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&RQFHUQLQJ WKH DERYH SDSHU� WKH SURRI RI 7KHRUHP ��� LQ WKH RULJLQDO YHUVLRQ
ZDV LQFRPSOHWH ZKHUH D UHOHYDQW DUJXPHQW ZDV PLVVLQJ� 7KLV KDV EHHQ p[HG QRZ
PDNLQJ WKH SURRI FOHDUHU� $OVR� WKH H[LVWHQFH DVVXPSWLRQ IRU WKH VHULHV H[SDQVLRQ LQ
&RUROODU\ ��� ZDV RYHUORRNHG LQ WKH RULJLQDO YHUVLRQ� 7KH FRUUHFWHG VWDWHPHQW DQG
SURRI RI ERWK 7KHRUHP ��� DQG &RUROODU\ ��� DUH ZRUNHG RXW EHORZ�

1RWDWLRQ DQG WHUPLQRORJ\ DV LQ >�@� %\ DQ RSHUDWRU ZH PHDQ D ERXQGHG OLQHDU
WUDQVIRUPDWLRQ RI D QRUPHG VSDFH LQWR LWVHOI� 7KH NHUQHO DQG UDQJH RI DQ DUELWUDU\
RSHUDWRU 7 DUH GHQRWHG E\ 1 �7 � DQG 5�7 �� UHVSHFWLYHO\� $ SDLU RI VHTXHQFHV II n J
DQG IJ n J RI YHFWRUV LQ D +LOEHUW VSDFH DUH VDLG WR EH ELRUWKRJRQDO �WR HDFK RWKHU�
LI KI o � J n L  r oEp n ZKHUH r VWDQGV IRU WKH .URQHFNHU GHOWD IXQFWLRQ� ,I II n J LV VXFK
WKDW WKHUH H[LVWV D VHTXHQFH IJ n J IRU ZKLFK II n J DQG IJ n J DUH ELRUWKRJRQDO� WKHQ
LW LV VDLG WKDW II n J DGPLWV D ELRUWKRJRQDO VHTXHQFH �DQG VR GRHV IJ n J� DQG WKH SDLU
III n J� IJ n JJ LV UHIHUUHG WR DV D ELRUWKRJRQDO V\VWHP� ,I� LQ DGGLWLRQ� NI n N  NJ n N  �
IRU DOO Q� WKHQ III n J� IJ n JJ LV VDLG WR EH D ELRUWKRQRUPDO SDLU �RU V\VWHP�� ,W ZDV
VKRZQ LQ >�� &RUROODU\ ���@ WKDW WKHUH LV QR GLVWLQFW SDLU RI ELRUWKRQRUPDO VHTXHQFHV�
7ZR +LOEHUW�VSDFH RSHUDWRUV 9 DQG : DUH VDLG WR EH ELLVRPHWULF LI 9 q :  ,�

7KHRUHP ���� /HW 9 DQG : EH RSHUDWRUV RQ D +LOEHUW VSDFH +� 6XSSRVH WKHLU
DGMRLQWV 9 q DQG : q DUH QRW LQMHFWLYH� (TXLYDOHQWO\� VXSSRVH WKH UDQJHV RI 9 DQG :

DUH QRW GHQVH� 7DNH DUELWUDU\ QRQ]HUR YHFWRUV Y DQG Z LQ +� )RU HDFK QRQQHJDWLYH
LQWHJHU Q FRQVLGHU WKH YHFWRUV
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3URRI � 6XSSRVH 9 DQG : KDYH QRQLQMHFWLYH DGMRLQWV� 7KLV LV HTXLYDOHQW WR VD\LQJ
WKDW 9 DQG : KDYH QRQGHQVH UDQJHV �EHFDXVH 1 �7 q � £  5�7 � ¤ IRU DQ\ RSHUDWRU
7 DQG $ £  I�J �� $ ¤  + IRU DQ\ VXEVHW $ RI +� VHH� H�J�� >�� 3URSRVLWLRQV ����
DQG ����@�� 6LQFH WKH DGMRLQWV 9 q DQG : q DUH QRQLQMHFWLYH� WDNH DUELWUDU\ QRQ]HUR
YHFWRUV Y � 1 �9 q � DQG Z � 1 �: q �� DUELWUDU\ QRQQHJDWLYH LQWHJHUV P�Q� DQG VHW
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&RUROODU\ ���� /HW I9�:J EH D ELLVRPHWULF SDLU RQ + DQG FRQVLGHU WKH ELRUWKRJ�
RQDO VHTXHQFHV I� n J DQG I� n J GHpQHG LQ 7KHRUHP ��� LQ WHUPV RI QRQ]HUR YHFWRUV
Y � 1 �9 q � DQG Z � 1 �: q �� ,I� LQ DGGLWLRQ� WKHVH ELRUWKRJRQDO VHTXHQFHV VSDQ +�
DQG LI [�+ KDV VHULHV H[SDQVLRQ LQ I� n J DQG LQ I� n J� WKHQ [ FDQ EH H[SUHVVHG DV
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3URRI � 7DNH DQ DUELWUDU\ [ � +� )LUVW QRWH WKDW LI D VHTXHQFH LQ D ELRUWKRJRQDO SDLU
LV VXFK WKDW LW VSDQV +� WKHQ LW GRHV QRW QHFHVVDULO\ IROORZ WKDW DOO HOHPHQWV LQ +
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KDYH DQ H[SDQVLRQ DV WKH OLPLW RI D OLQHDU FRPELQDWLRQ RI HOHPHQWV RI WKH VHTXHQFH
�FI� >�� ([DPSOH �����@�� 7KXV VXSSRVH WKH ELRUWKRJRQDO VHTXHQFHV I� n J DQG I� n J
VSDQ + �L�H��
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