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RESTRICTION OF UNIFORM CROSSNORMS

CARLOS S. KUBRUSLY

ABSTRACT. Consider the space B[X ®4))] of operators on the tensors product
X ®a)Y of normed spaces X and ) equipped with a uniform crossnorm || - ||4.
Take the induced uniform norm on B[X ®a Y] and consider its restriction to
the tensor product B[X] ® B[Y)] of the algebra of operators B[X] and B[)]. Tt
is proved that such a restriction is a reasonable crossnorm on B[X]| @ B[Y].

1. INTRODUCTION

The paper deals with a special tensor norm on the tensor product of a pair
of spaces of bounded linear transformations; in particular, of a pair of spaces of
operators. We avoid the term “operator space” in this note, since the term has
already been consecrated to define a theory of certain subspaces of the algebra of
Hilbert-space operators B[H], which can be thought of as object of a category in
the realm of C*-algebras (see, e.g., [2], [9, Definition 1.2], [1], [10, Definition 1.1]).
On the contrary, our aim in this note is much less ambitious. Let B[X] be the
normed algebra of all operators on a normed space X, consider the tensor product
B[X] @ B[Y]. Tt is shown that this is included in the normed algebra B[X ®,))], were
X ®,) stands for the tensor product X ® ) of normed spaces X and Y equipped
with a uniform crossnorm || - ||,. We give an elementary proof that the induced
uniform operator norm on B[X ®,)Y], when restricted to B[X] ® B[Y], acts as a
reasonable crossnorm on the tensor product B[X] ® B[Y)].

All terms and notation used above will be defined here in due course. The pa-
per is organized into four more sections. Basic propositions, including notation and
terminology, are summarized in Section 2. Supplementary results on uniform cross-
norms required in the sequel are considered in Section 3. The main theorem is
proved in Section 4. A discussion on equivalent uniform crossnorms, in light of the
outcome of Section 4, closes the paper in Section 5.

2. AUXILIARY RESULTS

All linear spaces in this paper are over the same scalar field F, which is either R or
C. The algebraic tensor product of linear spaces X and ) is a linear space X @ ) for
which there is a bilinear map 6: XxY — X ® Y (called the natural bilinear map
associated with X ® ) whose range spans X ® ) with the following additional
(universal) property: for every bilinear map ¢: XxY — Z into any linear space Z
there exists a (unique) linear transformation ®: X ® Y — Z for which the diagram

xxy —*, z
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commutes. A tensor product space X ® ) exists for every pair of linear spaces
(X,Y) and is unique up to isomorphisms. Set x @ y = 0(x,y) € X @ Y for each
(z,y) € %Y. These are the single tensors. An arbitrary element F in the linear
space X ® ) is a finite sum ), z; ® y; of single tensors, and the representation of
F =),z ®y; as a finite sum of single tensors is not unique. (For an exposition on
algebraic tensor products see, e.g., [7].) If X and ) are linear spaces, then L[X, )]
denotes the linear space of all linear transformations of X into Y. Let X, ), V, W
be linear spaces and consider the tensor product spaces X ® Y and V @ W. Take a
pair of linear transformations A € L[X,V] and B € L[V, W] and set

(A® B)sz’ QY = ZiAxi ® By;

inV@W for every F =), x; ®y; in X ® Y. This defines a linear transformation
A®@B € LIX @Y,V ®W] of the linear space X ® ) into the linear space V @ W,
referred to as the tensor product of the linear transformations A and B, which is
such that (A®B)(F ) does not depend on the representation > ,z;,Qy; of F € X ® Y
(see, e.g., [7, Proposition 3.6]). Consider the linear spaces £[X,V] and L[V, W] and
let L be an arbitrary element of L|X,V]® L]V, W] so that L=3",A4;® B; is a
finite sum of single tensors A; ® B; € LIX,V] @ L[V, W], and therefore

LIXV]@LY W CLXRY,VOW].

From now on suppose X and ) are normed spaces. Let B[X, Y] be the normed
space of all bounded linear transformations of X into ) equipped with its standard
induced uniform norm, and let X*= B[X,F] denote the dual of X. Let z ® y and
f ® g be single tensors in the tensor product spaces X ® Y and X* ® Y*. A norm
|- [[aon X ® Y is a reasonable crossnorm if for every x € X,y € Y, f € X, g € Y

(@) z@yla< | llyll,
(b) f@gliesin (X ®Y), and [|f @ glsa < [[fllllg]l (where [|-|l.q is the norm
on the dual (X @ Y)* when X ® Y is equipped with the norm || - ||»), so that
XY C (X))

Actually, [|2 @ ylla = o] [y]| and S © gllea = /1l lg] whenever | - || is a reason-
able crossnorm (see, e.g., [4, Proposition 1.1.1]). Two especial reasonable crossnorms

on X ® Y are the injective | - ||, and projective || - ||, norms,

> f) gy

IFIl = sup
11, gll<1, FeX, gey*

)

Fli.= inf Nl lyalls
11 = o™ s oy, 2l ]
for every F =3 ".2; ® y; (the infimum is taken over all representations of F € X ® ).

Proposition 2.1. A norm || - ||o on X ® Y is a reasonable crossnorm if and only if
IFl < IFlla < NIFIL - for every  FeX@).
Proof. See, e.g., [11, Proposition 6.1]. |

Let X @,Y = (X @Y, || - ||la) denote the tensor product space of normed spaces
equipped with a norm | - |, on X ® ), which is not necessarily complete even if
|l - ||« is a reasonable crossnorm and X and ) are Banach spaces. Their completion is
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denoted by X ®,) (same notation | - ||, for the extended norm on X ®,)). In par-
ticular, X@vy and X@Ay are referred to as the injective and projective tensor prod-
ucts. For the theory of Banach space X ®,) (including X ® ) and X@A)}) see, e.g.,
[5, Chapters 15 and 16], [3, Section 12], [11, Section 6.1], [4, Sections 1.1 and 1.2].

Recall that X* @ Y* C (X ®,Y)*. When restricted to X* @ Y* the norm || - ||+a
on (X ®,Y)* is a reasonable crossnorm (with respect to (X* ® Y*)*).

Proposition 2.2. Let || - ||o be a reasonable crossnorm on a tensor product space
X ®Y of normed spaces X and Y, and take the dual (X @, V) of X ®,Y =
(XY, |l o). When restricted to X* @ Y* the norm || - |lsa on (X ®,Y)* is a
reasonable crossnorm on X* @ Y*.

Proof. See, e.g., [4, Proposition 1.1.2]. |

The purpose of this paper is to extend the above (nontrivial) result to the case
where X*= B[X,F], Y*=B[Y,F], X*®Y*=B[X,F]® B[Y,F] and (X ®,))* =
B[X ®,Y,F] are replaced by (extended to) B[X,V], B[Y, W], B[X,V]® B[y, W],
and B[X ®@,Y,V ®,W], respectively, for arbitrary normed spaces X', Y, V, W. This
will be done in Section 4 (Theorem 4.1).

3. UNIFORM CROSSNORMS

If X, Y, and Z are normed spaces and if T € B[X,Y] and S € B[), Z], then
ST € B[X,Z] and ||ST|| < ||S|| |T||. This is a crucial property shared by the in-
duced uniform norm of bounded linear transformations, referred to as the operator
norm property (see, e.g.,[6, Proposition 4.16]). Its counterpart for the case of tensor
products (rather than ordinary products) yields the notion of uniform crossnorm.

A uniform crossnorm || - || is a reasonable crossnorm on every tensor product
space (of arbitrary normed spaces X,Y,V, W) such that for every bounded linear
transformations A € B[X,V]and B € B[Y, W] the linear tensor product transforma-
tion A® B: X ®,Y —V ®W is bounded (i.e., A® B € B[X ®,Y,V @,W)]) and

[A@ B[ < [[All|B, equivalently, [[A® B| =|A]lB]

In fact, the above equivalence holds since

[A[IIB|l = sup [[Az| sup |[Byl| < sup |[|Az|[[|By]l= sup [Az® Bylla
Iz <1 lyll<1 lzlllylI<1 le@y]la<1
= sup [(A®B)@@y)la< sup [[(A@B)F|a=[A® B,
le@ylla<1 IF o<

with ||A®B]|, ||4||, and || B|| standing for the induced uniform norms of A® B in
BlX ®,Y,V @, W], Ain B[X,V], and B in B[Y,W].

The projective || - ||, and injective || - ||, norms are uniform crossnorms (see, e.g.,
[11, Propositions 2.3 and 3.2]).

Let || - ||ja,a) denote the induced uniform norm on the normed space of bounded
linear transformations B[X @4,V @ W] (i.e., || - ||ja,q] stands for the induced uni-
form norm || - || on B[X @ ¥,V @ W] when X @V and Y @ W are equipped with a
uniform crossnorm || - [|o). The notation || - [[|4,q| highlights the dependence of || - ||
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on the uniform crossnorm || - ||, which equips both X ® ¥ and ¥V @ W. For instance,

|A® Bllja,a = sup [(A® B)F |l = [l All | BI|-
FEXRY, |[Flla<l

Proposition 3.1. If |- |« s a uniform crossnorm, then B[X,V]|® B[Y,W] C
B[X @.,Y,V @, W] so that

BIX. V] ®la,a) BIY, W] € BIX @Y,V @, W].

Proof. An arbitrary element L in the tensor product space B[X,V] @ B[Y,W] is
represented by a finite sum L = Zj A; @ Bj of single tensors with A; € B[X,V)]

and B; € B[Y,W]. If || - ||« is a uniform crossnorm, then each linear transformation
A; ® Bj lies in B[X ®,Y,V ®, W] and so does L = 3, A;®B;. Therefore

BlX,V]® B[Y,W] C BIX @),V @ W].

Now equip B[X,V] @ B[Y, W] with the norm || - |||q,q] from BlX @,Y,V @, W] and
set BX, V] ®lq,a] BV, W] = (B[X,V] @ BY, W], | - lljasa])- O

Let || - [[+a,a] be the induced uniform norm on B[B[X,V] ®|q, BV, W], F].

Proposition 3.2. If |- || is a uniform crossnorm, then B[X,V]* @ B[Y,W]* C
L[B[X,V]@MA]BD),W],]F]. Moreover,

e @ nllja,er < lleell Il
for every ¢ € B[X,V]* and n € B[Y, W]*. Consequently,
B[X,V]* ®*[a,a] B[yaw]* g (B[X,V] ®[a,a] BD)aW])*

Proof. Since F @ F =2 F (here 2 stands for algebraic isomorphism), we get

B[xX,V]*@ BY, W|* = B[B|X,V],F]] @ B[B[Y,W],F]]
C L[B[X,V],F]] @ L[B[Y, W], F]]
gc[zs)c v ®By W], F @ F] = L[B[X,V]®|a,a BV, W], F],

when B[X, V] ® B[Y, W] is equipped with the uniform induced norm || - |4, on
BX ®,Y, V @, W] by Proposition 3.1. Take p € B[X,V]|* and n € B[Y, W]* arbi-
tray. According to the above inclusion, ¢ @ n € L[B[X,V] ®|q,q B[Y, W],F]. Set

le @ nNllsjasal = sup |(p @n)L].
LeBIX V@BV, W, L0 <1

It was show in [12, Theorem 3] that the above supremum is not only finite but
bounded by ||¢|| ||n]| for the particular case of V = X and W =) when these are
Banach spaces, whose extension for arbitrary normed spaces X, Y, V, W follows the
same argument. Thus

e ® Nlwja,a) < N2l 71l

An arbitrary element k in B[X,V]* @ B[Y, W]* C L[B[X,V] ®a,q| W], F ]
represented by a finite sum k = 3, ¢r ® nx of smgle tensors with ¢y € B [X ,V]* an
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n, € B[Y, W]*. Take the induced uniform norm on B[B[X,V] ®la,al BD),W],IF],

say, || - ||+ja,a]- The above displayed inequality ensures that
[l ot = \IL|| ‘(Z Pk ®77k)L‘
S i 2o @ mellaal Lot < 3, lloul ol

which is finite as the sum is finite. Thusk € B[B[X,V] ®|a,a B[V, W],F]], and hence
B[X,V]* @ BY,W]* C B[BIX,V] ®|a,a) BV, W],F] = (B[X,V] @ja,a) BV, W])".

So equip B[X, V]* @ B[Y, W]* with the norm || - [|4[a,a] 00 ([B[X,V] @4, BV, W])*
and set B[X,V]* ®*[a7a] B[y,W]* = (B[X,V]* ®BD},W}*, H . H*[a,a])- O

4. MAIN RESULT

Theorem 4.1 shows that || - |4, is a reasonable crossnorm on B[X, V] @ B[V, W],
when inherited from B[X ®,Y, V ®, W], thus extending Proposition 2.2 from con-
tinuous linear functionals to arbitrary continuous linear transformations.

The proof of Theorem 4.1 is especially tailored to prompt the question that closes
the paper, and also to support the statement of Corollary 4.4.

Theorem 4.1. If || - || is a uniform crossnorm, then
(a) LI < 1Llfjaa) < 1L,

for every L € BIX,V]| ®q,a) BV, W], where X,Y,V, W are arbitrary normed spaces
and || - ||ja,a) is the associated induced uniform norm on B[X ®.),V @ W)]. Hence

(b) | - lja,a] is a reasonable crossnorm on B[X,V] @ B[Y, W].

Proof. (a) Take an arbitrary element L € B[X,V] @ B[Y, W] C B[X @Y,V Qo W]
(according to Proposition 3.1) and let ) ;A @ Bj be any finite-sum representation
of L in terms of single tensors in B[X,V] ® B[Y, W]. Regard L as a transformation
in B ©,,V @ W]. Set [ () vew = [L(F)]la and [ | v,y = IF | for £ in
X @Y. With || - [||q,q] standing for the induced uniform norm on BlX ®, Y,V @, W],

IL)la = ||(32 4@ B)r|| <3 lit4; @ By)Fla
< 3145 © Billall Flla = (3214511 1B1) 1 1o
for every F € X @ Y. As [|L||ja,a) = supjrj. <1 [L(F)[la we get
1Ll < 3 14511Bsl
Since the above inequality holds for every representation 3 j A; ® Bj of L,
I lliaar < inf Z 1A BsIE = L]l 1,

where || - ||, is the projective norm on B[X,V] ® B[Y, W]. On the other hand, take
an arbitrary k = 3, ¢r @ q¢ in BX,V]* @ BY,W]* C (B[X,V] ®ja,q) BV, W])*
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(according to Proposition 3.2). Regard k as a functional in (B[X, V]|®|q,q B[V, W])*.
With | - [|4ja,a) being the induced uniform norm in B[B[X,V] ®|a,a] BV, W], F],

[kllsja,a) = sup  |k(L)[. Dually, [[Ll[ja,q)= sup [k(L).
L”[a,rx]g] ”k”*[a,n]<]

Since for every k = >, ¢r @ i € B[X,V]* @ B[V, W]* the value of k(L) € F is

= (X een)> 4,08, =3, edA)em(B) =Y, eud;)m(B;)
for every L =}, A; ® B; € B[X, V] @ B[Y, W], we get

Ile = swp KL= swp |7 (A, mu(By)]

%] 4er,a) <1 1210x@n% | <[a,a] <1
> s | _so<Aj>n<Bj>\z sup_ |37 ol(4;)n(B,)].
lle@mnllija,a1 <1 27 llell lmll<1 ZJ

because [|© @ Nll4ja,a] < ] [|In]| for every ¢ € B[X,V]* and n € B[Y, W]* according
to Proposition 3.2. Hence

ILle = sup |37 o(a)n(By)|=  suwp |37 o(a
llelHinll<1 llell<t, [Inl<1

where || - ||, is the injective norm on B[X,V] ® B[Y, W]. Consequently,
Ly < Mllag < (L1,

for every L € B[X,V] ®|a,a) B[V, W].

(b) Thus, according to Proposition 2.1, the induced uniform norm || - [/|4,] becomes
a reasonable crossnorm on the tensor product space B[X,V] @ B[Y, W]. O

Particular case. Set V=X, W=Y and write B[X], B]Y], and B[X ®,))] for
B[X,X], BY,Y], and B[X ®@,Y,X ®,Y], respectively. Thus Theorem 4.1 yields
the result stated in the Abstract on tensor products of algebra of operators.

It is worth noticing that a first application of the inequalities in part (a) of
Theorem 4.1 is the assignment of a reasonable crossnorm to the tensor product
space B[X,V] ® B[Y, W] associated with a single uniform crossnorm as in part (b).

Remark 4.2. If || - ||, is a uniform crossnorm, then (by definition)

B[X, V] @ BY, W] C B[X @),V @ W].
As before, let

| lja,a) be the induced uniform norm on B[X @, Y,V @, W].
Take an arbitrary L =3, A; ® B; € B[X,V] @ BY,W] C LIX¥ ® Y,V @ W]. Since
Il < lle <1, (cf. Proposition 2.1),
IL(F)

LI o L)
SUD 20 AT, S SUPE 20 AT, S SUPr 20 AT, (+)
Thus set || L] =su Ly which is finite as [IL]] =su ILDle 3o
- [Asv] Prs0 “TFT, [, Pr+#0 “TrT.

a norm, which is enough to ensure that

| - I}y is the induced uniform a norm on BX ®,Y, Ve W],

and that L € B[X®,Y,V®@ W]. (Note: sup, -, ”Hng”)” may not be finite.) So

BlX @Y,V @ W] C BIXe,Y, Ve W] where |-, <" laal
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by (%), and since L € B[X®,Y,V® W] we also get
BlX. V] @ BY, W] C B[X®,Y,Va W]

Therefore we may equip B[X,V]® B[V, W] with both induced uniform norms,

namely, || - |||, and | - [|ja,a], and so we may consider the normed spaces

B[va} ®[0¢’0¢] BD}’W} g B[va} ®[A,v] BD}’W} with ” : H[A,v] S H ' H[Oé’a]'

Remark 4.3. For the induced uniform norm || - [[[,.,] on B[X ® Y, V& W],
1Ll < [l < Al

for every L € B[X,V] @, B[Y, W], and hence

| is a reasonable crossnorm on B[X, V] ® B[Y, W].

(RN [

Indeed, it can be verified that |- |, <||-|j,- Also, [[- [, < I llja,a) for an
arbitrary uniform crossnorm || - ||, according to Remark 4.2. Moreover, Theorem

4.1(a) says that || - [||a,a] < || - || ,- Summing up,

Do < MMt < - Tlaag < - [l
Again, Proposition 2.1 ensures that the induced uniform norm || - ||, . is a reason-
able crossnorm on the B[X, V] ® B[y, W].
The injective and projective norms || - ||, and || - || ., being uniform crossnorms,

act on every tensor product space and are the least and the greatest uniform
crossnorm on every tensor product space (cf. Proposition 2.1). In particular, on
B[X,V]@B[Y, W] (as in the above displayed inequalities). Also, || - ||{,,,jand || - [[[,
are reasonable crossnorms on B[X,V] @ B[Y, W] by Theorem 4.1 because || - ||,, and
I - || . are uniform crossnorm. Therefore

1Ll < &l and (L, < (L.

Question. Does ||L|||4,q) lie in between, so that |||, is the least and |[LL{[[,,
is the greatest reasonable crossnorm on B[X,V] @ B[)Y, W] that are inherited from
B[X ®,),V @, W] for arbitrary uniform crossnorms || - ||o? (Note that there are
reasonable crossnorms on the tensor product space B[X,V] @ B[V, W] that are not
restrictions of the induced uniform norm on B[X ®,Y,V ®,W] for any uniform
crossnorm || - ||o, as is the case of | L], and ||LJ|,.)

Corollary 4.4 shows how ||L||q,q] naturally fits between ||L[|(,,.; and [[L{|[,. .,
giving a first estimate to the above a question. (Compare the result in Corollary
4.4 below with (%) in Remark 4.2.) Consider the setup in the proof of Theorem 4.1.

Corollary 4.4. If || - || is a uniform crossnorm, then
LAl [Vl
o7y TAT Il < Elljaa) < Oiﬁggmmﬁ L[l 00-
Proof. Consider the uniform crossnorms norms | - ||, || - |l«, and || - ||, acting on

X ®Y and on V @ W. According to Proposition 2.1 || - ||, < | - la < || - || .- Regard-
ing the setup in the proof of Theorem 4.1, take L(F) € V @ W for an arbitrary
F e X @Y. First consider the inequality [|L(F)|lo < [[L(F)||, so that

Ll — stup I < gup IO < g Ll
ILleer = sup Ty < sup Ty < ILl100 sup ey
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Next take the inequality ||L(F)||, < ||L(F)||a. Similarly,

Fla. o inf LEL

Ll < 1Ll el ii%%, equivalently, ;r;fo TFT Ll < L]l [a.als
o 1Al TP

with infr o s = (supr o rpe) - -

Remark 4.5. It is not usual to consider more than one uniform crossnorm, one
equipping the domain and the other equipping the codomain, of a tensor prod-
uct A ® B of bounded linear transformations — see, e.g., [11, Section 6.1] and
[4, Section 1.2]. In fact, a uniform crossnorm ||- ||, is a reasonable crossnorm
which is supposed to be assigned to every tensor product for arbitrary normed
spaces making A ® B continuous when acting from X ®,) to V ®,W; both ten-
sor product spaces equipped with the same norm (cf. Section 3). Therefore, if one
takes another reasonable crossnorm | - ||, also supposed to be assigned to every
tensor product space of arbitrary normed spaces, and requires that A € B[X,V]
and B € B[Y, W] imply A® B € B[X ®@,Y,V ®@3W)], then it is readily verified that
|A[[|B]| < [|[A® B|| = ||[A® Bllja,5)- A new concept of a jointly uniformly cross-
norms would require a new definition to make the above inequality an identity.
Also, under a new definition of a jointly uniform crossnorm, Propositions 3.1 and
3.2 would require a new restatement. (Extending Proposition 3.1 to such a new
setup seems to be a simple task, but Proposition 3.2 would perhaps require some
additional, possibly nontrivial, arguments). Although we will not proceed along this
line — it goes beyond the purpose of the present paper — it seems that a possible
version of the first part of Theorem 4.1 involving a pair of distinct jointly uniform
crossnorm might lead to a promising further research.

5. FINAL REMARK

Suppose a pair of normed spaces (X,)) is such that SUP 0£Fex@y %<oo
\2
when their tensor product space X ® Y is equipped with the injective norm || - |,

and with the projective norm || - || .. (Trivial example: if X and ) are finite-dimen-
sional, where all norms are equivalent, so that ¥®,)Y =2 X®,Y — here = means
topological isomorphism). In such a case (when the above supremum is finite), set
SUP 04 Fex@y % ==, and the injective and projective norms become equivalent
uniform crossnorms on X ® Y and so is any uniform crossnorm || - ||, since

Al < I llae < -l < A1 s

IE1A I F ] i i i
TF <00 and supy TFT. < oo It is attributed to Grothendieck

the origin of the question whether X @vy =X @Ay holds for some pair of infinite-
dimensional Banach spaces X and Y (see [8, p.181]). A solution was given by
Pisier in [8, Theorem 3.2(b)] where it was exhibited a separable infinite-dimensional
Banach space P, now called Pisier space, such that P@VP = P@AP (here = means
isometric isomorphism), which shows in addition that all reasonable crossnorms
(and all uniform crossnorm) on P@P (and so on P ® P) are isomorphically equiv-
alent, where in this case v = 1 and, consequently, for . € B[P] ® B[P],

LN v,1 = LNl a,a1 = 1Ll 00
with respect to the setup in the proof of Theorem 4.1. Corollary 4.4 gives just a

[ 7

first estimate to the question whether the equal signs “=" in the above equation

and so supp
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can be replaced by “<” (perhaps weighted with positive constants) for an arbitrary
transformation L € B[X, V]| ® B[Y, W] acting on arbitrary (or on specific classes of)
normed spaces X, YV, V, W.
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