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7KH SDSHU GHDOV ZLWK D VSHFLDO WHQVRU QRUP RQ WKH WHQVRU SURGXFW RI D SDLU
RI VSDFHV RI ERXQGHG OLQHDU WUDQVIRUPDWLRQV� LQ SDUWLFXODU� RI D SDLU RI VSDFHV RI
RSHUDWRUV� :H DYRLG WKH WHUP ?RSHUDWRU VSDFH� LQ WKLV QRWH� VLQFH WKH WHUP KDV
DOUHDG\ EHHQ FRQVHFUDWHG WR GHpQH D WKHRU\ RI FHUWDLQ VXEVSDFHV RI WKH DOJHEUD RI
+LOEHUW�VSDFH RSHUDWRUV %>+@� ZKLFK FDQ EH WKRXJKW RI DV REMHFW RI D FDWHJRU\ LQ
WKH UHDOP RI & j �DOJHEUDV �VHH� H�J�� >�@� >�� 'HpQLWLRQ ���@� >�@� >��� 'HpQLWLRQ ���@��
2Q WKH FRQWUDU\� RXU DLP LQ WKLV QRWH LV PXFK OHVV DPELWLRXV� /HW %> ; @ EH WKH
QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ D QRUPHG VSDFH ; � FRQVLGHU WKH WHQVRU SURGXFW
%> ; @n %>< @� ,W LV VKRZQ WKDW WKLV LV LQFOXGHG LQ WKH QRUPHG DOJHEUD %> ; n k < @� ZHUH
; n k < VWDQGV IRU WKH WHQVRU SURGXFW ; n < RI QRUPHG VSDFHV ; DQG < HTXLSSHG
ZLWK D XQLIRUP FURVVQRUP N c N k � :H JLYH DQ HOHPHQWDU\ SURRI WKDW WKH LQGXFHG
XQLIRUP RSHUDWRU QRUP RQ %> ; n k < @� ZKHQ UHVWULFWHG WR %> ; @n %>< @� DFWV DV D
UHDVRQDEOH FURVVQRUP RQ WKH WHQVRU SURGXFW %> ; @n %>< @�

$OO WHUPV DQG QRWDWLRQ XVHG DERYH ZLOO EH GHpQHG KHUH LQ GXH FRXUVH� 7KH SD�
SHU LV RUJDQL]HG LQWR IRXU PRUH VHFWLRQV� %DVLF SURSRVLWLRQV� LQFOXGLQJ QRWDWLRQ DQG
WHUPLQRORJ\� DUH VXPPDUL]HG LQ 6HFWLRQ �� 6XSSOHPHQWDU\ UHVXOWV RQ XQLIRUP FURVV�
QRUPV UHTXLUHG LQ WKH VHTXHO DUH FRQVLGHUHG LQ 6HFWLRQ �� 7KH PDLQ WKHRUHP LV
SURYHG LQ 6HFWLRQ �� $ GLVFXVVLRQ RQ HTXLYDOHQW XQLIRUP FURVVQRUPV� LQ OLJKW RI WKH
RXWFRPH RI 6HFWLRQ �� FORVHV WKH SDSHU LQ 6HFWLRQ ��

�� $X[LO LDU \ 5HVXO W V

$OO OLQHDU VSDFHV LQ WKLV SDSHU DUH RYHU WKH VDPH VFDODU pHOG )� ZKLFK LV HLWKHU 5 RU
&� 7KH DOJHEUDLF WHQVRU SURGXFW RI OLQHDU VSDFHV ; DQG < LV D OLQHDU VSDFH ; n < IRU
ZKLFK WKHUH LV D ELOLQHDU PDS v � ; d< � ; n < �FDOOHG WKH QDWXUDO ELOLQHDU PDS

DVVRFLDWHG ZLWK ; n <� ZKRVH UDQJH VSDQV ; n < ZLWK WKH IROORZLQJ DGGLWLRQDO
�XQLYHUVDO� SURSHUW\� IRU HYHU\ ELOLQHDU PDS � � ; d< � = LQWR DQ\ OLQHDU VSDFH =
WKHUH H[LVWV D �XQLTXH� OLQHDU WUDQVIRUPDWLRQ j� ; n < � = IRU ZKLFK WKH GLDJUDP
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FRPPXWHV� $ WHQVRU SURGXFW VSDFH ; n < H[LVWV IRU HYHU\ SDLU RI OLQHDU VSDFHV
�; �<� DQG LV XQLTXH XS WR LVRPRUSKLVPV� 6HW [n \  v�[� \� � ; n < IRU HDFK
�[� \� � ; d< � 7KHVH DUH WKH VLQJOH WHQVRUV � $Q DUELWUDU\ HOHPHQW ] LQ WKH OLQHDU
VSDFH ; n < LV D pQLWH VXP

3 ¨
[
¨
n \

¨
RI VLQJOH WHQVRUV� DQG WKH UHSUHVHQWDWLRQ RI

] 3 ¨
[
¨
n \

¨
DV D pQLWH VXP RI VLQJOH WHQVRUV LV QRW XQLTXH� �)RU DQ H[SRVLWLRQ RQ

DOJHEUDLF WHQVRU SURGXFWV VHH� H�J�� >�@�� ,I ; DQG < DUH OLQHDU VSDFHV� WKHQ / > ; �< @
GHQRWHV WKH OLQHDU VSDFH RI DOO OLQHDU WUDQVIRUPDWLRQV RI ; LQWR < � /HW ; �< � 9 � :
EH OLQHDU VSDFHV DQG FRQVLGHU WKH WHQVRU SURGXFW VSDFHV ; n < DQG 9 n : � 7DNH D
SDLU RI OLQHDU WUDQVIRUPDWLRQV $ � / > ; � 9 @ DQG % � / >< � : @ DQG VHW

�$n%�
; ¨ [

¨
n \

¨
 

; ¨ $[
¨
n%\

¨

LQ 9 n : IRU HYHU\ ] 3 ¨
[
¨
n \

¨
LQ ; n < � 7KLV GHpQHV D OLQHDU WUDQVIRUPDWLRQ

$n% � / > ; n < � 9 n : @ RI WKH OLQHDU VSDFH ; n < LQWR WKH OLQHDU VSDFH 9 n : �
UHIHUUHG WR DV WKH WHQVRU SURGXFW RI WKH OLQHDU WUDQVIRUPDWLRQV $ DQG %� ZKLFK LV
VXFK WKDW �$n%��]� GRHV QRW GHSHQG RQ WKH UHSUHVHQWDWLRQ3 ¨

[
¨
n\

¨
RI ]� ; n <

�VHH� H�J�� >�� 3URSRVLWLRQ ���@�� &RQVLGHU WKH OLQHDU VSDFHV / > ; � 9 @ DQG / >< � : @ DQG
OHW / EH DQ DUELWUDU\ HOHPHQW RI / > ; � 9 @n / >< � : @ VR WKDW /  3 ©

$
©
n%

©
LV D

pQLWH VXP RI VLQJOH WHQVRUV $
©
n%

©
� / > ; � 9 @n / >< � : @� DQG WKHUHIRUH

/ > ; � 9 @n / >< � : @ v / > ; n < � 9 n : @�

)URP QRZ RQ VXSSRVH ; DQG < DUH QRUPHG VSDFHV� /HW %> ; �< @ EH WKH QRUPHG
VSDFH RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI ; LQWR < HTXLSSHG ZLWK LWV VWDQGDUG
LQGXFHG XQLIRUP QRUP� DQG OHW ; j  %> ; �)@ GHQRWH WKH GXDO RI ; � /HW [n \ DQG
I n J EH VLQJOH WHQVRUV LQ WKH WHQVRU SURGXFW VSDFHV ; n < DQG ; j n < j � $ QRUP
N c N k RQ ; n < LV D UHDVRQDEOH FURVVQRUP LI IRU HYHU\ [ � ; � \ � < � I � ; j � J � < j �
�D� N[n \N k x N[N N\N�

�E� I n J OLHV LQ � ; n <� j � DQG NI n JN j k x NIN NJN �ZKHUH N c N j k LV WKH QRUP
RQ WKH GXDO � ; n <� j ZKHQ ; n < LV HTXLSSHG ZLWK WKH QRUP N c N k �� VR WKDW

; j n < j v �; n <� j �
$FWXDOO\� N[n \N k  N[N N\N DQG NI n JN j k  NIN NJN ZKHQHYHU N c N k LV D UHDVRQ�
DEOH FURVVQRUP �VHH� H�J�� >�� 3URSRVLWLRQ �����@�� 7ZR HVSHFLDO UHDVRQDEOH FURVVQRUPV
RQ ; n < DUH WKH LQMHFWLYH N c N ª DQG SURMHFWLYH N c N « QRUPV�

N]N ª  VXS¬'­_¬2® �]¯ ¬A°;¬2® �]¯ ­�±>²U³ ¯ °�±;´!³
ppp
; ¨ I�[
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N]N «  LQIµ]¶$·�¸]· ¯ µ2¹�·A¸]· ¯�º�»�¼ · ¶�·s½�¹�·
; ¨ N[
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N N\
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IRU HYHU\] 3 ¨
[
¨
n \

¨
�WKH LQpPXP LV WDNHQ RYHU DOO UHSUHVHQWDWLRQV RI]� ; n<��

3URSRVLWLRQ ���� $ QRUP N c N k RQ ; n< LV D UHDVRQDEOH FURVVQRUP LI DQG RQO\ LI

N]N ª x N]N k x N]N « IRU HYHU\ ] � ; n < �

3URRI� 6HH� H�J�� >��� 3URSRVLWLRQ ���@�

/HW ; n k <  � ; n < � N c N k � GHQRWH WKH WHQVRU SURGXFW VSDFH RI QRUPHG VSDFHV
HTXLSSHG ZLWK D QRUP N c N k RQ ; n < � ZKLFK LV QRW QHFHVVDULO\ FRPSOHWH HYHQ LI
N c N k LV D UHDVRQDEOH FURVVQRUP DQG ; DQG < DUH %DQDFK VSDFHV� 7KHLU FRPSOHWLRQ LV
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GHQRWHG E\ ; En k < �VDPH QRWDWLRQ N c N k IRU WKH H[WHQGHG QRUP RQ ; En k <�� ,Q SDU�
WLFXODU� ; En ª < DQG ; En« < DUH UHIHUUHG WR DV WKH LQMHFWLYH DQG SURMHFWLYH WHQVRU SURG�

XFWV � )RU WKH WKHRU\ RI %DQDFK VSDFH ; En k < �LQFOXGLQJ ; En ª < DQG ; En« <� VHH� H�J��
>�� &KDSWHUV �� DQG ��@� >�� 6HFWLRQ ��@� >��� 6HFWLRQ ���@� >�� 6HFWLRQV ��� DQG ���@�

5HFDOO WKDW ; j n < j v �; n k <� j �:KHQ UHVWULFWHG WR ; j n < j WKH QRUP N c N j k
RQ �; n k <� j LV D UHDVRQDEOH FURVVQRUP �ZLWK UHVSHFW WR �; j n < j � j ��

3URSRVLWLRQ ���� /HW N c N k EH D UHDVRQDEOH FURVVQRUP RQ D WHQVRU SURGXFW VSDFH

; n < RI QRUPHG VSDFHV ; DQG < � DQG WDNH WKH GXDO �; n k <� j RI ; n k <  
�; n < � N c N k �� :KHQ UHVWULFWHG WR ; j n < j WKH QRUP N c N j k RQ �; n k <� j LV D

UHDVRQDEOH FURVVQRUP RQ ; j n < j �

3URRI� 6HH� H�J�� >�� 3URSRVLWLRQ �����@�

7KH SXUSRVH RI WKLV SDSHU LV WR H[WHQG WKH DERYH �QRQWULYLDO� UHVXOW WR WKH FDVH
ZKHUH ; j  %> ; �)@� < j  %>< �)@� ; j n < j  %> ; �)@n %>< �)@ DQG � ; n k <� j  
%> ; n k < �)@ DUH UHSODFHG E\ �H[WHQGHG WR� %> ; � 9 @� %>< � : @� %> ; � 9 @n %>< � : @�
DQG %> ; n k < � 9 n k : @� UHVSHFWLYHO\� IRU DUELWUDU\ QRUPHG VSDFHV ; �< � 9 � : � 7KLV
ZLOO EH GRQH LQ 6HFWLRQ � �7KHRUHP �����

�� 8QLI RU P & U RVVQRU P V

,I ; � < � DQG = DUH QRUPHG VSDFHV DQG LI 7 � %> ; �< @ DQG 6 � %>< �= @� WKHQ
67 � %> ; �=@ DQG N67N x N6N N7N� 7KLV LV D FUXFLDO SURSHUW\ VKDUHG E\ WKH LQ�
GXFHG XQLIRUP QRUP RI ERXQGHG OLQHDU WUDQVIRUPDWLRQV� UHIHUUHG WR DV WKH RSHUDWRU
QRUP SURSHUW\ �VHH� H�J��>�� 3URSRVLWLRQ ����@�� ,WV FRXQWHUSDUW IRU WKH FDVH RI WHQVRU
SURGXFWV �UDWKHU WKDQ RUGLQDU\ SURGXFWV� \LHOGV WKH QRWLRQ RI XQLIRUP FURVVQRUP�

$ XQLIRUP FURVVQRUP N c N k LV D UHDVRQDEOH FURVVQRUP RQ HYHU\ WHQVRU SURGXFW
VSDFH �RI DUELWUDU\ QRUPHG VSDFHV ; �< � 9 � : � VXFK WKDW IRU HYHU\ ERXQGHG OLQHDU
WUDQVIRUPDWLRQV$ � %> ; � 9 @ DQG % � %>< � : @ WKH OLQHDU WHQVRU SURGXFW WUDQVIRUPD�
WLRQ $n% � ; n k < �9 n k : LV ERXQGHG �L�H�� $n% � %> ; n k < � 9 n k : @� DQG

N$n %N x N$N N%N� HTXLYDOHQWO\� N$n%N  N$N N%N�

,Q IDFW� WKH DERYH HTXLYDOHQFH KROGV VLQFH

N$NN%N  VXS¬'¶>¬2® � N$[N VXS¬A¹>¬2® � N%\N x VXS¬'¶>¬1¬A¹>¬2® � N$[NN%\N  VXS¬'¶�½�¹;¬'ÈD® � N$[n%\N k

 VXS¬'¶�½�¹;¬ È ® � N�$n%��[n \�N k x VXS¬ º ¬ È ® � N�$n%�]N k  N$n%N�

ZLWK N$n%N� N$N� DQG N%N VWDQGLQJ IRU WKH LQGXFHG XQLIRUP QRUPV RI $n% LQ
%> ; n k < � 9 n k : @� $ LQ %> ; � 9 @� DQG % LQ %>< � : @�

7KH SURMHFWLYH N c N « DQG LQMHFWLYH N c N ª QRUPV DUH XQLIRUP FURVVQRUPV �VHH� H�J��
>��� 3URSRVLWLRQV ��� DQG ���@��

/HW N c N É k ¯ k>Ê GHQRWH WKH LQGXFHG XQLIRUP QRUP RQ WKH QRUPHG VSDFH RI ERXQGHG
OLQHDU WUDQVIRUPDWLRQV %> ; n k < ¯ 9 n k : @ �L�H�� N c N É k ¯ k>Ê VWDQGV IRU WKH LQGXFHG XQL�
IRUP QRUP N c N RQ %> ; n < � 9 n : @ ZKHQ ; n 9 DQG < n: DUH HTXLSSHG ZLWK D
XQLIRUP FURVVQRUP N c N k �� 7KH QRWDWLRQ N c N É k ¯ k>Ê KLJKOLJKWV WKH GHSHQGHQFH RI N c N
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RQ WKH XQLIRUP FURVVQRUP N c N k ZKLFK HTXLSV ERWK ; n < DQG 9 n : � )RU LQVWDQFH�

N$n%N É k ¯ k>Ê  VXSº ±;²G½�´ ¯ ¬ º ¬ È ® � N�$n%�]N k  N$N N%N�

3URSRVLWLRQ ���� ,I N c N k LV D XQLIRUP FURVVQRUP� WKHQ %> ; � 9 @n %>< � : @ v
%> ; n k < � 9 n k : @ VR WKDW

%> ; � 9 @n É k ¯ k>Ê %>< � : @ v %> ; n k < � 9 n k : @�

3URRI� $Q DUELWUDU\ HOHPHQW / LQ WKH WHQVRU SURGXFW VSDFH %> ; � 9 @n %>< � : @ LV
UHSUHVHQWHG E\ D pQLWH VXP /  

3 ©
$
©
n%

©
RI VLQJOH WHQVRUV ZLWK $

©
� %> ; � 9 @

DQG %
©
� %>< � : @� ,I N c N k LV D XQLIRUP FURVVQRUP� WKHQ HDFK OLQHDU WUDQVIRUPDWLRQ

$
©
n%

©
OLHV LQ %> ; n k < � 9 n k : @ DQG VR GRHV /  3 ©

$
©
n%

©
� 7KHUHIRUH

%> ; � 9 @n %>< � : @ v %> ; n k < � 9 n k : @�
1RZ HTXLS %> ; � 9 @n %>< � : @ ZLWK WKH QRUP N c N É k ¯ k>Ê IURP %> ; n k < � 9 n k : @ DQG
VHW %> ; � 9 @n É k ¯ k>Ê %>< � : @  �%> ; � 9 @n %>< � : @� N c N É k ¯ k>Ê ��
/HW N c N j É k ¯ k>Ê EH WKH LQGXFHG XQLIRUP QRUP RQ %

d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�)e�

3URSRVLWLRQ ���� ,I N c N k LV D XQLIRUP FURVVQRUP� WKHQ %> ; � 9 @ j n %>< � : @ j v
/
d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�)e� 0RUHRYHU�

N
n uN j É k ¯ k>Ê x N
N NuN

IRU HYHU\ 
 � %> ; � 9 @ j DQG u � %>< � : @ j � &RQVHTXHQWO\ �
%> ; � 9 @ j n j É k ¯ k>Ê %>< � : @ j v �%> ; � 9 @n É k ¯ k>Ê %>< � : @� j �

3URRI� 6LQFH ) n ) | ) �KHUH | VWDQGV IRU DOJHEUDLF LVRPRUSKLVP�� ZH JHW
%> ; � 9 @ j n %>< � : @ j  %

d
%> ; � 9 @�) @en %

d
%>< � : @�) @e

v /
d
%> ; � 9 @�) @en /

d
%>< � : @�) @e

v /
d
%> ; � 9 @n %>< � : @�) n )e /

d
%> ; � 9 @n É k ¯ k_Ê %>< � : @�)e�

ZKHQ %> ; � 9 @n %>< � : @ LV HTXLSSHG ZLWK WKH XQLIRUP LQGXFHG QRUP N c N k ¯ k>Ê RQ
%> ; n k < � 9 n k : @ E\ 3URSRVLWLRQ ���� 7DNH 
 � %> ; � 9 @ j DQG u � %>< � : @ j DUEL�
WUD\� $FFRUGLQJ WR WKH DERYH LQFOXVLRQ� 
n u � /

d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�)e� 6HW

N
n uN j É k ¯ k>Ê  VXSÌ ±;Í É ² ¯ Î Ê ½�Í É ´ ¯ Ï Ê ¯ ¬ Ì ¬+Ð È�Ñ È$Ò ® � M�
n u�/M�

,W ZDV VKRZ LQ >��� 7KHRUHP �@ WKDW WKH DERYH VXSUHPXP LV QRW RQO\ pQLWH EXW
ERXQGHG E\ N
N NuN IRU WKH SDUWLFXODU FDVH RI 9  ; DQG :  < ZKHQ WKHVH DUH
%DQDFK VSDFHV� ZKRVH H[WHQVLRQ IRU DUELWUDU\ QRUPHG VSDFHV ; �< � 9 � : IROORZV WKH
VDPH DUJXPHQW� 7KXV

N
n uN j É k ¯ k>Ê x N
N NuN�

$Q DUELWUDU\ HOHPHQW � LQ %> ; � 9 @ j n %>< � : @ j v /
d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�)e LV

UHSUHVHQWHG E\ D pQLWH VXP �  3 Ó


Ó
n u

Ó
RI VLQJOH WHQVRUV ZLWK 


Ó
� %> ; � 9 @ j DQG
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u
Ó
� %>< � : @ j � 7DNH WKH LQGXFHG XQLIRUP QRUP RQ %

d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�)e�

VD\� N c N j É k
¯ k>Ê � 7KH DERYH GLVSOD\HG LQHTXDOLW\ HQVXUHV WKDW

N�N j É k ¯ k>Ê  VXS¬ Ì ¬ Ð È�Ñ È$Ò ® �
ppp
t; Ó 


Ó
n u

Ó u/
ppp

x VXS¬ Ì ¬ Ð È�Ñ È$Ò ® �
; Ó N


Ó
n u

Ó
N j É k ¯ k>Ê N/N É k ¯ k>Ê x

; Ó N

Ó
N Nu

Ó
N�

ZKLFK LV pQLWH DV WKH VXP LV pQLWH� 7KXV � �%
d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�) @e� DQG KHQFH

%> ; � 9 @ j n %>< � : @ j v %
d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�)e  �%> ; � 9 @n É k ¯ k>Ê %>< � : @� j �

6R HTXLS %> ; � 9 @ j n %>< � : @ j ZLWK WKH QRUP N c N j É k
¯ k>Ê RQ �>%> ; � 9 @n É k ¯ k>Ê %>< � : @� j

DQG VHW %> ; � 9 @ j n j É k
¯ k>Ê %>< � : @ j  �%> ; � 9 @ j n %>< � : @ j � N c N j É k

¯ k>Ê ��

�� 0 DLQ 5HVXO W

7KHRUHP ��� VKRZV WKDW N c N É k ¯ k_Ê LV D UHDVRQDEOH FURVVQRUP RQ %> ; � 9 @n %>< � : @�
ZKHQ LQKHULWHG IURP %> ; n k < � 9 n k : @� WKXV H[WHQGLQJ 3URSRVLWLRQ ��� IURP FRQ�
WLQXRXV OLQHDU IXQFWLRQDOV WR DUELWUDU\ FRQWLQXRXV OLQHDU WUDQVIRUPDWLRQV�

7KH SURRI RI 7KHRUHP ��� LV HVSHFLDOO\ WDLORUHG WR SURPSW WKH TXHVWLRQ WKDW FORVHV
WKH SDSHU� DQG DOVR WR VXSSRUW WKH VWDWHPHQW RI &RUROODU\ ����

7KHRUHP ���� ,I N c N k LV D XQLIRUP FURVVQRUP� WKHQ

�D� N/N ª x N/N É k ¯ k>Ê x N/N «
IRU HYHU\ / � %> ; � 9 @n É k ¯ k_Ê %>< � : @� ZKHUH ; �< � 9 � : DUH DUELWUDU\ QRUPHG VSDFHV

DQG N c N É k ¯ k>Ê LV WKH DVVRFLDWHG LQGXFHG XQLIRUP QRUP RQ %> ; n k < � 9 n k : @� +HQFH
�E� N c N É k ¯ k>Ê LV D UHDVRQDEOH FURVVQRUP RQ %> ; � 9 @n %>< � : @�

3URRI� �D� 7DNH DQ DUELWUDU\ HOHPHQW / � %> ; � 9 @n %>< � : @ v %> ; n k < � 9 n k : @
�DFFRUGLQJ WR 3URSRVLWLRQ ���� DQG OHW

3 ©
$
©
n%

©
EH DQ\ pQLWH�VXP UHSUHVHQWDWLRQ

RI / LQ WHUPV RI VLQJOH WHQVRUV LQ %> ; � 9 @n %>< � : @� 5HJDUG / DV D WUDQVIRUPDWLRQ
LQ %> ; n k < � 9 n k : @� 6HW N/�]�NÎ ½!È Ï  N/�]�N k DQG N]N ²9½!È�´  N]N k IRU] LQ
; n k < �:LWK N c N É k ¯ k>Ê VWDQGLQJ IRU WKH LQGXFHG XQLIRUP QRUP RQ %> ; n k < � 9 n k : @�

N/�]�N k  
qqq
t; © $

©
n%

© u
]
qqq k x

; © N�$
©
n%

©
�]N k

x
; © N$

©
n%

©
N É k ¯ k>Ê N]N k  

t; © N$
©
N N%

©
N
u
N]N k

IRU HYHU\ ]� ; n < � $V N/N É k ¯ k>Ê  VXS ¬ º ¬'È_® � N/�]�N k ZH JHW
N/N É k ¯ k>Ê x

; © N$
©
N N%

©
N�

6LQFH WKH DERYH LQHTXDOLW\ KROGV IRU HYHU\ UHSUHVHQWDWLRQ
3 ©

$
©
n%

©
RI /�

N/N É k ¯ k>Ê x LQIÌ »�ÕDÖ+×�Ö ½!Ø Ö
; © N$

©
N N%

©
N  N/N « �

ZKHUH N c N « LV WKH SURMHFWLYH QRUP RQ %> ; � 9 @n %>< � : @� 2Q WKH RWKHU KDQG� WDNH
DQ DUELWUDU\ �  3 Ó



Ó
n u

Ó
LQ %> ; � 9 @ j n %>< � : @ j v �%> ; � 9 @n É k ¯ k>Ê %>< � : @� j
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�DFFRUGLQJ WR 3URSRVLWLRQ ����� 5HJDUG � DV D IXQFWLRQDO LQ �%> ; � 9 @n É k ¯ k>Ê %>< � : @� j �
:LWK N c N j É k

¯ k>Ê EHLQJ WKH LQGXFHG XQLIRUP QRUP LQ %
d
%> ; � 9 @n É k ¯ k>Ê %>< � : @�)e�

N�N j É k ¯ k>Ê  VXS¬ Ì ¬ Ð È�Ñ È�Ò ® � M��/�M� 'XDOO\� N/N É k ¯ k_Ê  VXS¬sÚ ¬ ³ Ð È�Ñ È$Ò ® � M��/�M�

6LQFH IRU HYHU\ �  3 Ó


Ó
n u

Ó
� %> ; � 9 @ j n %>< � : @ j WKH YDOXH RI ��/� � ) LV
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©
�

IRU HYHU\ /  3 ©
$
©
n %

©
� %> ; � 9 @n %>< � : @� ZH JHW

N/N É k ¯ k_Ê  VXS¬sÚ�¬ ³ Ð È�Ñ È$Ò ® � M��/�M  VXS¬ Õ�Û?ÜDÛ ½�Ý Û ¬ ³ Ð È�Ñ È$Ò ® �
ppp
; Ó ¯ © 


Ó
�$

©
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Ó
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©
�
ppp
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ppp
; © 
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©
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©
�
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ppp
; © 
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©
� u�%

©
�
ppp�

EHFDXVH N
n uN j É k
¯ k>Ê x N
N NuN IRU HYHU\ 
 � %> ; � 9 @ j DQG u � %>< � : @ j DFFRUGLQJ

WR 3URSRVLWLRQ ���� +HQFH

N/N É k ¯ k>Ê y VXS¬ Ü ¬;¬AÝ_¬2® �
ppp
; © 
�$

©
� u�%

©
�
ppp y VXS¬ Ü ¬2® �]¯ ¬AÝ>¬2® �

ppp
; © 
�$

©
� u�%

©
�
ppp  N/N ª �

ZKHUH N c N ª LV WKH LQMHFWLYH QRUP RQ %> ; � 9 @n %>< � : @� &RQVHTXHQWO\�

N/N ª x N/N É k ¯ k>Ê x N/N «
IRU HYHU\ / � %> ; � 9 @n É k ¯ k>Ê %>< � : @�

�E� 7KXV� DFFRUGLQJ WR 3URSRVLWLRQ ���� WKH LQGXFHG XQLIRUP QRUP N c N É k ¯ k>Ê EHFRPHV
D UHDVRQDEOH FURVVQRUP RQ WKH WHQVRU SURGXFW VSDFH %> ; � 9 @n %>< � : @�

3DUWLFXODU FDVH� 6HW 9  ; � :  < DQG ZULWH %> ; @� %>< @� DQG %> ; n k < @ IRU
%> ; � ; @� %>< �< @� DQG %> ; n k < � ; n k < @� UHVSHFWLYHO\� 7KXV 7KHRUHP ��� \LHOGV
WKH UHVXOW VWDWHG LQ WKH $EVWUDFW RQ WHQVRU SURGXFWV RI DOJHEUD RI RSHUDWRUV�

,W LV ZRUWK QRWLFLQJ WKDW D pUVW DSSOLFDWLRQ RI WKH LQHTXDOLWLHV LQ SDUW �D� RI
7KHRUHP ��� LV WKH DVVLJQPHQW RI D UHDVRQDEOH FURVVQRUP WR WKH WHQVRU SURGXFW
VSDFH %> ; � 9 @n %>< � : @ DVVRFLDWHG ZLWK D VLQJOH XQLIRUP FURVVQRUP DV LQ SDUW �E��

5HPDUN ���� ,I N c N k LV D XQLIRUP FURVVQRUP� WKHQ �E\ GHpQLWLRQ�
%> ; � 9 @n %>< � : @ v %> ; n k < � 9 n k : @�

$V EHIRUH� OHW

N c N É k ¯ k_Ê EH WKH LQGXFHG XQLIRUP QRUP RQ %> ; n k < � 9 n k : @�
7DNH DQ DUELWUDU\ /  3 ©

$
©
n%

©
� %> ; � 9 @n %>< � : @ v / > ; n < � 9 n : @� 6LQFH

N c N ª x N c N k x N c N « �FI� 3URSRVLWLRQ �����
VXS ºGÞ»�ß

¬ Ì�à º!á ¬ ª¬ º ¬ « x VXS ºGÞ»�ß
¬ Ì�à º�á ¬'È¬ º ¬'È x VXS ºGÞ»�ß

¬ Ì�à º!á ¬ «¬ º ¬ ª � �e�

7KXV VHW N/N É « ¯ ª]Ê  VXS ºGÞ»�ß
¬ Ì�à º!á ¬ ª¬ º ¬ « ZKLFK LV pQLWH DV N/N É k ¯ k_Ê  VXS ºGÞ»�ß

¬ Ì�à º!á ¬ È¬ º ¬ È LV

D QRUP� ZKLFK LV HQRXJK WR HQVXUH WKDW

N c N É « ¯ ª Ê LV WKH LQGXFHG XQLIRUP D QRUP RQ %> ; n« < � 9 n ª : @�
DQG WKDW / � %> ; n« < � 9 n ª : @� �1RWH� VXS ºGÞ»�ß

¬ Ì�à º!á ¬ «¬ º ¬ ª PD\ QRW EH pQLWH�� 6R

%> ; n k < � 9 n k : @ v %> ; n« < � 9 n ª : @ ZKHUH N c N É « ¯ ª]Ê x N c N É k ¯ k_Ê
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E\ �e�� DQG VLQFH / � %> ; n« < � 9 n ª : @ ZH DOVR JHW
%> ; � 9 @n %>< � : @ v %> ; n« < � 9 n ª : @�

7KHUHIRUH ZH PD\ HTXLS %> ; � 9 @n %>< � : @ ZLWK ERWK LQGXFHG XQLIRUP QRUPV�
QDPHO\� N c N É ª ¯ « Ê DQG N c N É k ¯ k>Ê � DQG VR ZH PD\ FRQVLGHU WKH QRUPHG VSDFHV

%> ; � 9 @n É k ¯ k>Ê %>< � : @ v %> ; � 9 @n É « ¯ ª]Ê %>< � : @ ZLWK N c N É « ¯ ª1Ê x N c N É k ¯ k>Ê �

5HPDUN ���� )RU WKH LQGXFHG XQLIRUP QRUP N c N É « ¯ ª]Ê RQ %> ; n« < � 9 n ª : @�
N/N ª x N/N É « ¯ ª]Ê x N/N «

IRU HYHU\ / � %> ; � 9 @n É « ¯ ª Ê %>< � : @� DQG KHQFH

N c N É « ¯ ª]Ê LV D UHDVRQDEOH FURVVQRUP RQ %> ; � 9 @n %>< � : @�

,QGHHG� LW FDQ EH YHULpHG WKDW N c N ª x N c N É « ¯ ª]Ê � $OVR� N c N É « ¯ ª]Ê x N c N É k ¯ k>Ê IRU DQ
DUELWUDU\ XQLIRUP FURVVQRUP N c N k DFFRUGLQJ WR 5HPDUN ���� 0RUHRYHU� 7KHRUHP
����D� VD\V WKDW N c N É k ¯ k>Ê x N c N « � 6XPPLQJ XS�

N c N ª x N c N É « ¯ ª Ê x N c N É k ¯ k_Ê x N c N « �
$JDLQ� 3URSRVLWLRQ ��� HQVXUHV WKDW WKH LQGXFHG XQLIRUP QRUP N c N É « ¯ ª]Ê LV D UHDVRQ�
DEOH FURVVQRUP RQ WKH %> ; � 9 @n %>< � : @�

7KH LQMHFWLYH DQG SURMHFWLYH QRUPV N c N ª DQG N c N « � EHLQJ XQLIRUP FURVVQRUPV�
DFW RQ HYHU\ WHQVRU SURGXFW VSDFH DQG DUH WKH OHDVW DQG WKH JUHDWHVW XQLIRUP
FURVVQRUP RQ HYHU\ WHQVRU SURGXFW VSDFH �FI� 3URSRVLWLRQ ����� ,Q SDUWLFXODU� RQ
%> ; � 9 @n%>< � : @ �DV LQ WKH DERYH GLVSOD\HG LQHTXDOLWLHV�� $OVR� N c N É ª ¯ ª Ê DQG N c N É « ¯ « Ê
DUH UHDVRQDEOH FURVVQRUPV RQ %> ; � 9 @n %>< � : @ E\ 7KHRUHP ��� EHFDXVH N c N ª DQG
N c N « DUH XQLIRUP FURVVQRUP� 7KHUHIRUH

N/N ª x N/N É ª ¯ ª Ê DQG N/N É « ¯ « Ê x N/N « �
4XHVWLRQ� 'RHV N/N É k ¯ k>Ê OLH LQ EHWZHHQ� VR WKDW N/N É ª ¯ ª Ê LV WKH OHDVW DQG N/N É « ¯ « Ê
LV WKH JUHDWHVW UHDVRQDEOH FURVVQRUP RQ %> ; � 9 @n %>< � : @ WKDW DUH LQKHULWHG IURP
%> ; n k < � 9 n k : @ IRU DUELWUDU\ XQLIRUP FURVVQRUPV N c N k " �1RWH WKDW WKHUH DUH
UHDVRQDEOH FURVVQRUPV RQ WKH WHQVRU SURGXFW VSDFH %> ; � 9 @n %>< � : @ WKDW DUH QRW
UHVWULFWLRQV RI WKH LQGXFHG XQLIRUP QRUP RQ %> ; n k < � 9 n k : @ IRU DQ\ XQLIRUP
FURVVQRUP N c N k � DV LV WKH FDVH RI N/N ª DQG N/N « ��
&RUROODU\ ��� VKRZV KRZ N/N É k ¯ k_Ê QDWXUDOO\ pWV EHWZHHQ N/N É ª ¯ ª Ê DQG N/N É « ¯ « Ê �

JLYLQJ D pUVW HVWLPDWH WR WKH DERYH D TXHVWLRQ� �&RPSDUH WKH UHVXOW LQ &RUROODU\
��� EHORZ ZLWK �e� LQ 5HPDUN ����� &RQVLGHU WKH VHWXS LQ WKH SURRI RI 7KHRUHP ����

&RUROODU\ ���� ,I N c N k LV D XQLIRUP FURVVQRUP� WKHQ

LQIß Þ»!º ±>²9½�´
¬ º ¬ ª¬ º ¬'È N/N É ª ¯ ª Ê x N/N É k ¯ k>Ê x VXSß Þ»!º ±>²9½�´

¬ º ¬ «¬ º ¬'È N/N É « ¯ « Ê �

3URRI� &RQVLGHU WKH XQLIRUP FURVVQRUPV QRUPV N c N ª � N c N k � DQG N c N « DFWLQJ RQ
; n < DQG RQ 9 n : � $FFRUGLQJ WR 3URSRVLWLRQ ��� N c N ª x N c N k x N c N « � 5HJDUG�
LQJ WKH VHWXS LQ WKH SURRI RI 7KHRUHP ���� WDNH /�]� � 9 n : IRU DQ DUELWUDU\
]� ; n < � )LUVW FRQVLGHU WKH LQHTXDOLW\ N/�]�N k x N/�]�N « VR WKDW

N/N É k ¯ k>Ê  VXSºGÞ»�ß
¬ Ì�à º!á ¬'È¬ º ¬ È x VXSºGÞ»�ß

¬ Ì[à º!á ¬ «¬ º ¬ È x N/N É « ¯ «]Ê VXSºGÞ»�ß
¬ º ¬ «¬ º ¬ È �
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1H[W WDNH WKH LQHTXDOLW\ N/�]�N ª x N/�]�N k � 6LPLODUO\�
N/N É ª ¯ ª]Ê x N/N É k ¯ k>Ê VXSºGÞ»�ß

¬ º ¬'È¬ º ¬ ª � HTXLYDOHQWO\� LQIºGÞ»�ß
¬ º ¬ ª¬ º ¬ È N/N É ª ¯ ª]Ê x N/N É k ¯ k_Ê �

ZLWK LQI ºGÞ»�ß
¬ º ¬ ª¬ º ¬ È  b

VXS ºGÞ»�ß
¬ º ¬ È¬ º ¬ ª

c ä �
�

5HPDUN ���� ,W LV QRW XVXDO WR FRQVLGHU PRUH WKDQ RQH XQLIRUP FURVVQRUP� RQH
HTXLSSLQJ WKH GRPDLQ DQG WKH RWKHU HTXLSSLQJ WKH FRGRPDLQ� RI D WHQVRU SURG�
XFW $n% RI ERXQGHG OLQHDU WUDQVIRUPDWLRQV _ VHH� H�J�� >��� 6HFWLRQ ���@ DQG
>�� 6HFWLRQ ���@� ,Q IDFW� D XQLIRUP FURVVQRUP N c N k LV D UHDVRQDEOH FURVVQRUP
ZKLFK LV VXSSRVHG WR EH DVVLJQHG WR HYHU\ WHQVRU SURGXFW IRU DUELWUDU\ QRUPHG
VSDFHV PDNLQJ $n% FRQWLQXRXV ZKHQ DFWLQJ IURP ; n k < WR 9 n k : � ERWK WHQ�
VRU SURGXFW VSDFHV HTXLSSHG ZLWK WKH VDPH QRUP �FI� 6HFWLRQ ��� 7KHUHIRUH� LI RQH
WDNHV DQRWKHU UHDVRQDEOH FURVVQRUP N c N å � DOVR VXSSRVHG WR EH DVVLJQHG WR HYHU\
WHQVRU SURGXFW VSDFH RI DUELWUDU\ QRUPHG VSDFHV� DQG UHTXLUHV WKDW $ � %> ; � 9 @
DQG % � %>< � : @ LPSO\ $n% � %> ; n k < � 9 n å : @� WKHQ LW LV UHDGLO\ YHULpHG WKDW
N$NN%N x N$n%N  N$n%N É k ¯ å Ê � $ QHZ FRQFHSW RI D MRLQWO\ XQLIRUPO\ FURVV�

QRUPV ZRXOG UHTXLUH D QHZ GHpQLWLRQ WR PDNH WKH DERYH LQHTXDOLW\ DQ LGHQWLW\�
$OVR� XQGHU D QHZ GHpQLWLRQ RI D MRLQWO\ XQLIRUP FURVVQRUP� 3URSRVLWLRQV ��� DQG
��� ZRXOG UHTXLUH D QHZ UHVWDWHPHQW� �([WHQGLQJ 3URSRVLWLRQ ��� WR VXFK D QHZ
VHWXS VHHPV WR EH D VLPSOH WDVN� EXW 3URSRVLWLRQ ��� ZRXOG SHUKDSV UHTXLUH VRPH
DGGLWLRQDO� SRVVLEO\ QRQWULYLDO� DUJXPHQWV�� $OWKRXJK ZH ZLOO QRW SURFHHG DORQJ WKLV
OLQH _ LW JRHV EH\RQG WKH SXUSRVH RI WKH SUHVHQW SDSHU _ LW VHHPV WKDW D SRVVLEOH
YHUVLRQ RI WKH pUVW SDUW RI 7KHRUHP ��� LQYROYLQJ D SDLU RI GLVWLQFW MRLQWO\ XQLIRUP

FURVVQRUP PLJKW OHDG WR D SURPLVLQJ IXUWKHU UHVHDUFK�

�� ) LQDO 5HP DU N

6XSSRVH D SDLU RI QRUPHG VSDFHV �; �<� LV VXFK WKDW VXS ß Þ»!º ±>²9½�´
¬ º ¬ «¬ º ¬ ª ��

ZKHQ WKHLU WHQVRU SURGXFW VSDFH ; n < LV HTXLSSHG ZLWK WKH LQMHFWLYH QRUP N c N ª
DQG ZLWK WKH SURMHFWLYH QRUP N c N « � �7ULYLDO H[DPSOH� LI ; DQG < DUH pQLWH�GLPHQ�
VLRQDO� ZKHUH DOO QRUPV DUH HTXLYDOHQW� VR WKDW ; n ª < | ; n« < _ KHUH | PHDQV
WRSRORJLFDO LVRPRUSKLVP�� ,Q VXFK D FDVH �ZKHQ WKH DERYH VXSUHPXP LV pQLWH�� VHW

VXS ß Þ»!º ±>²9½�´
¬ º ¬ «¬ º ¬ ª  q� DQG WKH LQMHFWLYH DQG SURMHFWLYH QRUPV EHFRPH HTXLYDOHQW

XQLIRUP FURVVQRUPV RQ ; n < DQG VR LV DQ\ XQLIRUP FURVVQRUP N c N k VLQFH
N c N ª x N c N k x N c N « x qN c N ª �

DQG VR VXS º9Þ»�ß
¬ º ¬ «¬ º ¬'È �� DQG VXS ºGÞ»�ß

¬ º ¬'È¬ º ¬ ª ��� ,W LV DWWULEXWHG WR *URWKHQGLHFN

WKH RULJLQ RI WKH TXHVWLRQ ZKHWKHU ; En ª < | ; En« < KROGV IRU VRPH SDLU RI LQpQLWH�
GLPHQVLRQDO %DQDFK VSDFHV ; DQG < �VHH >�� S����@�� $ VROXWLRQ ZDV JLYHQ E\
3LVLHU LQ >�� 7KHRUHP ����E�@ ZKHUH LW ZDV H[KLELWHG D VHSDUDEOH LQpQLWH�GLPHQVLRQDO
%DQDFK VSDFH 3� QRZ FDOOHG 3LVLHU VSDFH � VXFK WKDW 3 En ª 3 | 3 En« 3 �KHUH | PHDQV
LVRPHWULF LVRPRUSKLVP�� ZKLFK VKRZV LQ DGGLWLRQ WKDW DOO UHDVRQDEOH FURVVQRUPV
�DQG DOO XQLIRUP FURVVQRUP� RQ 3 En3 �DQG VR RQ 3 n 3� DUH LVRPRUSKLFDOO\ HTXLY�
DOHQW� ZKHUH LQ WKLV FDVH q  � DQG� FRQVHTXHQWO\� IRU / � %>3@n %>3@�

N/N É ª ¯ ª]Ê  N/N É k ¯ k>Ê  N/N É « ¯ «]Ê �
ZLWK UHVSHFW WR WKH VHWXS LQ WKH SURRI RI 7KHRUHP ���� &RUROODU\ ��� JLYHV MXVW D
pUVW HVWLPDWH WR WKH TXHVWLRQ ZKHWKHU WKH HTXDO VLJQV ? � LQ WKH DERYH HTXDWLRQ
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FDQ EH UHSODFHG E\ ?x� �SHUKDSV ZHLJKWHG ZLWK SRVLWLYH FRQVWDQWV� IRU DQ DUELWUDU\
WUDQVIRUPDWLRQ / � %> ; � 9 @n %>< � : @ DFWLQJ RQ DUELWUDU\ �RU RQ VSHFLpF FODVVHV RI�
QRUPHG VSDFHV ; �< � 9 � : �

$F N QRZ O HGJP HQW

7KH DXWKRU WKDQNV D UHIHUHH IRU VXJJHVWLRQV WR LPSURYH WKH SDSHU ZKLFK ZHUH
LQFOXGHG LQ 5HPDUNV ��� DQG ���� HVSHFLDOO\ IRU FDOOLQJ KLV DWWHQWLRQ WR WKH LQHTXDOLW\
WKDW RSHQV WKH DUJXPHQW RI 5HPDUN ����

5HI HU HQF HV
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