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Abstract. Infinite-dimensional discrete- time bilinear models driven by Hilbert space 
- valued random sequences can be defined as the uniform limit of finite-dimensional 
bilinear models. In this paper we shall investigate the limiting properties of the 
state expectation and cor relation sequences for infinit e -dimensional stochastic 
discret e bilinear models, where sufficient conditions for mean squa r e stability will 
be presented. 
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1 . INTRODUCTION 

Stability for stochastic infinite-dimensional 
continuous- time bilinear systems has been inves 
tigated by some authors (e.g. see Zabczyk, 1979; 
Ichicawa, 1982). In this paper we shall consider 
the mean square stability problem for i nfinite
dimensional discrete- time bilinear systems oper
ating in a stochastic environment, whose model is 
formally given by the following difference 
equation. 

[A + 
o 

where {Ak ; k ~O ) is a sequence of bounded linear 
operators on some separab l e Hilbert space H, 
{ek; k ~ l ) is an orthonormal basis for H, and 
{ui; i ~ O), {wi; i ~O ) and. {xi; ~ ~O) ~re H-:-valued 
random sequences. If H 1S f,n,te - d,mens,onal, 
then such a model characterizes a finite - dimen
sional stochastic discrete bilinear system, for 
which the evolution of the state moments is easy 
to obtain under independence assumptions (e.g. 
see Kubrusly, 1985b). Therefore, mean square 
stability can be inves tigated by analysing the 
asymptotic properties of the state moments (e.g. 
see Kubrusly and Costa, 1985; Kubrusly, 1985b; 
and the references therein). On the other hand , 
if Ak=O for every k ~ l, then the above model is 
natural l y reduced to a linear one. In this case 
the evolution of the state moments are easily 
obtained, even when H is infinite-dime nsional, so 
t hat the ana l ysis of their asymptotic behaviour 
becomes feasible. Actually , some problems related 
to mean square stability for infinite- dimensional 
stochastic discrete linear systems have already 
been properly addressed in the current literature 
(e.g. see Zabczyk, 1975, 1977; Hager and Horowitz, 
1976; Kub r us l y, 1985a) . The purpose of the 
present paper is to supply sufficient conditions 
for mean square stability for the general case, 
where H is infinite-dimensional and {Ak; k ~ O } is 
any uniformly bounded sequence. 

2 . NOTATIONAL AND CONCEPTUAL PRELIMINARIES 

Throughou t this pape r we assume that H i~ a 
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separable nontrivial Hilbert space, with 11 11 and 
<; > standing fo r norm and inne r product in H, 
respect ively. Let B[X,Y) denot e the Banach space 
of a ll bounded linear transformations of a Banach 
space X into a Banach space Yr and set B[X)=B[X,X). 
We shall us e the same symbol d 11 to denote the 
uniform induced norm in B[X,Y). Let C*eB[H) be the 
adjo int of CeB[H), and set B[H)+={CeB[H): O~C=C*}, 
the closed convex cone of all self-adjoint non
negative (i .e. 0 ~ <Ch;h >l,!heH) operators on H. Let 
c l

/
2 eB[Hl+ be the (unique) square root of CeB[H) +, 

and set cl=(c*C)'/ 2eB [H)+ for any CeB[H). The 
class of all compact operators from B[H) will be 
denoted by Boo[ H) . If CeBoo[H) (or equivalently, 
IcleBoo[H), let {Ak ~O; k ~ l } be the nonincreasing 
nonnegative null sequence made up of all singular 
values of C (i.e. e i genvalues of ICI), each non
zero one counted according to its multiplicity as 
an eigenval ue of Icl. Set 11 cll, =I:_1Ak and let 
BtlH)= {CeBoo[H): 11 C Il , <oo} be the class of all 
nucl ear (or trace-class) operators on H. Actually 
11 Il , is a norm in Bl(H) (the so- called trace
-norm), and (BllH),1I il,) in a Banach space . We 
set BllH)+=BllH) 0 B[H)+, the class of all correla
tion operators on H. For any f,geH define the 
outer product operator (f og)eB,[H) as fo l lows: 
(f og)h= <h;g>f for all heH, such that (f of)eB , [H) +. 
The above stdndard concepts may be found, for 
instance , in Gohberg and Krein (1969) and Schatten 
(1970) . 

Let (J , r , U) be a probability space, where E is a 
a-algeb ra of subsets of a nonempty basic set ~ , 
and W is a probability measure on E. Let H be the 
set of equivalence classes of H-valued measurable 
maps x defined almost everywhere (a.e.) on ~ , such 
that 

where c stands for the expectation operator for 
scalar- valued random variables. The following 
inner product in H, 

def. ' ( ( . ( () () <x;y >H = El.<X '.c );y OJ» : = ' <x OJ ,y '" >d]J 
)~ 

for all x,yeH, induces the above norm in H. Thus 
H=L 2 ( iI , iJ ;H); -tilc H.<.lbo-t ,~pace 06 a.U -6econd oJtdeJt 
H-VcUllC.d Jtandom vauab.f.e.6. Given any xeH there 
exists a unique element in H, say E{x}, which is 
referred to as the Cx.pe.UaUoI1 of xeH, such that 
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<Eix};h > = s{<x(w);h >} I,!hEH 

Mor eove r, for any x,yEH there exists a unique 
operator in BdHJ, say E{xoy } , referred to as the 
cOJv~ee.a.:t.<.ol1 of xEH and yEH, such that 

<E{xC' y)f;g > = E\< f;y( w» <x(w);g >} I,!f,gEH 

Note that Ilfixo!'} II . ~ 11 xllH 11 ylIH[ E{XOX}EBdH]+, 
and 11 Ei x } 11- :;; 11 E{xox } II1 =iI xl ~ for every 
x ,yEH. Now consider a family {x,6H; [, E::~0 1 of 
random variables. For each [,E:: Yet ~c k; k ~ I } be 
an o rthonormal basis for H made up of " ~ll eigen
vectors o f E{Xr,OX[,} EB1[H]+, whose existence ~s 
ensured by the Spectral Theorem. Such a famlly is 
said to be ~.t·'LU.c.tU!tilly 1.l-<m.u.aJt if there exists an 
orthonormal basis for H, say {ek ; k ~ I } , such that 
{e( ,k; k ~ 1 )={ek; k ? I } for every [,E:: . {ek ; k~ I } is 
r efer red 1:0 as the common o.uhonu'UncU'. bM.{/.) for 
H of ! x[, EH; [,E::} . Note that s tructural similarity 
may be thought of as gene ralization of correlation 
stationarity. Actually, a family {X[,EH; [, E::%0 } is 
cO'lJz.e.fa.:t.<.cH ~.ta.ttonaJty iff there exists QEBdH]+ 
such that E(xcoxc} =Q for every ~ E :: , and it is 
expe.c.ta.:t.<.OH .~::waona.'tU iff there exists qEH such 
that E{x[,}=q for eve r y [,E:: . Far any family 
{x[,EH; [, E =~0 } we set 

I { . _} = {yEH: y is independent of {xrEH; [,E::}} . 
Xt; ; t,E= s 

In particular, for any xEH, 

Ix {YEH: y is independent xEH }. 

Finally, we shall also need in the sequel the 
following auxiliary result, which involves the 
conc ep t of Cauchy summable sequence: a Cauchy 
sequence ( YiEY; i ~ O ) in £ normed linear space Y 
is CaucllU .~wmnab.e.e. iff '. Osup ' 011 y . - y ·11 < oo • L ~= V ~ l+V 1 

Proposition 1: Le t AEB[X] be uniforml y asymptoti
cally stable and 0 :x..,.x be a proper contraction 
on a Banach space X, such that 

IJ i ;;;O , 

11 Ox - 0yl l ~ 0 11 x - yll I,! x , YEX 

a + 00 < 1 

for some r cal constants c ' l, 0"-,.<1, 0:;0<1. If 
·~ vi.fX; i "'O} is a Cauc hy summable sequence then 
;: z i.€ X; i ~ O } , g iven by 

Z i + 1 = :"\z i + Oz i + vi ZOEX arbitrary , 

is also Cauchy summable, and its limit zEX does 
not depend on ZoEX. 

Proof: See Kubrusly (1985b). 

3. AUXILIARY RESULTS 

The purpose of this section is to define properly 
the infinite-dimensional stochastic discrete 
bilinear model that has been formally introduced 
in section 1, and to present the expectation and 
corre lation evolution for the state sequence 
generated by such a model. 

Lennna 1: Let {wiEH; i ~O } be a structurally similar 
sequence with a common orthonormal basis 
{ek; k ~ I } for H, and let {AkEB[H]; k ~ O } be an 
uniformly bounded sequence of operators. Set 

Aw . Ao + I:=I~<wi;ek > : Iw . ..,. H 
1 1 

for every i ~ O, wh e re the above series converges 
uniformly. That is, for each i ~ O, 

IIA v - lA +In ~<w.;ek > ]vIIH 
w i 0 k= 1 1 

----~--------~~-------------..,. 0 

as n-+oo . 

Given xoEH and ( uiEH; i ?O) , assume further that 
x EIx and 

o 0 

w. E I 
J {x ,u , ... ,u. l'w , ... ,w. I } 

o 0 J- 0 J-

for eve ry j ? 1. Then the difference equation in H 

has a unique solution, which lie s in Iwifor every 
i ~ O, g iven by XI=AwoXo+uo and, for every 1 ~ 2 

, i - l 
x.=A ... A x +L A ... A u. I+Ui_l' 

1 Wi _ 1 Wo 0 j=1 wi _ 1 Wj J-

Proof: ~e Kubrusly (1986). 

Lemma 2: Let {wiEH; i ~ O } be a structurally similar 
sequence with a common orthonormal basis {ek; k ~ I } 
for H, and let {AkEB[H]; k ~ O } be uniformly bounded. 
Given xoEH and {UiEH; i ~ O}, assume further that 
w EI and 

o Xo 

w. E I 
J { x ,u , . .. ,u. l'w , ... ,w. 1 ) 

o 0 J - 0 J-

for every j ~ l . Now consider the state sequence 
{xiEIw.; i ~ O } generated by the difference equation 

1 

Xi+l = [A + I'" ~<w.;ek > ]x, + Ui ' 
o k=1 1 1 

with 

A 
w. 

1 

A + I'" A. <w. ; e > : I 
o k=l--k k w. 

H 

defined as in Lemma 1 for each i ~O. We claim that 
the state expectation {E{xi }EH; i ~ O} and correla
tion {E{xioxi }EB , [H]+; i ?O} sequences evolve 
according to the following difference equations: 

(a) E{x i +1} = Fw .E{x i } + E{u i } 
1 

+ E{A x. ou. } + E{A x ou . }* + E{u. ou. } 
w. 1 1 W. 1 1 1 1 

1 1 

with {Fw.EB[H]; i i:O} and {Tw.EB[B[H]]; i ~O } given 
by 1 1 

F w. 
1 

A 
o 

T [Q] = r « E{w. ow. }-E {w. }oE{w. )e, ;ek>A. QA~ 
w i k, :I.= 1 1 1 1 1 ~ -1<. "-

for all QEB[H), where the above convergence is in 
t e rms of the uniform operator norm t opdogy (i.e. 
the above series converge in B[H] and in B[B[H]], 
respectively). Moreover, if xoEI ( u ,w } and 

o 0 

{u. ,w. } is independent of {x ,u ,. ,u. 1 ,w ,. ,w o 1} 
J J 0 0 J - 0 J-

fo r every j ~ l, whic h implies the above ind epen
dence assumpt i on , then 



Stability 

F E{x. ox. }F* + 
w. 1 1 W. 

1 1 

u· 
+ T [E {X. OX . }] + V 1 [E {X. } ] 

VIi 1 1. W i 1 

where {Vui:H-> BdH]; i ~ O } is defined by the formu-
la wi 

for all h6H, with {pUiEB[H,B l [H]]; i ~O } given by 
wi 

Ui 00 

P [h]=A hOE{u.}+L A.hoE{u. ow.}ek wi 0 1 k=l-k 1 1 

for all hEH, where the above series converges 
uniformly (i.e. it converges in B[H,B,[H]]). 

Proof: See Kubrusly (1986). 

4. MAIN RESULTS 

Consider an infinite-dimensional discrete bilinear 
model evolving in a stochastic environment as 
defined in Lemma 1. In this section we sha ll be 
interested in the asymptotic behaviour of the 
state expectation and correlation sequenc es , whose 
evolution was given in Lemma 2. In particular, we 
shall investigate sufficient conditions on the 
maps { Aw. } to ensure that those sequences converge 
for any 'admis sib le initial condition Xo and input 
disturbance {ui}' and their limits do not depend 
on xO' 

Assumption 1: In order tn reach a proper balance 
between generality of results and simp licity of 
analysis we make the following assumptions . Let 
{wiE~; i ~O} be an ex?ectation and correlation 
stat10nary sequence, and se t 

s=E{w.}EH 
1 

S = E{w. ow. } E BdH]+ , 
1 1 

for eve r y i ~ O. Let {ek; k ~ l } be the orthonormal 
basis for H made up of all eigenvectors of 
SEB,[H]+, and l e t {AkEB[H]; k ~O } be an arbitrary 
uniformly bound ed sequence. Given xoEH and 
{u . EH; i~O}, assume that x El { } and 

1 0 ~,~ 

{u.,w. } is independent of {x ,u ,.,u. l'w ,.,w. I } 
J J 0 0 J- 0 J-

for every j ~ l. Set, for every i ~ O, 

r. E{u. } E H 
1 1 

R. E{u. ou.} E BdH]+ 
1 1 1 

G. E{u. ow.} E BdH] 1 1 1 

and suppose Gi=YiGo for some scalar sequence 
{YiE[; i ~O} . Assume further that {y. E[; i ~O}, 
{riEH; i ~ O}, and {RiEB,[H]+; i ~ O } ar~ Cauchy 
summable sequences 1n [,H, and B[H], respectively; 
and sUPi~oll Ri Il, < oo . 

Now, under Assumption 1 and according to Lemma 1, 
consider the state sequence { ~iElwi ; i ~ O } 
generated by the difference equat10n 

x. 1 = [A + rk 1 A. <Wo ;ek>]x . + u. 
1+ 0 = -1<. 1 1 1 

(1) 

and set for every i ~O 

Q. = E{x. ox. } E B,[H]+ . 
1 1 1 

By Lemma 2 it follows that, for eve ry i ~ O, 

+ r. 
1 

(2) 

(3) 

with F,M6B[H], TEB[B[H]], {Pi EB[H,B , [H]]; i ! O} and 
{Vi:H->BdH ]; i W} given by 

F = A + M 
o 

T[Q] Loo « S-sos)e o; ek >,\QA1 VQEB[H] 
k ,l!,=l '-

Pi [h] A h~r. + r ,\hOGi ek 
VhEH 

0 1 
k=l 

Vi[h] = Pi[h] + P. [h]* + R. VhEH 
1 1 

according to Lemma 2. Note that, if Ao=O or M=O, 
then 

FQF* + T[Q] VQEB[H] (4) 

where Ao= l and Ak ~O is the eigenvalue of SEB , [H]+ 
associated with the eigenvector ek for each k ~ l. 

Definition 1: The infinite-dimensional stochastic 
discrete bilinear model in (1) is meal'! J.>quMe 
J.>tabte if, for any initial condition xo EH and 
input disturbance {u·EH; i ~ O } satisfying 
Assumption 1, there ~xists qEH and QEB,[H]+ 
independent of xoEH, such that 

(a) 11 qi - q 11 0 as i -+ 00 

(b) 11 Qi -QII -> 0 as i -+ 00 

Theorem 1: Consider the evo lution equat i ons 
and (3). If there exist real constants o~ l 
O<a<l such that 

Vi ~ 0 and a 2 + 0 2 11 T 11 < 1 

then the model in (1) is mean square stable . 

(2) 
and 

Sketch Proof: First consider equation (2). Since 
{riEH; i ~O} is Cauchy summable , it fol lows from 
Proposition 1 that Definition 1 (a) is satisfied, 
with {q.EH; i ~O } being a Cauchy summable sequence. 
Now con~ider equation (3). Set 0=TEB[B[H]] and 
A[Q]=FQF* for all QEB[H], where AEB[B[H]] is such 
that 

vi ~O 

Thus we have from Proposition that (Qi6B , [H]+; 
i ~O ) is a Cauchy summable sequence in B[H], whose 
limit QEB[H] does not depend on the initial 
condition, whenever {Vi[qi] EB , [H]; i ~O} is Cauchy 
summable in B[H]. Moreover, QEB[H]+ since B[H]+ 
is closed in B[H]. Hence Definition l(b) is 
satisfied since (cf. Kubrusly, 1986): from the 
Cauchy summability of {Y iE[; i ~O } , {qiEH; i ~ O } , 
{riEH; i ~ O}, and {RiEB[H]; iW } it follows the 
Cauchy summability of {Vi [qi]EB[Hl; i ~O } ; and 
from the uniform boundedness of { I Ri Il, ; i ~ O } 
it can be shown that the uniform limit QEB[H]+ is 
actually nuclear (i.e. QEB,[H]+). 

Theorem 2: Consider the evolution equation s (2) 
and (3). Suppose M=O, such that equation (4) 
also holds true. For each 1~0 let At , 0 t 6B[B[H]] 
be given by 
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for all Q B[HJ, and let at~ l and at~O be real App£1c., ~, 
constants such that 

vi ~O 

~f inf t ~0(ai+aiI 1 0 t ll ) < 1, then the model in (1) 
is mean square stable. 

Sketch Proof: It is readily verified that 

~ 11 0 11 m 

whenever 9.'"TIl. If inf t~0(a~+a~11 0t ll ) < 1, then 
there exists m~O such that ~<:1 and 11 Gmll < 1, 
since am~ l. Moreover, M=O implies that 

i c a 
o 0 

vi ~O 

11 F 11 2 ~ 11 0 11 if m > 0 m 

Therefore 11 Fi 11 ~ aai for every i ~ O, with a=ao ~ l 
and O<a< l, where either a =ao if m=O or 
11 0 11'/ 2~ a < 1 if m>O. Now consider equation 
(2), and recall that equation (3) can be written 
as 

according to equation (4). Then the desired 
result follows from Proposition 1 exactly as in 
the proof of Theorem 1. 

5. CONCLUSIONS 

In this paper we have established sufficient 
conditions for mean square stability of infinite
dimensional discrete-time bilinear systems driven 
by H-valued second order random sequences. The 
stochastic environment under consideration was 
characterized by independence and structural 
similarity with arbitrary and unknown probability 
distributions. 

The main results appeared in Theorems 1 and 2, 
which were supported by Lemmas 1 and 2. Existence 
and uniqueness of solutions for infinite-dimen
sional stochastic discrete bilinear models were 
considered in Lemma 1, and the evolution of the 
state expectation and correlation sequences was 
presented in Lemma 2. The mean square stability 
conditions supplied in Theorems 1 and 2 extended 
to infinite-dimensional models the finite-dimen
sional results proposed by Kubrusly (1985b). 
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