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7KH VWDWHPHQW RI /HPPD � LQ WKH DERYH SDSHU LV LQFRPSOHWH �LQ WKDW ZH RYHU�
ORRNHG WKH QHFHVVDU\ DVVXPSWLRQ RI FORVHG UDQJH WR SURYH WKH VHFRQG SDUW RI LW _
ZH UHIHUUHG WR >�� 3URRI RI /HPPD ����@ RYHUORRNLQJ WKDW WKDW UHVXOW LV VWDWHG IRU
)UHGKROP RSHUDWRUV ZKHUH UDQJHV DUH FORVHG�� 7KH FRUUHFWHG VWDWHPHQW DQG SURRI
JR DV IROORZV �QRWDWLRQ DQG WHUPLQRORJ\ DV LQ >�@��

/HPPD �� 7DNH DQ\ RSHUDWRU $ � %>+@ DQG DQ DUELWUDU\ LQWHJHU N y �� ,I

DVF�$� x N DQG GVF�$� � � RU DVF�$� � � DQG GVF�$� x N�

WKHQ

GVF�$�  DVF�$� x N�
DQG VR

5�$ l �  5�$ m � DQG 1 �$ l �  1 �$ m � IRU HDFK LQWHJHU Q y N�

,I� LQ DGGLWLRQ� 5�$ l � LV FORVHG IRU HYHU\ Q� WKHQ

GVF�$ n �  DVF�$ n � x N�
DQG VR

5�$ n l �  5�$ n m � DQG 1 �$ n l �  1 �$ n m � IRU HDFK LQWHJHU Q y N�

3URRI � 7DNH DQ DUELWUDU\ $ � %>+@� &RQVLGHU WKH IROORZLQJ DX[LOLDU\ UHVXOWV�

& O DLP �L�� DVF�$� � � DQG GVF�$� � �  � DVF�$�  GVF�$��

3URRI RI &ODLP �L�� 7KLV LV D ZHOO�NQRZQ UHVXOW� VHH H�J�� >�� 7KHRUHP ���@�

& O DLP �LL��

�D� GVF�$ n � � �  � DVF�$� � ��

�E� DVF�$� � �  � GVF�$ n � � � LI 5�$ l � LV FORVHG IRU HYHU\ LQWHJHU Q y ��

�F� DVF�$� � �  � GVF�$ n � � � LI 5�$ l � LV QRW FORVHG IRU VRPH LQWHJHU Q y ��

3URRI RI &ODLP �LL�� 7DNH DQ DUELWUDU\ SRVLWLYH LQWHJHU Q�

�D� ,I DVF�$�  �� WKHQ 1 �$ l � ~ 1 �$ l�o�p � VR WKDW 1 �$ lho[p � q ~ 1 �$ l � q �VLQFH
1 � c � LV FORVHG _ LQGHHG�0 ~ 1  � 1 q v 0 q DQG 1 q  0 q  � 0 r  1 r ��
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(TXLYDOHQWO\� 5�$ n4¨ l�o�p=© � r ~ 5�$ n l � r � $V 5�$ n l�o�p � v 5�$ n l �� WKH DERYH SURSHU
LQFOXVLRQ HQVXUHV WKH SURSHU LQFOXVLRQ 5�$ n4¨ l�o�p=© � ~ 5�$ n l �� 6R GVF�$ n �  �� DQG

DVF�$�  �  � GVF�$ n �  ��

�E� ,I GVF�$�  �� WKHQ 5�$ l�o�p � ~ 5�$ l �� 6XSSRVH 5�$ l � LV FORVHG VR WKDW
5�$ l�o�p �~5�$ l � LPSOLHV 5�$ l � q ~ 5�$ l�o�p � q � 7KDW LV� 1 �$ n l � ~ 1 �$ n4¨ l�o�p=© ��
+HQFH DVF�$ n �  �� 7KHUHIRUH

GVF�$�  �  � DVF�$ n �  � LI 5�$ l � LV FORVHG IRU HYHU\ LQWHJHU Q y ��

'XDOO\ �DV $ nSn  $ DQG 5�$ l � FORVHG �� 5�$ n l � FORVHG��
GVF�$ n �  �  � DVF�$�  � LI 5�$ l � LV FORVHG IRU HYHU\ LQWHJHU Q y ��

�F� 7R YHULI\ �F� FRQVLGHU WKH IROORZLQJ H[DPSOH� 7DNH $ VXFK WKDW 1 �$ n �  I�J
DQG 5�$ n � � 5�$ n � r  +� 7KHQ 1 �$�  5�$ n � q  I�J� DQG KHQFH DVF�$�  ��
:H VKRZ WKDW GVF�$ n �  ��

6LQFH 5�$ n � � 5�$ n � r  +� WDNH Y � +Q5�$ n �� 6XSSRVH GVF�$ n � � �� VD\� VXS�
SRVH GVF�$ n �  Q� 7KHQ 5�$ n l �  5�$ n l�o�p �� DQG VR WKHUH H[LVWV Z � + VXFK WKDW
$ n l�o�p Z  $ n l Y� 7KXV $ n l �$ n l Z b Y�  � VR WKDW $ n Z  Y �VLQFH DVF�$ n �  �  �
1 �$ n l �  I�J�� +HQFH Y � 5�$ n �� ZKLFK LV D FRQWUDGLFWLRQ� 7KXV GVF�$ n �  ��

& O DLP �LLL�� GVF�$� � �  � DVF�$ n � x GVF�$��
3URRI RI &ODLP �LLL�� &RQVLGHU WKH DUJXPHQW LQ WKH SURRI RI &ODLP �LL�D�� 6R GVF�$�  
Q ª LPSOLHV 5�$ l �  5�$ l'« � IRU HYHU\ Q y Q ª � 7KXV 5�$ l � r  5�$ l'« � r � (TXLYD�
OHQWO\� 1 �$ n l �  1 �$ n l « � �DV 5� c � q  1 � c n ��� ZKLFK LPSOLHV DVF�$ l � x Q ª �
,I DVF�$� x N DQG GVF�$� � � �RU LI DVF�$� � � DQG GVF�$� x N�� WKHQ

GVF�$�  DVF�$� x N

E\ &ODLP �L�� 0RUHRYHU� WKLV LPSOLHV WKDW DVF�$ n � x GVF�$� x N E\ &ODLP �LLL�� 1RZ
VXSSRVH 5�$ l � LV FORVHG IRU HYHU\ Q� 6LQFH DVF�$� x N� ZH JHW GVF�$ n � � � E\
&ODLP �LL�E�� 7KHQ� VLQFH DVF�$ n � x N� &ODLP �L� HQVXUHV WKDW

GVF�$ n �  DVF�$ n � x N�

7KH UDQJH DQG NHUQHO LGHQWLWLHV IROORZ IURP WKH GHpQLWLRQ RI DVFHQW DQG GHVFHQW�

&RQVHTXHQWO\� 7KHRUHP � DQG &RUROODU\ � DUH WR EH PRGLpHG� ZKRVH SURRIV IROORZ
WKH VDPH DUJXPHQW DV EHIRUH� QRZ DSSO\LQJ WKH FRUUHFW YHUVLRQ RI /HPPD ��

1RWH� 3RVLQRUPDO RSHUDWRUV ZHUH LQWURGXFHG LQ >�@ �VHH DOVR >�@� _ DQ RSHUDWRU
LV SRVLQRUPDO LI LWV UDQJH LV LQFOXGHG LQ WKH UDQJH RI LWV DGMRLQW�

7KHRUHP �� 7DNH 7 � %>+@� 6XSSRVH 5�7 l � LV FORVHG IRU HYHU\ Q y ��

�D� ,I 7 m LV SRVLQRUPDO IRU VRPH N y � DQG GVF�7 ¬ � � � IRU VRPH P y �� WKHQ
7 l LV SRVLQRUPDO IRU HYHU\ Q y N�

�E� ,I 7 m LV SRVLQRUPDO IRU VRPH N y � DQG 7 n ¬ LV SRVLQRUPDO IRU VRPH P y N�
WKHQ 7 l LV SRVLQRUPDO IRU HYHU\ Q y N DQG FRSRVLQRUPDO IRU HYHU\ Q y P�

&RUROODU\ �� 7DNH 7 � %>+@� 6XSSRVH 5�7 l � LV FORVHG IRU HYHU\ Q y ��

�D� ,I 7 LV SRVLQRUPDO DQG GVF�7 � � �� WKHQ 7 l LV SRVLQRUPDO IRU HYHU\ Q y ��
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�E� ,I 7 LV SRVLQRUPDO DQG FRSRVLQRUPDO� WKHQ 7 l LV SRVLQRUPDO DQG FRSRVLQRUPDO
IRU HYHU\ Q y ��

,Q IDFW� WKH DVVXPSWLRQ ?GVF�7 � � �� LQ &RUROODU\ ��D� DERYH FDQ EH GLVPLVVHG�
\LHOGLQJ D FRUUHFWHG YHUVLRQ RI &RUROODU\ ��

&RUROODU\ �� ,I 7 LV SRVLQRUPDO DQG 5�7 l � LV FORVHG IRU HYHU\ Q y �� WKHQ 7 l LV
SRVLQRUPDO �

,Q D VXEVHTXHQW SDSHU >�@� WKH DERYH DVVXPSWLRQ ?5�7 l � LV FORVHG IRU HYHU\
Q y �� KDV EHHQ ZHDNHQHG� \LHOGLQJ D VKDUSHU UHVXOW DV IROORZV�

7KHRUHP >�@� ,I 7 LV SRVLQRUPDO DQG KDV FORVHG UDQJH� WKHQ 7 l LV SRVLQRUPDO DQG
KDV FORVHG UDQJH IRU HYHU\ Q y ��

$F N QRZ O HGJP HQW

:H WKDQN 3DXO 6� %RXUGRQ DQG 'HUHN 7KRPSVRQ ZKR SRLQWHG RXW DQ HUURU LQ
WKH SUHYLRXV YHUVLRQ RI /HPPD � �DW WKH SUHYLRXV YHUVLRQ RI &ODLP �LL�E��� 7KH
FRXQWHUH[DPSOH LQ &ODLP �LL�F� ZDV FRPPXQLFDWHG WR XV E\ 3DXO 6� %RXUGRQ�
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