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Mean square stability conditions for discrete-time bilinear systems operating in a
stochastic environment are given in this paper. Only independence and wide sense
stationarity are required for the second order disturbance sequences involved, thus
dismissing ergodicity and zero-mean assumptions. Stochastic stability conditions
are derived by using a deterministic stability result for a class of separable nonlinear
dynamical systems evolving in a Banach space. " 1986 Academic Press, Inc.

1. INTRODUCTION

Bilinear systems comprise an important subclass of nonlinear dynamical
systems, which lately experienced a remarkable research effort. The
available results have reached a certain level of maturity which has already
justified some systematic presentation in book form [1,2]. More recent
achievements in both theory and applications of bilinear systems can
presently be found in some general surveys [3-5] and special issues [ 6-9].

Stability for continuous-time bilinear systems operating in a stochastic
environment has been investigated by several authors. Both the stochastic
Liapunov function approach, based on a general (either linear or non-
linear) stochastic stability theory [10, 11], or the Lie-algebraic approach
for analysing moments stability [12], have been extensively used in the
current literature (e.g., see the survey in [5] and the special issue [13]).
For infinite dimensional systems the problem was approached in a Hilbert
space setting in [14, 15].

On the other hand, little has been written on stability for discrete-time
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bilinear systems operating in a stochastic environment, compared with
what has been done for the continuous-time case. Some frequency domain
results were considered in [16, 17] for particular classes of single-input
models, and almost sure and mean square stability conditions were
presented in [ 187]. Conditions for mean square stability were also obtained
in [19] towards the bilinear system identification problem.

The purpose of the present paper is to investigate mean square stability
conditions for discrete dynamical systems of the form

x(i+1)= [AO-+- Zp: Akwk(i)J x(i) + Bu(i),
k=1

where {A,; k=0, 1,..,p} and B are linear transformations, and {w(i)=
(0,(i),..., @,(7)); i =0} and {u(i); i>0} are second order random sequences.
Such a model is properly described and discussed in section 3, where the
evolution of the state moments ¢(i)=E{x({)} and Q,(i)=
E{x(i+v)x*(i)} is also analysed. Conditions on the above stochastic
model under which the sequences {g(i); i=>0} and {Q,(i);i>0} converge
are established in Section 4, by using a preliminary deterministic stability
result developed in Section 2.

2. PRELIMINARIES

In this section we pose the notation and auxiliary results which will be
needed in the sequel.

Notation

If X is a normed linear space (an inner product space), then the symbol
k1l (¢;>) will stand for norm (inner product) in X. If X and Y are normed
linear spaces, then #[X, Y] will denote the normed linear space of all
bounded linear transformations of X into Y. For simplicity we set Z[ X] =
A X, X]. Let F denote either the real field R or the complex field C, and F"
the n-dimensional (either real or complex) Euclidean space. A transfor-
mation in Z[F?, F"] will be identified with its n by p matrix representation
relative to the standard orthonormal bases for F” and F®. For arbitrary
x=(¢,.., ¢,)eF" and y = (v,,.., v,) € F® the transformation (xy*)e Z[F?,
F”], such that

(xp*)z=x(p*2)=x{zy>=x ), Ll
k=1

for all z=({,,.., {,)€FP, is identified with the usual outer product n by p
matrix [&,0,], k=1,.,n, [=1,.,p (the overbar denoting complex con-
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jugate, and the asterisk representing conjugate transpose). The Banach
space of all F-valued (absolutely) summable one-sided infinite sequences
will be denoted by /, as usual. Let Z’ be the complexification of a Banach
space Z (e.g., C" can be thought of as the complexification of R"), and
define for each L e #[Z] the following operator L' e #[Z']: L'=Lif Z is
a complex space (ie, if Z=2Z'); and L'(x+./—1y)= Lx+v/—_1 Ly for
all x, ye Z, if Z is a real space. Now let (L") = C be the spectrum (i.e., the
nonempty compact set of all spectral values) of L'e#[Z']. The
(generalized) spectral radius of Le #[Z] is then defined as the spectral
radius of L'e #[Z']. That is, r(L)=r,(L')=max{|A]: leo(L)=C}.
Roughly speaking, r,(L) is the maximum of the absolute value of all spec-
tral values of L € #[ Z ], “including complex spectral values.” We recall that

lim I =r (L)< L'l = L =sup{llLx}: [|x]|=1}.

If U and V are Hilbert spaces, L*e Z[ U, V] will denote the adjoint of
Le#[V,U]. L=0 will be used if a self-adjoint (ie., L =L*) operator
Le#[V] is nonnegative (ie, (Lx;x>>=0; Vxe V). We set Z[V]*+ =
{Le®B[V]:L=L*>0}, the closed convex cone of all self-adjoint non-
negative operators in %[ V]. We finally recall that if Le Z[ V] is normal
(ie., if LL*=L*L), then r (L)=|L||=sup{|{Lx;x>|; |x||=1}.

An evolution result

Before introducing the convergence results, which will enable us to
establish stability conditions, we need to prove the following.

PROPOSITION (P-1).  Ler {¢;; i20}, {v;; i=0}, and {B,; i=0} be real

sequences, and let {a;; i>20} and {p;;i>0} be nonnegative real sequences.
Set

$s(i, )

{1, ifi=j,

[1}6,., ifi>)

for any real sequence {3,; i=0}. Now consider the following inequalities:
(@) &oisS(e+p)étpu,  Viz0
(b) &<¢,(5,0) &0+ 3 o dali j+ DS+ B, Vizl
(¢) &<y, (5,0)E A+ 8, i j+ 1) B,  Vizl

We claim that (a)= (b)=>(c). In particular, (a')=>(b")=(c'), with (a'),
('), and (c') standing for the following inequalities:

@) <&y <latou)i+opo, V.20,
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(b') &<olaéo+ iz~ (ué+Pu)],  Vizd,
(c) &<ol(atop) Eo+BYizs(aton) /vl Vixl,

where a, p, B, and o are real constants such that >0, u=0, 620, and
§o < 0.

Proof. Let (a) be satisfied for all i>0. It is trivially verified that (b)
holds for i= 1. Suppose (b) is true for some i = 1. Then

i— 1

«:,-H@,»(m(i,omw S galij+ 1>[u,z,+ﬁ,,~v,-])+u,-:,-+ﬂ,-u,-
j=0

=4.(i+1,0) &+ Y 4.1+ 1,7+ DIng, +BJ
i=0
thus (a)=(b) by induction. In particular, (a)=(c). Now suppose {¢;;
i>0} satisfies (b), and set {,=¢, and

i1
(=, 0) Eo+ Z @i, )+ 1)[#/5/"’,{110/]7 Vizl,

j=0

such that &, <, for every i = 0. Hence
Geoi=ali+w:li+ Bo, < (o +p) {+ v, Viz0.

Therefore {{,; i>0} satisfies (a), and so it also satisfies (c). That is,

i—1
éi<€i<¢a+u(i’ 0) 60+ Z ¢a+u(i’j+ I)ijjﬁ VI> 15
=0

j=

whenever {&;; i>0} satisfies (b). Then (b)= (c). The particular case is
readily verified by setting aq=o0ua, o;=o forevery i= 1, f;=0f and u,=opu
for every i=0. |}

Some Convergence Results

The purpose of the remainder of this section is to present the preliminary
stability result in Lemma (L-1). This will be based on Propositions (P-1)
and (P-2). We begin with two auxiliary remarks.

Remark (R-1). Let X be a Banach space and AeZ[X]. It is well
known that the following assertions are equivalent: (a) | 4| >0 as i —» o
(i.e., A is uniformly asymtotically stable), (b) r,(4) <1, and (c) there exist
real constants 6 >1 and O <a <1 such that |4’ <ox’ for every i=0.
Moreover, if r,(A4) < 1 we can choose a =r,(A)+¢forany e (0, 1 —r (A4))
(e.g. see [20]).
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Remark (R-2). Let {x;; i>0} be a sequence in a normed linear space
X, and consider the following assertions.
(a) {x,;i=0} is bounded. That is, sup,., [ x| < .
(b
(c
(d) {x,;i=0} has a summable absolute envelope. That is,
{supv>0'|xi+v||; i20}€ll-
() {x;i=0} is a Cauchy summable sequence. That Iis,
{sup,so s, —xill: i20}el,.

{x;;i=0} is a null sequence. That is, || x;|| =0 as i — .
{x;; 120} is absolutely summable. That is, {| x;|l; i=0}€l,.

(f) {x;;i=0} is a Cauchy sequence. That is, sup,5¢ [ x,.,— x;| =0
as [ — o0.

(g) {x;;i=0} has null increment sequences. That is, || x;,,—x;[| >0
as i — oo, for each v=0.

We note that the diagram

) Z (a)
v 2 ™ N a  xk
(d) => (e) => (f) = (g)

holds true, which completely characterizes every possible single
relationship between each of the above assertions. Moreover

(e, b) = (d),
and

(g a) # (f).

However, if X is finite dimensional and (a) holds true, then (g)<> (f) (cf.
[21, pp. 55-58] for a proof in R, whose extention to F” is straightforward
by the Bolzano—Weierstrass theorem). The only nontrivial results in the
above diagram are (c) % (e) and (g) # (a), which are readily verified by
taking real-valued sequences {&,; i>0}={1,0,1/2% 0,0,1/3% 0, 0, O,
1/4%..} and {¢,=Ig(i+1); i>0}, respectively. It is a simple matter to
show that (e, b) = (e, ¢) = (d) by using the triangle inequality. It can also
be shown that (g, a)+# (f) by taking the following /,-valued sequence:
{x,=z,—y; i20} with z,={{;;j=1}el,, where {;=j ' if 1<j<i+]1
and {;=0if j>i+1, and y,={[i/(i+ D)V/j; j=1}€el,, for each i=>0 (cf.
[22, p.787).
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ProOPOSITION (P-2). Let {x;; i>0} be a sequence in a normed linear
space X. If there exist a=(ag, oy,...} €1, and c=(yq, y,.-) €1, such that

;o —xll <l x, — xoll + 1741, Vi,v=0,

then {x,;i>0} is a Cauchy summable sequence.
Proof. By the triangle inequality, and setting v= 1, one has
Fxep Py s =X+ lx < X0+ Lo lxy = xoll + [y
for every i> 0. On iterating the above inequality from || x,j onwards one

gets by induction (cf. Proposition (P-1))

i—1

||xi||<||xo||+_z oyl ey =20l +1y;0) Vil

Hence sup;>o [ x;| <l xoll + [ x; = xollllall, + ]|, < oo. Then,

oC

Y sup flx; =Xl < (sup flx, = xoll) llall, + el <oo. 1

i=gv=0 vz0

LemMMAa (L-1). Let {v,;i=0} be any Cauchy summable sequence in a
normed linear space X, and consider an X-valued sequence {x;;i>0} as
Jfollows.

Xio1=Lx;+Tx;+v,, xq € X arbitrary,

where Le B[ X] is uniformly asymptotically stable, and T: X - X is a con-
traction. That is, there exist real constants 0 <o <1, 621, and 0<u<1
such that

(i) IIL'| <o, Vi,

ity I Tx=Tyl<plx—yl, VxyekX
If

(iii) atou<l,

then {x;;i20} is a Cauchy summable sequence. Moreover if X is a Banach
space, then x =1lim; , ., x; is the only solution of
(iv) y=Ly+Ty+u,
where v=1lim, _,  v,. The solution does not depend on the initial condition x,.
Proof. (1) It is readily verified by induction that

i—1
xi+v=Lixv+ Z Liij;l(ij+v+vj+v)
j=0

J=
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for every v=0 and i > 1. Hence

i1
X=X, =L (x,—xo)+ X L' 7 "Tx;, ,—Tx;+v,,,— 1))
J=0
Therefore, by (i) and (ii), and according to (P-1),

i1
[xi0y—xil <o |:“l X, — xoll + Z a T 1(#'|x;'+v_x/” + 1l U,'+»‘U,'||):|,
j=0

i—1
“x[-f-v—xi” <0'|:(°‘+0'#)1Hxv_xo|[ + Z ((X+O'/.l)’]ll|l)j+y—l)j”:|

j=90

for every v20 and /> 1. Hence, since 6 = 1 and (x+ou) >0,
iy —x 0l <ol x, — xoll +7;

for every i, v=0, where

o= o(a+op),
ﬁiz((x'l-o-#)”lsup”UH—vwvi“,
v=0
Z ; Z (x4+ou) '~ 'sup o, —ull,

vz0

for each i>0. From (iii), and recalling that {v,; >0} is Cauchy sum-
mable, it follows that a= (o, a,,..)€/,, and b= (B, B,,..)€!,. Thus the
convolution (or the Cauchy product) of @ and b lies in /, as well (cf. [22,
p-77]). That is, c=a * b= (y,, y,,..)€/,. Then {x,; i>0} is Cauchy sum-
mable by (P-2).

(IT) Of course the limits v, x € X do exist, since {v,; >0} and {x;;i>1}
are Cauchy sequences (cf. Remark (R-2)) and X is a Banach space. It is
immediately verified that the limit x € X is actually a solution of (iv), since
L and T are continuous operators. On the other hand, if ye X is any
solution of (iv), we get

Xip1—=y=Lx;—y)+Tx,— Ty +v,— Vi=0.

On iterating the above equation from x, onwards, and then proceeding
exactly as in part (I), it follows that

lx,—yl<o;lxo—yl +vi, Viz0,

where ¢ = (yq, y},.)=a*b, and b’ =(f;y, Bi,.) with B =(a+ou) "
fv,—v| for every i>0. Now, since {v,—v; i>0} is a Cauchy summable
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null sequence, it follows that it is absolutely summable (cf. Remark (R-2),
(e, b)=(c)). Therefore b'el,. Hence c'el,, since ael,. Then {x,—y;
i20} is absolutelly summable and so it is a null sequence. Thus y = x by
uniqueness of the limit x. Since (iv) has a unique solution it has to be
independent of x,. |

Remarks

Consider the discrete-time dynamical system in (L-1), and note that L is
not necessarily a contraction (thus the possibly nonlinear operator (T+ L)
may not be a contraction as well).

Remark (R-3). It can be shown that condition (iii) can be replaced by

oo+ u<l

However, such an assumption is stronger than (iii) (i.e., it implies (iii)).
Indeed, if the above holds it necessarily follows by (i) that |L| <ox<1
(ie, L is a contraction), which implies that we can choose ¢ =1 and
a= | Lj (since [L'[| < | L|’; Vi=0), thus (iii) holds with ¢ = 1. Acutally, if
Te#[X], then |[L+T|<|L|+|T| <oo+ p

Remark (R-4). Obviously if T'e Z[ X], then conditions (i), (ii), and (iii)
can be replaced by

IL+T) -0 as i-oc0,
or equivalently in a Banach space setting (cf. Remark (R-1)),
r(L+T)<1.

However, condition (iii), while seemingly stringent when T'e #[ X], is often
satisfied in practical cases where the analysis of | (L + 7)Y | or r,(L+ T} is a
puzzling task. For instance, the preceding lemma will play a major role for
the stability theorems of Section 4, where X will be a noncommutative
Banach algebra, and (L+ T)e #[X] will be a symmetric linear com-
bination with X-valued coefficients. For example,

(L+T)Q]= Y F.QFf, VQeX
k=0

with F, e X for each k=0, I,.., p. In such a case both (L + 7T){ and
r,(L+ T) have not generally a simple form in terms of the X-valued coef-
ficients {F,; k=0, 1,.., p}, unless these coefficients commute.
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Remark (R-5). Finally note that if X is a Banach space and
L, Te #[X] commute, then

ro(L+ T)<r(L)+r(T)<a+p,

since the first inequality holds whenever L and T commute (cf. {23, p. 457),
and r (L)<« (cf. Remark (R-1)), r (7)< | T|| < p. Therefore the coefficent
21 in (iii) can be thought of as a cost to be paid when L and T do not
commute.

3. BILINEAR SYSTEM CORRELATION EVOLUTION

Model Description

Consider a discrete-time dynamical system operating in a stochastic
environment, whose evolution is governed by the following finite-dimen-
sional difference equation

x(i+1>=[Ao+iAkwk(i)]x(iHBum, XO0)=xp, (1)

k=1

where A, e B(F"], for each k=0, 1,.., p, and Be Z[F”, F"]. Here {u(i);
i20} and {x(i); i>0} are random sequences in [ and F”, denoting input
disturbance and model state, respectively. The FP-valued random sequence
{w(i) = (@,(i),.., w,(i)); 20} can be viewed either as an input disturbance
which may eventually be equal to {u(i); i >0}, or as an internal model dis-
turbance. In the former case the #[F"]-valued random sequence {W(i);
i20}, given by

Wi(iy= Z Ay (i),

k=1

represents the muitiplicative action of an input disturbance on the model
state, and (1) is said to be a time-invariant bilinear model. In the latter case
(1) is said to be a linear stochastic model, with [ 4, + W(i)] denoting the
random system operator, whenever {w(i); i>0} and {u(i); i>0} are
mutually independent.

Assumptions on the Stochastic Environment

Throughout this paper the symbol E will stand for expectation as usual.
The stochastic environment, under which the model (1) operates, is charac-
terized by the imitial condition x, and the random sequences {w(i); i =0}
and {u(i); i>0}. We assume that:
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(A-1) x,is a second order random vector independent of {w(i), u(i);
i>0}.

(A-2) {w(i);i=0} and {u(i); i=0} are both independent second
order wide sense stationary random sequences.

(A-3) {w(]), u(j)} is independent of {w(i), u(i); j#i>0} for every
Jj=0, and E{w(i) u*(i)} is constant.
It is worth noting that assumptions (A-2) and (A-3) are both satisfied if
{(w(i), u(i)); i=0} is an independent second order wide sense stationary
random sequence in F**”. Moreover, if assumption (A-2) holds true, and
if {w(i); i=0} and {u(i); i>0} are either related by means of a linear
transformation or mutually independent, then assumption (A-3) is satisfied.

The Independence Argument

Independence in (A-1) to (A-3) can be relaxed, such that the followng
uncorrelatedness-type assumption is sufficient. For each 0 <j <,

E{w(i) x*(i)} = E{w(i)} E{x(i)}*,
E{u(i) x*())} = E{u(i}} E{x(j)}*,
E{W(i X(l ) x*(j)} = E{W(i)} E{x(]) x*(j) },
E{W w*(i)} = E{W(i) E{x(i)} u*(i)},
E{W(i) x(i) x*(i) WH(i)} = E{W(i) E{x(i) x*(i)} W*(i)},

where x(i)=®,(i,0) xo+ X/ P,(i,j+ 1) Bu(j) for every i>1, with
@,(i,iy=1 and D,(i,j)=[Ag+ W(i—1)] - [do+ W())] for i>j. It is
clear that independence, as supposed in (A-1) to (A-3), implies the above
somewhat artificial uncorrelatedness-type assumption.

Auxiliary Notation

We summarize here all the auxiliary notation that will be required in the
sequel. Regarding the second order jointly wide sense stationary disturban-
ces {w(i); i=0} and {u(i); i=0}, set

pr=E{w (i)},
Pu= E{wk(i) wl(i)},
Vit = Pri— PxPo>

in F for each k, /[=1,..., p, and
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r= E{u(l)}’
re=E{w (i) ui)},
R = E{u(i) u*(i}},

C=E{w(i) w*(i)} — E{w(i)} E{w(i)}* = [7u]:

in F”, F”, #[F"]*, and Z[F*] ", respectively, for every i > 0. Moreover
set

p
M=E{W(i)}= ) piAs,
k=1
F=F,=A,+ M,
Fk=YIl</l;2Aka

for each k= 1,.., p, in #[F"], and define operators T and T;in B[ H[F"]]
as follows. For any Q e #[F"],

T(Q) = E{[W(i)— M1 Q[W(i)— M]*} = 5 1A, QAF

kd=1

T(Q)= Y F.QFf
k=0
k1

for each /=0, 1,.., p. Considering the state sequence generated by (1), set

q(i)= E{x(i)}

in F”, and for each v>=0

0.(1) = E{x(i+v) x*(i)},
Qi) = Qoli),

in Z[F"], and #[F"] ", for every i = 0. Note that the existence of ¢(i) and
Q.(i), for each i>0, is guaranteed by independence and second order
assumptions, thus {x(i); i>0} is a second order random sequence as well.
Finally, regarding the mixed terms involving both disturbances and state
statistics set, in Z[F"] for each i >0,

P(z‘)=[Aoq(i) P+ S Aqli) rk*]B*,

k=1

V(i)= P(i) + P*(i)+ BRB*.
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Mean and Correlation Evolution of the State Sequence

Given a discrete dynamical system as in (1), and the preceding
assumptions on the stochastic environment, we now seck for the evolution
equations of the state mean ¢(i) and correlations Q,(i). By (1), and the
above independence argument, it is immediate to show that

q(i+ 1)= Fq(i) + Br, Vi=0, (2)
such that, by induction,
i—1
q(iy=Fq(0)+ > FBr, Viz 1.
j=0

It is also readily verified by the independence argument that
P(iy=E{[Ay+ W(i)] x(i) u*(i) B*}. Moreover, since FQF*+T(Q)=
E{[4y+ W(i)]1 Q[4,+ W(i)]*} for any Qe B[F"], we get FQ(i) F* +
TIO)=E{[A4o+ W(i)] x(i) x*(i)[ Ao+ W(i)]*} by the independence
argument. Thus following from (1)

O(i+1)=FQ(i) F* + T[Q()]+ V(i),  Vi=0. (3a)

If the model disturbance covariance matrix C is diagonal (i.e., if the distur-
bance w(i) has uncorrelated components for every i =0, such that y,,=0
whenever k #[), then (3a) becomes

QUi+ 1)=F,Q() FF+ T[Q)]+ V(i), Viz0, (3b)
for each /=0, 1,..,, p, or equivalently,
p
Qi+ 1)= ) F,QU)Ff+V(i), Viz0, (3¢c)
k=0
whose solution is readily obtained by induction:

i—1
Q) =LTQO)+ Y L'/7'[V()], Vizl,
i=0

j=

with L[Q]=3F_, F.QF} for all Qe #[F"], such that {L'e Z[B[F"]];
iz 1} is given by

L(Q)= i zp: Fy, " F QF} - FF, VOe#[F"].

ki=0 kj=0

Similarly it can also be shown from (1) that

Q, . (i) = FQ (i) + Brg*(i), Yy, i=0.

409°113-1-4
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On iterating the above equation from Qu{i)= O(i) onwards we get by
induction in v>1,

vl
Q.()=FQ(i)+ Y FBrg*(i), Vi>0. (4)
i=0

i=

Remark (R-6). By definition, 7 is #[F"]*-invariant, so that
T[Q(i)1e B[F"]* for every i=>0." On the other hand, as it also happens
in the linear case, {Q(i)e Z[F"]*; i>0} is not necessarily a monotone
sequence. That is, it may happen that +[Q(i+1)—Q()]¢#B[F"]".
Moreover it can also be verified that, for a given i >0, V(i)¢ Z[F"]" in
general (thus implying that P(i)+ P*(i) does not necessarily lie in
#{F"]"), even though all other terms in (3) lie in Z[F"] ™.

4. MEAN SQUARE STABILITY

Consider the mean {g(i); i >0} and correlation {Q(i); i>0} sequences
given in (2) and (3). In this section we investigate sufficient conditions on
the stochastic model ([A4,+ X} _, A, w,(i}], B) described in (1), in order
to ensure that {q(i)=E{x(i)}; i=0} and {Q(i)=E{x(i)x*(i)}; i=>0}
converge for any admissible initial condition x, and input disturbance
{u(i); i=0}, and their limits do not depend on x,.

DerFINITION (D-1). The model in (1) is mean square stable (m.s.s.) if, for
any initial condition x, and input disturbance {u(i); />0} satisfying
assumptions (A-1)-(A-3), there exist geF” and Qe #[F"] " independent
of x, such that

(@) ligi)—qll>0asi— oo,
(b) 1QG)—QIl—»0asi— oo
Remark (R-7). The second order state sequence {x(i); =0} is said to

be asymptotically wide sense stationary (a.w.s.s.) il there exist geF” and
0. B[F"], for each v =0, such that

lg(i)—qll -0 as i- o0,

10.()—Q, -0 as i- oo

Note that (1) is m.s.s. if and only if {x(i); i=0} is a.w.ss. for any x, and
{u(i); i=0} as in (A-1)}~(A-3), and the limits ¢ and Q, do not depend on

! “En passant,” this shows that the assumption (A-3,b) in [19] may be dropped out.
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Xo- Also note that, if there exists the limit Q,=Q e #[F"] it must be in
B[F*]*, since Q(i)eZB[F"]* for every i=0 and #[F"]" is closed in
BLF"].

THEOREM (T-1). Consider the evolution equations in (2) and (3a). Set

P
=ITI< X 1valll Al 4,0

kil=1
Suppose there exist real constants 6 21 and 0 <a <1 such that

| F'| <oo’,  VizO0.

If
at+oiul<l, (5)

then the model in (1) is m.s.s.

Proof. (a) Consider Eq.(2). From Lemma (L-1) (with X=F", T=0,
L=F, and {v,=Br; i=0}) it follows that {¢(i); i=0} is Cauchy sum-
mable, and so (D-1, a) holds.

{b) Now consider Lemma (L-1) in the Banach space X =4[F"] with
TeB[A[F"]] and {V(i)e Z[F"]; i>0} as defined in Section 3, and let
Le B[B[F"]] be given by

L(Q)=FQF*,  VQe#[F"],

such that

IL'l= sup |F'QF*'|=|F|’<o’™  Vi>O0.
Il =1

Form part (a) it follows that {¥V(i); i>0} is Cauchy summable since, for
every i, v=0,
[V(i+v)= V() =1 Pli+v)— P(i)+ P*(i+v)— P*(i)|l
2| P(i+v)— PO
P
<2<||Ao|| e+ 2 1Al Hull)llBH (i +v)—q()ll.
k=1

Then, if (5) holds we get the result in (D-1,b), with QeZ[F"]*
(cf. Remark (R-7)), according to Eq. (3a) and Lemma (L-1). |
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Remarks

Consider the assumptions of (T-1). Since F=A,+ M is (uniformly)
asymptotically stable (cf. Remark (R-1)) it follows that (cf. [22, p. 567])
“o F=(—F)"'eB[F"]. Hence

g=U—-F) 'Br,

where g=Ilim,;_, . ¢q(i) according to (2). Moreover, since V(i)—V as
i — o0, with

V =P+ P*+ BRB*,

p
P=AoI—F) ' Brr*B*+ Y A I—F) ' Brr}B*

k=1

it is readily verified from (3a), (L-1), and (R-7) that Q=Iim,
Q(i)e B[F"] ™ is the only solution of

Q=FQF*+T(Q)+ V.

Moreover, with Q,=Ilim; , Qi) for each v>0, it follows that
gq* =lim, .. 0, since by (4)

v—1
Q,=FQ+ Y FBr*B*I—F*)"', Wvx1

j=0

In the following we make several comments on condition (5), as a con-
tinuation of those considered in (R-3)-(R-5). Some of these will motivate
the next theorems.

Remark (R-8). A condition somewhat similar to (5) was given in [18],
for stability with probability one (w.p.1) of free stochastic systems under
ergodicity assumption, as follows: Set Bu=0 in (1) and assume, instead of
(A-2), that

p.1

1’
ST IWOI =2 B WO} as io,

i=0

Let 4, be asymptotically stable, that is (cf. Remark (R-1))
| 45|l < oo, Vi=0,

witho>1and O<a< 1. If

a+oE{| W)} <1,
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then the free model (i.e., with Bu=0) in (1) is asymptotically stable with
probability one. That is, for any bounded (w.p.1) initial condition,

x()—PL 50 as  i— oo,

Remark (R-9). Condition (5), which is sufficient to ensure mean square
stability in (T-1), is not a necessary one. To illustrate this, set n=2,
m=p=1,y,=R=1, py=r=0, q(0)=0 (such that ¢(i)=0 and P(i}=
M =0 for every i > 0), and

_[0 = _[0 B ., |0 L
AO—|:0£2 0:|’ Al_l:ﬁz 0:|’ B_b_|:1:|’ 0(0) =diag(n,(0), n,(0)),

where «,, a,, f,, and f, are nonzero real constants. Therefore

_ A o i=0,24,..
Fl=)4y1=1"" s
H || I| 0 ” {O’Ot', l: 1’ 3, 5,...

a=r,(Ag)= o a,|"?

2_ ||Ao||2 :max{lal|7 |°‘2|}
"a(Ao)z min{lfx1|, |0‘2|}

p=|A4,|=max{|B,], 8.}

From (3a) it is readily verified by induction that, for every i>0,
Q(i) =diag(n,(i), n,(i)), where h(i)= (1,(i), n,(i)) in R is given by

h(i+1)=Ah(i)+ b, h(0)=(n,(0), n,(0)),

e 0 al+ ﬂq
L3+ 0 P
such that

ro(A)’ = (ai + Bi)as + B3) = r (A5 + A7)+ r ([ 4o, 411)%

El

with

where [Ay, A;]=A,A, — A, A,. After some algebraic manipulation it can
be shown that r(4)<o’+0°u’ Actually, if either |a,|#|a,| or
|Bi|#1B,]| it follows that

ro(A)<a?+ o’
Hence it may happen that

r(A)<1 and o’+0%u’>1
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(e.g, set o, =1, a, =1, f,=f,=1 such that r(4)=3 and &" + 0" =3
However, as it is well known, {A(i); i=0} converges (or, equivalently,
{Q(i); i=0} converges) for any A(0) to a limit independent of A(0)
whenever r_(A)< 1, although condition (5) may not be satisfied when
r,(A) < 1. Moreover, if we replace the conditions imposed on the matrix A4,
by the conditions imposed on the matrix 4,, and vice versa, we get
r(A)< o+’ u’, where

. o, i=0,2,4,..
A =4"", .
ao’, i=1,3,5,.
era(Al)z lﬁlﬁzl""z,

2 ZA _max{|f]. 181}
ro(A;) min{|f;], |ﬁz‘}’

p=1 Aol =max{|e |, [al],

g

since this is equivalent to replacing the matrix 4, by the matrix 4, (which
have the same structure). Therefore, for this particular case, we have
another sufficient condition for mean square stability, that is,

Z2+gzﬁz< 1,

which is not implied by condition (5). For instance, set §, =1, f,=§ for
any 0<f <1, and o, =, =a for any 0 <a’ < (1 — )< 1. Then (5) is not
satisfied since

ot =0C+1>1,
although mean square stability is guaranteed by the new condition
rody<a’+ g’ =p+a’/f<1.

This particular case will be generized in Theorem (T-2) whenever the
model disturbance covariance matrix C is diagonal.

Remark (R-10). On the other hand, the weaker condition
at+pt<l

is not sufficient to ensure mean square stability, unless {A4,; k=0, 1,..,p}
commute (cf. Remark (R-5)). For instance, regarding the model described
in the preceding remark, set Q(0)=1, o, =a 2 a,=0a", and B, =f,=a, for
any 0 <a <1, such that

rg(A¥=a"+20*+a ?>1, Yae (0, 1).
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Thus || Q(i)| - o as i » o for every ae (0, 1), although

=27 <1, Vae(0,1//2).

Still regarding the example discussed in the preceding remarks we finally
note that, if 4, and 4, commute (i.e., if o, , =, 8, =), then the weakest
condition r,(43+ A?)<1, which does not involve either the norm
u=1ilA,|| or u=|A,ll, is sufficient to ensure mean square stability.

Actually, if A, and A4, commute (or equivalently, if [A4,, 4,]=0), we have
in this particular case

ro(A)Y=r, (A2+A2)2=(V (Ao)?+r,(4,)°)
“1“2 +(B:8>) +2(52 (oc +u )2

It will be shown in Theorem (T-3) that r,(A4,)* +r.(4,)? < 1 is sufficient to
ensure mean square stability in general, whenever 4, and 4, commute and
C is a diagonal matrix.

THEOREM T-2. Suppose C is a diagonal matrix, and consider the
evolution equations (2) and (3b). For each =0, 1,..., p set

p
ui=ITl< Y IFE?,

k#1

and let 6,21 and a,> 0 be real constants such that

IFil <o),  Viz0.
if
min (af +o}uf) <1, (6)
O0<i<yp

then the model in (1) is m.s.s.

Proof. For any I, I,e {0, 1,.., p}, such that /#/,,

P
|F)2= | F,EF| = sup (F,F¥x;x>< sup <Z FkF:x;x>

llxll =1 ixl=1 Vk=0
k#
P P
Y. FuFE| < sup | 3 FQFF| =Tl =uj.
k=0 Q=1

k=0
k#ly k#l



54 C.S. KUBRUSLY

Now, if there exists /, € {0, 1..., p} such that a} + o} u; <1, then ;, <1 and
U, <1 (since o, > 1), which implies by the above inequality that || F,| <1
for every /+#/,. Hence, if (6) holds, with the minimum achieved for some
loe {0, 1,.,p}, then F, is (uniformly) asymptotically stable, and F, is a
contraction for every /#/,. In other words, if (6) holds, then the set | F,:
[=0,1,.,p} is comprised of either p+ 1 contractions, or p contractions
and one (uniformly) asymptotically stable noncontraction. Moreover, in
the latter case, the only index for which (6) holds is that associated to the
noncontraction matrix. Therefore the desired result follows exactly as in the
proof of (T-1), with the evolution Eq. (3a) replaced by (3b), which holds
true whenever C is diagonal. |

Remark (R-11). Condition (6) in (T-2) can be replaced by

P
)
k

=

IF <1,
)

which obviously implies (6) by setting o,=1 and «,=|F,|| for each
[=0,1,..,p (cf. Remark (R-3)).

THEOREM (T-3). Let C be a diagonal matrix, and consider the evolution
equations (2) and (3c). Suppose the operators {F,; k=0, 1,.., p} commute.

i

Y r(F)P <, (7)

then the model in (1) is m.s.s.
Proof. First, consider the following auxiliary result.

(AR-1) Let # be a ring with identity. For any nonnegative integer p
let {a,; k=0, 1,.,p} be a commutative set of #. Then, for every ie N =
{0, 1, 2,..,}

b ! i! LA
<Z a") =Xy ek
k=0 rto P k=0

‘

where I? = {(ig,.... i,) € N *1:3® _j, =i}. This is the extention of the well-
known binominal formula (e.g., see [24, p. 123]), from which the above
multinomial one is obtained by induction in p. We shall be particularly
interested in two special cases: # = R, the real field, and # =Z[#[F"]].

(a) Consider Eq. (2). Since r,(F,) <1 it follows from Remark (R-1)
and Lemma (L-1) the result in (D-1, a). Moreover, it also follows that
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{V(i)ye B[F"]); i=0} as defined in Section 3 is Cauchy summable (cf. proof
of (T-1)).
(b) Set L=¥}_,L.cA[A[F]],
where {L, e B[#[F"]]; k=0, 1,.., p} are defined by the formula
L (Q)=F,.QFF, VO e#[F"],
such that

ILi = sup [ FiQF¥|=IF. Viz0.
Q=1

Note that {L,; k=0, 1,.., p} commute by the commutativity assumption
on {F,; k=0, 1,.., p}. Therefore, by (AR-1), we get

) i! LI .
L’:ZT—' l—l LZ‘, Vl)o-
Flor Tt o
Hence
) i d . .
WL <Y ——— [ IFEN  vizo.
Plo Ty

Since r (F,)<1 for every k=0, 1,..., p, it follows by (R-1) that there exist
or=1and g, €(0, 1 —r, (F,)) such that | F: || <o, (r (F.)+e,) for all i>0.
Then, by using (AR-1) again

HLW<<XLﬁ>Z-

il P

(ra(Fk)+8k)2ik

[
Tl it

with
P
o=1]] oix=1 and o= (r(F)+¢)>
k=0
By (7) and (R-1) we can choose {g; k=0, 1,.., p} small, so that a<1.
Therefore, since Eq. (3¢) can be written as
QUi+ )= LO3G)+ V(i), Vi=0,

and recalling from part (a) that {¥(i); i>0} is Cauchy summable, the
result in (D-1, b) (with Qe #[F*]* according to remark (R-7)) follows
from Lemma (L-1) with T=0. |
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Remark (R-123. Let C be diagonal and {A4,; k=0, 1,..p

commutative, such that {F,; k=0, 1,..., p} commute. Set
|rn'|:(|plla"" lppl)eRpﬁ
R.=[lpull1eB[R"]",

S, = [ Ll '*Je%’[ﬂ%““]*,
7l IR,
$4=(ro(Ao), 1o(A1)y ro(Ay)) € R™ T,
and note that

|l = {pkk ka+lpk|’ if k=1
k .
T Upellpld <piol?, i k#1

i be mutually

since C=diag(y,;,., pp) EB[R?]" with v, =pu— 107 =0. We now

show that condition (7) in (T-3) can be replaced by
{8,845 <L

Actually, by the commutativity assumption (cf. [23], p. 45]),

P

P
Z ra(Fk)er(,(AO—}- Z pkAk> + Z Vl/zA
k=1

k=0 k=1

P 2
g"a(Ao)z‘*‘(Z |pk|ra(Ak)> +2r,( 2 ol ro(A
k=1 v

k=1

p
+ Z Vil o Ax)

k=1

—r A+ Y 1oxl 1ol ra(Ai) rofA))

ki=1
k#1

+2r,(A4y)

k

I M

Lol ro(Ay)

1
P

+ Z ('pk|2+?kk)ro(Ak)2:<Sw5A§SA >

5. CONCLUSION

In this paper we have established sufficient conditions for mean square
stability of discrete bilinear systems operating in a stochastic environment.
Mean square stability has been defined in (D-1) in terms of the asymptotic
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behaviour of the state mean and correlation sequences. For the second
order stochastic environment under consideration only wide sense
stationarity and independence were required, thus dismissing ergodicity
assumptions. The probability distributions involved were alowed to be
arbitrary and unknow.

Theorems (T-1)-(T-3), which comprise the main results of the present
paper, have been proved by using a preliminary stability result proposed in
Lemma (L-1) for a class of deterministic nonlinear dynamical systems
evolving in a Banach space. A general case has been investigated in (T-1),
and two particularizations have been considered in (T-2) and (T-3). In (T-
2) a model disturbance with diagonal covariance was assumed, and in (T-
3) we also assumed commutativity for the system operators. The result in
(T-1) generalizes the particular case proposed in [19], by extending it to a
wider class of models.

The mean square stability conditions presented in (T-1)-(T-3) have been
discussed in detail in remarks (R-3)-(R-5) and (R-8)-(R-12). They are
based on upper bounds for norm and spectral radius of the system
operators in #[F"], weighted by model disturbance covariance coefficients.
Hence they may be easily checked in practice, since they do not require
analysing Liapunov operator equations.

REFERENCES

1. A. RuserTi, A. IsIDORI, AND P. D’ALLEssaNDRO, “Theory of Bilinear Dynamical
Systems,” CISM Course and Lectures, No. 158, Springer-Verlag, Wien, 1972.

2. R. R. MoHLeRr, “Bilinear Control Processes with Applications to Engineering and
Medicine,” Academic Press, New York, 1973.

3. C. Bruny, G. L. PiLo anp G. KocH, Bilinear systems: An appealing class of ‘nearly
linear’ systems in theory and applications, IEEE Trans. Automat. Control 19 (1974),
334-343.

4. R. R. MoHLER AND W. J. KoLODZIEJ, An overview of bilinear systems theory and
applications, /EEE Trans. Systems Man Cybernet. 10 (1980), 683-689.

5. R. R. MoHLER AND W. J. KoLoDZIEJ, An overview of stochastic bilinear control
processes, [EEE Trans. Systems Man Cybernet. 10 (1980), 913-919.

6. R. R. MoHLER AND A. RuUBERTI (Ed.), “Theory and Applications of Variable Structure
Systems,” Academic Press, New York, 1972

7. D. Q. MaYNE AND R. W. BrocCKeTT (Ed.), “Geometric Methods in System Theory,”
Reidel, Dordrecht, 1973.

8. A. RUBERTI AND R. R. MOHLER (Ed.), “Variable Systems with Applications to Economics
and Biology,” Lecture Notes in Economics and Mathematical Systems, Vol. 111,
Springer-Verlag, Berlin, 1975.

9. R. R. MoHLER AND A. RuserT! (Ed.), “Recent Development in Variable Structure
Systems Economics and Biology,” Lecture Notes in Economics and Mathematical
Systems, Vol. 162, Springer-Verlag, Berlin, 1978.

10. H. KUSHNER, “Stochastic Stability and Control,” Academic Press, New York, 1967.

11. J. Kozin, A survey of stability of stochastic systems, Automatica S5 (1969), 95-112.



58

12.

13.

15.
16.
17.

18.

19.

20.

21

22.

23.
24.

C. S. KUBRUSLY

R. W. BROCKETT, Lie algebra and Lie groups in control theory, in “Geometric Methods in
System Theory” (D. Q. Mayne and R. W. Brockett, Eds), pp. 43-82, Reidel, Dordrecht,
1973.

R. F. CurtaIN (Ed.), “Stability of Stochastic Dynamical Systems,” Lecture Notes in
Mathematics, Vol. 294, Springer-Verlag, Berlin, 1972.

. J. ZaBczyk, On the stability of infinite-dimensional linear stochastic systems, in

“Probability Theory” (Z. Ciesielski, Ed.), Vol. 5, pp. 273-281, Banach Center Publication.
Warsaw, 1979.

A. IcHIKAWA, Stability of semilinear stochastic evolution equations, J. Math. Anal. Appl.
90 (1982), 12-44.

J. C. WiLLEMS AND G. L. BLANKENSHIP, Frequency domain stability criteria for stochastic
systems, IEEE Trans. Automat. Control 16 (1971), 292-299.

J. L. WILLEMS, Mean square stability criteria for stochastic feedback systems, Internat. J.
Systems Sci. 4 (1973), 545-564.

T. MorozaN, On the stability of stochastic discrete systems, in “Control Theory and
Topics in Functional Analysis,” Vol. lII, pp. 225-254, Internat. Atomic Energy Agency.
Vienna, 1976.

C. S. KusrusLy, Identification of discrete-time stochastic bilinear systems, [nzernat. J.
Control 33 (1981), 291-309.

C. S. KuBrusLy, Mean square stability for discrete bounded linear systems in Hilbert
space, SIAM J. Control Optim. 23 (1985), 19-29.

W. L. FERRAR, “A Textbook of Convergence,” Oxford Univ. Press, Oxford, 1938.

N. DUNFORD AND J. T. ScHWARTZ, “Linear Operators, Part I: General Theory,” Wiley,
New York, 1958.

P. R. HaLmos, “A Hilbert Space Problem Book,” Van Nostrand, New York, 1967.

S. MACLANE AND G. BIRKHOFF, “Algebra,” Macmillan, New York, 1967.



