mean-square stability for a particular case within the class of models defined in Lemma 3.4 has
been investigated.

The main results of the present paper appeared in Sections 3 and 4. The result of Section 3
was synthesized in Lemma 3.4, which was supported by Propositions 3.1 and 3.3. In Proposition
3.1 it was shown that the sequence of maps { &, (n): £, —#; n> 1} converges, uniformly on
4, C¢ and pointwise in /, for any structurally similar sequence { w, €5¢ ;i > 0}. Actually, the
convergence also holds uniformly in i, whenever { w, €5¢ ;i > 0} is also correlation dominated,
as shown in Remark 3.2. The transition properties of the bounded linear-like limiting map
o, :F, — & where derived in Proposition 3.3.

The results of Section 4 are concerned with the reverse problem of approximating the state
sequence generated by the infinite-dimensional model defined in Lemma 3.4, by state sequences
generated by finite-dimensional models. As one would expect, uniform pointwise structure
convergence naturally implies pointwise state convergence (cf. Corollary 4.1), so that pointwise
state approximation is straightforward from Proposition 3.1. However, uniform state conver-
gence does not generally follow from uniform structure equiconvergence, as summarized in
Remark 4.2. A sufficient condition to ensure uniform state convergence out of uniform structure

equiconvergence, so that uniform state approximation holds in that case, was given in Theorem
4.3.
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