IM A Journal of Mathematical Control & Information (1997) 14, 385-399

Quadratic optimal control for discrete-time infinite-dimensional
stochastic bilinear systems

O. L. V. Costa

Department of Electronic Engineering, University of Sdo Paulo,
05508 900 Sao Paulo SP, Brazil

C. S. KuBRUSLY

Catholic University PUC/RJ, and National Laboratory for Scientific Computation
(LNCC), 22290 160 Rio de Janeiro RJ, Brazil

[Received 5 October 1995]

In this paper, we consider the class of infinite-dimensional discrete-time linear systems
with multiplicative random disturbances (i.e. with the state multiplied by a random
sequence), also known as stochastic bilinear systems. We formulate and solve the
quadratic optimal-control problem for this class of systems subject to an arbitrary
additive stochastic ¢, input disturbance. Under assumptions that guarantee the exis-
tence of a solution to an algebraic Riccati-like operator equation (derived previously
by the authors), we characterize a bounded linear operator that takes the additive sto-
chastic £, input disturbance and the initial condition into the optimal control law.
Such a result generalizes, to the infinite-dimensional bilinear stochastic case, some
known results for the deterministic linear case.

1. Introduction

Linear systems with multiplicative random disturbances (i.e. with the state multiplied
by a random sequence), also known as stochastic bilinear systems, comprise an
important subclass of stochastic systems which have lately received a great deal of
attention. This is due, at least partly, to the various areas of application like, for
instance, in population models, nuclear fission and heat transfer, immunology, etc.
(e.g. see Refs 10 and 11; for further references see Ref. 7).

Quadratic optimal-control and H,,-control problems, and their associated alge-
braic Riccati-like operator equations, for infinite-dimensional discrete bilinear sys-
tems operating in a stochastic environment have been recently considered [2, 3].
These generally mirror their linear counterparts (see e.g. Refs 4, 5, and 12; as a
matter of fact, the results in Ref. 12 also reach bilinear models). Conditions for the
existence and uniqueness of a solution to an algebraic Riccati-like operator equation
were obtained in Ref. 2, with a view to solving the quadratic optimal-feedback-
control problem for infinite-dimensional bilinear stochastic systems, for a class of
independent zero-mean additive input disturbances. In the present paper, we con-
sider the quadratic optimal-control problem (not necessarily in a feedback form)
for an infinite-dimensional discrete-time stochastic bilinear system subject to an
arbitrarily additive stochastic £; input disturbance. Using the algebraic Riccati-like
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operator equation obtained in Ref. 2, we characterize a bounded linear operator that
takes the additive stochastic £, input disturbance and the initial condition into the
optimal control law, which generalizes known results for the linear case (cf. Ref. 5
for the continuous-time case). '

The present work is organized in the following way. In Section 2 we set out the
notation that will be used throughout the paper, and Section 3 contains the basic
assumptions upon which the model will be built. The model under consideration is
described in Section 4. The main theorem is stated at the end of Section 5, where a
bounded linear operator that takes the additive stochastic £, input disturbance and
initial condition into the optimal control law is established. Again this mirrors its
linear counterpart [5]. An example for the particular case of independent zero-
mean additive input disturbances is presented in Section 6, and the results compared
with those obtained in Ref. 2.

2. Notation

Let X and X’ be Banach spaces, and denote by B[X, X’] the Banach space of all
bounded linear maps from X to X'; for simplicity, we set B[X] = B[X,X]. We
denote by G[X] the group of all invertible operators in B{X]. The norms in X and
X' and the induced uniform norm in B[, X’] will all be denoted by ||-]||, and r(-)
will stand for the spectral radius in the Banach algebra B[X']. For any nontrivial com-
plex Hilbert space H, we shall denote by (- ;) the inner product in H (we write
(+; )y with norm ||-]|5 if H is a probabilistic space), and an asterisk will stand
for adjoint as usual. Let B*[#] be the weakly closed convex cone of all self-adjoint
nonnegative operators in B[X], and set G*[H] = B*[H] N G[H]. Let B,[H] denote
the class of all nuclear operators from B[H] (see e.g. Refs 2, 3, 8, or 9) and set
By [H] = B;[H]NB*[H]. Let £,(H) C ®poH be the Hilbert space made up of all
sequences {x; € M;k > 0} such that " 52, || x|| < oo.

Let (Q, Z, 1) be a probability space, where Z is a sigmafield of subsets of a non-
empty set Q and u a probability measure on Z. Let 3 = L,(f2, Z, 4, H) denote the
Hilbert space of all second-order H-valued random variables with inner product
given by (x;y)» = E((x;y)) for all x,y € #, where E stands for the expectation
of the underlying scalar-valued random variables. Accordingly, the norm of x € #
is given by || x|+ = E(|| x||%)!. For any x,y € #, the expectation and correlation
operators will be denoted by E'(x) € H and E'(x o y) € B|[H] respectively (e.g. see
Ref. 8), with E'(xox) € Bf[H]; they are uniquely defined by the formulae
(E'(x);z) = E({x;z)) and (E'(x o y)w;z) = E({w; »}{x;z)) for every w and z in .
For any subsigmafield ' C X, the conditional expectation of x € 3# will be denoted
by E'(x|Z') € o, and the conditional expectation of the underlying scalar-valued
random variable by E(- | Z’). As usual, E'(x| Z') is uniquely defined by the formula
(E'(x|Z');g) = E({x;g)| ') forallg € H.Forany family {x, € #;. € ® # &} set

F(xuecey = { ¥ € # :yis independent of {x, € #;. € ®}}.

Finally, for the product of operators X, -, X,,, we use the operating-order convention:
fo X, = X, 021X, (n=1,2,.), with II/_ X, := I forj < i.
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3. Assumptions

Throughout this paper, H, H', H"”, and H" will stand for separable complex Hilbert
spaces. Set ¥ = LZ(Q) E’#)H)x X' = L’Z(Q: E:I‘aHl)a X" = IQ(Qv z, I-")H”)y and
FH" =1,(02,Z,u,H"™), where (©,Z,u) is the underlying probability space. We
assume that {w; € #°;i > 0} is a stationary independent random sequence with
expected value and correlation operator denoted by s € H and S € B} [H] respec-
tively, and set C = (S — s o s) € Bf [H]. On the probability space (£, X, 1), we con-
sider a nondecreasing family of subsigmafields 2, C ¥ (n=0,1,-) such that the
following properties are satisfied.

(P1) w;is independent of X, (that is, the sigmaﬁeld generated by w, is independent of
z,)foralll = n,
(P2) w, is X, -measurable.

Set

= {x = (xo,xl,..) € lz(.#) X € L2(Q, Zk,ll,H) Vk > 0}
It can be verified that & is a closed linear subspace of #,(#°) and therefore a Hilbert
space. In a similar way, we define the Hilbert spaces ¥~ C £,(# '), ¥ C £,(#"), and
Z C £,(#") by replacing H and H# in the definition of 2 by %’ and #’, H"” and
#" and H" and o#"| respectively. It is easy to verify that

Wi € Flxo, . xiiup, viiio,—iizer—tiwor i} 10T All j 21,

Notice that, if v = (vg,v;,-.) € ¥/, thea v; may not be independent of past states x;
(k < i). It has been shown in Ref. 3 how one can construct the spaces &, ¥, ¥,
and 2, and decreasing family of subsigmafields Z,, out of a probability space
(2, 2, 1) which lead to the above properties.

4. Description of the problem

Consider a discrete-time bilinear system operating in a stochastic environment, whose
model is given by the following infinite-dimensional difference equation:

00
Xip) = (Ao + zAk(wl;ek))xl + By +Dv,  x € Zo:=Ly(R,Zo, 1, H), (1)
k=1

where v = (v, v),-) € ¥ (the additive input disturbance), 4 = (uy,u;,~) € ¥ (the
additive control sequence), {w; € #;i > 0} is the multiplicative input sequence,
{x; € #;i > 0} is the state sequence, {4, € B[H]; k > 0} is a bounded sequence of
operators, D € B[H',’H], B € B[H", H], and {e;k > 1} is an orthornormal basis
for H made up of the eigenvectors of S € BY [H]. For simplicity, we write

o]
A= Ao+ Ax(wiiex).
k=1

Since xg € &, 4 € ¥, and v € ¥, it follows from (1) and Property P2 above that x; is
2 ,-measurable for each i > 0, and thus

Wo € Fxo} A0 Wi € Flnpin uimg, w0 i}
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Set R, =E'(v;ov)€Bf[H’] and Q;=FE'(x;0x;) € Bf[H] for every i>0. If
u; = —Kx; for some K € B[H,H"], then, by a straightforward modification of
Lemma 2 in Ref. 8 and the fact that w; € #,,,), we can show that the state corre-
lation sequence evolves as follows:
Qi1 = Fpx(Q)) + E'(Fpxx; 0 Dv;) + E'(Fpgx; 0 D))" + DR, D"
Here F px and Fpy are operators in B[B[H ]| and B[H ], respectively, defined as
Fx(P) = FgxPFgy + T(P) VP e B[H],

Fox = (do— BK) +3 (s;e4) Ax € B,
k=1

with T € B[B[H]] given by

o]
T(P)= > (Cese) AxPA] VP e B[H],
k=1

Associated with T and Fgy, weset T* € B[B[H]] and F }x € B[B[H]] as follows: for
all P € B[H],

T*(P)= > (Cexe))A]PAy,  Fjx(P)= FoxPFpx + T*(P).
k,I=1

Moreover, set F* = Fo , F =Fq, and F = F,, and define
Tp={K €BH,H"]: t(Fix) <1}.

_Let M € B*[H] and N € G*[H], and take v = (v, ,,.) € ¥ arbitrarily fixed. Set
¥ = {u= (uy,u),~) €Y : x =(xg,x,~.) € X, where x is given by (1)} (so that
|| x|l < 0o whenever u € %). For any u = (uy,u;,-.) € ¥ and xo € Xy, set

Froru) = S (1 Mbx e + I MhullZen) = S E( M x) + (Nugu). (2)
=0 i=0

The quadratic stochastic optimal-control problem associated with the above discrete
model that we shall be addressing in this paper is that of finding the control in 4 that
minimizes (2); that is, find & € 4 such that

J(xo, ) = ing-’(Xo,")- (3)

5. Main results

Consider the setup of the previous sections. The following proposition and theorem
will be required in the rest of the paper; they were proved in Refs 3 and 2 respectively.
The definition below, which was introduced in Ref. 2 is necessary for the theorem
statement.

ProposiTioN 1 Consider model (1) with u; = —Kx; for some K € B{H,H"]. If
r(FRx) <1, then x = (xg,x,~.) €Z for every v= (vg,v,~-) € ¥ and xg € X.
Moreover || x |}z < d(|| xo||z, + || ¥}l ¥) for some nonnegative constant d.
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Definition. Take a separable Hilbert space Hq and L € B[H, H,)] arbitrary. The pair
(L, F) is detectable if there exists B € B[Hy, H] such that r(F8;) < 1.

THeorREM 1 If (M, F) is detectable and T'g is not empty, then there exits a unique
P € B*[H] such that

M=P—F*(P)+F'PB(N+B*PB)"'B*PF =P - F} (P) - K;Kp, (4)
with
= (N + B*PB)"'B*PF. (5)

Moreover K € I'z. Furthermore, the optimal stabilizing feedback solution to (3) (i.e.
the optimal solution to (3) of the form {#; = —Kx;;i > 0} over all K € I') is obtained
for K = Kp, whenever v € ¥,. Here ¥,, C ¥ is the class of all zero-mean independent
random sequences from £,(# ') that are independent of {w; € #°;i > 0} and x,.

The purpose of the present paper is to extend the final part of Theorem 1 to allow a
larger class of additive input disturbances v. The apriori constraint of feedback con-
trol is dismissed, and the additive disturbance v will be allowed to lie in ¥ rather than

¥, (see Theorem 2 at the end of this section).

The next five propositions will be required for proving Lemmas 1 and 2 below, from
which we shall conclude the final result in Theorem 2. For fixed and arbitrary v € ¥/,
and for P and Kp as in (4)—(5), set

= Z E ( [H(Am 1 — BKp) ]vaw

Zm) Vk=0. (6)

Prorosimion 2 Suppose that (M, F) is detectable and 'z is not empty. Then

[e]
Z||rk||§(<c||v||~2r for some ¢ > 0.

k=
Zk+l>-

1€k, 117 < 11 E 3%, I ECINPDvgy 112 Zxs). ™

Indeed, from the fact that ¢y ; is Xy ,-measurable, we have from Hélder’s inequality

that
2k+1>;Ck,/>
£k+l)

Proof. Set

=0

=
(k,j =F ( [H(Ak"‘f“l - BKP)‘] PDUH__,

First we show that

=
¢k lI? = <E' ( [H(Ak+j—1 - BKP)‘] PDuvyyy
1=0

Jj-1
= E(< [H(jw_, - BKP)‘} PDv,‘+j>
I=0
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J

= E(<P1>vk+,; [H(Jm - BKP)] ck.;> rm)
I=1

27k+|)

4
j ~
[H(Ak+l - BKP)} Ch,j £k+|) ~
=i

But, recalling that w; is independent of X, for every / > k + 1 (by Property P1), it
follows (cf. the proof of Proposition 2 in Ref. 3), that

j ) 2
E( lH(Am—BKp)lck,,
=1
1¢k ;11 < E(l| PDukay 12| Zee L F I,

which ensures our first claim. From Theorem 1 it follows that r(FB*K’) <1 (e
Kp € T'p), and hence

J
[H(fim - BKP)] C,j

I=1

E(II PDy ||

2

< E(||Pka+j||2|£k+1)iE(

2k+1> ||Fmr,.||||ij||2

Therefore

00

%
D INFRIP < oo
Jj=0

for every p > 0 (cf. Ref. 6). Thus, from (6), (7), and the triangle inequality in J,

oo 1 oo
Nrelle < 3 _NE ([H (Aksj-t _BKP)‘}PD'UIHJ £k+l> = ZE(”Ck.jllz)&
Ju=0 I=0 j=0

Z |F L IRE(E({| PDuey || mﬂ)*—ZHF;,{Jl*E(nPDvH,u )
j=0 Jj=0

=|1PD|| Z||FBK,||*||F:,{,u*uvkmlx,

{
nPDn(EuFBK,u*) (an,u*um,u,)

However, for arbitrary integer n = 0,

n
Zanmu*nku,' = ZHFBK,||*Z||vk+,n§w
k=0

k=0 j=0
* = 2
< Z||FB,{,||*E||v,,|uu
=0 m=0
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Therefore,

E”"k”x' IIPDHZ(ZIIFBK,H’)Ilvllr a

Take v € ¥ and set 7, = E'(r | Z), with ry given in (6), for each k > 0. As we shall
see in the next proposition, ¥ := (7y,7|,-.) € Z. Now consider the transformation
R:¥ — & such that Rv=Fforallve ¥.

ProposiTioN 3 Suppose that (M, F) is detectable, and that 'y is not empty. Then
R e B[¥, %] and ||?||% < c||v||5 for ¢ as in Proposition 2 above.

Proof. From linearity of the conditional expectation operator and (6), it is immediate
to verify that R is linear. Clearly 7, is Z;-measurable. Moreover,

7|13 = E((E'(re| Zx); 7)) = E(E(re; 7 ) | Zx)) = E((ri; 7))
={riste)oe < | rellaell Pell 2,

and hence || 7 || ¢ < || rk || #- Thus, from Proposition 2, ||#||% < c[|v||3>. O

ProposiTioN 4 Suppose that (M, F) is detectable and I'g is not empty. Then, for
each k=0,1,_,

i E' ( [H(Ak+j 1 — BKp)* } PDuy ;| X
=

=0

) E'((Ax — BKp)'rg| Zx).

Proof. Set

(i = (A — BKp)'Cy

with ( ; as in Proposition 2. Then, for any g € H,

ZE(HQ,/;gHIEk) < DBk I Z0 gl
j=0 j=0
< D E(I1 4k — BKA 11 Cr sl 1 Z0) I gl
=0
< D E(I4x - BK 1P ZOE(N oy 1171 2 L€ I
j=0

= E([l 4 — BK |11 11D E(I ey 117 i,
Jj=0

where, in the last equality, we have used the fact that w; is independent of Z; (by
Property P1), so that E(|| A, — BKp||?| Zx) = E(]| Ax — BKp||?). Moreover, from



392 O.L.V.COSTA AND C. S. KUBRUSLY

the triangle inequality and the proof of Proposition 2,

0 14 00 00
E({ZE(HQ,/HZIZ:‘)*} ) < Y E(EN G, 112 Z0) = 3B Ca 11 < 0.
=0 J=0 Jj=0

Hence, with probability 1, 32 E(||(x, 11?1z k)i < oo and thus, with probability 1,
[
Y E(I{Cksi8)l| Z) < oo
=0

The above result and the bounded-convergence theorem [1] implies that

ZE(<ijig)|Ek (Z(ij:g> )

The above equality, linearity of the operators 4, — BK) for each realization of the
random variable wy, and linearity of the inner product in the first argument, lead to

iE«Zk,j;g)lzk) =E<i(5k,j;g> Zk) =E(<i4~m;g> Xk)
=0 =0

=0
= E(((Ax — BKp)'ri;8)| Zx) = (E'((4x — BKp)'ri] Zx); 8)-

On the other hand, from linearity of the inner product in the first argument again, and
the fact that w, is 2 -measurable (cf. Property P2), we get,

iE((Ek,j;gHZk)—Z(E(ij|zk <ZE(Ck1|Ek) g>
=0

=0
Zk) ;g>.

= <Z E ( [H(,Zw_, - BKP)‘] PDuyy;
j=0
Since the above identities hold for all g € H, the desired result follows. [J

=0

Next consider the transformation U defined on %o @ ¥ such that U(xy,v) = @ :=
(g, 11y, for all xg € &'y and v € ¥, where (i, 4, ) is recursively defined as follows:

(1) %o = xo;
(i) fork=0,1,..:
kst = PAgXy 4+ r — PB(N + B*PB)™'B*(PF%; + F4), (8)
dg = —N"'B*E(n41 | Z4), 9
Xpp1 = /Zk-ik + Biy, + Dvy. (10)

Lemma 1 Suppose that (M,F) is detectable and Tz is not empty. Then
U € B[® & ¥, 4] with range (U) C 4. Moreover, for each k =0, 1,,

i = —[Kpix + (N + B*PB) ' B*7]. (11)
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Proof. To verify the identity in (11), proceed as follows. According to the indepen-
dence of w, and X, (by Property P1), and recalling that %, is Z;-measurable, we
obtain, in a similar way as in the proof of Propositions 2 and 3 of Ref. 8, that

E'(Ax%e| Zx) = Fiy. (12)
Thus, from (5), (8), (9) and (12), and recalling that %, and 7, are X;-measurable, we get
g = —N"'B"E'(hes1| Zi)

= —N7'B"E'(PAy% + r, — PB(N + B*PB) ™' B*(PFiy + )| Zx)

= —N"'B*[PE'(Ax%| Zx) + E(re| Z¢) — PB(N + B*PB) ™' B*(PF%; + #y)]

= —N~![B*PF%, + B*#, — B*"PB(N + B*PB) ™' B*(PF3; + /)]

= ~N"!'[I - B*PB(N + B*PB)""|B*(PF%; + #)

= —(N + B*PB)"'B*(PF3; + #})

= —[Kp& + (N + B*PB)"' B*#].
Now let V' : ¥” — & be a transformation such that V' (v) := ¥ = (&, 9;,..) where

9, = —B(N + B*PB)™'B*# + Dv,.

From Proposition 3 it follows that ¥ is linear and || ¢ ]| ¢ < dy|| v ||y for some dy > 0,
so that ¥ € B[¥",&]. From (10) and (11),

xe1 = (Ax — BKp) 2 + O; (13)
also, from Theorem 1, r(F ;"K’) < 1 (i.e. Kp € T). These results and Proposition 1 yield
1]l < di(llxoll2, +1v]l+) (14)

for some d, = 0. From (11), (14), and Proposition 3, we obtain

o0 §
| U(xo,v)|la = (Z E(Ilﬁkllz)) <d(llxollz, +llvll¥)
k=0

for some d > 0. Linearity of the operator U is immediate from expressions (11) and
(13), by linearity of the operators R and V. Moreover U(xy, v) € ¥ according to (14),
completing the proof of Lemma 1. [J

ProrosiTioN 5 Suppose that (M, F) is detectable and I'y is not empty. Then
E'(Aimksr | Zx) = m — M%, foreachk=1,2,..
Proof. From (8) it follows that
E'(Ainke1| Zx) = E'(Ax[PA3x + ri — PB(N + B* PB)™'B*(PF 3y + 7y)] | Z)
= E'(A{PA k| Z¢) + E(Aire| Zi)
~ E'(A;PB(N + B*PB)™'B"(PF3; + )| ).
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From the independence of w, and X (by Property P1), and recalling that %, and 7y are
Z,-measurable, we get, using the same arguments as in (12) and in Ref. 8, that

E'(AyPB(N + B*PB)™'B*(PF&; + #)| Z) = F*PB(N + B*PB)™' B*(PF3, + f¢)
and
(E'(AyPAgzc| Zk);8) = E((AxPAxiii )| Zx) = (F * (P) xi;8)
for all g € H, so that
E'(A;PAxii| Z¢) = F*(P) %4.
Therefore, from (4) and (5), and recalling that 7, = E(r;| Z,), we get
E'(Ainksr | Zx) = F¥(P) % + E'(Ajry| Zx) — F*PB(N + B*PB)™'B*(PF; + i)
= [F*(P)~ F*PB(N + B"PB)™'B*PF|%, + E'((4x — BKp)'r¢| Zi)
=(P—M)% +E ((A — BKp)'rc| Z) (k=0). (15)
From (10) and (11) it follows that
%% — Dug_y = Ag_ %oy + Biy_y = Ag_1%4—y — B(N + B*PB)™' B*(PF% + 7).

Recalling that v,_; is Z;-measurable, we obtain from (6) and Proposition 4 that

00 =1
re-1 = PDue_y + Y E([H(Ak—l+j—l - BKP)‘] PDvg_y4; Zk)
1=

J=1
xk)
= PDvy_; + E'((Ax — BKp)'ri| Z).
Putting these results together, we get from (5), (8), (10), and (11) that
E'(Aine1 | Ze) = (P — M) % + re_y — PDvg_y = P(% — Duy_y) + ey — M

00 7 .
= PDy_ +»_E ( lH(Ak+j—l — BKp)" PDvyyy
=0 1=0

= P[Ag_\%x_1 — B(N + B*PB)™'B*(PF3; + #)] + r_y — M5
= PAy_1%k_; +rk_y — PB(N + B*PB) ' B*(PF, + #,) — M%;
=M — Mik D

Set ny = Ayn + Mx,. For v and x, fixed, take u = (uy, u;,..) € % and consider x =
(0, x1,~) € & given by (1) as a function of such a u.

ProrosiTION 6  Suppose that (M, F) is detectable and I'g is not empty. Then

™ E((xe M50) — { (B + Doe)inenn)) = E((xoi ).
k=0
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Proof. From Proposition 5 and (1), recalling that 7, and x; are Z,-measurable, we
get

ZE((X;(;M)?I:) = {(Bux + Due); s ))
k=0
= 3 (5B (Fimeen | T +18) = ok — sl i)
=0
= iE(E((J‘k; (= Aimen + 1) Zh) = ((Xir — gkxk);ﬂk+l))
k=0
= iE(_(xk;/i;ﬂkH) +(Xk5 M) — (Xiwts Mhat) + (AiX; M)
k=0
= iE(_(/i;xﬂﬂkH) + (X6 ) — (Xk13 Men) + ("ikxk§77k+l))
=0

= 3 E( (ka5 een) + (X)) = E= (gt ) + (o3 70)).
k=0

From (8) and arguments as in the proof of Proposition 4, it follows that
[| ns1 ]| ¢ — 0 as n — oo (in fact, "2 || 7k || % < 00). Since u € 4, it follows that
x € ¥ and hence || x,,,|| » — 0 as n — oo. Therefore

E([{Xpt1; T+ 1) < | Xnst [l | a1 || ¢ = O as n— oo.
Thus

S E((xgs M) — ((Bug + Dug)y mean)) = E((xgsm)). O
k=0

LeEMMA 2 Suppose that (M, FA) is detectable and I"g is not empty. Then, for xy € &
and v € ¥ fixed and any w € ¥,

J(xo,u) + J (%o, ) = 2Re E({ x0; 7))
+ 3 U M — 212 + I VY — ) |1 2r + 2Re E((miar; D )]
k=0
Proof. First notice that

o0 [o o] [ o]
Y E s o)) < 3Bt 11 Duiel]) < Y e e [ Dok e
k=0 k=0 k=0

o b/ o }
< (Z Il 77k41 ||§r) (Z”D'Uk”.zt) < 00,
k=0 =0

so that the last term in the above sum is well defined. According to (9), and recalling
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that u; is X;-measurable and N € G*[H], we get
E((Bug; 1)) = E(E({ Bug i1} | Zx)) = E((Bugs E (s | Z4)))
= E((ux; B'E'(hs1| Z¢))) = E((Nug; N ™' B*E (e | £4)))
= —E((Nug; dy ).
Thus, from (2) and Proposition 6,
J(xo,4) — 2Re E({xq; 7))

=>{ | MAxe )% + || Noug || 2er — 2Re [E((xg; M) — ((Bug + Dug); )]
k=0
+ (MR 12 + [ N (% — (| M 3% (% — | NEae ]| %0}

o0
=3 UM% + 1| M1 % — 2Re E((M b Mz + (| Mg || %
k=0

+ | N[ %n — 2Re B((Nu; NY i) + 2 Re E((g; Due ))] — I (o3 8).

= M xe = %) |13 + [| N = ) || 3p» + 2Re E(( g1 Do ))] — J (x03 ).
k=0

a

We can now present the main result of the paper.

Tueorem 2 If (M, F) is detectable and I'p is not empty, then U, as defined by (8),
(9), and (10), belongs to B[Zy ® ¥, ¥]. Moreover, for any x, € ¢ and v € ¥/, the
sequence & = U(xy, v) belongs to 4 and it is the unique optimal solution to (3).
Furthermore,

inf J(,) = J(r0,8) = REE((5150)) + 3 Re E({mhsa; Do)
LS k=0

Proof. From Lemma 1 it follows that U € B[¥, & ¥, %] with U(x,, v) € 4 for every
xo € Iy and v € ¥. From Lemma 2 it is immediate to conclude that the infimum of
J(xp,u) is achieved if and onlyifu =a. O

6. Concluding remarks

In this final section we shall consider the particular assumption made in Ref. 2
and compare the present result with the one obtained there. Thus suppose that
v = (v, v1,~) € ¥, C ¥ (see definition of ¥, in Theorem 1). In this particular
case there is no loss of generality in assuming that the construction of X, is
such that v, is independent of X, (by Property P1) whenever / > n. From the defi-
nition of r, (see (6)), and using the fact that v; is zero-mean, independent of w;
and X, fori>0and /> k+ 1, and X, ,-measurable for I = k, k+ 1, it follows
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that
rk-_—PD'Uk-i'(F—-BKp)‘PD‘Uk_H. (16)

Moreover, repeating the above arguments, we obtain 7, = E(ry| Z;) = PDv;. From
this and (13) we get

Zrs1 = (A — BKp)Zx + %, 9 =[I — B(N + B*PB)™'B*P] Dv;. (17)
In a similar fashion, we get from (15) and (16) that
E'(Aineri | Zk) + M3y = PR + E'((Ax — BKp)'ri| Zx) = Py + (F — BKp)" PDuy;
hence, from Proposition 5,
st = B (Ak1mhs2) Zin) + MRy = PRy + (F — BKp)' PDugy,y  (18)
for every k > 0. Let us show now that
E((1i+1; Dvi)) = E(( P&es1; Dvg)) = E(([P — PB(N + B*PB)™' B"P] Dvy; Duy)).
(19)
From (17) it follows that, for k£ = 0,

k k
X = [H(z‘iz - BKP)] Xo+ Y
=0

k
[ - BKP)] Bj_y + By
j=1

1=
Let { f,,; m = 1} be any orthornormal basis for the Hilbert space H. From the inde-
pendence of v; and xg, v;, and w; for / < k and i > 0, and since E'(v;) = 0, we have

E((Penr: Do) = 3 E(Pitass fon) (o D))
m=1

) k
= Z E<<P I:H(jl - BKP)jI X0; fm>)E((fma ka))

=0
oo k k
+ ZE(<P[H(31 - BKP)] /BH fm>)E((fm;D‘Uk>) + E(( Pty; D))
m=1 j=1 1=/
= E((Pix; Dve)) = E((P[I — B(N + B* PB)™' B* P] Duy; Duy ).

Similarly we can show that E({(F — BKp)* PDvgy; Dvi)) = 0. Therefore, from (18),
it follows that

E((7k+15 Dk )) = E({(PRes1 + (F — BKp)' PDupy1; Dy ))
= E((P&xs1; Dve)) + E({(F — BKp)' PDvgy1; D))
= E((PSxs1; Due)) = E((P[I — B(N + B*PB)™' B* P| Dvy; Dy ),
proving (19). Recalling that (see (18))
E'(mo] Zo) = E'(Agm | Zo) + Mxo = Pxo + (F — BKp)' PDu,
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and repeating the same arguments used above, we obtain
E((x0i o)) = E(E({x0i )| Z0))
= E((x0; E'(0| Z0))) = E((x0; Pxo + (F — BKp)"PDuy))
= E({Pxp; x0)) + E((x0; (F — BKp)" PDuy)) = E({Px0;x)).  (20)

From (19), (20), and Theorem 2 it follows that the optimal solution for this case is
given by

@, = —Kpky + (N + B*PB)"'B*PDy; (21)
with associated cost
00
J(xo,8) = E({Pxo;xo) + )_ E({{P — PB(N + B*PB)™' B* P] Du; Duy)).
k=0

Notice that
0< P(1+PBN'B'PY)'P = P PB(N + B*'PB)'B*P < P,

and therefore
0 < J(x0; ) < E((Pxg; X)) + Y E(( PDuy; Duy)). (22)
k=0

The term on the right-hand side of (22) represents the cost associated with the optimal
solution derived in Ref. 2 (i.e. #, = —Kpx;), which is larger than the one obtained
here. This is so because feedback solutions were imposed in Ref. 2 (see Theorem 1)
but not here. Note that 4, obtained in (21) has a linear (feedback) term in %, as
well as a linear term in v. If v, = 0 for & > 0, then the solution in (21) and that in
Ref. 2 coincide. In other words, for the case with no additive input disturbance, the
best of all solutions actually is in a feedback form, with the optimal feedback loop
characterized by the linear operator Kp given in (5).

In summary, by allowing any v € ¥, the sequence & = (i, &, ) = U(xy,v), with
i as in (11), minimizes (3) (by Theorem 2). By restricting v to ¥, C ¥ and imposing
uy = Kx; for some K € ', it follows that uy = —Kpx; minimizes (3) (by Theorem 1).
At the extreme case of v = 0, the same feedback solution u, = — Kpx; also is the mini-
mizing solution to (3), even though a feedback restriction is not imposed apriori.
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