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�� ,QW U RGXF W LRQ

7KURXJKRXW WKLV SDSHU WKH WHUP RSHUDWRU PHDQV D ERXQGHG OLQHDU WUDQVIRUPDWLRQ
RI D +LOEHUW VSDFH LQWR LWVHOI� $Q RSHUDWRU LV SRVLQRUPDO LI LWV UDQJH LV LQFOXGHG LQ
WKH UDQJH RI LWV DGMRLQW� 7KH FODVV RI SRVLQRUPDO RSHUDWRUV LQFOXGHV WKH FODVV RI
K\SRQRUPDO RSHUDWRUV� $Q RSHUDWRU LV TXDVLSRVLQRUPDO LI WKH FORVXUH RI LWV UDQJH LV
LQFOXGHG LQ WKH FORVXUH RI WKH UDQJH RI LWV DGMRLQW _ LI HLWKHU RI WKHVH UDQJHV LV FORVHG�
WKHQ WKH\ DUH ERWK FORVHG DQG WKH FRQFHSWV RI SRVLQRUPDO DQG TXDVLSRVLQRUPDO
FRLQFLGH�

$ QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU WKH SURGXFW RI D SDLU RI FORVHG�UDQJH
RSHUDWRUV WR KDYH D FORVHG UDQJH LV JLYHQ LQ 7KHRUHP � RI >�@� ZKLFK DOVR SUR�
YLGHV DQ H[DPSOH RI D FORVHG�UDQJH RSHUDWRU ZKRVH VTXDUH GRHV QRW KDYH D FORVHG
UDQJH >�� &RUROODU\ �@� $ VLPSOHU H[DPSOH LV JLYHQ LQ >�� ([DPSOH �@� 7KH VTXDUH
RI D SRVLQRUPDO RSHUDWRU LV QRW QHFHVVDULO\ SRVLQRUPDO >��� ([DPSOH �@ EXW HYHU\
SRVLWLYH�LQWHJHU SRZHU RI D SRVLQRUPDO RSHUDWRU ZLWK FORVHG UDQJH LV SRVLQRUPDO
ZLWK FORVHG UDQJH >��� &RUROODU\ ��@ �DQG VR SRZHUV RI D K\SRQRUPDO RSHUDWRU ZLWK
FORVHG UDQJH KDYH FORVHG UDQJH�� 7KH FORVHG�UDQJH DVVXPSWLRQ LV FUXFLDO HYHQ LI WKH
RSHUDWRU DQG LWV DGMRLQW DUH ERWK SRVLQRUPDO� 3URSRVLWLRQ ��� RI >�@ GHVFULEHV H[DP�
SOHV RI QRQ�FORVHG�UDQJH SRVLQRUPDO RSHUDWRUV KDYLQJ SRVLQRUPDO DGMRLQWV IRU ZKLFK
DOO VXrFLHQWO\ ODUJH SRZHUV IDLO WR EH SRVLQRUPDO� 7KH IDFW WKDW SRZHUV RI D FORVHG�
UDQJH SRVLQRUPDO RSHUDWRU LV DJDLQ D FORVHG�UDQJH SRVLQRUPDO RSHUDWRU SURPSWV WKH
IROORZLQJ TXHVWLRQ�

4XHVWLRQ ���� ,V WKH SURGXFW RI WZR FRPPXWLQJ SRVLQRUPDO RSHUDWRUV� ERWK ZLWK

FORVHG UDQJH� D SRVLQRUPDO RSHUDWRU ZLWK FORVHG UDQJH "

0RWLYDWHG E\ WKH SUHFHGLQJ �VWLOO RSHQ� TXHVWLRQ� ZH H[SORUH QHFHVVDU\ FRQGLWLRQV
DQG VXrFLHQW FRQGLWLRQV IRU SRVLQRUPDO RSHUDWRUV WR KDYH FORVHG UDQJH� DV ZHOO DV
LQYHVWLJDWH WKH VWUXFWXUH RI PDWUL[ UHSUHVHQWDWLRQV RI D SDLU RI FRPPXWLQJ� FORVHG

k�lHmon�p(� 8<Y:4<J�G�4SE�[Ma � aMq:aHa:r(LH9S9S4<C�@F4<R � C�EVN I�[H[ � aHq�aMs12aHq1[<q^t lHm u�ngvUl�m wBxSy�z({�|B}Sn-x<m�~T� lHyVyVw �TxVlHm wB�M�c��� E-N JWLMEo]h�:� � aMq1r � 4S9S8:?1R(LMEF]h�:� � [K�12
��ng�M���M�V�My<��� I 8H=-4SR^EVLH?1OH4 � PH]1CX8�?18HEVJWLHI � C�8H=VN ?18HEVJ�L�I � Q�;�LM=VN C�8H=VN ?�8HE-JWL�I �(!�����% ]�C�8H_ !�� 8HCX4SE-LH@F8HE-=<2

�



� �:�������T�������	�������������X�	�'�	���T�������K�
�������B��� ���T�$�����¡���������¢�T£���¤7�$�:���

UDQJH SRVLQRUPDO RSHUDWRUV RQ D +LOEHUW VSDFH + UHODWLYH WR D QDWXUDO RUWKRJRQDO
GHFRPSRVLWLRQ RI +� :H QRWH WKDW 4XHVWLRQ ��� DERYH KDV DQ DrUPDWLYH DQVZHU LI
?SRVLQRUPDO� LV UHSODFHG E\ ?QRUPDO� EHFDXVH �L� WKH SURGXFW RI WZR FRPPXWLQJ
QRUPDO RSHUDWRUV LV QRUPDO� WKDQNV WR )XJOHGH
V 7KHRUHP� DQG �LL� WKH SURGXFW
RI WZR FRPPXWLQJ QRUPDO RSHUDWRUV $ DQG % KDYLQJ FORVHG UDQJH ZLOO DOVR KDYH
FORVHG UDQJH E\� H�J�� 3URSRVLWLRQ ��� EHORZ� WKH NHUQHO RI $ ZLOO EH UHGXFLQJ IRU %
E\ )XJOHGH
V 7KHRUHP� VKRZLQJ WKDW WKH RSHUDWRU < RI SDUW �D� RI 3URSRVLWLRQ ���
PXVW EH WKH ]HUR RSHUDWRU� VR WKDW WKH K\SRWKHVHV SDUW �E� RI 3URSRVLWLRQ ��� KROG�
7KH SURGXFW RI WZR FORVHG�UDQJH QRUPDO RSHUDWRUV WKDW GR QRW FRPPXWH QHHG QRW
KDYH FORVHG UDQJH _ VHH ([DPSOH ��� EHORZ�

$ QRUPDO RSHUDWRU KDV FORVHG UDQJH LI DQG RQO\ LI � LV QRW D OLPLW SRLQW RI LWV

VSHFWUXP �H�J�� VHW y  � LQ >�� 3URSRVLWLRQ ;,����@�� ,Q 6HFWLRQ �� ZH LGHQWLI\ WKUHH
SURSHUWLHV RI +LOEHUW�VSDFH RSHUDWRUV� HDFK RQH RI ZKLFK QRUPDO RSHUDWRUV SRVVHVV�
VXFK WKDW LI 7 LV DQ RSHUDWRU RQ D +LOEHUW VSDFH + KDYLQJ WKHVH WKUHH SURSHUWLHV�
WKHQ 7 KDV FORVHG UDQJH LI DQG RQO\ LI � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP RI 7�
$V FRUROODULHV RI WKLV UHVXOW� ZH VKRZ WKDW

s LI 7 LV D K\SRQRUPDO RSHUDWRU VXFK WKDW � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP
RI 7 � WKHQ WKH UDQJH RI 7 LV FORVHG �&RUROODU\ �����

s LI 7 LV D SRVLQRUPDO RSHUDWRU VXFK WKDW � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP
RI 7 DQG WKH UHVWULFWLRQ RI 7 WR WKH RUWKRJRQDO FRPSOHPHQW RI WKH NHUQHO RI
7 LV LVRORLG� WKHQ WKH UDQJH RI 7 LV FORVHG �&RUROODU\ ����� DQG

s LI 7 LV D SRVLQRUPDO RSHUDWRU ZLWK FORVHG UDQJH� WKHQ � LV QRW D OLPLW SRLQW RI WKH
VSHFWUXP RI 7 LI DQG RQO\ LI WKH DGMRLQW RI 7 LV DOVR SRVLQRUPDO �3URSRVLWLRQ �����

,I $ LV D SRVLQRUPDO RSHUDWRU RQ D +LOEHUW VSDFH +� WKHQ� E\ GHpQLWLRQ� WKH UDQJH
RI $ LV FRQWDLQHG LQ WKH UDQJH RI $ ¥ � DQG� XSRQ WDNLQJ RUWKRJRQDO FRPSOHPHQWV� ZH
VHH WKDW WKH NHUQHO $ LV D VXEVHW RI WKH NHUQHO RI $ ¥ � 7KXV� IRU D SRVLQRUPDO RSHUDWRU
$ RQ +� WKH NHUQHO 1 �$� RI $ LV D VXEVSDFH RI + WKDW UHGXFHV $� ,Q JHQHUDO� LI
% LV DQ RSHUDWRU LQ WKH FRPPXWDQW RI $ DQG LI WKH NHUQHO 1 �$� RI $ UHGXFHV $�
WKHQ UHODWLYH WR WKH RUWKRJRQDO GHFRPSRVLWLRQ +  1 �$� ¦ j 1 �$�� WKH RSHUDWRUV
$ DQG % KDYH WKH IROORZLQJ PDWUL[ UHSUHVHQWDWLRQV�

$  
t §	¨�©©ª© u DQG %  

t «�¨�©¬® u�
,Q 6HFWLRQ � �&RUROODU\ ����� ZH JLYH D VXrFLHQW FRQGLWLRQ IRU WKH SURGXFW RI FORVHG�
UDQJH FRPPXWLQJ SRVLQRUPDO RSHUDWRUV WR EH SRVLQRUPDO ZLWK FORVHG UDQJH�

,I $ DQG % DUH FRPPXWLQJ SRVLQRUPDO RSHUDWRUV ZLWK FORVHG UDQJH� WKHQ $%
LV SRVLQRUPDO ZLWK FORVHG UDQJH LI % ¯ DQG = ¥ DUH SRVLQRUPDO �

0RUHRYHU� XVLQJ WKH PDWUL[ UHSUHVHQWDWLRQV GHVFULEHG DERYH� ZH VKRZ �7KHRUHP
���� WKDW LI $ DQG % DUH FRPPXWLQJ SRVLQRUPDO RSHUDWRUV ZLWK FORVHG UDQJH DQG
RQH RI $ DQG % KDV SRVLQRUPDO DGMRLQW� WKHQ $% LV SRVLQRUPDO ZLWK FORVHG UDQJH�
D UHVXOW WKDW JHQHUDOL]HV >�� 7KHRUHP �@�

2I FRXUVH� SURGXFWV RI QRQFRPPXWLQJ SRVLQRUPDO RSHUDWRUV FDQ EH SRVLQRUPDO�

2QH FDQ FKHFN WKDW IRU WKH SRVLQRUPDO RSHUDWRUV *  
b

�7�°'� c DQG 3  
b

��°°7° c RQ &
�
�

WKH RSHUDWRU *3 LV SRVLQRUPDO� EXW 3* LV QRW �DQG DOO WKHVH RSHUDWRUV KDYH FORVHG
UDQJH EHFDXVH DOO OLQHDU RSHUDWRUV RQ & ± KDYH FORVHG UDQJH�� $QRWKHU H[DPSOH� RQ
DQ\ FRPSOH[ +LOEHUW VSDFH D SDLU RI QRQ�FRPPXWLQJ XQLWDU\ RSHUDWRUV ZLOO EH D
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SDLU RI QRQ�FRPPXWLQJ� FORVHG�UDQJH QRUPDO RSHUDWRUV ZKRVH SURGXFW LV QRUPDO
ZLWK FORVHG UDQJH �LQ IDFW� XQLWDU\��

7KH SURGXFW RI WZR FORVHG�UDQJH QRUPDO RSHUDWRUV QHHG QRW KDYH FORVHG UDQJH�

([DPSOH ���� 7KHUH H[LVW QRUPDO RSHUDWRUV $ DQG % KDYLQJ FORVHG UDQJH VXFK
WKDW $% GRHV QRW KDYH FORVHG UDQJH�

,QGHHG� OHW �H ¶ � ·¶K¸ ° EH WKH QDWXUDO EDVLV RI C � VR WKDW WKH VHTXHQFH H ¶ KDV � DV LWV M�
WK WHUP DQG ]HURV HOVHZKHUH� /HW0 � EH WKH FORVXUH RI WKH VSDQ RI IH �M¹ � N  �� �� � � � J
DQG0 � EH WKH FORVXUH RI WKH VSDQ RI IJ ¹ � H �H¹ �H �M¹:º��  ��N��� � N  �� �� � � � J� �1RWH
WKDW IJ ¹ � N y �J LV RUWKRJRQDO�� 6HW $  �, b 3 »½¼ � �L�H�� RUWKRJRQDO SURMHFWLRQ
RQWR WKH RUWKRJRQDO FRPSOHPHQW RI0 � � DQG %  3 »¢¾ �:H XVH %RXOGLQ
V FULWHULRQ�
VWDWHG EHORZ� WR HVWDEOLVK WKDW $% GRHV QRW KDYH D FORVHG UDQJH�

%RXOGLQ
V &ULWHULRQ >�@� ,I 6 DQG 7 DUH RSHUDWRUV RQ + KDYLQJ

FORVHG UDQJH WKHQ 67 DOVR KDV FORVHG UDQJH LI DQG RQO\ LI WKH DQJOH

EHWZHHQ 5�7 � DQG 1 �6� ? �1 �6� ? 5�7 �� ¦ LV SRVLWLYH �

2EVHUYH WKDW 1 �$� 0 � DQG5�%� 0 � � VR WKDW 1 �$� ? 5�%� 0 � ?0 �  I�J�
7KXV� �1 �$� ? 5�%�� ¦  +� :H VKRZ WKDW WKH DQJOH EHWZHHQ 5�%�  0 � DQG
1 �$� ? �1 �$� ? 5�%�� ¦  1 �$�  0 � LV �� VKRZLQJ WKH UDQJH RI $% LV QRW FORVHG
E\ %RXOGLQ
V &ULWHULRQ�

7KH DQJOH v EHWZHHQ 0 � DQG 0 � RI + LV JLYHQ E\

v  FRV ¿ �
t

VXS
j

MKI � JLM � I � 0 � � J � 0 � � NIN  �  NJN
k

u

�

ZKHUH Kc � cL GHQRWHV WKH LQQHU SURGXFW RI C
�
� )RU Q y �� OHW

I ±  H � ± DQG J ±  
t

H � ± � À ¾VÁ�Â�¼� ± º��
u

S

� � � ��Q� ��
�

DQG REVHUYH WKDW �I ± � DQG �J ± � DUH VHTXHQFHV RI XQLW YHFWRUV VXFK WKDW KI ± � J ± L  
� 
S

� � � ��Q� ��
�
� �� DV Q � �� :H VHH WKH DQJOH EHWZHHQ 0 � DQG 0 � LV ��

DV GHVLUHG�

)RU WKH QRUPDO RSHUDWRUV $ DQG % RI WKH SUHFHGLQJ H[DPSOH� LW
V HDV\ WR VKRZ
WKDW $% LV QRW QRUPDO� ,Q JHQHUDO� LW
V SRVVLEOH WR VKRZ WKDW IRU RUWKRJRQDO SURMHF�
WLRQV $ DQG %� WKH SURGXFW $% LV QRUPDO LI DQG RQO\ LI $ DQG % FRPPXWH �DQG
WKH SURMHFWLRQV $ DQG % RI ([DPSOH ��� GR QRW FRPPXWH��

7KH SDSHU LV RUJDQL]HG LQWR IRXU PRUH VHFWLRQV� 1RWDWLRQ� WHUPLQRORJ\ DQG DX[�
LOLDU\ UHVXOWV DUH FRQVLGHUHG LQ 6HFWLRQ �� 7KH UHVXOWV VXPPDUL]HG DERYH DUH WUHDWHG
LQ 6HFWLRQV � DQG �� 6HFWLRQ � EULQJV D GHWDLOHG GLVFXVVLRQ RI (3 RSHUDWRUV DQG
PDWULFHV DQG KRZ WKH\ UHODWH WR SRVLQRUPDO RSHUDWRUV DQG PDWULFHV� FRQFOXGLQJ
ZLWK D GLVFXVVLRQ RI� DV ZHOO DV D QHZ SURRI RI� WKH +DUWZLJ^.DW] 7KHRUHP� ZKLFK
FKDUDFWHUL]HV ZKHQ WKH SURGXFW RI WZR SRVLQRUPDO PDWULFHV LV D SRVLQRUPDO PDWUL[�

�� 1RW DW LRQ� 7 HU P LQRO RJ\� DQG $X[LO LDU \ 5HVXO W V

/HW + EH DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ +LOEHUW VSDFH� ,I 0 LV D VXEVSDFH RI
+� WKHQ ZH OHW 0 ¿ GHQRWH LWV FORVXUH DQG 0 ¦ LWV RUWKRJRQDO FRPSOHPHQW� 7KH
DOJHEUD RI DOO RSHUDWRUV RQ + ZLOO EH GHQRWHG E\ %>+@� )RU DQ\ RSHUDWRU 7 � %>+@�
OHW 1 �7 � VWDQG RU WKH NHUQHO RI 7 � ZKLFK LV D FORVHG VXEVSDFH RI +� DQG OHW 5�7 �
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VWDQG IRU WKH UDQJH RI 7� /HW 7 ¥ � %>+@ GHQRWH WKH DGMRLQW RI 7 � %>+@� 3RVLQRUPDO
RSHUDWRUV DUH GHpQHG DV IROORZV�

$Q RSHUDWRU 7 � %>+@ LV SRVLQRUPDO LI

5�7 � v 5�7 ¥ � �ZKLFK LPSOLHV 1 �7 � v 1 �7 ¥ ���
DQG TXDVLSRVLQRUPDO LI

5�7 � ¿ v 5�7 ¥ � ¿ �HTXLYDOHQWO\� 1 �7 � v 1 �7 ¥ ���
3RVLQRUPDO RSHUDWRUV DUH TXDVLSRVLQRUPDO DQG WKH FRQFHSWV FRLQFLGH LI 5�7 � LV
FORVHG� ,I 7 LV LQMHFWLYH� WKHQ LW LV TXDVLSRVLQRUPDO� LI 7 ¥ LV VXUMHFWLYH �HTXLYDOHQWO\�
LI 7 LV LQMHFWLYH ZLWK FORVHG UDQJH�� WKHQ 7 LV SRVLQRUPDO� )RU HTXLYDOHQW GHpQLWLRQV RI
SRVLQRUPDO RSHUDWRUV� VHH� H�J�� >��� 7KHRUHP ���@� >�� 7KHRUHP %@� >��� 7KHRUHP �@�
>��� 3URSRVLWLRQ �@� >��� 'HpQLWLRQ �@�� $Q RSHUDWRU 7 � %>+@ LV FDOOHG FRSRVLQRUPDO

RU FRTXDVLSRVLQRUPDO LI LWV DGMRLQW 7 ¥ � %>+@ LV SRVLQRUPDO RU TXDVLSRVLQRUPDO�
UHVSHFWLYHO\�

3RVLQRUPDO RSHUDWRUV ZHUH LQWURGXFHG DQG V\VWHPDWLFDOO\ LQYHVWLJDWHG E\ 5KDO\
LQ >��@� ZKLFK DSSHDUHG LQ ����� 7KH FODVV RI SRVLQRUPDO LQFOXGHV WKH K\SRQRUPDO
RSHUDWRUV EXW LV QRW LQFOXGHG LQ WKH FODVV RI QRUPDORLG RSHUDWRUV� )RU D FRPSUHKHQ�
VLYH H[SRVLWLRQ RQ SRVLQRUPDO RSHUDWRUV VHH� H�J�� >��@ DQG >��@� )RU EDVLF SURSHUWLHV
RI SRVLQRUPDO RSHUDWRUV� VHH� H�J�� >��� &RUROODU\ ���@� >��� 3URSRVLWLRQV � DQG �@�
>��� /HPPD �� 5HPDUN �@� DQG >��� 3URSRVLWLRQ �@� 7KRVH SURSHUWLHV UHTXLUHG LQ WKLV
SDSHU DUH VXPPDUL]HG EHORZ�

3URSRVLWLRQ ���� /HW 7 EH D +LOEHUW�VSDFH RSHUDWRU�

�D� ,I 7 LV TXDVLSRVLQRUPDO �LQ SDUWLFXODU� SRVLQRUPDO�� WKHQ 1 �7 � UHGXFHV 7 �

�E� 7KH UHVWULFWLRQ RI D SRVLQRUPDO �TXDVLSRVLQRUPDO� RSHUDWRU WR D FORVHG LQ�

YDULDQW VXEVSDFH LV SRVLQRUPDO �TXDVLSRVLQRUPDO��

�F� ,I 7 LV TXDVLSRVLQRUPDO �LQ SDUWLFXODU� SRVLQRUPDO�� WKHQ 1 �7
�
�  1 �7 ��

5HJDUGLQJ SDUW �D� RI WKH SUHFHGLQJ SURSRVLWLRQ� ZH QRWH WKDW� LQ IDFW� D +LOEHUW
VSDFH RSHUDWRU 7 LV TXDVLSRVLQRUPDO LI DQG RQO\ LI 1 �7 � UHGXFHV 7 �

7 LV TXDVLSRVLQRUPDO�� 1 �7 � v 1 �7 ¥ � �� 1 �7 � UHGXFHV 7 �

7KH QH[W OHPPD IDFLOLWDWHV RXU H[SORUDWLRQ RI SURSHUWLHV RI PDWUL[ UHSUHVHQWD�
WLRQV RI FRPPXWLQJ SRVLQRUPDO RSHUDWRUV�

/HPPD ���� /HW % EH DQ RSHUDWRU ZLWK FORVHG UDQJH RQ +� 6XSSRVH WKDW ZLWK

UHVSHFW WR DQ RUWKRJRQDO GHFRPSRVLWLRQ +  + � j+ � �
%  

t «�¨�©¬Ä u�
7KHQ

�D� 5�% ¯ ¥ � ¿ v 5�% ¯ ¥ � � 5�< ¥ MÅ�Æ 	ÇMÈ �� $V D UHVXOW� LI 5�< ¥ MÅ�Æ 	ÇMÈ � v 5�% ¯ ¥ ��
WKHQ 5�% ¯ ¥ � LV FORVHG DQG KHQFH� 5�% ¯ � LV FORVHG�

�E� ,I % LV DOVR DVVXPHG WR EH SRVLQRUPDO� WKHQ

5�=� ¿ v 5�= ¥ ��
$V D UHVXOW� LI = ¥ LV TXDVLSRVLQRUPDO� WKHQ 5�= ¥ � ¿ v 5�=� ¿ DQG KHQFH

5�= ¥ �  5�=� ¿ � ZKLFK LPSOLHV WKDW 5�= ¥ � LV FORVHG�
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3URRI� �D� /HW [ � 5�% ¯ ¥ � ¿ DQG OHW �[ ± � EH D VHTXHQFH LQ 5�% ¯ ¥ � WKDW FRQ�
YHUJHV WR [� )RU HDFK Q� WKHUH H[LVWV X ± � + � VXFK WKDW [ ±  % ¯ ¥ X ± DQG ZH KDYH
% ¥ �X ± � ��  �% ¯ ¥ X ± � ��  �[ ± � ��� 6R �[ ± � �� � 5�% ¥ � IRU HDFK Q DQG �[ ± � ��� �[� ���
6LQFH 5�% ¥ � LV FORVHG �EHFDXVH 5�%� LV FORVHG� LW IROORZV WKDW �[� �� � 5�% ¥ �� 7KXV
WKHUH H[LVWV �X� Y� � + � j+ � VXFK WKDW

�[� ��  % ¥ �X� Y�  �% ¯ ¥ X� < ¥ Y�= ¥ Y��
7KLV LPSOLHV = ¥ Y  �� ZKLFK VKRZV WKDW < ¥ Y � 5�< ¥ MÅ�Æ 	ÇMÈ �� 6LQFH [  % ¯ ¥ X�< ¥ Y�
ZH FRQFOXGH WKDW

[ � 5�% ¯ ¥ � �5�< ¥ MÅ�Æ 	ÇMÈ ��
�E� 1RZ DVVXPH WKDW % LV SRVLQRUPDO� /HW \ � 5�=� ¿ � 7KHQ ��� \� � 5�%� ¿  
5�%� v 5�% ¥ � EHFDXVH % LV SRVLQRUPDO ZLWK FORVHG UDQJH� 7KHQ WKHUH H[LVWV
�X� Y� � + � j+ � VXFK WKDW

��� \�  % ¥ �X� Y�  �% ¯ ¥ X� < ¥ Y� = ¥ Y��
7KLV VKRZV WKDW \ � 5�= ¥ ��
/HW $ DQG % EH RSHUDWRUV RQ D +LOEHUW VSDFH +� $FFRUGLQJ WR 3URSRVLWLRQ ����D��

LI $ LV TXDVLSRVLQRUPDO �RU SRVLQRUPDO�� WKHQ 1 �$� UHGXFHV $�

3URSRVLWLRQ ���� 6XSSRVH WKDW $ DQG % FRPPXWH DQG WKDW 1 �$� UHGXFHV $�

�D� :LWK UHVSHFW WR WKH GHFRPSRVLWLRQ +  1 �$� ¦ j 1 �$��

$  
t §�¨�©©Ê© u DQG %  

t «�¨�©¬Ä u ZLWK <$ ¯  2�

DQG <  2 LI DQG RQO\ LI 1 �$� UHGXFHV %�

�E� ,I 5�$� DQG 5�%� DUH FORVHG DQG 5�< ¥ MÅ�Æ �ÇKÈ �v5�% ¯ ¥ �� WKHQ5�$%� LV FORVHG�

3URRI� �D� &RQVLGHU WKH GHFRPSRVLWLRQ+ 1 �$� ¦ j 1 �$�� 6LQFH 1 �$� UHGXFHV $�

$  
t §	¨�©©ª© u  $ ¯ j 2� %  

t «�¨�Ë¬Ì u� %$  
t «�¨ §	¨�©¬ ¨ §ª© u� $%  

t §	¨ «�¨�§	¨ Ë© © u

ZLWK $ ¯  $MÅ´Æ § ÈoÍ DQG % ¯ LQ %> 1 �$� ¦ @� 7KXV LI $ DQG % FRPPXWH� WKHQ

$%  %$  
t «�¨ §¡©©Î© u  

t §	¨ «�¨�©©Ï© u  % ¯$ ¯ j 2  $ ¯ % ¯ j 2�

ZLWK $ ¯;  2 DQG <$ ¯  2� 6LQFH $ ¯ LV LQMHFWLYH DQG $ ¯;  2 ZH JHW ;  2� 6R

%  
t «�¨	©¬® u DQG VR % ¥  

t «�¨ Ç ¬ Ç©  Ç u�
DQG KHQFH <  2 LI DQG RQO\ LI 1 �$� DOVR UHGXFHV %�

�E� 6XSSRVH 5�%� LV FORVHG LQ + DQG 5�< ¥ MÅ�Æ 	ÇMÈ � v 5�% ¯ ¥ �� %\ /HPPD ����D��
ZH FRQFOXGH WKDW 5�% ¯ � LV FORVHG LQ 1 �$� ¦
1H[W VXSSRVH 5�$� LV FORVHG LQ +� 6LQFH 5�$�  5�$ ¯ �j I�J DQG 5�$� LV FORVHG�

5�$ ¯ � LV FORVHG LQ 1 �$� ¦ �
7KHQ $ ¯ LV LQMHFWLYH ZLWK FORVHG UDQJH� ZKLFK PHDQV LW LV ERXQGHG EHORZ _ WKHUH
LV D SRVLWLYH FRQVWDQW F VXFK WKDW N$ ¯ [N y FN[N IRU DOO [ � 1 �$� ¦ �
1RZ OHW �[ ± � EH DQ DUELWUDU\ FRQYHUJHQW VHTXHQFH LQ 5�$ ¯ % ¯ �� 7KHQ� IRU HDFK
Q� [ ±  $ ¯ % ¯ X ± IRU VRPH X ± � 1 �$� ¦ � %HFDXVH �[ ± � LV FRQYHUJHQW �$ ¯ % ¯ X ± � LV
&DXFK\� ZKLFK LPSOLHV� EHFDXVH $ ¯ LV ERXQGHG EHORZ� WKDW �% ¯ X ± � LV &DXFK\� 7KXV
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�% ¯ X ± � FRQYHUJHV DQG� EHFDXVH 5�% ¯ � LV FORVHG� WKHUH LV D X � 5�% ¯ � VXFK WKDW
OLP�% ¯ X ± �  % ¯ X� :H KDYH $ ¯ % ¯ X  OLP�$ ¯ % ¯ X ± �  OLP�[ ± � DQG ZH VHH WKDW
5�$ ¯ % ¯ � LV FORVHG� DV GHVLUHG�

�� & O RVHG�5DQJH 3RVLQRU P DO 2SHU DW RU V

,Q WKLV VHFWLRQ� ZH LGHQWLI\ WKUHH SURSHUWLHV RI +LOEHUW�VSDFH RSHUDWRUV� HDFK RQH
RI ZKLFK QRUPDO RSHUDWRUV SRVVHVV� VXFK WKDW LI 7 LV DQ RSHUDWRU RQ D +LOEHUW VSDFH
+ KDYLQJ WKHVH WKUHH SURSHUWLHV� WKHQ 7 KDV FORVHG UDQJH LI DQG RQO\ LI � LV QRW D
OLPLW SRLQW RI WKH VSHFWUXP RI 7 �

/HW 7 EH D ERXQGHG OLQHDU RSHUDWRU RQ D FRPSOH[ +LOEHUW VSDFH� OHW ��7 � DQG
~�7 �  &Q��7 � GHQRWH WKH VSHFWUXP DQG WKH UHVROYHQW VHW RI 7 � UHVSHFWLYHO\� DQG
FRQVLGHU WKH VWDQGDUG SDUWLWLRQ RI WKH VSHFWUXP LQWR �Ñ �7 �� WKH SRLQW VSHFWUXP�
�Ò �7 �� WKH UHVLGXDO VSHFWUXP� DQG � Ó �7 �� WKH FRQWLQXRXV VSHFWUXP� $Q RSHUDWRU 7
LV LVRORLG LV HYHU\ LVRODWHG SRLQW RI WKH VSHFWUXP ��7 � LV DQ HLJHQYDOXH� ,Q SDUWLFXODU�
LI WKH VSHFWUXP ��7 � LV D VLQJOHWRQ IyJ� WKHQ 7 LV LVRORLG LI DQG RQO\ LI �Ñ �7 �  IyJ�
9DFXRXVO\� HYHU\ RSHUDWRU ZKRVH VSHFWUXP KDV QR LVRODWHG SRLQW LV LVRORLG� 7KHUH
H[LVW SRVLQRUPDO RSHUDWRUV WKDW DUH QRW LVRORLG� H�J�� DQ LQMHFWLYH ZHLJKWHG XQLODWHUDO
VKLIW 7 º RQ C

� º ZLWK ZHLJKW VHTXHQFH b
�¹ c LV D �FRPSDFW� TXDVLQLOSRWHQW� SRVLQRU�

PDO RSHUDWRU �FI� >��� 6HFWLRQ �@� ZKRVH VSHFWUXP ��7 º �  I�J FRLQFLGHV ZLWK WKH
UHVLGXDO VSHFWUXP �Ò �7 º ��

$ QRUPDO RSHUDWRU KDV FORVHG UDQJH LI DQG RQO\ LI ]HUR LV QRW D OLPLW SRLQW RI LWV

VSHFWUXP� 7KLV LV D SDUWLFXODU FDVH RI >�� 3URSRVLWLRQ ;,����@� ZKRVH SURRI LV EDVHG
RQ WKH 6SHFWUDO 7KHRUHP DV ZHOO DV WKH 2SHQ 0DSSLQJ 7KHRUHP� 7KH SUHFHGLQJ
FKDUDFWHUL]DWLRQ RI FORVHG UDQJH QRUPDO RSHUDWRUV GRHV QRW H[WHQG WR SRVLQRUPDO
RSHUDWRUV� LQ IDFW� LW GRHV QRW H[WHQG WR K\SRQRUPDO RSHUDWRUV� )RU H[DPSOH� WKH
IRUZDUG VKLIW RSHUDWRU RQ C

�
LV K\SRQRUPDO ZLWK FORVHG UDQJH EXW LWV VSHFWUXP LV

WKH HQWLUH FORVHG XQLW GLVN �VR WKDW � LV D OLPLW SRLQW RI WKH VSHFWUXP�� :H VHHN
DGGLWLRQDO FRQGLWLRQV WKDW HQVXUH D SRVLQRUPDO RSHUDWRU KDV FORVHG UDQJH LI DQG LI
� LV QRW D OLPLW SRLQW RI LWV VSHFWUXP�

,I 7 LV D SRVLQRUPDO RSHUDWRU �RU HYHQ D TXDVLSRVLQRUPDO RSHUDWRU�� ZH KDYH
1 �7 � v 1 �7 ¥ �� ZKLFK HQVXUHV WKDW 1 �7 � UHGXFHV 7� 6XSSRVH WKDW IRU VRPH
7 � %>+@� ZH NQRZ 1 �7 � UHGXFHV 7� 7KHQ� ZH KDYH

7  7 ¯ j2 RQ +  1 �7 � ¦ j 1 �7 ��

ZKHUH 7 ¯  7 MÅ�Æ Ô ÈoÍ � %> 1 �7 � ¦ @� $VVXPLQJ WKDW 7 KDV WKH UHSUHVHQWDWLRQ 7  
7 ¯ j 2 DERYH� ZH ZLOO VKRZ WKDW LI ZH ZDQW WKH FRQGLWLRQ ?7 KDV FORVHG UDQJH�
WR LPSO\ � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP RI 7 � WKHQ LW
V VXrFLHQW WR DVVXPH
WKDW � GRHV QRW EHORQJ WR WKH UHVLGXDO VSHFWUXP RI 7 ¯ � L�H�� � �� � Ò �7 ¯ ��:H ZLOO DOVR
VKRZ WKDW LI ZH ZDQW WKH FRQGLWLRQ ?� LV QRW D OLPLW SRLQW RI ��7 �� WR LPSO\ 5�7 �
LV FORVHG� WKHQ LW
V VXrFLHQW WR DVVXPH WKDW 7 ¯ LV LVRORLG�
,I 7 LV D QRUPDO RSHUDWRU� REVHUYH WKDW

�L� 1 �7 � UHGXFHV 7 �

�LL� � �� � Ò �7 MÅ�Æ Ô È Í ��
�LLL� 7 MÅ�Æ Ô È Í LV LVRORLG�

$V IRU SURSHUW\ �L�� QRW RQO\ GRHV 1 �7 � UHGXFH 7 ZKHQ 7 LV QRUPDO� ZH KDYH
1 �7 �  1 �7 ¥ �� 7R VHH WKDW QRUPDO RSHUDWRUV VDWLVI\ �LL�� OHW 7 EH QRUPDO DQG



�c�������	�����²��³d���	�H�B������¤W���´�	�$�$���$������� Õ

REVHUYH 7 MÅ�Æ Ô È Í LV QRUPDO EHFDXVH 1 �7 � ¦ UHGXFHV 7 � WKXV� � LV HLWKHU DQ HLJHQYDOXH
RI 7 MÅ�Æ Ô È Í �VR WKDW � �� � Ò �7 MÅ´Æ Ô È Í �� RU IDLOV WR EH HLJHQYDOXH RI ERWK 7 MÅ�Æ Ô È Í DQG
LWV DGMRLQW� DQG �
V IDLOLQJ WR EH DQ HLJHQYDOXH RI 7 MÅ�Æ Ô È Í PHDQV 7 MÅ�Æ Ô È Í KDV GHQVH
UDQJH �VR WKDW � �� � Ò �7 MÅ�Æ Ô È Í ��� :H KDYH DOUHDG\ QRWHG WKDW LI 7 LV QRUPDO� WKHQ
7 MÅ�Æ Ô È Í LV DOVR QRUPDO DQG EHFDXVH DOO QRUPDO RSHUDWRUV DUH LVRORLG� ZH VHH 7 MÅ�Æ Ô È Í
LV LVRORLG� L�H�� �LLL� KROGV� 7KDW QRUPDO RSHUDWRUV DUH LVRORLG LV D FRQVHTXHQFH RI
WKH 6SHFWUDO 7KHRUHP� DQG ZH QRWH WKDW ZLWK WKH KHOS RI WKH 5LHV] 'HFRPSRVLWLRQ
7KHRUHP LVRORLGQHVV FDQ EH H[WHQGHG WR K\SRQRUPDO RSHUDWRUV >��� 7KHRUHP �@�:H
VD\ D +LOEHUW�VSDFH RSHUDWRU 7 LV RI FODVV 1 / �?QRUPDO OLNH�� SURYLGHG 7 VDWLVpHV
FRQGLWLRQV �L�^�LLL� DERYH�

:H KDYH DOUHDG\ SRLQWHG RXW WKDW SURSHUW\ �L� RI 1 / RSHUDWRUV LV VDWLVpHG E\ DQ\
TXDVLSRVLQRUPDO RSHUDWRU �DQG KHQFH E\ DQ\ SRVLQRUPDO DQG K\SRQRUPDO RSHUDWRU��
$OVR� K\SRQRUPDO RSHUDWRUV VDWLVI\ SURSHUW\ �LLL� RI 1 / RSHUDWRUV �EHFDXVH WKH
UHVWULFWLRQ RI D K\SRQRUPDO RSHUDWRU WR D UHGXFLQJ VXEVSDFH LV K\SRQRUPDO DQG� DV
ZH QRWHG LQ WKH SUHFHGLQJ SDUDJUDSK� K\SRQRUPDO RSHUDWRUV DUH LVRORLG��

7KHRUHP ���� $Q RSHUDWRU RI FODVV 1 / KDV FORVHG UDQJH LI DQG RQO\ LI ]HUR LV QRW

D OLPLW SRLQW RI LWV VSHFWUXP�

3URRI� 6XSSRVH 7 � %>+@ LV D FORVHG�UDQJH RSHUDWRU RQ + RI FODVV 1 / � %HFDXVH 7 LV
RI FODVV 1 / � ZH NQRZ �L� 1 �7 � UHGXFHV 7 DQG �LL� � �� �Ò �7 MÅ�Æ Ô ÈoÍ �� %HFDXVH 1 �7 �
UHGXFHV 7 � ZH KDYH WKH GHFRPSRVLWLRQ

7  7 ¯ j2 RQ +  1 �7 � ¦ j 1 �7 ��

ZKHUH 7 ¯  7 MÅ�Æ Ô È Í � %> 1 �7 � ¦ @� VR WKDW 1 �7 ¯ �  I�J DQG 5�7 ¯ � LV FORVHG EH�
FDXVH 5�7 � LV FORVHG� $OVR REVHUYH WKDW WKH UHSUHVHQWDWLRQ 7  7 ¯ j2 RQ +  
1 �7 � ¦ j 1 �7 � VKRZV WKDW IRU y � �� WKH RSHUDWRU 7 b y, LV LQYHUWLEOH RQ + LI DQG
RQO\ LI 7 ¯ b y, ¯ LV LQYHUWLEOH RQ 1 �7 � ¦ � ZKHUH , LV WKH LGHQWLW\ RQ + DQG , ¯ LV WKH
LGHQWLW\ RQ 1 �7 � ¦ �
%HFDXVH � LV QRW DQ HLJHQYDOXH RI 7 ¯ DQG � �� �Ò �7 MÅ�Æ Ô È Í �� WKH UDQJH RI 7 ¯ PXVW
EH GHQVH LQ 1 �7 � ¦ � %XW WKH UDQJH RI 7 ¯ LV FORVHG� VR WKDW 7 ¯ LV VXUMHFWLYH� +HQFH�
7 ¯ LV LQYHUWLEOH� WKDW LV� � � ~�7 ¯ �� %HFDXVH ~�7 ¯ � LV RSHQ� WKHUH LV DQ s ! � VXFK
WKDW 7 ¯ b y, ¯ LV LQYHUWLEOH RQ 1 �7 � ¦ ZKHQHYHU MyM � s� 7KXV� 7 b y, LV LQYHUWLEOH
ZKHQHYHU � � MyM � s DQG ZH VHH � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP RI 7 �

&RQYHUVHO\� VXSSRVH WKDW � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP RI 7 ZKHUH 7 LV
RI FODVV 1 / � ,Q SDUWLFXODU� ZH NQRZ WKDW �L� 1 �7 � UHGXFHV 7 DQG �LLL� 7 M Ö Æ Ô ÈoÍ LV
LVRORLG� $V ZH GLVFXVVHG LQ WKH pUVW SDUDJUDSK RI WKH SURRI� EHFDXVH �L� KROGV� ZH
KDYH WKH UHSUHVHQWDWLRQ 7  7 ¯ j2 RQ +  1 �7 � ¦ j 1 �7 �� ZKHUH 1 �7 ¯ �  I�J
DQG IRU QRQ]HUR y� WKH RSHUDWRU 7 b y, LV LQYHUWLEOH RQ + LI DQG RQO\ LI 7 ¯ b y, ¯
LV LQYHUWLEOH RQ 1 �7 � ¦ � %HFDXVH � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP RI 7 � ZH
VHH WKDW � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP RI 7 ¯ � 7KXV � LV HLWKHU QRW LQ WKH
VSHFWUXP RI 7 ¯ RU LW
V DQ LVRODWHG SRLQW RI WKH VSHFWUXP� KRZHYHU� WKH ODWWHU LV QRW
D SRVVLELOLW\ _ EHFDXVH 7 M Ö Æ Ô È Í LV LVRORLG� LI � ZHUH DQ LVRODWHG VSHFWUDO SRLQW� WKHQ
LW ZRXOG EH DQ HLJHQYDOXH EXW ZH NQRZ 1 �7 ¯ �  I�J� 7KXV 7 ¯ LV LQYHUWLEOH DQG LW
IROORZV WKDW 5�7 �  1 �7 � ¦ LV FORVHG�
7KH FODVV 1 / LV FRQVWUXFWHG VR WKDW WKH IROORZLQJ KROGV�
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&RUROODU\ ���� ,I 7 LV D SRVLQRUPDO RSHUDWRU RQ + VXFK WKDW 7 MÅ�Æ Ô È Í LV D LVRORLG

RSHUDWRU ZKRVH UHVLGXDO VSHFWUXP GRHV QRW FRQWDLQ �� WKHQ 5�7 � LV FORVHG LI DQG

RQO\ LI � LV QRW D OLPLW SRLQW RI ��7 ��

/HW 7 EH K\SRQRUPDO� WKHQ IRU HYHU\ y � &� WKH RSHUDWRU 7 b y, LV K\SRQRUPDO�
%\ 3URSRVLWLRQ ����D� ZH NQRZ 1 �7 b y,� UHGXFHV 7 b y, DQG E\ >��� 7KHRUHP �@�
ZH NQRZ 7 b y, LV LVRORLG� 7KXV 7 b y, VDWLVpHV �L� DQG �LLL� RI FODVV 1 / � +HQFH�
WKH ODVW SDUDJUDSK RI WKH SURRI RI 7KHRUHP ��� \LHOGV WKH IROORZLQJ�

&RUROODU\ ���� ,I 7 LV D K\SRQRUPDO RSHUDWRU RQ +� WKHQ ZKHQHYHU y LV QRW D

OLPLW SRLQW RI ��7 � WKH UDQJH RI 7 b y, LV FORVHG�

6LPLODUO\� WKH K\SRWKHVHV RI WKH QH[W FRUROODU\ LPSO\ WKDW 7 VDWLVpHV �L� DQG �LLL�
RI FODVV 1 / �

&RUROODU\ ���� ,I 7 LV D SRVLQRUPDO RU TXDVLSRVLQRUPDO RSHUDWRU VXFK WKDW � LV

QRW D OLPLW SRLQW RI ��7 � DQG 7 MÅ�Æ Ô È Í LV LVRORLG� WKHQ 5�7 � LV FORVHG�

:H QRZ FKDUDFWHUL]H ZKHQ D SRVLQRUPDO RSHUDWRU ZLWK FORVHG UDQJH VDWLVpHV
FRQGLWLRQ �LL� RI FODVV 1 / �

3URSRVLWLRQ ���� /HW 7 EH D SRVLQRUPDO RSHUDWRU RQ + KDYLQJ FORVHG UDQJH� 7KH
IROORZLQJ DUH HTXLYDOHQW�

�D� � �� � Ò �7 MÅ�Æ Ô È Í ��
�E� 7 MÅ´Æ Ô È Í LV LQYHUWLEOH�

�F� 7 LV FRSRVLQRUPDO�

�G� � LV QRW D OLPLW SRLQW RI ��7 ��

3URRI� �D� � �E�� /HW 7 EH D SRVLQRUPDO RSHUDWRU RQ + KDYLQJ FORVHG UDQJH VXFK
WKDW � �� � Ò �7 MÅ´Æ Ô È Í �� %HFDXVH 1 �7 � UHGXFHV 7 � UHFDOO WKDW ZH KDYH WKH GHFRPSR�
VLWLRQ

7  7 ¯ j2 RQ +  1 �7 � ¦ j 1 �7 ��

ZKHUH 7 ¯  7 MÅ�Æ Ô ÈoÍ � %> 1 �7 � ¦ @� VR WKDW 1 �7 ¯ �  I�J DQG 5�7 ¯ � LV FORVHG EHFDXVH
5�7 � LV FORVHG� %HFDXVH � LV QRW DQ HLJHQYDOXH RI 7 ¯ DQG ZH DUH DVVXPLQJ � �� � Ò �7 ¯ ��
WKH UDQJH RI 7 ¯ PXVW EH GHQVH� +RZHYHU WKH UDQJH RI 7 ¯ LV FORVHG DQG WKXV 7 ¯ LV
VXUMHFWLYH DV ZHOO DV LQMHFWLYH _ LW LV LQYHUWLEOH�

�E� � �F�� %HFDXVH 7 ¯ LV LQYHUWLEOH� ZH KDYH 5�7 ¯ �  1 �7 � ¦  5�7 ¥ �� ZLWK WKH
ODWWHU HTXDOLW\ KROGLQJ EHFDXVH 5�7 ¥ � LV FORVHG �EHFDXVH 5�7 � LV FORVHG�� %HFDXVH
5�7 ¯ � 5�7 ¥ �� ZH VHH5�7 � 5�7 ¥ �� ZKLFK� E\ GHpQLWLRQ� \LHOGV 7 LV FRSRVLQRUPDO�
�F� � �G�� %HFDXVH 7 LV FRSRVLQRUPDO DV ZHOO DV SRVLQRUPDO� DQG WKH UDQJH RI 7 ¥
LV FORVHG� ZH KDYH 5�7 �  5�7 ¥ �  1 �7 � ¦  5�7 ¯ �� 7KXV 7 ¯ LV ERWK LQMHFWLYH DQG
VXUMHFWLYH _ LW LV LQYHUWLEOH� 5HFDOO WKDW IRU y � �� 7 b y, LV LQYHUWLEOH LI DQG RQO\ LI
7 ¯ b y, ¯ LV LQYHUWLEOH� %HFDXVH ~�7 ¯ � LV RSHQ� WKHUH LV DQ s ! � VXFK WKDW 7 ¯ b y, ¯ LV
LQYHUWLEOH RQ 1 �7 � ¦  5�7 ¥ � ZKHQHYHU MyM � s� 7KXV� 7 b y, LV LQYHUWLEOH ZKHQ�
HYHU � � MyM � s DQG ZH VHH � LV QRW D OLPLW SRLQW RI WKH VSHFWUXP RI 7 �

�G� � �D�� :H HVWDEOLVK WKH FRQWUDSRVLWLYH LPSOLFDWLRQ� 6XSSRVH WKDW � � � Ò �7 ¯ ��
%HFDXVH ZH DUH DVVXPLQJ 5�7 � LV FORVHG� 5�7 ¯ � LV DOVR FORVHG� PRUHRYHU� LW
V
LQMHFWLYH� 7KXV� 7 ¯ LV ERXQGHG EHORZ� %HFDXVH � LV LQ WKH VSHFWUXP RI 7 ¯ �LQ IDFW
LQ WKH UHVLGXDO VSHFWUXP�� LW FDQQRW EH LQ WKH ERXQGDU\ RI ��7 ¯ � EHFDXVH WKDW
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ZRXOG SXW � LQ WKH DSSUR[LPDWH SRLQW VSHFWUXP RI 7 ¯ �LPSO\LQJ 7 ¯ LV QRW ERXQGHG
EHORZ�� 7KXV� � LV DQ LQWHULRU SRLQW RI ��7 ¯ �� VR WKDW WKHUH LV DQ s ! � VXFK WKDW
7 ¯ b y, ¯ LV QRW LQYHUWLEOH ZKHQHYHU MyM � s� +HQFH� 7 b y, LV QRW LQYHUWLEOH ZKHQHYHU
� � MyM � s� 7KXV � LV D OLPLW SRLQW RI ��7 �� FRPSOHWLQJ WKH SURRI�

�� 3RVLQRU P DO 3U RGXF W RI 3RVLQRU P DO 2SHU DW RU V

5HFDOO WKH PDWUL[ UHSUHVHQWDWLRQV GHYHORSHG LQ 6HFWLRQ �� IRU D SDLU RI FRPPXWLQJ
RSHUDWRUV $ DQG % RQ D +LOEHUW VSDFH + IRU ZKLFK 1 �$� UHGXFHV $� :LWK UHVSHFW
WR WKH GHFRPSRVLWLRQ +  1 �$� ¦ j 1 �$��

�]� $  
t §	¨�©©ª© u DQG %  

t «�¨�©¬® u ZLWK <$ ¯  2�

DQG <  2 LI DQG RQO\ LI 1 �$� UHGXFHV %�

,Q WKLV VHFWLRQ� ZH XVH WKHVH PDWUL[ UHSUHVHQWDWLRQV WR REWDLQ QHFHVVDU\ FRQGLWLRQV
DQG VXrFLHQW FRQGLWLRQV HQVXULQJ WKH SURGXFW RI WZR SRVLQRUPDO RSHUDWRUV ZLOO EH
SRVLQRUPDO�

/HPPD ���� ,I $ DQG % DUH FRPPXWLQJ TXDVLSRVLQRUPDO RSHUDWRUV RQ + KDYLQJ

WKH PDWUL[ UHSUHVHQWDWLRQV �]� ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ + 1 �$� ¦ j 1 �$��
WKHQ

�D� 1 �=� v 1 �= ¥ � ? 1 �< ¥ � DQG �E� 1 �% ¯ � ? 1 �< � v 1 �% ¯ ¥ ��
�F� ,I % ¥ LV DOVR TXDVLSRVLQRUPDO� WKHQ WKH DERYH LQFOXVLRQV EHFRPH LGHQWLWLHV�

3URRI � 6XSSRVH WKDW D TXDVLSRVLQRUPDO $ FRPPXWHV ZLWK %� WKHQ $ DQG % KDYH

PDWUL[ UHSUHVHQWDWLRQV �]� DQG % ¥  b

«�¨ Ç ¬ Ç©  Ç c� %HFDXVH % LV TXDVLSRVLQRUPDO�

1 �%� v 1 �% ¥ �� VR WKDW IRU DQ DUELWUDU\ �X� Y� � 1 �$� ¦ j 1 �$��

�% ¯ X� < X� =Y�  ��� ��  � �% ¯ ¥ X� < ¥ Y� = ¥ Y�  ��� ���
�D� 6HW X  � LQ 1 �$� ¦ �7KHQ ��� =Y�  ��� �� LPSOLHV �< ¥ Y� = ¥ Y�  ��� �� IRU DQ\
Y � 1 �$�� 7KXV 1 �=�v 1 �= ¥ � ? 1 �< ¥ ��
�E� 1RZ VHW Y  � LQ 1 �$�� 7KHQ �% ¯ X� < X�  ��� �� LPSOLHV �% ¯ ¥ X� ��  ��� �� IRU
DQ\ X � 1 �$� ¦ �7KXV 1 �% ¯ � ? 1 �< � v 1 �% ¯ ¥ ��
�F� ,I 1 �%�  1 �% ¥ �� WKHQ WKH DERYH DUJXPHQW VKRZV WKDW

1 �=�  1 �= ¥ � ? 1 �< ¥ � DQG 1 �% ¯ � ? 1 �< �  1 �% ¯ ¥ ��
7KHRUHP ���� /HW $ DQG % EH FRPPXWLQJ TXDVLSRVLQRUPDO RSHUDWRUV KDYLQJ WKH

PDWUL[ UHSUHVHQWDWLRQV �]��

�D� ,I % ¯ LV TXDVLSRVLQRUPDO� WKHQ $% LV TXDVLSRVLQRUPDO�

�E� ,I = ¥ LV TXDVLSRVLQRUPDO� WKHQ $% KDV FORVHG UDQJH ZKHQHYHU $ DQG % KDYH

FORVHG UDQJH�

�F� ,I = ¥ TXDVLSRVLQRUPDO DQG $ DQG % KDYH FORVHG UDQJH� WKHQ % ¯ DQG = KDYH

FORVHG UDQJH�

,Q RWKHU ZRUGV�

�D ¯ � ,I % ¥ MÅ�Æ § ÈoÍ LV FRTXDVLSRVLQRUPDO� WKHQ $% LV TXDVLSRVLQRUPDO �

�E ¯ � ,I %MÅ´Æ § È LV FRTXDVLSRVLQRUPDO� WKHQ $% KDV FORVHG UDQJH ZKHQHYHU $ DQG

% KDYH FORVHG UDQJH�
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�F ¯ � ,I %MÅ�Æ § È LV FRTXDVLSRVLQRUPDO DQG $ DQG % KDYH FORVHG UDQJH� WKHQ WKH

DERYH FRTXDVLSRVLQRUPDO UHVWULFWLRQV KDYH FORVHG UDQJH�

3URRI� 6XSSRVH WKDW D TXDVLSRVLQRUPDO $ FRPPXWHV ZLWK %� WKHQ $ DQG % KDYH
PDWUL[ UHSUHVHQWDWLRQV �]��

$  
t §	¨�©©ª© u DQG %  

t «�¨�©¬® u ZLWK % ¥  
t «�¨ Ç ¬ Ç©  Ç u�

ZKHUH % ¯ ¥  % ¥ MÅ�Æ § ÈoÍ DQG =  %MÅ�Æ § È �
7KXV �D�� �E� DQG �F� DUH HTXLYDOHQW WR �D ¯ �� �E ¯ � DQG �F ¯ �� UHVSHFWLYHO\� $OVR�

$ LV TXDVLSRVLQRUPDO �� $ ¯ LV TXDVLSRVLQRUPDO�
�D� 1RWH WKDW $%  %$  % ¯$ ¯ j 2  $ ¯ % ¯ j 2� 0RUHRYHU� VLQFH 1 �$ ¯ �  I�J�

1 �% ¯$ ¯ �  1 �% ¯ ��
,QGHHG [ � 1 �% ¯ $ ¯ �� [ � 1 �$ ¯ % ¯ �� $ ¯ % ¯ [  �� % ¯ [  �� [ � 1 �% ¯ �� 1RZ
VXSSRVH % ¯ LV TXDVLSRVLQRUPDO� WKDW LV�

1 �% ¯ � v 1 �% ¯ ¥ ��
,Q WKLV FDVH� VLQFH 1 �% ¯ � v 1 �% ¯ ¥ � DQG 1 �% ¯$ ¯ �  1 �% ¯ ��

1 �% ¯$ ¯ �  1 �% ¯ � v 1 �% ¯ ¥ � v 1 �$ ¯ ¥ % ¯ ¥ �  1 ��% ¯$ ¯ � ¥ ��
VR WKDW % ¯$ ¯ LV TXDVLSRVLQRUPDO� 7KXV $ ¯ % ¯ LV TXDVLSRVLQRUPDO DQG VR LV $%� +HQFH

% ¯ TXDVLSRVLQRUPDO  � $ ¯ % ¯ TXDVLSRVLQRUPDO �� $% TXDVLSRVLQRUPDO�

�7KH DVVXPSWLRQ ?% LV TXDVLSRVLQRUPDO� ZDV QRW XVHG LQ LWHP �D���

�E� 1RZ VXSSRVH % LV DOVR TXDVLSRVLQRUPDO� 7KHQ /HPPD ����D� HQVXUHV WKDW
1 �=� v 1 �= ¥ � ? 1 �< ¥ �� ZKLFK PHDQV

= LV TXDVLSRVLQRUPDO DQG < ¥ MÅ´Æ �È  2�

7KXV LI WKH TXDVLSRVLQRUPDO =  %MÅ�Æ § È LV FRTXDVLSRVLQRUPDO DV ZHOO� WKHQ 1 �=�  
1 �= ¥ � VR WKDW < ¥ MÅ´Æ  Ç È  2� 7KHUHIRUH $% KDV FORVHG UDQJH ZKHQHYHU $ DQG %
KDYH FORVHG UDQJH DFFRUGLQJ WR 3URSRVLWLRQ ����E��

�F� /HW $ DQG % KDYH FORVHG UDQJH� %HFDXVH $ DQG % DUH FRPPXWLQJ SRVLQRUPDO RS�
HUDWRUV /HPPD ��� \LHOGV 1 �=� v 1 �= ¥ � ? 1 �< ¥ � v 1 �< ¥ �� 7KXV� < ¥ MÅ�Æ  Ç È  2
EHFDXVH 1 �= ¥ � v 1 �=� JLYHQ RXU DVVXPSWLRQ WKDW = ¥ LV TXDVLSRVLQRUPDO� /HPPD
����D� QRZ VKRZV WKDW % ¯ KDV FORVHG UDQJH� 6LQFH % LV SRVLQRUPDO �L�H�� TXDVLSRVL�
QRUPDO ZLWK FORVHG UDQJH� DQG = ¥ LV TXDVLSRVLQRUPDO� /HPPD ����E� VKRZV WKDW
=  %MÅ�Æ § È KDV FORVHG UDQJH�
$ UHZULWLQJ RI 7KHRUHP ��� JLYHV D SDUWLDO DQVZHU WR 4XHVWLRQ ����

&RUROODU\ ���� ,I $ DQG % DUH FRPPXWLQJ SRVLQRUPDO RSHUDWRUV ZLWK FORVHG UDQJH�

WKHQ $% LV SRVLQRUPDO ZLWK FORVHG UDQJH LI % ¯ LV SRVLQRUPDO DQG = LV FRSRVLQRUPDO �

5HPDUN ���� ,I $ DQG % DUH FRPPXWLQJ TXDVLSRVLQRUPDO RSHUDWRUV� WKHQ

1 �% ¯ � ? 1 �< � v 1 �% ¯ ¥ �
DFFRUGLQJ WR /HPPD ����E�� 7KXV 7KHRUHP ����D� HQVXUHV WKDW

1 �% ¯ � v 1 �< �  � % ¯ LV TXDVLSRVLQRUPDO  � $% LV TXDVLSRVLQRUPDO�
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�7KH DERYH KROGV� LQ SDUWLFXODU� LI <  2� L�H�� LI 1 �$� DOVR UHGXFHV %�� 7KXV �FI�
3URSRVLWLRQ ����E��� LI $ DQG % FRPPXWH DQG 1 �% ¯ � v 1 �< �� WKHQ

$ DQG % SRVLQRUPDO ZLWK FORVHG UDQJH  � $% SRVLQRUPDO ZLWK FORVHG UDQJH�

:H FDQ UHSODFH WKH FRPPXWLQJ DVVXPSWLRQ ZLWK FRLQFLGHQW NHUQHOV�

3URSRVLWLRQ ���� ,I $ DQG % DUH SRVLQRUPDO RSHUDWRUV ZLWK FORVHG UDQJH� DQG LI

WKH\ KDYH WKH VDPH NHUQHO� WKHQ WKHLU SURGXFW LV SRVLQRUPDO ZLWK FORVHG UDQJH�

3URRI � /HW $ DQG % EH FORVHG�UDQJH SRVLQRUPDO RSHUDWRUV RQ + VXFK WKDW 1 �$�  
1 �%�� 7KHQ 1 �$� LV UHGXFLQJ IRU ERWK $ DQG % DQG E\ 3URSRVLWLRQ ����D�� $ DQG
% KDYH WKH IROORZLQJ PDWUL[ UHSUHVHQWDWLRQV ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ +  
1 �$� ¦ j 1 �$��

$  
t §	¨�©©ª© u DQG %  

t «�¨	©©  u�
%HFDXVH $ DQG % KDYH FORVHG UDQJH� WKH VDPH LV WUXH RI $ ¯ DQG % ¯ � 0RUHRYHU ERWK
$ ¯ DQG % ¯ DUH LQMHFWLYH� ZKLFK PHDQV $ ¯ DQG % ¯ DUH ERXQGHG EHORZ� 7KXV� WKHLU
SURGXFWV $ ¯ % ¯ DQG % ¯ $ ¯ DUH ERXQGHG EHORZ DQG ZH VHH ERWK $ ¯ % ¯ DQG % ¯ $ ¯ KDYH
FORVHG UDQJH� 0RUHRYHU� DV 1 �$ ¯ �  1 �% ¯ �  I�J� ZH JHW 1 �$ ¯ % ¯ �  1 �% ¯$ ¯ �  
I�J VR WKDW $ ¯ % ¯ DQG % ¯$ ¯ DUH TXDVLSRVLQRUPDO ZLWK FORVHG UDQJH� WKXV SRVLQRUPDO�
,W IROORZV WKDW $% DQG %$ DUH SRVLQRUPDO� H�J��

5�$%�  5�$ ¯ % ¯ � v 5��$ ¯ % ¯ � ¥ �  5�% ¯ ¥ $ ¯ ¥ �  5�% ¥ $ ¥ �  5��$%� ¥ ��
,I D SDLU RI FORVHG�UDQJH FRPPXWLQJ SRVLQRUPDO RSHUDWRUV LV VXFK WKDW DW OHDVW

RQH RI WKHP LV FRSRVLQRUPDO� WKHQ WKHLU SURGXFW LV FORVHG�UDQJH SRVLQRUPDO�

7KHRUHP ���� ,I D FORVHG�UDQJH RSHUDWRU $ WKDW LV ERWK SRVLQRUPDO DQG FRSRVLQRU�

PDO FRPPXWHV ZLWK D FORVHG�UDQJH SRVLQRUPDO RSHUDWRU %� WKHQ $% LV SRVLQRUPDO

ZLWK FORVHG UDQJH�

3URRI� /HW $ DQG % EH FRPPXWLQJ� FORVHG�UDQJH RSHUDWRUV VXFK WKDW $ LV ERWK SRVL�
QRUPDO DQG FRSRVLQRUPDO DQG % LV SRVLQRUPDO� %HFDXVH 1 �$� UHGXFHV $ �3URSR�
VLWLRQ ����D��� $ DQG % KDYH WKH PDWUL[ UHSUHVHQWDWLRQV �]� UHODWLYH WR WKH GH�
FRPSRVLWLRQ +  1 �$� ¦ j 1 �$�� %HFDXVH $ LV ERWK SRVLQRUPDO DQG FRSRVLQRU�
PDO 1 �$�  1 �$ ¥ �� 7KHUHIRUH +  1 �$� ¦ j 1 �$�  1 �$ ¥ � ¦ j 1 �$ ¥ �� +HQFH
$ ¯ ¥  $ ¥ M Å�Æ § ÇKÈoÍ LV LQMHFWLYH �DV ZHOO DV $ ¯ �� %HFDXVH $ DQG % FRPPXWH� 3URSRVLWLRQ
����D� HQVXUHV WKDW <$ ¯  2 VR WKDW $ ¯ ¥ < ¥  2� HTXLYDOHQWO\� $ ¥ < ¥  �� +HQFH�
EHFDXVH $ ¥ LV LQMHFWLYH� < ¥  2 DQG WKHUHIRUH <  2� +HQFH 1 �$� UHGXFHV % E\
3URSRVLWLRQ ����D�� 7KLV LPSOLHV WKDW % ¯ LV SRVLQRUPDO EHFDXVH % LV SRVLQRUPDO� %\
7KHRUHP ����D�� $% LV TXDVLSRVLQRUPDO� KRZHYHU� 5�$%� LV FORVHG E\ 3URSRVLWLRQ
����E� EHFDXVH <  2� DQG WKXV $% LV SRVLQRUPDO�

7KH SUHFHGLQJ WKHRUHP JHQHUDOL]HV 7KHRUHP � RI >�@� D UHVXOW VWDWHG LQ ODQJXDJH
GLoHUHQW IURP RXUV�

7KHRUHP �'MRUGMHYLwF�� ,I $�% � %>+@ DUH (3 RSHUDWRUV ZLWK FORVHG UDQJHV DQG

$%  %$� WKHQ $% LV WKH (3 RSHUDWRU ZLWK D FORVHG UDQJH DOVR�

'MRUGMHYLF
V WKHRUHP DULVHV LQ D OLQH RI LQYHVWLJDWLRQ GLVWLQFW IURP WKDW VWDUWHG E\
5KDO\ LQ ���� ZKHQ KH LQWURGXFHG WKH QRWLRQ RI SRVLQRUPDOLW\� ,Q WKH pQDO VHFWLRQ RI
WKLV SDSHU� ZH EULHq\ H[SORUH WKH FRQQHFWLRQV EHWZHHQ SRVLQRUPDO RSHUDWRUV DQG (3
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RSHUDWRUV� SUHVHQWLQJ D QHZ SURRI RI WKH +DUWZLJ^.DW] 7KHRUHP >�@ FKDUDFWHUL]LQJ
?(3 PDWULFHV��

7KH IROORZLQJ FRUROODU\ RI RXU 7KHRUHP ��� DERYH LV HTXLYDOHQW WR 'MRUGMHYLwF
V
WKHRUHP�

&RUROODU\ ���� 6XSSRVH WKDW $ DQG % DUH FRPPXWLQJ SRVLQRUPDO DQG FRSRVLQRU�

PDO RSHUDWRUV ZLWK FORVHG UDQJH� WKHQ $% LV SRVLQRUPDO DQG FRSRVLQRUPDO ZLWK

FORVHG UDQJH�

3URRI� $SSO\LQJ 7KHRUHP ���� ZH VHH WKDW $% KDV FORVHG UDQJH DQG LV SRVLQRUPDO�
$SSO\LQJ 7KHRUHP ��� ZLWK % ¥ SOD\LQJ WKH UROH RI $ DQG $ ¥ SOD\LQJ WKH UROH RI %�
ZH REWDLQ % ¥ $ ¥ LV SRVLQRUPDO� L�H�� $% LV FRSRVLQRUPDO�

�� 3RVLQRU P DO 2SHU DW RU V� (3 2SHU DW RU V� DQG W KH +DU W Z LJ^ . DW ]

7 KHRU HP

,I 7 LV D SRVLQRUPDO RSHUDWRU RQ & ± � WKHQ WKH UDQJH RI 7 LV QHFHVVDULO\ FORVHG DQG
WKH LQFOXVLRQ 5�7 � v 5�7 ¥ � LPSOLHV WKDW 5�7 �  5�7 ¥ � EHFDXVH 5�7 � DQG 5�7 ¥ �
KDYH WKH VDPH GLPHQVLRQ� 7KXV� LQ WKH pQLWH�GLPHQVLRQDO VHWWLQJ� DQ RSHUDWRU LV
SRVLQRUPDO LI DQG RQO\ LI LWV UDQJH HTXDOV WKDW RI LWV DGMRLQW� WKDW LV� LQ pQLWH
GLPHQVLRQV� D SRVLQRUPDO RSHUDWRU LV QHFHVVDU\ ERWK SRVLQRUPDO DQG FRSRVLQRUPDO�
6ZLWFKLQJ WR PDWUL[ ODQJXDJH� ZH VHH WKDW DQ Qd Q PDWUL[ �ZLWK FRPSOH[ HQWULHV�
LV SRVLQRUPDO SURYLGHG LWV UDQJH �FROXPQ VSDFH� LV WKH VDPH DV WKH UDQJH RI LWV
FRQMXJDWH WUDQVSRVH� 6XFK PDWULFHV DUH NQRZQ DV ?(3 PDWULFHV��

7KH PRGHUQ GHpQLWLRQ RI ?(3 PDWUL[� HYROYHG IURP 6FKZHUGWIHJHU
V QRWLRQ RI
?(3 Ù PDWUL[� �>��� S� ���@� ������ )RU DQ Qd Q PDWUL[ $� OHW $ Æ ¶ È GHQRWH WKH M�WK
FROXPQ RI $ DQG $

Æ ¶ È
GHQRWH WKH FRUUHVSRQGLQJ M�WK URZ �� x M x Q�� 6FKZHUGW�

IHJHU GHpQHV DQ Qd Q PDWUL[ $ RI UDQN U WR EH D 3 Ù PDWUL[ SURYLGHG WKHUH H[LVW
LQGLFHV L � � L � � � � � L Ù ZLWK � x L � � L � � � � � � L Ù x U� VXFK WKDW I$ Æ Ú ¼ È � $ Æ Ú ¾ È � � � � $ Æ Ú"Û È J
DQG I$

Æ Ú ¼ È
� $
Æ
L � �J� � � � $ Æ Ú Û È J DUH ERWK OLQHDUO\ LQGHSHQGHQW VHWV RI YHFWRUV� :KHQ

WKHVH VHWV DUH DSSURSULDWHO\ FKRVHQ �VHH S� ��� RI >��@�� WKHUH LV UHDVRQ WR FDOO WKH
YHFWRUV WKHVH VHWV FRQWDLQ SULQFLSDO YHFWRUV �EHFDXVH WKH\ FRUUHVSRQG WR DQ U d U
UDQN U SULQFLSDO VXEPDWUL[ RI $�� 6FKZHUGWIHJHU SRLQWV RXW WKDW HYHU\ V\PPHWULF
DQG HYHU\ VNHZ V\PPHWULF PDWUL[ $ LV D 3 Ù PDWUL[� 6FKZHUGWIHJHU GHpQHV ?(3 Ù
PDWUL[� LQ WKH WZR VHQWHQFHV IROORZLQJ 7KHRUHP ���� RQ SDJH ��� RI >��@�

7 KH QR WLR Q R I 3 Ü PD WUL[ PD \ EH IXUWKH U UH VWULF WH G VR WKD W LW VWLOO F R Y H UV
WKH V\ PPH WULF D QG VN H Z V\ PPH WULF PD WULF H V D V Z H OO D V R WKH U W\ SH V R I

PD WULF H V WR EH PH QWLR QH G OD WH U R Q� $ Q Q�PD WUL[ $ >D Q Q�PD WUL[ LV D Q

Q d Q PD WUL[ @ PD \ EH F D OOH G D Q (3 Ü PD WUL[ LI LW LV D 3 Ü PD WUL[ D QG
WKH OLQH D U UH OD WLR QV D PR QJ LWV UR Z V D UH WKH VD PH D V WKR VH D PR QJ LWV

F R UUH VSR QGLQJ F R OXPQV�

6FKZHUGWIHJHU WKHQ H[SODLQV ZKDW ?VDPH OLQHDU UHODWLRQV� PHDQV� ,Q PRGHUQ QRWD�
WLRQ� LW PHDQV WKDW 1 �$�  1 �$

Ô
�� ,Q IDFW� 6FKZHUGWIHJHU
V GHpQLWLRQ RI (3 Ù PD�

WUL[ PD\ EH H[SUHVVHG� $Q Qd Q PDWUL[ $ LV DQ (3 Ù PDWUL[ SURYLGHG WKDW 1 �$�  
1 �$

Ô
�� :H VHH LPPHGLDWHO\� WKDW 6FKZHUGWIHJHU KDV ?IXUWKHU UHVWULFWHG VR WKDW LW

VWLOO FRYHUV WKH V\PPHWULF DQG VNHZ V\PPHWULF PDWULFHV�� 1RWH ZHOO WKDW� H�J��

$  
t � ÚÚ ¿ �

u

�
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EHLQJ V\PPHWULF� LV DQ (3 Ù PDWUL[� +RZHYHU� $ LV QRW DQ (3 PDWUL[ EHFDXVH LWV

UDQJH� WKH RQH�GLPHQVLRQDO VXEVSDFH RI &
�
VSDQQHG E\

b

�
Ú c� LV QRW WKH VDPH DV

WKH UDQJH RI $ ¥ � ZKLFK LV WKH RQH�GLPHQVLRQDO VXEVSDFH RI & � VSDQQHG E\ b

�
¿ Ú
c

�

2I FRXUVH� LI DQ (3 Ù PDWUL[ $ KDV UHDO HQWULHV� WKHQ 1 �$�  1 �$
Ô
�  1 �$ ¥ �

DQG� XSRQ WDNLQJ RUWKRJRQDO FRPSOHPHQWV� ZH KDYH 5�$�  5�$ ¥ �� 7KXV� DQ (3 Ù
PDWUL[ ZLWK UHDO HQWULHV LV DQ (3 PDWUL[�

3HDUO �>��� S� ���@� ����� PLVFKDUDFWHUL]HG 6FKZHUGWIHJHU
V GHpQLWLRQ RI (3 Ù
PDWUL[� VWDWLQJ WKDW

6F KZ H UGWIH J H U �>� � � S� � � � @� KD V F D OOH G D VT XD UH PD WUL[ R I UD QN U D Q (3 Ü
PD WUL[ LI LW VD WLVpH V WKH F R QGLWLR Q�

$;  2 LI D QG R QO\ LI $ Ý ;  2 >L�H �� 1 �$�  1 �$ Ý �@�
,W VHHPV WKDW VLQFH 3HDUO
V SDSHU DSSHDUHG� PRVW KDYH DVVXPHG WKDW 6FKZHUGWIHJHU
V
(3 Ù PDWULFHV DUH SUHFLVHO\ WRGD\
V (3 PDWULFHV� EXW WKDW
V QRW TXLWH WUXH�
*HQHUDOL]LQJ WKH QRWLRQ RI ?(3 PDWUL[�� &DPSEHOO DQG 0H\HU �>�@� ����� LQWUR�

GXFHG (3 RSHUDWRUV� ZKLFK PD\ EH FKDUDFWHUL]HG DV IROORZV� D +LOEHUW VSDFH RSHUD�
WRU 7 LV (3 SURYLGHG WKDW 7 KDV FORVHG UDQJH DQG 5�7 �  5�7 ¥ �� 7KXV� DFFRUGLQJ
WR WKH &DPSEHOO^0H\HU GHpQLWLRQ� DQ (3 RSHUDWRU LQ %>+@ LV D FORVHG�UDQJH RSHU�
DWRU WKDW LV ERWK SRVLQRUPDO DQG FRSRVLQRUPDO� ,W
V QRW FOHDU ZK\ 6FKZHUGWIHJHU
FKRVH WKH ( LQ KLV ?(3 Ù � GHVLJQDWLRQ� )RUWXQDWHO\� WKHUH LV D XVHIXO LQWHUSUHWDWLRQ
RI ?(3�� DQ (3�RSHUDWRU LV QDWXUDOO\ DVVRFLDWHG ZLWK ?(TXDO 3URMHFWRUV��

:H QRZ GLVFXVV ZK\ (3 RSHUDWRUV PD\ EH YLHZHG DV ?HTXDO�SURMHFWRU� RSHUDWRUV�
/HW 7 � %>+@ KDYH FORVHG UDQJH VR WKDW + KDV RUWKRJRQDO GHFRPSRVLWLRQV +  
5�7 ¥ �j 1 �7 � DQG +  5�7 �j 1 �7 ¥ �� 7KXV� LQ SDUWLFXODU ZH KDYH

5�7 �  7 �+�  7 �5�7 ¥ �j 1 �7 ��  7 �5�7 ¥ ���
DQG ZH VHH WKDW WKH UHVWULFWLRQ 7 M Þ7Æ Ô�ß È LV DQ LQYHUWLEOH RSHUDWRU PDSSLQJ 5�7 ¥ �
RQWR 5�7 �� 7KH JHQHUDOL]HG LQYHUVH 7 à RI 7 � ZKLFK LV DOVR FDOOHG LWV SVHXGRLQYHUVH
RU LWV 0RRUH^3HQURVH LQYHUVH� LV WKH RSHUDWRU WKDW WDNHV DQ HOHPHQW RI 5�7 � WR LWV
XQLTXH 7 SUHLPDJH LQ 5�7 ¥ � DQG WDNHV HOHPHQWV RI 1 �7 ¥ � WR ]HUR� WKXV�

7 à  �7 M Þ7Æ Ô ß È � ¿ � 3 Þ7Æ Ô È �
2EVHUYH WKDW

7 à 7  3 Þ7Æ Ô�ß È DQG 77 à  3 Þ7Æ Ô È �
+HQFH� LI 7 LV DQ RSHUDWRU ZLWK FORVHG UDQJH� WKHQ 7 LV DQ (3 RSHUDWRU �5�7 �  
5�7 ¥ �� LI DQG RQO\ LI WKH WZR SURMHFWRUV 7 à 7 DQG 77 à DUH HTXDO� WKDW LV� 7 LV DQ
(3�RSHUDWRU LI DQG RQO\ LI 7 FRPPXWHV ZLWK LWV JHQHUDOL]HG LQYHUVH� 3HDUO �>��@�
������ ZRUNLQJ LQ WKH PDWUL[ VHWWLQJ� ZDV WKH pUVW WR SURYLGH WKLV FKDUDFWHUL]DWLRQ�
LQ DGGLWLRQ� 3HDUO SURYLGHV DQ H[SOLFLW IRUPXOD IRU 7 à ZKHQ 7 LV D PDWUL[ _ VHH
/HPPD � DQG &RUROODU\ � RI >��@�

:H KDYH VHHQ WKDW D FORVHG�UDQJH RSHUDWRU 7 � %�+� LV (3 LI DQG RQO\ LI 7 à 7 b
77 à  �� ,WRK �>��@� ����� LQWURGXFHG K\SR�(3 RSHUDWRUV� GHpQLQJ WKHP DV IROORZV�
7 � %>+@ LV K\SR�(3 SURYLGHG WKDW 7 KDV FORVHG UDQJH DQG 7 à 7 b 77 à y �� ,WRK
>��� 3URSRVLWLRQ ���@ WKHQ SURYLGHV VHYHUDO FRQGLWLRQV HTXLYDOHQW WR DQ RSHUDWRU
V
EHLQJ K\SR�(3� LQFOXGLQJ 7 � %�+� LV K\SR�(3 LI DQG RQO\ LI 7 KDV FORVHG UDQJH DQG
5�7 �v5�7 ¥ ��7KXV D K\SR�(3 RSHUDWRU LV D SRVLQRUPDO RSHUDWRU ZLWK FORVHG UDQJH�
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,Q >��@� -RKQVRQ DQG 9LQRWK SURYLGH WKH IROORZLQJ VXrFLHQW FRQGLWLRQ IRU D SURG�
XFW RI RSHUDWRUV WR EH (3�

7KHRUHP �-RKQVRQ^9LQRWK�� /HW $ EH D K\SR�(3 RSHUDWRU DQG % � %>+@ KDYH
FORVHG UDQJH� ,I 5�%� v 5�$� DQG 1 �%� v 1 �$�� WKHQ $% LV K\SR�(3�

$V DQ LPPHGLDWH FRUROODU\ >��� &RUROODU\ ��@� -RKQVRQ DQG 9LQRWK REWDLQ WKH
IROORZLQJ UHVXOW� ZKLFK ZDV GHVFULEHG LQ WKH LQWURGXFWLRQ RI WKLV SDSHU LQ WKH IRO�
ORZLQJ HTXLYDOHQW ZD\ ?(YHU\ SRVLWLYH�LQWHJHU SRZHU RI D SRVLQRUPDO RSHUDWRU ZLWK
FORVHG UDQJH LV SRVLQRUPDO ZLWK FORVHG UDQJH��

&RUROODU\ �-RKQVRQ^9LQRWK�� /HW $ EH D K\SR�(3 RSHUDWRU RQ +� 7KHQ $ ± LV

K\SR�(3 IRU DQ\ LQWHJHU Q y ��

'MRUGMHYLwF
V SDSHU >�@� ZKRVH 7KHRUHP � LV &RUROODU\ ��� RI WKH SUHFHGLQJ VHFWLRQ�
FRQWDLQV D JHQHUDOL]DWLRQ RI WKH ZHOO�NQRZQ +DUWZLJ^.DW] 7KHRUHP� ZKLFK FKDUDF�
WHUL]HV ZKHQ WKH SURGXFW RI WZR (3 PDWULFHV LV (3� +HUH
V 'MRUGMHYLwF
V JHQHUDOL]D�
WLRQ �>�� 7KHRUHP �@� ������

7KHRUHP ���� �'MRUGMHYLwF
V JHQHUDOL]DWLRQ RI WKH +DUWZLJ^.DW] 7KHRUHP�� /HW

$�% � %>+@ EH (3 RSHUDWRUV� 7KHQ WKH IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

�D� $% LV DQ (3 RSHUDWRU�

�E� 5�$%�  5�$� ? 5�%� DQG 1 �$%�  1 �$� � 1 �%��

�F� 5�$%�  5�$� ? 5�%� DQG 1 �$%� LV WKH FORVXUH RI 1 �$� � 1 �%��

.HHS LQ PLQG WKDW ZH DUH DVVXPLQJ (3 �DQG K\SR�(3� RSHUDWRUV KDYH FORVHG
UDQJH�

:H QRZ WXUQ RXU DWWHQWLRQ WR WKH +DUWZLJ^.DW] 7KHRUHP� 2XU JRDO LV WR SURYLGH
D QHZ� HOHPHQWDU\ SURRI RI LW EDVHG RQ D FKDUDFWHUL]DWLRQ RI Qd Q PDWULFHV $ VXFK
WKDW IRU HYHU\ Qd Q PDWUL[ VDWLVI\LQJ 5�$%� v 5�%��

5�$%�  5�$� ? 5�%��

6ROYLQJ D SUREOHP WKDW KDG EHHQ RSHQ IRU �� \HDUV �VHH >�� S� ��@� ������ +DUWZLJ
DQG .DW] SURYHG WKH IROORZLQJ UHVXOW �>�@� ����� LQ ZKLFK ?56� GHQRWHV URZ VSDFH�

7KHRUHP �+DUWZLJ^.DW]�� /HW $ DQG % EH Qd Q (3 PDWULFHV� 7KH IROORZLQJ

DUH HTXLYDOHQW�

�D� 5�$%�  5�$� ? 5�%� DQG 56�$%�  56�$� ? 56�%��

�E� 5�$%� v 5�%� DQG 56�$%� v 5�$��

�F� $% LV (3�

8SRQ WDNLQJ FRPSOH[ FRQMXJDWHV RI DOO HOHPHQWV LQ D URZ VSDFH RI DQ Qd QPDWUL[
$ DQG WKHQ WUDQVSRVLQJ� ZH REWDLQ WKH FROXPQ VSDFH RI $ ¥ � WKH FRQMXJDWH�WUDQVSRVH
RI $� 7KXV WKH FRQGLWLRQ 56�$%�  56�$� ?56�%� RI SDUW �D� RI WKH +DUWZLJ^
.DW] 7KHRUHP LV HTXLYDOHQW WR 5��$%� ¥ �  5�$ ¥ � ? 5�% ¥ �� 7DNLQJ RUWKRJRQDO
FRPSOHPHQWV� ZH VHH 5��$%� ¥ � 5�$ ¥ �?5�% ¥ � LV HTXLYDOHQW WR 1 �$%� 1 �$��
1 �%�� 6LPLODUO\� ZH VHH WKDW 56�$%� v 5�$� LV HTXLYDOHQW WR 1 �$� v 1 �$%��
7KXV� WKH +DUWZLJ^.DW] HTXLYDOHQW FRQGLWLRQV PD\ EH UHVWDWHG DV IROORZV IRU (3
PDWULFHV $ DQG %�

�D� 5�$%�  5�$� ? 5�%� DQG 1 �$%�  1 �$� � 1 �%��
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�E� 5�$%� v 5�%� DQG 1 �$� v 1 �$%��

�F� $% LV (3�

:H VHH WKDW 'MRUGMHYLwF LQ 7KHRUHP ��� KDV JHQHUDOL]HG WR LQpQLWH GLPHQVLRQDO
+LOEHUW VSDFH WKH HTXLYDOHQFH RI �D� DQG �F� RI WKH +DUWZLJ^.DW] 7KHRUHP EXW
GLG QRW VSHDN WR WKH LVVXH RI JHQHUDOL]LQJ WKH HTXLYDOHQFH RI �E� DQG �F�� +HUH
V
DQ H[DPSOH LOOXVWUDWLQJ WKDW WKH HTXLYDOHQFH RI �E� DQG �F� GRHV QRW JHQHUDOL]H WR
LQpQLWH GLPHQVLRQV�

3URSRVLWLRQ ���� 7KHUH H[LVW (3 RSHUDWRUV $ DQG % RQ D +LOEHUW VSDFH + IRU

ZKLFK �L� 5�$%� v 5�%� DQG �LL� 1 �$� v 1 �$%� VXFK WKDW $% LV QRW (3�

3URRI� /HW �H ¶ � ·¶M¸ ° EH WKH QDWXUDO EDVLV RI C � VR WKDW WKH VHTXHQFH H ¶ KDV � DV LWV
M�WK WHUP DQG ]HURV HOVHZKHUH� �D ° � D � � D � � � � � �  3 ·± ¸ ° D ¶ H ¶ � /HW 0 EH WKH RQH
GLPHQVLRQDO VXEVSDFH RI C

�
VSDQQHG E\ H ° DQG OHW 3 » EH WKH RUWKRJRQDO SURMHFWLRQ

RI C
�
RQWR 0� /HW ) EH WKH IRUZDUG VKLIW RQ C

�
� )

t

3 ·¶K¸ ° D ¶ H ¶
u

 
3 ·¶M¸ ° D ¶ H ¶ º�� � VR

WKDW ) ¥ LV WKH EDFNZDUG VKLIW� ) ¥
t

3 ·¶K¸ ° D ¶ H ¶
u

 
3 ·¶M¸ � D ¶ H ¶ ¿ � � 1RWH WKDW ) ¥ )  ,�

ZKLOH )) ¥  3 »âá �
/HW +  C

�
j C

�
� OHW , EH WKH LGHQWLW\ RQ C

�
� DQG GHpQH $ DQG % RQ + E\

$  
t ©¢©©äã u DQG %  

t å Ñ�æ© å ß
u

�

2EVHUYH WKDW % LV XQLWDU\ �KHQFH VXUMHFWLYH��

%% ¥  
t å Ñ æ© å ß

ut å ß ©Ñ æ å u  
t Ñ æ á º ÑXæçÑXæ åå ß Ñ æ ã u

 
t ã´©©èã u�

ZKLOH

% ¥ %  
t å ß ©Ñ æ å ut å Ñ�æ© å ß

u

 
t

ã å ß ÑXæÑ æ å Ñ æ º Ñ æ á
u

 
t
ã´©©èã u�

%HFDXVH % LV VXUMHFWLYH� FOHDUO\ �L�5�$%� v 5�%�� $OVR� 1 �$�� ZKLFK HTXDOV C
�
j �

LV FOHDUO\ FRQWDLQHG LQ WKH NHUQHO RI $%  
b

©Ä©© å ß c� 7KH RSHUDWRU % LV (3 EHFDXVH

LW
V LQYHUWLEOH� DQG $ LV (3 EHFDXVH LW
V VHOI�DGMRLQW� +RZHYHU� $%  
b

©é©© å ß c LV QRW
(3� EHFDXVH LWV UDQJH LV I�J j C

�
� EXW WKH UDQJH RI LWV DGMRLQW LV I�J j0 ¦ � D SURSHU

VXEVHW RI 5�$%� �PDNLQJ $% FRSRVLQRUPDO� EXW QRW SRVLQRUPDO��

1RWH WKDW WKH FRQGLWLRQ 5�$%�  5�$� ? 5�%� KROGV ZKHQHYHU $� %� DQG $%
DUH DOO (3 RSHUDWRUV� :H UHO\ RQ WKH IROORZLQJ WR \LHOG WKH +DUWZLJ^.DW] 7KHRUHP
DV D VWUDLJKWIRUZDUG FRUROODU\�

7KHRUHP ���� /HW $ � & ± � & ± EH OLQHDU� 7KH IROORZLQJ DUH HTXLYDOHQW�

�D� 1 �$
�
�  1 �$��

�E� IRU HDFK OLQHDU % � & ± � & ± VDWLVI\LQJ 5�$%� v 5�%��

5�$%�  5�$� ? 5�%��

�F� 5�$
�
�  5�$��

�G� U�$
�
�  U�$�� ZKHUH U GHQRWHV UDQN�

3URRI� �D� � �E�� 6XSSRVH WKDW 1 �$
�
�  1 �$� DQG WKDW % � & ± � & ± LV D OLQHDU

PDSSLQJ ZKRVH UDQJH LV LQYDULDQW IRU $� L�H�� 5�$%� v 5�%��
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2EVHUYH WKDW 0 � 5�$� ?5�%� LV DOVR LQYDULDQW IRU $� &RQVLGHU

$M » � 5�$� ? 5�%�� 5�$� ? 5�%��

6XSSRVH WKDW Y � 5�$� ? 5�%� LV VXFK WKDW$Y  �� 7KHQ� EHFDXVH Y  $Z IRU VRPH
Z � & ± � ZH VHH �  $$Z  $

�
Z� VR WKDW Z � 1 �$

�
�  1 �$� DQG �  $Z  Y�

7KXV� $M » LV LQMHFWLYH DQG KHQFH VXUMHFWLYH� :H VHH

5�$� ?5�%�  $M ê �5�$� ? 5�%��  $�5�$� ? 5�%�� v $�5�%��  5�$%��

7KH UHYHUVH LQFOXVLRQ� 5�$%� v 5�$� ? 5�%� KROGV EHFDXVH 5�$%� LV FOHDUO\ FRQ�
WDLQHG LQ 5�$� ZKLOH 5�$%� v 5�%� E\ K\SRWKHVLV� +HQFH� �D�  � �E��

7R VHH WKDW �E� � �F�� DSSO\ �E� ZLWK %  $� 7KDW �F� LPSOLHV �G� LV FOHDU� %\ WKH
UDQN�QXOOLW\ WKHRUHP� FRQGLWLRQ �G� LPSOLHV WKDW 1 �$

�
� DQG 1 �$� KDYH WKH VDPH

GLPHQVLRQ� EXW 1 �$� v 1 �$
�
�� VR WKDW �D� KROGV� :H KDYH VKRZQ �G� LPSOLHV �D��

FRPSOHWLQJ WKH SURRI�

5HFDOO WKDW IRU DOO SRVLQRUPDO RSHUDWRUV 7 � ZH KDYH 1 �7
�
�  1 �7 � E\ 3URSR�

VLWLRQ ����F� �ZKLFK LV 3URSRVLWLRQ � RI >��@�� 7KXV� FRQGLWLRQ �D� RI 7KHRUHP ���
KROGV ZKHQHYHU $ LV (3�

&RUROODU\ ���� �+DUWZLJ^.DW] 7KHRUHP�� 6XSSRVH WKDW $ DQG % DUH (3 RSHUDWRUV

RQ & ± � 7KHQ $% LV (3 LI DQG RQO\ LI �L� 5�$%� v 5�%� DQG �LL� 1 �$� v 1 �$%��

3URRI� 6XSSRVH WKDW $% LV (3� 7KHQ

5�$%�  5�% ¥ $ ¥ � v 5�% ¥ �  5�%��

ZKHUH WKH pQDO HTXDOLW\ KROGV EHFDXVH % LV (3� 7KXV� �L� KROGV� 6LPLODUO\

5�% ¥ $ ¥ �  5�$%� v 5�$�  5�$ ¥ ��
7KXV� 5�$ ¥ � ¦ v 5�% ¥ $ ¥ � ¦ � WKDW LV� 1 �$� v 1 �$%�� VR WKDW �LL� KROGV�

1RZ VXSSRVH WKDW �L� DQG �LL� KROG IRU (3 RSHUDWRUV $ DQG %�

%HFDXVH $ LV (3� 1 �$
�
�  1 �$�� WKXV� VLQFH ZH DVVXPLQJ �L� KROGV� 7KHRUHP

���� �D� � �E� \LHOGV

5�$%�  5�$� ? 5�%�����

%HFDXVH % ¥ LV (3� 1 �% ¥ � �  1 �% ¥ �� WDNLQJ RUWKRJRQDO FRPSOHPHQWV� �LL� \LHOGV
5�% ¥ $ ¥ � v 5�$ ¥ �� +HQFH� E\ 7KHRUHP ���� �D� � �E��

5�% ¥ $ ¥ �  5�% ¥ � ? 5�$ ¥ �����

%HFDXVH 5�$�  5�$ ¥ � DQG 5�%�  5�% ¥ � IRU WKH (3 RSHUDWRUV $ DQG %� ��� DQG
��� \LHOG

5�$%�  5��$%� ¥ ��
VR WKDW $% LV (3� DV GHVLUHG�

:H QRWH WKDW .ROLKD �>��@� ����� REWDLQHG D VLPSOH SURRI RI WKH +DUWZLJ^.DW]
7KHRUHP TXLWH GLoHUHQW IURP RXUV�
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