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�� ,QW U RGXF W LRQ

7KLV LV DQ H[SRVLWRU\ SDSHU RQ WUDFH�FODVV DQG QXFOHDU RSHUDWRUV� ,WV SXUSRVH LV
WR GHPRQVWUDWH WKDW WKHVH FODVVHV RI RSHUDWRUV FRLQFLGH RQ D +LOEHUW VSDFH� ,W ZLOO
IRFXV PDLQO\ RQ WKUHH SRLQWV� �L� ZKHUH WKHVH QRWLRQV FDPH IURP� �LL� KRZ WKH\ DUH
LQWHUWZLQHG� DQG �LLL� ZKHQ WKH\ FRLQFLGH� %HLQJ D SODLQ H[SRVLWRU\ SDSHU� WKLV KDV
QR LQWHQWLRQ WR VXUYH\ WKH VXEMHFW� QHLWKHU WR RoHU DQ H[WHQVLYH ELEOLRJUDSK\ RQ LW�

7R EHJLQ ZLWK� OHW XV ERUURZ WKH GHpQLWLRQV RI QXFOHDU DQG WUDFH�FODVV RSHUDWRUV
IURP 6HFWLRQV � DQG � �ZKHUH WKHVH GHpQLWLRQV ZLOO EH SURSHUO\ SRVHG��

r 1XF O HDU 2SHU DW RU V� $Q RSHUDWRU 7 RQ D %DQDFK VSDFH ; LV QXFOHDU

LI WKHUH DUH ; ^ �YDOXHG DQG ; �YDOXHG VHTXHQFHV II _ J DQG I\ _ J VXFK WKDW3 _ NI _ NN\ _ N � � DQG 7[  
3 _ I _ �[�\ _ IRU HYHU\ [ � ; �

r 7 U DF H�& O DVV 2SHU DW RU V� $Q RSHUDWRU 7 RQ D +LOEHUW VSDFH ; LV WUDFH�
FODVV LI

3 ` n
M7 MH

`
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` o

� � IRU DQ DUELWUDU\ RUWKRQRUPDO EDVLV IH
`
J IRU ; DQG

WKH VHULHV YDOXH GRHV QRW GHSHQG RQ IH
`
J�

3HUKDSV WKH pUVW OLQHV LQ 5REHUW %DUWOH
V UHYLHZ RI >�@ PLJKW EH D VXLWDEOH VWDUW�
?*URWKHQGLHFN >�@ VKRZHG WKDW D %DQDFK VSDFH ; KDV WKH DSSUR[LPDWLRQ SURSHUW\ LI
DQG RQO\ LI� IRU HYHU\ QXFOHDU RSHUDWRU 7 � ; � ; �L�H�� RSHUDWRU KDYLQJ WKH IRUP 7  3 _ KI _ � cL\ _ � ZLWK I _ � ; ^ � \ _ � ; � DQG

3 _ NI _ N N\ a N � ��� WKH QXPEHU WU�7 �  3 _ KI _ � \ _ L LV ZHOO�GHpQHG �L�H�� LV LQGHSHQGHQW RI WKH FKRLFH RI II _ J DQG I\ _ J LQ WKH
UHSUHVHQWDWLRQ 7  

3 _ KI _ � cL\ _ � DQG FDQ EH XVHG WR GHpQH D WUDFH IXQFWLRQ��
%DUWOH
V FRQFLVH GHVFULSWLRQ QLFHO\ VXPPDUL]HV WKH DSSDUHQWO\ ORQJ ZD\ WR EH

FRYHUHG IURP *URWKHQGLHFN
V SURMHFWLYH WHQVRU SURGXFWV �ZKHUH QXFOHDU RSHUDWRUV
RULJLQDWH IURP�� WR WUDFH�FODVV RSHUDWRUV� DQG pQDOO\ FRQFOXGLQJ WKDW WKHVH FODVVHV
FRLQFLGH� 7KH IDPLOLDU QRWLRQ RI WUDFH DV WKH VXP RI HLJHQYDOXHV LV D IXQGDPHQWDO
UHVXOW NQRZQ DV /LGVNLxt 7KHRUHP >��@� >�� 7KHRUHP ���@ ZKLFK VWLOO UHPDLQV DQ DFWLYH
UHVHDUFK WRSLF �H�J�� >��� ��� �� �� ��� ��@��

7KHVH FRQFHSWV �QXFOHDU DQG WUDFH�FODVV� DUH OLQNHG WRJHWKHU VLQFH WKHLU HDUO\
GD\V� 6FKDWWHQ LQ KLV FHOHEUDWHG ���� PRQRJUDSK >��@ �ZKLFK DFWXDOO\ LV DQ RoVSULQJ
RI KLV ���� WKHVLV� GHVFULEHV QXFOHDU +LOEHUW�VSDFH RSHUDWRUV DV EHLQJ SUHFLVHO\ WKH
WUDFH�FODVV� ?7KH WUDFH�FODVV PD\ EH DOVR LQWHUSUHWHG DV ; Enb ; ^ � >��� 7KHRUHP ����@
_ WKH FRPSOHWLRQ RI WKH WHQVRU SURGXFW RI D +LOEHUW ZLWK LWV GXDO� ZLWK UHVSHFW WR
WKH JUHDWHVW UHDVRQDEOH FURVVQRUP �L�H�� WKH SURMHFWLYH QRUP��
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7KH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � VXPPDUL]HV VRPH FRPPRQ QRWD�
WLRQ DQG WHUPLQRORJ\� 6HFWLRQ � SRVHV WKH QHFHVVDU\ UHVXOWV RQ FURVVQRUPHG WHQVRU
SURGXFWV RI D SDLU RI %DQDFK VSDFHV� VLQFH WKLV LV WKH SURSHU VHWXS ZKHUH QXFOHDU
WUDQVIRUPDWLRQV FRPH IURP� 1XFOHDU WUDQVIRUPDWLRQV DUH GHpQHG LQ 6HFWLRQ � �7KH�
RUHP ���� DV WKH UDQJH RI D OLQHDU FRQWUDFWLRQ RI WKH SURMHFWLYH WHQVRU SURGXFW
; ^ Enb < LQWR WKH %DQDFK VSDFH %> ; �< @ RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV IURP
; WR < � ZKLFK \LHOGV WKH FKDUDFWHUL]DWLRQ RI QXFOHDU RSHUDWRUV PHQWLRQHG DERYH�
6HFWLRQ � GHDOV H[FOXVLYHO\ ZLWK WUDFH�FODVV RSHUDWRUV RQ D +LOEHUW VSDFH� DQG JLYHV
D WKRURXJK YLHZ RI EDVLF SURSHUWLHV RI WKHVH RSHUDWRUV� 6HFWLRQ � VKRZV LQ 7KHRUHP
��� WKDW QXFOHDU DQG WUDFH�FODVV RSHUDWRUV LQ IDFW UHGXFH WR WKH VDPH WKLQJ�

$OO WHUPV DQG QRWDWLRQ DERYH ZLOO EH GHpQHG KHUH LQ GXH FRXUVH�

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKH SDSHU DOO OLQHDU VSDFHV DUH RYHU WKH VDPH pHOG ) �DQG WKH pHOG
) LQ WKLV FRQWH[W PHDQV HLWKHU 5 RU &�� ,I ; �< �= DUH OLQHDU VSDFHV� WKHQ OHW
/ > ; �= @ DQG E> ; d< �= @ GHQRWH WKH OLQHDU VSDFHV RI DOO OLQHDU WUDQVIRUPDWLRQ RI ;
LQWR = � DQG RI DOO ELOLQHDU PDSV RI WKH &DUWHVLDQ SURGXFW ; d< LQWR = � ,I ; �< �=
DUH QRUPHG VSDFHV� WKHQ OHW %> ; �= @ GHQRWH WKH QRUPHG VSDFH RI DOO ERXQGHG �L�H��
FRQWLQXRXV� OLQHDU WUDQVIRUPDWLRQV RI ; LQWR = HTXLSSHG ZLWK LWV VWDQGDUG LQGXFHG
XQLIRUP QRUP� DQG OHW E > ; d< �= @ GHQRWH WKH QRUPHG VSDFHV RI DOO ERXQGHG �L�H��
FRQWLQXRXV� ELOLQHDU PDSV RI ; d< LQWR = HTXLSSHG ZLWK LWV XVXDO QRUP� ZKLFK DUH
ERWK %DQDFK VSDFHV ZKHQHYHU = LV �VHH H�J�� >��@��

$ VXEVSDFH RI D QRUPHG VSDFH LV D FORVHG OLQHDU PDQLIROG RI LW� ,I ; LV D QRUPHG
VSDFH� WKHQ ; ^  %> ; �)@ VWDQG IRU LWV GXDO� LI 0 LV D VXEVHW RI DQ LQQHU SURGXFW
VSDFH� WKHQ 0 � VWDQGV IRU WKH RUWKRJRQDO FRPSOHPHQW RI 0� 5DQJH DQG NHUQHO RI
D ERXQGHG OLQHDU WUDQVIRUPDWLRQ 7 � %> ; �< @ EHWZHHQ QRUPHG VSDFHV ; DQG < ZLOO
EH GHQRWHG E\ 5�7 � _ D OLQHDU PDQLIROG RI < _ DQG 1 �7 � _ D VXEVSDFH RI ;
_ UHVSHFWLYHO\� ,I WZR QRUPHG VSDFHV ; DQG < DUH LVRPHWULFDOO\ LVRPRUSKLF� DQG LI
\ � < LV WKH LVRPHWULFDOO\ LVRPRUSKLF LPDJH RI [ � ; � WKHQ ZULWH ; | < DQG [ | \�

/HW ; DQG < EH DUELWUDU\ QRUPHG VSDFHV� %\ DQ RSHUDWRU ZH PHDQ D ERXQGHG OLQ�
HDU WUDQVIRUPDWLRQ RI D QRUPHG VSDFH LQWR LWVHOI� 6HW %> ; @  %> ; � ; @� WKH QRUPHG
DOJHEUD RI DOO RSHUDWRUV RQ ; � /HW % � > ; �< @ DQG % � > ; �< @ VWDQG IRU WKH QRUPHG
VSDFHV RI DOO ERXQGHG pQLWH�UDQN �L�H�� GLP5�7 � � �� DQG RI DOO FRPSDFW OLQ�
HDU WUDQVIRUPDWLRQV 7 � ; � < � UHVSHFWLYHO\� 6LPLODUO\� VHW % � > ; @  % � > ; � ; @ DQG
% � > ; @  % � > ; � ; @� WKH LGHDOV RI WKH DOJHEUD %> ; @ FRQVLVWLQJ RI DOO ERXQGHG pQLWH�
UDQN DQG RI DOO FRPSDFW RSHUDWRUV� UHVSHFWLYHO\� VR WKDW % � > ; @ v % � > ; @ v %> ; @�
0RUHRYHU� OHW % � > ; �< @ �DFFRUGLQJO\� % � > ; @  % � > ; � ; @� VWDQG IRU WKH QRUPHG
VSDFHV RI DOO QXFOHDU WUDQVIRUPDWLRQV� ,W LV ZRUWK QRWLFLQJ WKDW WKHUH DUH GLoHUHQW�
DOVR FRPPRQ� QRWDWLRQV VXFK DV . IRU FRPSDFW� ) IRU pQLWH�UDQN� DQG 1 IRU QXFOHDU
RSHUDWRUV _ DW WKH HQG RI 6HFWLRQ � LW ZLOO EHFRPH FOHDU WKH UHDVRQ IRU RXU FKRLFH LQ
IDYRU RI WKH DERYH VXE�LQGH[HG�% QRWDWLRQ �VHH DOVR� H�J�� >��� 6HFWLRQV ��� DQG ���@��
$ %DQDFK VSDFH < KDV WKH DSSUR[LPDWLRQ SURSHUW\ LI % � > ; �< @ LV GHQVH LQ % � > ; �< @
IRU HYHU\ QRUPHG VSDFH ; _ HYHU\ %DQDFK VSDFH ZLWK D 6FKDXGHU EDVLV KDV WKH
DSSUR[LPDWLRQ SURSHUW\� LQ SDUWLFXODU� VLQFH WKH UDQJH RI D FRPSDFW OLQHDU WUDQVIRU�
PDWLRQ LV VHSDUDEOH� HYHU\ +LOEHUW VSDFH KDV WKH DSSUR[LPDWLRQ SURSHUW\�
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�� 3U HO LP LQDU LHV RQ & U RVVQRU P HG 7 HQVRU 3U RGXF W 6SDF HV

7KH DOJHEUDLF WHQVRU SURGXFW RI OLQHDU VSDFHV ; DQG < LV D OLQHDU VSDFH ; n < IRU
ZKLFK WKHUH LV D ELOLQHDU PDS v � ; d< � ; n < �FDOOHG WKH QDWXUDO ELOLQHDU PDS

DVVRFLDWHG ZLWK ; n <� ZKRVH UDQJH VSDQV ; n < ZLWK WKH IROORZLQJ DGGLWLRQDO
SURSHUW\� IRU HYHU\ ELOLQHDU PDS � � ; d< � = LQWR DQ\ OLQHDU VSDFH = WKHUH H[LVWV
D �XQLTXH� OLQHDU WUDQVIRUPDWLRQ j� ; n < � = IRU ZKLFK WKH GLDJUDP
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¥
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FRPPXWHV� 6HW [n \  v�[� \� IRU HDFK �[� \� � ; d< � 7KHVH DUH WKH VLQJOH WHQVRUV�
$Q DUELWUDU\ HOHPHQW ] LQ WKH OLQHDU VSDFH ; n < LV D pQLWH VXP

3 ¨
[
¨
n \

¨
RI VLQJOH

WHQVRUV� DQG WKH UHSUHVHQWDWLRQ RI ] DV D pQLWH VXP RI VLQJOH WHQVRUV ]  3 ¨
[
¨
n \

¨
LV QRW XQLTXH� �)RU DQ H[SRVLWLRQ RQ DOJHEUDLF WHQVRU SURGXFWV VHH� H�J�� >��@��

,I ; DQG < DUH %DQDFK VSDFHV DQG ; ^ DQG < ^ DUH WKHLU GXDOV� WKHQ OHW [n \ DQG
I n J EH VLQJOH WHQVRUV LQ WKH WHQVRU SURGXFW VSDFHV ; n < DQG ; ^ n < ^ � $ QRUP
N c N © RQ ; n < LV D UHDVRQDEOH FURVVQRUP LI� IRU HYHU\ [� ; � \ �< � I � ; ^� J �< ^�
�D� N[n \N © x N[N N\N�

�E� I n J OLHV LQ � ; n <� ^ � DQG NI n JN ^ © x NIN NJN �ZKHUH N c N ^ © LV WKH
QRUP RQ WKH GXDO �; n <� ^ ZKHQ �; n <� LV HTXLSSHG ZLWK WKH QRUP N c N © ��

VR WKDW ; ^ n < ^ v �; n <� ^ � ,W FDQ EH YHULpHG WKDW �L� N[n \N ©  N[N N\N ZKHQ�
HYHU N c N © LV D UHDVRQDEOH FURVVQRUP� DQG �LL� ZKHQ UHVWULFWHG WR ; ^ n < ^ WKH QRUP
N c N ^ © RQ �; n <� ^ LV D UHDVRQDEOH FURVVQRUP �ZLWK UHVSHFW WR � ; ^ n < ^ � ^ �� 7ZR
VSHFLDO QRUPV RQ ; n < DUH WKH VR�FDOOHG LQMHFWLYH N c N ª DQG SURMHFWLYH N c N b QRUPV�

N]N ª  VXS«3¬¡«1­ �(® «>¯�«1­ �B® ¬�°R±F² ® ¯�°R³ ^
ppp
; ¨ I�[ ¨ � J�\ ¨ �

ppp�

N]N b  LQI´Bµ8¶�·B¶ ® ´1¸�¶>·B¶ ®�¹�º�» ¶ µ�¶g¼�¸�¶
; ¨ N[ ¨ N N\ ¨ N�

IRU HYHU\ ]  3 ¨
[
¨
n \

¨
� ; n < � ZKHUH WKH LQpPXP LV WDNHQ RYHU DOO �pQLWH� UHS�

UHVHQWDWLRQV RI ] � ; n < � ,W FDQ DOVR EH VKRZQ WKDW �LLL� WKHVH DUH LQGHHG QRUPV
RQ ; n < � WKDW �LY� ERWK N c N ª DQG N c N b DUH UHDVRQDEOH FURVVQRUPV DQG� PRUHRYHU�
WKDW �Y� D QRUP N c N © RQ ; n < LV D UHDVRQDEOH FURVVQRUP LI DQG RQO\ LI

N]N ª x N]N © x N]N b IRU HYHU\ ] � ; n < �

/HW ; n © <  �; n < � N c N © � VWDQG IRU WKH WHQVRU SURGXFW VSDFH RI D SDLU RI %DQDFK
VSDFHV HTXLSSHG ZLWK D UHDVRQDEOH FURVVQRUP N c N © � ZKLFK LV QRW QHFHVVDULO\ FRP�
SOHWH� 7KHLU FRPSOHWLRQ �VHH� H�J�� >��� 6HFWLRQ ���@� LV GHQRWHG E\ ; En © < �VDPH
QRWDWLRQ N c N © IRU WKH H[WHQGHG QRUP RQ ; En © <�� ,Q SDUWLFXODU� ; En ª < DQG ; Enb <
DUH UHIHUUHG WR DV WKH LQMHFWLYH DQG SURMHFWLYH WHQVRU SURGXFWV � )RU WKH WKHRU\ RI WKH
%DQDFK VSDFH ; En © < �LQ SDUWLFXODU� ; En ª < DQG ; Enb <� VHH� H�J�� >��@� >�@� >��@� >�@�
7KH QH[W WZR IXQGDPHQWDO UHVXOWV RQ WKH SURMHFWLYH WHQVRU SURGXFW ZLOO EH QHHG

DORQJ WKH QH[W WZR VHFWLRQV� 7KH pUVW RQH LV UHIHUUHG WR DV *URWKHQGLHFN 7KHRUHP
�VHH� H�J�� >�� 3URSRVLWLRQ �����@ DQG >��� 3URSRVLWLRQ ���@�� ,Q IDFW� PRVW UHVXOWV
PHQWLRQHG LQ WKLV VHFWLRQ �DQG EH\RQG� DUH *URWKHQGLHFN
V� DQG WKHUH DUH GLoHUHQW
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WKHRUHPV QDPHG DIWHU *URWKHQGLHFN �WKH RQH LQ 7KHRUHP ��� EHORZ LV QRW WKH FODVVL�
FDO *URWKHQGLHFN 7KHRUHP DV LQ� IRU LQVWDQFH� >�� &KDSWHU �@ DQG >��@�� 7KH VHFRQG
UHVXOW LQ 7KHRUHP ��� EHORZ LV FDOOHG WKH 8QLYHUVDO 0DSSLQJ 3ULQFLSOH �VHH� H�J�� >��
7KHRUHP �����@ DQG >��� 7KHRUHP ���@�� 3URRIV DUH LQFOXGHG IRU VDNH RI FRPSOHWHQHVV�

7KHRUHP ���� �* U RW KHQGLHF N �� ,I ; DQG < DUH %DQDFK VSDFHV� WKHQ IRU HYHU\

] � ; Enb < WKHUH H[LVW ; �YDOXHG DQG <�YDOXHG VHTXHQFHV I[ _ J DQG I\ _ J� UHVSHF�

WLYHO\� IRU ZKLFK WKH UHDO VHTXHQFH IN[ _ N N\ _ NJ LV VXPPDEOH DQG

]  
;

_ [ _ n \ _
�L�H�� ]� ; Enb < LV UHSUHVHQWDEOH LQ WKH IRUP RI D FRXQWDEOH VXP ] 3 _ [ _ n \ _ LQ
WKH VHQVH WKDW LW LV HLWKHU D pQLWH RU FRXQWDEO\ LQpQLWH UHSUHVHQWDWLRQ�� 0RUHRYHU�

WKH SURMHFWLYH QRUP N c N b RQ ; Enb < LV JLYHQ E\

N]N b  LQI; _ N[ _ N N\ _ N�
ZKHUH WKH LQpPXP LV WDNHQ RYHU DOO UHSUHVHQWDWLRQV

3 _ [ _ n \ _ RI ]� ; Enb < �
3URRI� /HW ; Enb < EH WKH FRPSOHWLRQ RI ; nb < � ,GHQWLI\ ; nb < ZLWK LVRPHWULFDOO\

LVRPRUSKLF LPDJHV RI LW� DQG VR UHJDUG ; nb < DV EHLQJ GHQVH LQ ; Enb < � 7KXV WDNH

]� ; Enb < Q; nb < �RWKHUZLVH WKH UHVXOWLQJ pQLWH VXP LV WULYLDOO\ REWDLQHG� VR WKDW
] LV DUELWUDULO\ FORVH WR HOHPHQWV LQ ; nb < � 7DNH DQ DUELWUDU\ � ! �� )RU HDFK SRVL�
WLYH LQWHJHU N WDNH ] _  3 a]¾¨ º�� [ ¨ n \

¨
LQ ; nb < VXFK WKDW

N]b] _ N b � ¿� �� ¾ �
,Q SDUWLFXODU�

ppN] � N b b N]N b pp x N] � b]N b x ¿� �� DQG KHQFH N] � N b x N]N b � ¿� �� �
7DNH D UHSUHVHQWDWLRQ

3 a¡À¨ º�� [ ¨ n \
¨
IRU ] � IRU ZKLFK3 a¡À¨ º�� N[ ¨ N N\ ¨ N LV FORVH HQRXJK

WR N] � N b  LQI ´Bµ ¶ ·BÁ À¶ Â À ® ´1¸ ¶ ·BÁ À¶ Â À 3 a¡À¨ º�� N[ ¨ N N\ ¨ N� VD\
; a¡À¨ º�� N[ ¨ N N\ ¨ N x N] � N b � ¤ ¿½ x N]N b � ��

&RPSXWLQJ WKH QRUP RI ] _8Ã � b] _ � ; nb < ZH JHW
N] _8Ã � b] _ N b x N] _8Ã � b]N b � N]b] _ N b � ¿� �� ¾1Ä À � ¿� �� ¾  ¿� �� ¾ ¤� � �

�� ¾ �
VR ZH FDQ WDNH D UHSUHVHQWDWLRQ

3 a]¾1Ä À¨ º a ¾ Ã � [ ¨ n \
¨
IRU ] _�Ã � b] _ � ; n ª < IRU ZKLFK3 a]¾1Ä À¨ º a]¾0Ã � N[ ¨ N N\ ¨ N LV FORVH HQRXJK WR N] _8Ã � b] _ N b � VD\

; a]¾+Ä À¨ º a]¾0Ã � N[
¨
N N\

¨
N x N] _8Ã � b] _ N b � ¿½ �� ¾ � ¿� �� ¾ ¤� � ¿� �� ¾ ��  �

�� ¾ �
6LQFH N c N b LV D UHDVRQDEOH FURVVQRUP ZH JHW IRU HDFK N ! �

; a]¾1Ä À¨ º�� N[
¨
n \

¨
N b  

; a¡À¨ º�� N[ ¨ N N\ ¨ N�
; _

Å º#�
; a Æ Ä À¨ º a ÆBÃ � N[

¨
N N\

¨
N

� N]N b � �� �
; _

Å º�� �� Æ � N]N b � ���
7KXV WKH VHTXHQFH I[

¨
n\

¨
J LV DEVROXWHO\ VXPPDEOH ZLWK

3 ¨
N[

¨
n \

¨
N b � N]N b � ���

7KHUHIRUH� VLQFH ; Enb < LV D %DQDFK VSDFH� WKH VHTXHQFH LV VXPPDEOH� 7KLV PHDQV

WKH VHTXHQFH RI SDUWLDO VXPV I
3 a]¾¨ º#� [ ¨ n \

¨
J FRQYHUJHV LQ ; Enb < � +HQFH WKH OLPLW

]� ; Enb < RI ] _  3 a]¾¨ º�� [ ¨ n \
¨
� ; nb < LV UHSUHVHQWHG DV
]  

; ¨ [ ¨ n \
¨
�
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DQG

N]N b x ; ¨ N[ ¨ n \
¨
N b  ; ¨ N[ ¨ N N\ ¨ N x N]N b � ���

VR WKDW WKH SURMHFWLYH QRUP N]N b RI ] LV WKH LQpPXP RI
3 ¨

N[
¨
N N\

¨
N RYHU DOO

UHSUHVHQWDWLRQV RI ] RI WKH IRUP
3 ¨

[
¨
n \

¨
�

7KHRUHP ���� 8QLYHU VDO 0 DSSLQJ 3U LQF LSO H� ,I � ; �< �=� LV DQ DUELWUDU\

WULSOH RI %DQDFK VSDFHV� WKHQ

E > ; d< �=@ | %> ; Enb < �= @

�L�H�� WKH %DQDFK VSDFHV E > ; d< �=@ DQG %> ; Enb < �= @ DUH LVRPHWULFDOO\ LVRPRUSKLF��

3URRI� 7DNH WKH QDWXUDO ELOLQHDU PDS v � E> ; d< � ; n < @ DVVRFLDWHG ZLWK WKH WHQVRU
SURGXFW VSDFH ; n < � ,W LV UHDGLO\ YHULpHG WKDW WKH FRPSRVLWLRQ ZLWK v� QDPHO\

& ¦ �j�  j r v � E> ; d< �= @ IRU HYHU\ j � / > ; n < �=@�

GHpQHV D OLQHDU�VSDFH LVRPRUSKLVP & ¦ � / > ; n < �= @� E> ; d< �= @� (TXLS WKH OLQHDU
VSDFH ; n < ZLWK WKH SURMHFWLYH QRUP WR JHW WKH QRUPHG VSDFH ; nb < � 6LQFH = LV
D %DQDFK VSDFH� %> ; nb < �= @ LV D %DQDFK VSDFH ZKLFK LV D OLQHDU PDQLIROG RI WKH
OLQHDU VSDFH / > ; nb < �=@� /HW - EH WKH UHVWULFWLRQ WR %> ; nb < �=@ RI WKH OLQHDU�
VSDFH LVRPRUSKLVP & ¦ RQ / > ; nb < �= @� ZKLFK UHPDLQV OLQHDU DQG LQMHFWLYH�

-  & ¦ M È�É ±O¼ b ³ ® Ê�Ë � %> ; nb < �= @� 5�- � v E> ; d< �= @�

1H[W ZH VKRZ WKDW �D� 5�- �  E > ; d< �= @ DQG �E� - LV DQ LVRPHWU\ RQWR 5�- ��
�/HW N c N Ì DQG N c N Í VWDQG IRU WKH QRUPV LQ %> ; nb < �= @ DQG E > ; d< �=@��

�D � � ,I j � %> ; nb < �=@� WKHQ - �j�  & ¦ �j�  j r v � E> ; d< �= @ LV VXFK WKDW

��[� \�  - �j��[� \�  �j r v��[� \�  j�[n \� IRU HYHU\ �[� \� � ; d< �

DQG KHQFH

N- �j��[� \�N Î  Nj�[n \�N Î x NjN Ì N[n \N b  NjN Ì N[N Ï N\N Ð � �e�

7KHQ WKH ELOLQHDU PDS - �j� LV ERXQGHG� 7KXV - �j� � E > ; d< �=@ IRU HYHU\ j LQ
%> ; nb < �= @� DQG VR 5�- � v E > ; d< �=@�

�D � � &RQYHUVHO\� LI � � E > ; d< �= @� WKHQ WKHUH LV D XQLTXH j � %> ; nb < �= @ VXFK
WKDW & ¦ �j�  j r v  �� 6R

Nj�[n \�N Î  Nj r v�[� \�N Î  N��[� \�N Î x N�N Í N[N Ï N\N Ð
IRU HYHU\ �[� \� � ; d< � +HQFH IRU DQ DUELWUDU\ ]  3 ¨

[
¨
n \

¨
� ; nb < �

Nj�]�N Î  
qqqj

; ¨ [ ¨ n \
¨ qqq Î  

qqq
; ¨ j�[ ¨ n \

¨
�
qqq Î

x
; ¨ N�N Í N[ ¨ N Ï N\ ¨ N Ð  N�N Í ; ¨ N[ ¨ N Ï N\ ¨ N Ð �

6LQFH WKLV KROGV IRU HYHU\ �pQLWH� UHSUHVHQWDWLRQ RI ] 3 ¨
[
¨
n\

¨
� DQG VLQFH N]N b  

LQI
3 ¨

N[
¨
N Ï N\ ¨ N Ð RYHU DOO UHSUHVHQWDWLRQV� WKHQ IRU HYHU\ ] � ; nb <

Nj�]�N Î x N�N Í N]N b � �ee�

DQG WKH OLQHDU j LV ERXQGHG� j � %> ; nb < �= @� 6R �  & ¦ �j�  - �j� v 5�- ��
7KXV� DV WKLV KROGV IRU HYHU\ � � E > ; d; �= @� ZH JHW E > ; d; �= @ v 5�- ��

�D� %\ �D � � DQG �D � � ZH JHW 5�- �  E > ; d< �= @�
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�E� 7DNH DQ DUELWUDU\ j � %> ; nb < �= @� $V ZH VDZ LQ �e��

N- �j��[� \�N Î x NjN Ì N[N Ï N\N Ð
IRU HYHU\ �[� \� � ; d< � 7KHQ WKH ELOLQHDU PDS - �j� LV ERXQGHG ZLWK QRUP

N- �j�N Í x NjN Ì �
&RQYHUVHO\� WKH XQLTXH �  & ¦ �j�  - �j� LV VXFK WKDW � � E > ; d< �=@ EHFDXVH
5�- � v E > ; d< �= @ E\ �D � � DQG VR� DV ZH VDZ LQ �ee��

Nj�]�N Î x N�N Í N]N b
IRU HYHU\ ] � ; nb < � 7KHUHIRUH�

NjN Ì x N�N Í  N- �j�N Í �
7KXV N- �j�N Í  NjN Ì IRU HYHU\ j � %> ; nb < �= @� 7KDW LV� - LV DQ LVRPHWU\�

�F� 7KHQ WKH OLQHDU WUDQVIRUPDWLRQ - � %> ; nb < @� E > ; d< �= @ LV D VXUMHFWLYH LVRPH�
WU\ E\ �D� DQG �E�� ZKLFK PHDQV - LV DQ LVRPHWULF LVRPRUSKLVP� +HQFH %> ; nb < �=@
DQG E > ; d< �= @ DUH LVRPHWULFDOO\ LVRPRUSKLF %DQDFK VSDFHV�

%> ; nb < �= @ | E > ; d< �= @�

&RQVLGHU WKH FRPSOHWLRQ ; Enb < RI ; nb < � 6LQFH = LV FRPSOHWH� LW IROORZV WKDW

%> ; Enb < �= @ | %> ; nb < �= @�

6R WKH VWDWHG UHVXOW IROORZV E\ WUDQVLWLYLW\�

�� 1XF O HDU 2SHU DW RU V

/HW ; �< � 9 EH %DQDFK VSDFHV� $V D VWDUWLQJ SRLQW� FRQVLGHU WKH IROORZLQJ H[SUHV�
VLRQ LQYROYLQJ WKH SURMHFWLYH WHQVRU SURGXFW�

; ^ En b 9 ^ v � ; Enb 9 � ^ | E > ; d9 �)@ | %> ; � 9 ^ @�
7KH DERYH LQFOXVLRQ FRPHV IURP WKH GHpQLWLRQ RI D UHDVRQDEOH FURVVQRUP� WKH pUVW
LVRPHWULF LVRPRUSKLVP LV D SDUWLFXODU FDVH RI WKH XQLYHUVDO PDSSLQJ SULQFLSOH IRU
WKH SURMHFWLYH QRUP DV LQ 7KHRUHP ���� DQG WKH VHFRQG RQH LV WKH FODVVLFDO LGHQWL�
pFDWLRQ RI ERXQGHG ELOLQHDU IRUPV ZLWK ERXQGHG OLQHDU WUDQVIRUPDWLRQV �VHH� H�J��
>�� 6HFWLRQ ���� S��@�� )RU WKH SDUWLFXODU FDVH ZKHUH < LV LVRPHWULFDOO\ LVRPRUSKLF
WR WKH GXDO RI VRPH %DQDFK VSDFH 9 �IRU LQVWDQFH� LI LV < LV UHqH[LYH�� WKHQ ZH JHW
; ^ En b < v %> ; �< @� ZKHUH WKH LQFOXVLRQ PHDQV DOJHEUDLF HPEHGGLQJ� 2Q WKH RWKHU
KDQG� WKLV QRW RQO\ KROGV LQ JHQHUDO �QR UHVWULFWLRQ WR %DQDFK VSDFHV EHLQJ WKH GXDO
RI VRPH %DQDFK VSDFH� EXW LV VWUHQJWKHQHG WR DQ LVRPHWULF HPEHGGLQJ IRU WKH LQMHF�
WLYH QRUP LQVWHDG� WKH LQMHFWLYH WHQVRU SURGXFW ; ^ En ª < LV LVRPHWULFDOO\ HPEHGGHG

LQ WKH %DQDFK VSDFH %> ; �< @� DQG VR LW LV YLHZHG DV D VXEVSDFH RI %> ; �< @�

; ^ En ª < v %> ; �< @

�VHH� H�J�� >�� 3URSRVLWLRQ �����@�� 7KLV IDLOV LQ JHQHUDO IRU WKH SURMHFWLYH QRUP� DQG
WKH WKHRUHP EHORZ VKRZV KRZ IDU RQH FDQ JHW DORQJ WKLV OLQH LQ WKH JHQHUDO FDVH�

7KHRUHP ���� 7KHUH LV D QDWXUDO WUDQVIRUPDWLRQ . � ; ^ Enb < � %> ; �< @ VXFK WKDW

�D� . LV D OLQHDU FRQWUDFWLRQ ZLWK N.N  ��
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�E� WKH UDQJH 5�.� RI . LV FKDUDFWHUL]HG DV IROORZV � 7 � %> ; �< @ OLHV LQ 5�.�
LI DQG RQO\ LI WKHUH DUH ; ^ �YDOXHG DQG <�YDOXHG VHTXHQFHV II _ J DQG I\ _ J IRU

ZKLFK WKH UHDO VHTXHQFH INI _ NN\ _ NJ LV VXPPDEOH DQG

7[  
;

_ I _ �[�\ _ IRU HYHU\ [ � ; �

DQG

�F� IRU HDFK 7 �5�.��

N7N �  LQI´B¬ ¾ · ® ´1¸ ¾ · ®>Ó�º�Ô ¾ ¬ ¾8ÕgÖ × ¸ ¾
;

_ NI _ NN\ _ N
GHpQHV D QRUP RQ WKH OLQHDU VSDFH 5�.� IRU ZKLFK N7N x N7N � �

3URRI� /HW ; ^ EH WKH GXDO RI ; � 7DNH DQ DUELWUDU\ ] 3 _ I _ n \ _ � ; ^ Enb < VR
WKDW N]N b  LQI

3 _ NI _ NN\ _ N E\ 7KHRUHP ���� $VVRFLDWHG ZLWK ] FRQVLGHU WKH
QDWXUDO WUDQVIRUPDWLRQ k Ø � ; � < JLYHQ E\

k Ø [  ;
_ I _ �[� \ _ IRU HYHU\ [ � ; �

ZKLFK LV OLQHDU DQG GRHV QRW GHSHQG RQ WKH UHSUHVHQWDWLRQ
3 _ I _ n \ _ RI ]� $OVR�

k Ø LV ERXQGHG� ,Q IDFW Nk Ø [N x
3 _ NI _ NN\ _ NN[N� 6R Nk Ø [N x N]N b N[N� IRU HYHU\

[ � ; � 7KXV k Ø OLHV LQ %> ; �< @ IRU HDFK ] � ; ^ Enb < � 7KLV GHpQHV D WUDQVIRUPDWLRQ

. � ; ^ Enb < � %> ; �< @ VXFK WKDW .�]�  k Ø IRU HYHU\ ] � ; ^ Enb < �

�D� . LV FOHDUO\ OLQHDU� ,W LV FRQWUDFWLRQ DV ZHOO� ,Q IDFW� DV Nk Ø [N x N]N b N[N IRU
HYHU\ [� ; � N.�]�N  Nk Ø N  VXS «3µR« º�� Nk Ø [N x N]N b IRU HYHU\ ]� ; ^ Enb < � 6R

. � %
d
; ^ Enb < �%> ; �< @

e
ZLWK N.N  VXS « Ø « b º�� N.�]�N x �� 5HYHUVHO\� IRU I n \

LQ ; ^ Enb < ZLWK NIN  N\N  � ZH JHW Nk ¬�¼S¸ [N  MI�[�MN\N  MI�[�M� DQG KHQFH
N.�I n \�N  Nk ¬�¼H¸ N  VXS «3µ]« º�� MI�[�M  NIN  �  NINN\N  NI n \N b � 7KHQ
ZLWK ] I n \ LQ ; ^ nb < ZH JHW N]N b  � DQG N.�]�N  N]N b � 7KXV N.N y ��

�E� %\ GHpQLWLRQ� .�I n \�  7 � %> ; �< @ LI DQ RQO\ LI 7[  k ¬�¼�¸ �[�  I�[�\ IRU

HYHU\ [ � ; � 7KHQ IRU DQ DUELWUDU\ ] 3 _ I _ n \ _ � ; ^ Enb < �
.�]�  7 � %> ; �< @ LI DQ RQO\ LI 7[  k Ø �[�  ;

_ I _ �[�\ _
IRU HYHU\ [� ; � VLQFH .�]�  3 _ .�I _ n \ _ � EHFDXVH . LV OLQHDU DQG ERXQGHG�
7KLV FKDUDFWHUL]HV WKH UDQJH 5�.� RI . �

�F� $V IRU N c N � EHLQJ D QRUP RQ 5�.�� ZH YHULI\ WKH WULDQJOH LQHTXDOLW\ RQO\�
7DNH 7� 7 Ù � 5�.� VR WKDW 7 � 7 Ù  3 _ I _ �c�\ _ �3 _ I Ù_ �c�\ Ù_  3 _ I Ù Ù_ �c�\ Ù Ù_ � 7KXV
N7 � 7 Ù N �  LQI ¬ ¾ ® ¸ ¾ ® ¬�Ú¾ ® ¸�Ú¾ �3 _ NI _ NN\ _ N� NI Ù_ NN\ Ù_ N�  LQI ¬�Ú Ú¾ ® ¸�Ú Ú¾ 3 _ NI Ù Ù_ NN\ Ù Ù_ N x
LQI ¬ ¾ ® ¸ ¾ 3 _ NI _ NN\ _ N � LQI ¬�Ú¾ ® ¸�Ú¾ 3 _ NI Ù_ NN\ Ù_ N  N7N � � N7 Ù N � � 1RZ IRU WKH QRUP
LQHTXDOLW\� LI 7 �5�.�� WKHQ WKHUH DUH II _ J DQG I\ _ J ZLWK INI _ NN\ _ NJ VXPPDEOH
VXFK WKDW 7 �[�  

3 _ I _ �[�\ _ � DQG VR N7[N  N
3 _ I _ �[�\ _ N� IRU HYHU\ [ � ; � 7KXV

N7N  VXS«3µ]« º�� N7[N x VXS«3µ]« º��
;

_ NI _ NN\ _ NN[N  
;

_ NI _ NNJ _ N

VR WKDW N7N x LQI
3 _ NI _ NNJ _ N  N7N � �

$ WUDQVIRUPDWLRQ 7 � %> ; �< @ LV QXFOHDU LI LW OLHV LQ WKH UDQJH5�.� RI VXFK D QDW�
XUDO FRQWUDFWLRQ ZLWK XQLW QRUP .� %> ; ^ Enb < � %> ; �< @ @ GHpQHG LQ 7KHRUHP ����
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DQG WKH UDQJH 5�.� LV FDOOHG WKH OLQHDU VSDFH RI QXFOHDU WUDQVIRUPDWLRQV � 7KXV VHW

% � > ; �< @  5�.� v %> ; �< @� ,Q SDUWLFXODU� % � > ; @  % � > ; � ; @ v %> ; @�

7KHRUHP ��� SURPSWV WKH IROORZLQJ UHGHpQLWLRQ�

$ OLQHDU WUDQVIRUPDWLRQ 7 � %> ; �< @ EHWZHHQ %DQDFK VSDFHV ; DQG < LV QX�
FOHDU �L�H�� 7 �% � > ; �< @� LI WKHUH DUH ; ^ �YDOXHG DQG <�YDOXHG VHTXHQFHV II _ J
DQG I\ _ J VXFK WKDW3 _ NI _ NN\ _ N � � DQG 7[  

3 _ I _ �[�\ _ IRU HYHU\ [ � ; �

7KH H[SUHVVLRQ 7[  
3 _ I _ �[�\ _ LV D QXFOHDU UHSUHVHQWDWLRQ RI 7 DQG

N7N �  LQI; _ NI _ NN\ _ N IRU HYHU\ 7 � % � > ; �< @

�ZKHUH WKH LQpPXP LV WDNHQ RYHU DOO QXFOHDU UHSUHVHQWDWLRQV RI 7 � GHpQHV D QRUP
RQ WKH OLQHDU VSDFH % � > ; �< @� WKH QXFOHDU QRUP � VXFK WKDW N7N x N7N � �
7KH OLQHDU FRQWUDFWLRQ . RI QRUP RQH LQ 7KHRUHP ��� LV QRW QHFHVVDULO\ LQMHFWLYH

�WKXV LW PD\ QRW EH DQ LVRPHWU\� DQG 5�.� LV LGHQWLpHG ZLWK WKH TXRWLHQW VSDFH RI
; ^ Enb < PRGXOR 1 �.�� WKDW LV� % � > ; �< @ | �; ^ Enb <� 1 �.� �VHH� H�J�� >��� S���@��
DQG WKHUHIRUH % � > ; �< @ LV D %DQDFK VSDFH� +RZHYHU� LI RQH RI ; ^ RU < LV D %DQDFK
VSDFH ZLWK WKH DSSUR[LPDWLRQ SURSHUW\� WKHQ 1 �.�  I�J �VHH� H�J��>��� 3URSRVLWLRQ
���@�� DQG VR LQ WKLV FDVH % � > ; �< @ | ; ^ Enb < � ,Q SDUWLFXODU�

; LV D +LOEHUW VSDFH  � % � > ; @ | ; ^ Enb ; | ; Enb ; ^ �
0RUHRYHU� % � > ; @ LV D WZR�VLGHG LGHDO RI WKH %DQDFK DOJHEUD %> ; @ E\ WKH QH[W UHVXOW�
&RUROODU\ ���� /HW ; �< � 9 � : EH %DQDFK VSDFHV� ,I 7 � % � > ; �< @� 5 � %>9 � ; @
DQG / � %>< � : @� WKHQ /75 � % � >9 � : @ DQG N/75N � x N/NN7N � N5N�

3URRI� 7KLV LV D VWUDLJKWIRUZDUG FRQVHTXHQFH RI WKH GHpQLWLRQ RI QXFOHDU WUDQVIRU�
PDWLRQ� DV

3 _ NI _ NN\ _ N � � DQG 7[  
3 _ I _ �[�\ _ � VHW J _  I _ 5 � 9 ^ DQG Z _  

/\ _ � : � 6R
3 _ NJ _ NN\ _ N x

3 _ NI _ NN\ _ NN5N � � DQG 75[  
3 _ J _ �[�\ _ � $OVR3 _ NI _ NNZ _ N x

3 _ NI _ NNZ _ NN/N � � DQG /7[  
3 _ I _ �[�Z _ �

)URP QRZ RQ OHW ; EH D +LOEHUW VSDFH� 'HQRWH WKH LQQHU SURGXFW LQ ; E\ Kc � cL�
DQG WDNH WKH %DQDFK DOJHEUD %> ; @ RI DOO RSHUDWRUV RQ ; � &RQVLGHU WKH )RXULHU 6HULHV
DQG WKH 5LHV] 5HSUHVHQWDWLRQ 7KHRUHPV �VHH� H�J�� >��� 7KHRUHPV ���� DQG ����@��
$ IXQFWLRQDO I OLHV LQ ; ^ LI DQG RQO\ LI WKHUH LV D XQLTXH ] LQ ; � FDOOHG WKH 5LHV]
UHSUHVHQWDWLRQ RI I � VXFK WKDW I�[�  K[ � ]L IRU HYHU\ [ � ; DQG N]N  NIN� 7KXV
RQ D +LOEHUW VSDFH WKH SUHYLRXV UHGHpQLWLRQ FDQ EH UHZULWWHQ DV IROORZV�

$Q RSHUDWRU 7 � %> ; @ RQ D +LOEHUW VSDFH ; LV QXFOHDU �L�H�� 7 � % � > ; @� LI
WKHUH DUH ; �YDOXHG VHTXHQFHV I] _ J DQG I\ _ J VXFK WKDW3 _ N] _ NN\ _ N � � DQG
7[  

3 _ K[ � ] _ L\ _ IRU HYHU\ [ � ; �

)RU HDFK 7 � %> ; @ OHW 7 ^ � %> ; @ VWDQG IRU LWV +LOEHUW�VSDFH DGMRLQW�

&RUROODU\ ���� /HW 7 � %> ; @ EH DQ RSHUDWRU RQ D +LOEHUW VSDFH ; �

�D� ,I WKHUH H[LVW ; �YDOXHG VHTXHQFHV I] _ J DQG I\ _ J VXFK WKDW

7[  
;

_ K[ � ] _ L\ _ IRU HYHU\ [ � ; �

WKHQ

7 ^ [  ;
_ K[ � \ _ L] _ IRU HYHU\ [ � ; �
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�E� 7 LV QXFOHDU LI DQ RQO\ LI LWV DGMRLQW 7 ^ LV QXFOHDU DQG N7 ^ N �  N7N � �
3URRI� /HW 7 � %> ; @ EH DQ RSHUDWRU RQ D +LOEHUW VSDFH ; �

�D� 6XSSRVH WKHUH DUH ; �YDOXHG VHTXHQFHV I] _ J DQG I\ _ J VXFK WKDW
7[  

;
_ K[ � ] _ L\ _ IRU HYHU\ [ � ; �

7KHQ K7[ � \L  
n3 _ K[ � ] _ L\ _ � \o  3 _ K[ � ] _ LK\ _ � \L  3 _ n[ � K\ � \ _ L] _ o  n

[ �
3 _ K\ � \ _ L] _ o IRU HYHU\ [� \ � ; � DQG WKHUHIRUH �E\ XQLTXHQHVV RI WKH DGMRLQW�

7 ^ \  ;
_ K\ � \ _ L] _ IRU HYHU\ \ � ; �

�E� ,PPHGLDWH IURP LWHP �D� DQG WKH GHpQLWLRQ RI QXFOHDU RSHUDWRU RQ ; �

�� 7 U DF H�& O DVV 2SHU DW RU V

/HW ; EH D +LOEHUW VSDFH� $ VXPPDU\ RI WKH HOHPHQWDU\ H[SUHVVLRQV UHTXLUHG LQ

WKLV VHFWLRQ JRHV DV IROORZV� )RU HDFK 7 �%> ; @ VHW M7 M  �7 ^ 7 � ÀÝ � %> ; @� 7KHQ

N7[N
�
 K7[ �7[L  K7 ^ 7[ �[L  n

M7 M
�
[ �[

o
 

n
M7 M[ � M7 M[

o
 

qq M7 M[
qq �

IRU HYHU\ [ � ; � 6R N7N  
qq M7 M

qq� 6LQFH N7N
�
 N7 ^ 7N  N77 ^ N  N7 ^ N � � ZH JHW

qq M7 M
qq �  N7N

�
 

qq M7 M
� qq  qq M7 ^ M � qq  N7 ^ N �  qq M7 ^ Mqq � �

0RUHRYHU� VLQFH N4
ÀÝ N �  N4N  N4

�
N
ÀÝ IRU HYHU\ QRQQHJDWLYH RSHUDWRU 4 � %> ; @�

qq M7 M
ÀÝ qq �  qq M7 M

qq  
qq M7 M

� qq ÀÝ �
+HQFH IRU HDFK [ � ; �
qq M7 M[

qq �  qq M7 M
ÀÝ M7 M ÀÝ [qq � x qq M7 M

ÀÝ qq � qq M7 M ÀÝ [qq �  qq M7 M
qq qq M7 M

ÀÝ
[
qq �  N7N

n
M7 M[ �[

o
�

1RZ OHW IH
`
J
` °RÞ DQG II

`
J
` °RÞ EH DUELWUDU\ RUWKRQRUPDO EDVHV IRU D +LOEHUW VSDFH

; � LQGH[HG E\ DQ DUELWUDU\ QRQHPSW\ LQGH[ VHW b �DOWHUQDWH QRWDWLRQ� IH
`
J
`
RU

IH
`
J�� %\ WKH 3DUVHYDO LGHQWLW\ �YL]�� N[N

�
 

3 `
MK[ � H

`
LM
�
IRU HYHU\ [ � ; � ZH JHW

; ` °RÞ N7H ` N �  ;
Õ ` ® ß × °RÞ Ý MK7H

`
� I ß LM �  ;

Õ ` ® ß × °RÞ Ý MK7 ^ I ß � H ` LM �  ;
ß °�Þ N7 ^ I ß N �

ZKHQHYHU DQ\ RI WKH IDPLOLHV IN7H
`
NJ

`
RU IN7 ^ I ` NJ ` LV VTXDUH VXPPDEOH �L�H�� LI3 `

N7H
`
N
�
� � RU

3 `
N7 ^ I ` N � � �� IRU VRPH RUWKRQRUPDO EDVHV IRU ; � $SSO\LQJ

WKH DERYH GLVSOD\HG LGHQWLW\ WR M7 M
ÀÝ � %> ; @ LQVWHDG RI 7 � %> ; @ ZH JHW

; ` nM7 MH ` � H ` o  ; ` nM7 MI ` � I ` o�
7KXV LI WKH IDPLO\ RI SRVLWLYH QXPEHUV

jn
M7 MH

`
� H
` ok `

 
jqq M7 M

ÀÝ H ` qq � k ` LV VXPPD�
EOH� WKHQ LWV VXP GRHV QRW GHSHQG RQ WKH RUWKRQRUPDO EDVLV IH

`
J
`
IRU ; �

$Q RSHUDWRU 7 � %> ; @ RQ D +LOEHUW VSDFH ; LV WUDFH�FODVV LI
3 ` n

M7 MH
`
� H
` o

��

IRU DQ DUELWUDU\ RUWKRQRUPDO EDVLV IH
`
J IRU ; �

/HW % � > ; @ GHQRWH WKH VXEVHW RI %> ; @ FRQVLVWLQJ RI DOO WUDFH�FODVV RSHUDWRUV� 6LQFHn
M7 M[ �[

o
 

qq M7 M
ÀÝ [qq � IRU HYHU\ [ � ; � DQ RSHUDWRU 7 OLHV LQ % � > ; @ LI DQG RQO\ LI3 ` qq M7 M ÀÝ H ` qq � � � IRU DQ DUELWUDU\ RUWKRQRUPDO EDVLV IH

`
J� 6R IRU 7 � % � > ; @ VHW

N7N �  ; ` nM7 MH ` � H ` o  ; ` qq M7 M ÀÝ H ` qq � �
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&OHDUO\�
pp M7 M

pp  M7 M� 7KHQ M7 M
�
 7 ^ 7 � %> ; @ LV WUDFH�FODVV �L�H�� M7 M

�
OLHV LQ % � > ; @�

LI DQG RQO\ LI
3 ` qq M7 MH ` qq � � �� HTXLYDOHQWO\� LI

3 `
N7H

`
N
�
���

$Q RSHUDWRU 7 �%> ; @ RQ D +LOEHUW VSDFH ; LV +LOEHUW^6FKPLGW LI M7 M
�
�% � > ; @�

HTXLYDOHQWO\ LI
3 `

N7H
`
N
�
�� IRU DQ DUELWUDU\ RUWKRQRUPDO EDVLV IH

`
J IRU ; �

/HW % � > ; @ GHQRWH WKH VXEVHW RI %> ; @ FRQVLVWLQJ RI DOO +LOEHUW^6FKPLGW RSHUDWRUV� ,I
7 OLHV LQ % � > ; @� WKHQ VHW N7N ��  3 `

N7H
`
N
�
VR WKDW IURP ZKDW ZH KDYH VHHQ DERYH�

N7N �  
t; ` N7H ` N �

u ÀÝ
 

t; ` qq M7 MH ` qq �
u ÀÝ
 

qq M7 M
� qq ÀÝ�  N7 ^ 7N

ÀÝ� �
DQG VR �UHFDOO�

pp M7 M
pp  M7 M� ZH PD\ LQIHU�

7 � % � > ; @ �� M7 M � % � > ; @ �� M7 M
ÀÝ � % � > ; @ DQG N7N �  qq M7 M

qq �  qq M7 M
ÀÝ qq �� �

7 � % � > ; @ �� M7 M � % � > ; @ �� M7 M
�
� % � > ; @ DQG N7N

��  qq M7 M
qq
�
�  qq M7 M

� qq � �
/HPPD ���� /HW ; EH D +LOEHUW VSDFH� 7KH IROORZLQJ DVVHUWLRQV KROG WUXH�

�D� 7KH VHW % � > ; @ LV D OLQHDU VSDFH DQG N c N � � % � > ; @� 5 LV D QRUP RQ % � > ; @�
�E� ,I 6 � %> ; @ DQG 7 � % � > ; @� WKHQ PD[IN67N � � N76N � J x N6N N7N � �
�F� % � > ; @ LV DQ LGHDO RI WKH DOJHEUD %> ; @�

�G� % � > ; @ v % � > ; @ DQG N7N x N7N � IRU HYHU\ 7 � % � > ; @�
�H� 7 ^ � % � > ; @ LI DQG RQO\ LI 7 � % � > ; @ DQG N7N �  N7 ^ N � �

3URRI� 6XSSRVH 6 DQG 7 OLH LQ %> ; @ DQG FRQVLGHU WKH IROORZLQJ DVVHUWLRQ�

&ODLP �� ,I 6� 7 � % � > ; @� WKHQ 6 � 7 � % � > ; @ DQG N6 � 7N � x N6N � � N7N � �
3URRI RI &ODLP �� /HW WKH LQGH[ q UXQ RYHU DQ DUELWUDU\ LQGH[ VHW b � "� FRQVLGHU
WKH 6FKZDU] LQHTXDOLW\ RQ WKH +LOEHUW VSDFH C

�
RYHU b� DQG WDNH 6� 7 � % � > ; @ VR WKDW3 `

N6H
`
NN7H

`
Nx

b3 `
N6H

`
N
� c ÀÝ b3 `

N7H
`
N
� c ÀÝ  N6N � N7N � LI 6� 7 �% � > ; @� 7KXV

N7 � 6N
��  ; ` N6H ` � 7H

`
N
�
x

; ` bN6H ` N� N7H
`
N
c �

 
; ` N6H ` N � �; ` N7H ` N � � �; ` N6H ` N N7H ` N

x N6N
�� � N7N

�� � �N6N � N7 N �  �N6N � � N7N � � � �
6LQFH KRPRJHQHLW\� QRQQHJDWLYLW\ DQG SRVLWLYLW\ IRU N c N � � % � > ; @� 5 LV UHDGLO\
YHULpHG� &ODLP � LV HQRXJK WR HQVXUH WKDW

% � > ; @ LV D OLQHDU VSDFH DQG N c N � LV D QRUP RQ LW�
$OVR� LI 6 � %> ; @ DQG 7 � % � > ; @� WKHQ N67N

��  3 `
N67H

`
N
�
x N6N

� 3 `
N7H

`
N
�
 

N6N
�
N7N

�� � 6LPLODUO\� N76N ��  3 `
N76H

`
N
�
 

3 `
N�76� ^ H ` N �  3 `

N6 ^ 7 ^ H ` N � x
N6 ^ N � 3 `

N7 ^ H ` N �  N6N
� 3 `

N7H
`
N
�
 N6N N7N

�� � 7KHUHIRUH�
PD[IN67N � � N76N � J x N6N N7N �

DQG
% � > ; @ LV DQ LGHDO �L�H�� D WZR�VLGHG LGHDO� RI %> ; @�

1RZ WDNH DQ DUELWUDU\ 7 �% � > ; @ VR WKDW 3 ` °�Þ N7 ^ H ` N �  3 ` °RÞ N7H ` N � ��� DQG

WDNH DQ\ LQWHJHU Qy �� 7KXV WKHUH LV D pQLWH VHW1 a vb VXFK WKDW3 _ ° � N7 ^ H _ N � � �
a

IRU DOO pQLWH VHWV 1 vbQ1 a �&DXFK\ FULWHULRQ IRU VXPPDEOH IDPLOLHV _ VHH� H�J��>���
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7KHRUHP ����@�� 6R
3 ` °RÞRà � Á N7 ^ H ` N � � �

a � 5HFDOO WKDW 7[  3 ` °RÞ K7[ � H ` LH ` IRU
HYHU\ [� ; �)RXULHU VHULHV H[SDQVLRQ�� 6HW 7 a [  3 _ ° � Á K7[ � H _ LH _ IRU HDFK [� ; �

ZKLFK GHpQHV DQ RSHUDWRU 7 a LQ % � > ; @ EHFDXVH 1 a LV pQLWH� +HQFH N�7 b 7 a �[N �  3 ` °�ÞRà � Á MK7[ � H
`
LM
�
x

b3 ` °RÞRà � Á N7 ^ H ` N � cN[N � IRU HYHU\ [� ; � 7KLV LPSOLHV WKDW

N7 a b 7N � �� DQG VR 7 LV WKH XQLIRUP OLPLW RI D VHTXHQFH RI pQLWH�UDQN RSHUDWRUV
RQ D %DQDFK VSDFH� DQG WKHUHIRUH 7 LV FRPSDFW �VHH� H�J�� >��� &RUROODU\ ����@��

(YHU\ +LOEHUW^6FKPLGW RSHUDWRU LV FRPSDFW�

$V ZH VDZ DERYH�
3 `

N7H
`
N
�
 

3 `
N7 ^ H ` N � DQG N7HN x N7N � LI NHN  �� DQG VR

7 ^ � % � > ; @ LI DQG RQO\ LI 7 � % � > ; @ DQG N7N x N7N �  N7 ^ N � �

7KH QRUP N c N � RQ WKH OLQHDU VSDFH % � > ; @ RI DOO +LOEHUW^6FKPLGW RSHUDWRUV LV
UHIHUUHG WR DV WKH +LOEHUW^6FKPLGW QRUP �

7KHRUHP ���� /HW ; EH D +LOEHUW VSDFH� 7KH IROORZLQJ DVVHUWLRQV KROG WUXH�

�D� 7KH VHW % � > ; @ LV D OLQHDU VSDFH DQG N c N � � % � > ; @� 5 LV D QRUP RQ % � > ; @�
�E� 7 � % � > ; @ LI DQG RQO\ LI 7  $% IRU VRPH $�% � % � > ; @�
�F� % � > ; @ v % � > ; @ DQG N7N

�� x N7N N7N � VR WKDW N7N � x N7N � IRU 7 � % � > ; @�
�G� % � > ; @ LV DQ LGHDO RI WKH DOJHEUD %> ; @�

�H� ,I 6 � %> ; @ DQG 7 � % � > ; @� WKHQ PD[IN67N � � N76N � J x N6N N7N � �
�I� 7 ^ � % � > ; @ LI DQG RQO\ LI 7 � % � > ; @ DQG N7N �  N7 ^ N � �
�J� % � > ; @ v % � > ; @�

3URRI� 6XSSRVH 6 DQG 7 OLH LQ %> ; @ DQG FRQVLGHU WKH IROORZLQJ DVVHUWLRQ�

&ODLP �� ,I 6� 7 � % � > ; @� WKHQ 6 � 7 � % � > ; @ DQG N6 � 7N � x N6N � � N7N � �
3URRI RI &ODLP �� &RQVLGHU WKH SRODU GHFRPSRVLWLRQV 7�6  : M7 � 6M� 7  : � M7 M
DQG 6  : � M6M� ZKHUH :�: � �: � DUH SDUWLDO LVRPHWULHV LQ %> ; @� VR WKDW M7�6M  
: ^ �7�6�� M7 M  : ^� 7 � DQG M6M  : ^� 7 � +HQFH �6FKZDUW] LQHTXDOLW\ RQ C

�
RYHU b�

N7 � 6N �  ; ` nM7 � 6MH
`
� H
` o

x
; ` MK7H ` �: ^ H ` LM �; ` MK6H ` �: ^ H ` LM

 
; ` ppnM7 M ÀÝ H ` � M7 M ÀÝ : ^� :H

` opp �; ` ppnM6M ÀÝ H ` � M6M ÀÝ : ^� :H
` opp

x
; ` qq M7 M ÀÝ H ` qq qq M7 M ÀÝ : ^� :H

` qq �; ` qq M6M ÀÝ H ` qq qq M6M ÀÝ : ^� :H
` qq

x
t; ` qq M7 M ÀÝ H ` qq �

u ÀÝ t; ` qq M7 M ÀÝ : ^� :H
` qq � u ÀÝ

�
t; ` qq M6M ÀÝ H ` qq �

u ÀÝ t; ` qq M6M ÀÝ : ^� :H
` qq � c ÀÝ

 
qq M7 M

ÀÝ qq � qq M7 M ÀÝ : ^� :qq � � qq M6M
ÀÝ qq � qq M6M ÀÝ : ^� :qq �

x
qq M7 M

ÀÝ qq �� N: ^� :N�
qq M6M

ÀÝ qq �� N: ^� :N x N7N � � N6N � �
�5HFDOO WKDW 7 � % � > ; @  � M7 M

ÀÝ � % � > ; @  � M7 M
ÀÝ $ � % � > ; @� 3 ` qq M7 M ÀÝ H ` qq �  qq M7 M

ÀÝ qq ��  N7N � � b3 ` qq M7 M ÀÝ $H
` qq � c ÀÝ  qq M7 M

ÀÝ $qq � x qq M7 M
ÀÝ qq � N$N E\ /HPPD ����E��

DQG N:N  N: � N  N: � N  � VLQFH WKHVH DUH SDUWLDO LVRPHWULHV��
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&ODLP � LV HQRXJK WR HQVXUH WKDW

% � > ; @ LV D OLQHDU VSDFH DQG N c N � LV D QRUP RQ LW�
VLQFH N c N � LV WULYLDOO\ KRPRJHQHRXV �VR HYHU\ PXOWLSOH RI DQ RSHUDWRU LQ % � > ; @
OLHV LQ % � > ; @�� DQG QRQQHJDWLYHQHVV DQG SRVLWLYHQHVV IRU N c N � DUH UHDGLO\ YHULpHG�
&RQVLGHU DJDLQ WKH SRODU GHFRPSRVLWLRQ 7  : � M7 M  : � M7 M ÀÝ M7 M ÀÝ � ,I 7 � % � > ; @�
WKHQ M7 M

ÀÝ OLHV LQ % � > ; @ DQG VR : � M7 M ÀÝ OLHV LQ % � > ; @ DV ZHOO DFFRUGLQJ WR /HPPD
����F�� &RQYHUVHO\� VXSSRVH 7  $% ZLWK $�% � % � > ; @� 7KXV 7 OLHV LQ % � > ; @ E\
/HPPD ����F� DJDLQ� 6LQFH M7 M  : ^� 7 ZH JHW M7 M  : ^ $% ZLWK $ ^ : � % � > ; @
�DFFRUGLQJ WR /HPPD ����F� RQFH DJDLQ�� 7KHUHIRUH
; ` nM7 MH ` � H ` o x ; ` N%H

`
NN$ ^ :H

`
N x

t; ` N%H
`
N
� u ÀÝ t; ` N$ ^ :H

`
N
� u ÀÝ

�E\ WKH 6FKZDU] LQHTXDOLW\ RQ ERWK +LOEHUW VSDFHV ; DQG C
�
RYHU b� DV ZH GLG

EHIRUH�� +HQFH 7 � % � > ; @ ZLWK N7N � x N%N � N$ ^ :N � x N%N � N$N � � 6XPPLQJ XS�
7 � % � > ; @ �� 7  $% IRU VRPH $�% � % � > ; @ DQG N7N � x N$N � N%N � �

$OVR� VLQFH WKH SURGXFW $% OLHV LQ % � > ; @ E\ /HPPD ����F�� % � > ; @ v % � > ; @�
(YHU\ WUDFH�FODVV RSHUDWRU LV +LOEHUW^6FKPLGW�

0RUHRYHU� VLQFH
qq M7 M[

qq � x N7N
qq M7 M

ÀÝ [qq � IRU HYHU\ [ � ; DQG N7N x N7N � �E\ /HP�
PD ����G��� ZH JHW N7N

��  3 ` qq M7 MH ` qq � x N7N
3 ` qq M7 M ÀÝ H ` qq �  N7N N7N � � 6R

N7 N
�� x N7NN7N �  � N7N � x N7N � IRU HYHU\ 7 � % � > ; @�

+HQFH LI 7 OLHV LQ % � > ; @ DQG 6 OLHV LQ %> ; @� WKHQ 67  �6$�% DQG 76  $�%6� IRU
VRPH $�% � % � > ; @� 7KXV 67  &% DQG 76  $' ZLWK ERWK &  6$ DQG '  %6
LQ % � > ; @ DFFRUGLQJ WR 3URSRVLWLRQ $��F�� 6R 67 DQG 76 OLH LQ % � > ; @� 7KHUHIRUH

% � > ; @ LV DQ LGHDO �L�H�� D WZR�VLGHG LGHDO� RI %> ; @�
&ODLP �� /HW IH

`
J EH DQ\ RUWKRQRUPDO EDVLV IRU ; � ,I 7 � % � > ; @ DQG 6 � %> ; @� WKHQ

�L�
3 `

MK7H
`
� H
`
LM x N7N � DQG

3 `
K7H

`
� H
`
L GRHV QRW GHSHQG RQ IH

`
J�

�LL�
3 `

K76H
`
� H
`
L  

3 `
K67H

`
� H
`
L�

�LLL�
pp3 `

K6M7 MH
`
� H
`
L
pp  

pp3 ` n
M7 M6H

`
� H
` opp x N6N N7N � �

3URRI RI &ODLP �� /HW 7  : � M7 M EH WKH SRODU GHFRPSRVLWLRQ RI 7 � % � > ; @� 6LQFH
M7 M

ÀÝ � % � > ; @ ZLWK qq M7 M
ÀÝ qq �  N7N

ÀÝ� DQG N: ^� N  � ZH JHW E\ /HPPD ����E��
�L � � ; ` MK7H ` � H ` LM  ; ` ppnM7 M ÀÝ H ` � M7 M ÀÝ : ^� H ` opp x ; ` qq M7 M ÀÝ H ` qq qq M7 M ÀÝ : ^� H ` qq

x
t; ` qq M7 M ÀÝ H ` qq �

u ÀÝ t; ` qq M7 M ÀÝ : ^� H ` qq �
u ÀÝ

x N7N
ÀÝ� qq M7 M ÀÝ : ^� qq � x N7N

ÀÝ� qq M7 M ÀÝ qq � N: ^� N x N7N �
�E\ WKH 6FKZDU] LQHTXDOLW\ RQ ERWK +LOEHUW VSDFHV ; DQG C

�
RYHU b DJDLQ�� 7KXV

IK7H
`
� H
`
LJ LV D VXPPDEOH IDPLO\� DQG E\ WDNLQJ DQ DUELWUDU\ RUWKRQRUPDO EDVLV

II
`
J IRU WKH +LOEHUW VSDFH ; � DQG DSSO\LQJ WKH )RXULHU 6HULHV 7KHRUHP� ZH JHW

�L � � ; ` K7H ` � H ` L  ; ` ® ß K7H ` � I ß L KI ß � H ` L� 
;

ß KI ß �7 ^ I ß L  ;
ß K7I ß � I ß L�
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%\ �L � � DQG �L � � ZH JHW �L�� $V 67 DQG 76 OLH LQ % � > ; @ E\ �G�� LW IROORZV E\ �L� WKDW
WKH VXPV LQ �LL� H[LVW DQG GR QRW GHSHQG RQ WKH RUWKRQRUPDO EDVLV� 6R OHW II

`
J EH

DQ\ RUWKRQRUPDO EDVLV IRU ; DQG FRQVLGHU DJDLQ WKH )RXULHU 6HULHV 7KHRUHP� 7KXV

�LL�
; ` K76H ` � H ` L  ; ` K6H ` �7 ^ H ` L  ; ` ® ß K6H ` � I ß LK7I ß � H ` L
 

; ` ® ß K7H ` � I ß LK6I ß � H ` L  
; ` K7H ` �6 ^ H ` L  ; ` K67H

`
� H
`
L�

5HFDOO� 7 �% � > ; @�� M7 M � % � > ; @�� M7 M
ÀÝ �% � > ; @ ZLWK N7N �  qq M7 M

qq �  qq M7 M
ÀÝ qq ��

�VR WKDW 6M7 M DQG M7 M6 OLH LQ % � > ; @ E\ �G��� DQG LI $ � % � > ; @ DQG % � %> ; @� WKHQ
N$%N � x N$N � N%N E\ /HPPD ����E�� 7KHUHIRUH� EHIRUH DSSO\LQJ �LL�� ZH JHW

�LLL�
ppp
; ` K6M7 MH ` � H ` L

ppp  
ppp
; ` nM7 M ÀÝ H ` � M7 M ÀÝ 6 ^ H ` o

ppp

x
t; ` qq M7 M ÀÝ H ` qq �

u ÀÝ t; ` qq M7 M ÀÝ 6 ^ H ` qq �
u ÀÝ

 
qq M7 M

ÀÝ qq � qq M7 M ÀÝ 6 ^ qq � x qq M7 M
ÀÝ qq � qq M7 M ÀÝ qq � N6 ^ N

 N7N � N6N�
1RZ DSSO\ &ODLP ��LLL� WR VXSSRUW WKH IROORZLQJ DUJXPHQW� &RQVLGHU DJDLQ WKH SRODU
GHFRPSRVLWLRQV 7  : � M7 M� 67  : á M67 M� DQG 76  : â M76M� ZKHUH : � � : á �
: â DUH SDUWLDO LVRPHWULHV LQ %> ; @ �ZLWK QRUP RQH DV ZHOO DV WKHLU DGMRLQW�� DQG
VR M67 M  : ^á 67  : ^á 6: � M7 M DQG M76M  : ^â 76  : ^â : � M7 M6� 6LQFH 7 OLHV LQ
% � > ; @� &ODLP ��LLL� HQVXUHV N67N �  3 ` n

M67 MH
`
� H
` o
 

3 `
K: ^á 6: � M7 MH ` � H ` L x

N: ^á 6: � N N7N � x N: ^á N N6N N: � N N7N �  N6N N7N � � 6LQFH : ^â : � M7 M � % � > ; @�
&ODLP ��LLL� DOVR HQVXUHV N76N �  3 ` n

M76MH
`
� H
` o
 

3 `
K: ^â : � M7 M6H ` � H ` L  3 `

K6: ^â : � M7 MH ` � H ` L x N6: ^â : � N N7N � x N6N N: ^â N N: � N7N �  N6N N7N � �7KXV
PD[IN67N � � N76N � J x N6N N7N � �

,I 7 � % � > ; @� WKHQ 7  $% ZLWK $�% � % � > ; @ E\ �E� �DQG VR $ ^ � % ^ � % � > ; @ E\
/HPPD ����H��� 7KHQ� XVLQJ �E� DJDLQ� 7 ^  % ^ $ ^ � % � > ; @� 'XDOO\� LI 7 ^ � % � > ; @�
WKHQ 7  7 ^(^ � % � @ ; @� 1RZ E\ WDNLQJ WKH SRODU GHFRPSRVLWLRQV 7  : � M7 M DQG
7 ^  : Ù� M7 ^ M ZH JHW M7 ^ M  : Ù ^� 7 ^  : Ù ^� M7 M: ^� � 7KHUHIRUH N7 ^ N �  qq M7 ^ Mqq �  
N: Ù ^� M7 M: ^� N � x N: Ù ^� N

qq M7 M
qq � N: ^� N �  qq M7 M

qq �  N7N � E\ �H� �SURYHG DERYH��
'XDOO\� N7N �  N7 ^(^ N � x N7 ^ N � � 7KXV

7 � % � > ; @ �� 7 ^ � % � > ; @ DQG N7 ^ N �  N7N � �
)LQDOO\� UHFDOO WKDW 5�7 � ã  1 �7 ^ � � � ,I GLP5�7 � LV pQLWH� WKHQ VR LV GLP 1 �7 ^ � � �
/HW IH ß J EH DQ RUWKRQRUPDO EDVLV IRU 1 �7 ^ � DQG OHW IH _ J EH D pQLWH RUWKRQRUPDO ED�
VLV IRU 1 �7 ^ � � � $V ;  1 �7 ^ � � 1 �7 ^ � � � WKHQ IH

`
J  IH ß J > IH _ J LV DQ RUWKRQRU�

PDO EDVLV IRU ; � 1RZ HLWKHU 7 ^ H `  � RU 7 ^ H `  7 ^ H _ � 7KHUHIRUH3 ` n
M7 ^ MH ` � H ` o  3 _ nM7 ^ MH _ � H _ o � �� 7KXV 7 ^ � % � > ; @� 6R 7 � % � > ; @ E\ �I�� +HQFH % � > ; @ v % � > ; @�

(YHU\ pQLWH�UDQN RSHUDWRU LV WUDFH�FODVV�

7R SURFHHG ZH QHHG WKH IROORZLQJ DX[LOLDU\ UHVXOW ZKLFK ZLOO VXSSRUW 5HPDUN ���
DQG 7KHRUHP ���� ,W LV D VWDQGDUG DSSOLFDWLRQ RI WKH 6SHFWUDO 7KHRUHP IRU FRPSDFW
RSHUDWRUV �IRU VLPLODU YHUVLRQV VHH� H�J�� >��� 7KHRUHP ������@� >��� 7KHRUHP ���@��
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3URSRVLWLRQ ���� ,I 7 LV FRPSDFW� WKHQ WKHUH H[LVW DQ RUWKRQRUPDO EDVLV IH
`
J IRU

; DQG D IDPLO\ RI QRQQHJDWLYH QXPEHUV Iz
`
J VXFK WKDW

M7 M[  
; ` z ` K[ � H ` LH ` IRU HYHU\ [ � ; �

3URRI� 7KH RSHUDWRU M7 M � %> ; @ LV QRQQHJDWLYH �VR QRUPDO� DQG FRPSDFW� �$V WKH
FODVV RI FRPSDFW RSHUDWRUV IURP %> ; @ LV DQ LGHDO RI %> ; @� WKH QRQQHJDWLYH VTXDUH
URRW M7 M RI WKH QRQQHJDWLYH FRPSDFW M7 M

�
LV FRPSDFW VLQFH M7 M

�
 7 ^ 7 LV FRPSDFW

_ VHH H�J�� >��� 3UREOHP ����@�� 6LQFH
qqM7 M[

qq  N7[N IRU HYHU\ [ � ; ZH JHW

1
b
M7 M

c
 1 �7 �� 7KHQ E\ WKH 6SHFWUDO 7KHRUHP WKHUH LV D FRXQWDEOH RUWKRQRUPDO

EDVLV IH _ J IRU WKH VHSDUDEOH +LOEHUW VSDFH +  1 �7 � � FRQVLVWLQJ RI HLJHQYHFWRUV RI
M7 M DVVRFLDWHG ZLWK SRVLWLYH HLJHQYDOXHV Iz _ J RI M7 M VXFK WKDW M7 MX  3 _ z _ KX � H _ LH _
IRU HYHU\ X � + �VHH� H�J�� >��� &RUROODU\ ���@�� 6LQFH ;  +j 1 ZLWK 1  1 �7 ��
WKHUH LV DQ RUWKRQRUPDO EDVLV IH

`
J IH _ J > IH ß J IRU ; � +HUH IH ß J LV DQ RUWKRQRUPDO

EDVLV IRU WKH �QRW QHFHVVDULO\ VHSDUDEOH� +LOEHUW VSDFH 1 � ZKHUH M7 MY  � IRU Y � 1
VR WKDW WKH DERYH H[SDQVLRQ RQ + GHVFULEHV M7 M[ IRU DOO [  Xj Y LQ WKH RUWKRJRQDO
GLUHFW VXP ;  +j 1 �ZLWK M7 MH ß  �� 7H _  z _ H _ � DQG z

`
 � LI q � N��

5HPDUN ���� 7DNH 7 �%> ; @ VR WKDW N7[N  
qq M7 M[

qq IRU HYHU\ [ � ; � ,I IH
`
J LV DQ\

RUWKRQRUPDO EDVLV IRU ; � WKHQ
3 ` n

M7 MH
`
� H
` o

x
3 ` qqM7 MH ` qq  3 `

N7H
`
N DQG VR

; ` N7H ` N � �  �
; ` nM7 MH ` � H ` o � � �� 7 � % � > ; @�

&RQYHUVHO\� 3URSRVLWLRQ ��� HQVXUHV WKH H[LVWHQFH RI DQ RUWKRQRUPDO EDVLV IH
`
J IRU

; VXFK WKDW M7 MH
`
 z

`
H
`
� 6R

3 `
N7H

`
N  

3 ` qqM7 MH ` qq  3 `
z
`
 

3 ` n
M7 MH

`
� H
` o
�

6LQFH % � > ; @ v % � > ; @ DFFRUGLQJ WR 7KHRUHP ����F� DQG /HPPD ����G�� ZH JHW
7 � % � > ; @ ��

; ` nM7 MH ` � H ` o � �  �
; ` N7H ` N � ��

7KHUHIRUH

�D� 7 � % � > ; @ ��
3 `

N7H
`
N � � IRU VRPH RUWKRQRUPDO EDVLV IH

`
J�

$JDLQ� VXSSRVH
3 ` n

M7 MH
`
� H
` o

� �� ZKLFK PHDQV 7 OLHV LQ % � > ; @� %\ 7KHRUHP
����E� 7  $% ZLWK $�% � % � > ; @ DQG VR 3 `

N$H
`
N
�
� � DQG

3 `
N%H

`
N
�
� �

IRU DQ DUELWUDU\ RUWKRQRUPDO EDVLV IH
`
J IRU ; � 6LQFH �MK7H

`
� H
`
LM  �MK$%H

`
� H
`
LM  

�MK%H
`
�$ ^ H ` LM x �N%H

`
NN$ ^ H ` N x N%H

`
N
�
� N$ ^ H ` N � � ZH JHW �3 `

MK7H
`
� H
`
LM x3 `

N%H
`
N
�
�

3 `
N$ ^ H ` N �  3 `

N%H
`
N
�
�
3 `

N$H
`
N
�
� �� +HQFH

�E� 7 � % � > ; @  � 3 `
MK7H _ � H ` LM � � IRU HYHU\ RUWKRQRUPDO EDVLV IH

`
J�

�$FWXDOO\� &ODLP ��L� LQ WKH SURRI RI 7KHRUHP ��� KDV VKRZQ E\ D GLoHUHQW SURRI
WKDW 7 � % � > ; @ LPSOLHV 3 `

MK7H _ � H ` LM � N7N � �� +RZHYHU� WKH FRQYHUVH RI �E� IDLOV�
�F�

3 `
MK7H _ � H ` LM � � IRU HYHU\ RUWKRQRUPDO EDVLV IH

`
J � � 7 � % � > ; @�

,QGHHG� WDNH D XQLODWHUDO VKLIW 6 � %> ; @ RI PXOWLSOLFLW\ RQH RQ DQ LQpQLWH�GLPHQVLRQDO
VHSDUDEOH +LOEHUW VSDFH ; � 7KHQ 6 VKLIWV D FRXQWDEOH RUWKRQRUPDO EDVLV IRU ; � 6D\
6H _  H _8Ã � IRU HDFK LQWHJHU N ! � IRU VRPH RUWKRQRUPDO EDVLV IH _ J IRU ; � 2EVHUYH
WKDW K6I _ � I _ L  � IRU HYHU\ RUWKRQRUPDO EDVLV II _ J IRU ; � ,Q IDFW� WDNH DQ\ RU�
WKRQRUPDO EDVLV II _ J IRU ; DQG FRQVLGHU WKH )RXULHU H[SDQVLRQ RI I _ LQ WHUPV RI
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IH _ J� YL]�� I _  3 Å KI _ � H Å LH Å � DQG VR 6I _  3 Å KI _ � H Å L6H Å � 7KHQ
K6I _ � I _ L  

';
Å KI _ � H Å LH Å Ã � �

; ¨ KI _ � H ¨ LH ¨
(
 

; ¨ ® Å KI _ � H Å LKI _ � H ¨ LKH Å Ã � � H ¨ L
 

;
Å KI _ � H Å LKI _ � H Å Ã � L  

;
Å KH Å Ã � � I _ LKH Å � I _ L  KH Å Ã � � H Å L  ��

E\ WDNLQJ WKH )RXULHU H[SDQVLRQ RI HDFK H _ LQ WHUPV RI II _ J� 7KXV3 _ MK6I _ � I _ LM  �
IRU HYHU\ RUWKRQRUPDO EDVLV II _ J� %XW 6 LV DQ LVRPHWU\� VR 6 ^ 6  , DQG KHQFH
M6M  ,� WKH LGHQWLW\ RQ ; � 7KXV 6 �� % � > ; @ �LW LV QRW HYHQ FRPSDFW��
7KHRUHP ���� /HW ; EH D +LOEHUW VSDFH� 7KH IROORZLQJ DVVHUWLRQV KROG WUXH�

�D� �% � > ; @� N c N � � LV D %DQDFK VSDFH�

�E� % � > ; @ LV GHQVH LQ �% � > ; @� N c N � ��
3URRI� �D� (VVHQWLDOO\ WKH VDPH DUJXPHQW WKDW SURYHV FRPSOHWHQHVV RI �C � � N c N � ��
/HW I7 a J EH DQ DUELWUDU\ % � > ; @�YDOXHG &DXFK\ VHTXHQFH LQ �% � > ; @� N c N � �� 7KHQ LW
LV D &DXFK\ VHTXHQFH LQ WKH %DQDFK VSDFH �%> ; @� N c N� �VLQFH N c N x N c N � �� DQG VR

N7 a b 7N � � IRU VRPH 7 � %> ; @�

5HFDOO WKDW WKH SURGXFW RI D SDLU RI XQLIRUPO\ FRQYHUJHQW VHTXHQFHV RI RSHUDWRUV
FRQYHUJHV XQLIRUPO\ WR WKH SURGXFW RI WKH OLPLWV� DQG DOVR WKDW XQLIRUP FRQYHUJHQFH
LV SUHVHUYHG ERWK XQGHU WKH DGMRLQW DQG XQGHU WKH VTXDUH URRW RSHUDWLRQV �VHH� H�J��

>��� 3UREOHPV ����� ����� ����@�� 7KXV N7 a b 7N  
qq M7 a b 7 M

ÀÝ qq � � � LPSOLHV
qq M7 a b 7 M

ÀÝ qq � � DQG
qq M7 a pp ÀÝ b M7 M

ÀÝ qq � ��

/HW IH
`
J
` °�Þ EH DQ\ RUWKRQRUPDO EDVLV IRU ; � 7KXV

qq M7 a M ÀÝ H ` qq � � qq M7 M
ÀÝ H ` qq � DQG VR

N7N �  ; ` °RÞ qq M7 M ÀÝ H ` qq � x VXSa
; ` °�Þ qq M7 a M ÀÝ H ` qq �  VXSa N7 a N � � ��

VLQFH I7 a J LV ERXQGHG LQ �% � > ; @� N c N � � EHFDXVH LW LV &DXFK\ LQ �% � > ; @� N c N � �� 7KHQ
7 � % � > ; @� �5HFDOO WKDW N7 a b 7N � � DQG 7 � % � > ; @ GRHV QRW LPSO\ N7 a b 7N � � �
_ VHH >��@ IRU DOO SRVVLEOH LPSOLFDWLRQV DORQJ WKLV OLQH�� 1RZ WDNH DQ DUELWUDU\ � ! ��
$JDLQ� VLQFH I7 a J LV &DXFK\ LQ �% � > ; @� N c N � �� WKHUH H[LVWV D pQLWH SRVLWLYH LQWHJHU
Q ¿ VXFK WKDW IRU HYHU\ P�Q y Q ¿ �; ` °Nä qq M7 a b 7 å M ÀÝ H ` qq � x ; ` °�Þ qq M7 a b 7 å M ÀÝ H ` qq �  N7 a b 7 å N � � �

IRU HYHU\ pQLWH VHW - v b� 6LQFH OLP å qq M7 a b 7 å M ÀÝ H ` qq �  qq M7 a b 7 M
ÀÝ H ` qq � IRU HDFK

Q DQG H
`
� LW IROORZV WKDW

3 ` °Nä qq M7 a b7 M
ÀÝ H ` qq � � � IRU HYHU\ pQLWH VHW - v b DQG VR

N7 a b 7N �  ; ` °RÞ qq M7 a b 7 M
ÀÝ
H
` qq �  VXSä

; ` °Nä qq M7 a b 7 M
ÀÝ
H
` qq � x �

ZKHQHYHU Q y Q ¿ � ZKHUH WKH VXSUHPXP LV WDNHQ RYHU DOO pQLWH VHWV - v b� 7KLV
PHDQV N7 a b 7N � � �� 6R HYHU\ &DXFK\ VHTXHQFH LQ �% � > ; @� N c N � � FRQYHUJHV LQ LW�
�E� 5HFDOO� �L� % � > ; @ v % � > ; @ v % � > ; @� DQG �LL� +LOEHUW VSDFHV KDYH WKH DSSUR[LPD�
WLRQ SURSHUW\ ZKLFK PHDQV % � > ; @ LV GHQVH LQ �% � > ; @� N c N�� DQG VR % � > ; @ LV GHQVH
LQ �% � > ; @� N c N�� 7R YHULI\ WKDW % � > ; @ LV GHQVH LQ �% � > ; @� N c N � � SURFHHG DV IROORZV�
/HW IH

`
J
` °RÞ EH DQ\ RUWKRQRUPDO EDVLV IRU ; DQG WDNH DQ DUELWUDU\ 7 � % � > ; @� 6R

N7N �  ; ` °RÞ nM7 MH ` � H ` o  VXSä
; ` °¡ä nM7 MH ` � H ` o � ��
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ZKHUH WKH VXSUHPXP LV WDNHQ RYHU DOO pQLWH VHWV - v b� 7DNH DQ DUELWUDU\ � ! ��
7KH DERYH H[SUHVVLRQ �DVVHUWLQJ WKDW WKH IDPLO\ IK7H

`
� H
`
LJ
`
LV VXPPDEOH� HQVXUHV

WKH H[LVWHQFH RI D pQLWH VHW - ¿ v b IRU ZKLFK
3 ` °�ÞRà�ä0æ nM7 MH ` � H ` o � �� 7KHQ VHW

; ¿  VSDQ IH
`
� ; � q � - ¿ J� D pQLWH�GLPHQVLRQDO VXEVSDFH RI ; � DQG WDNH 7 ¿  

7 M ± æ LQ % � > ; @� �,QGHHG� 5�7 ¿ �  7 �; ¿ � LV pQLWH�GLPHQVLRQDO VLQFH ; ¿ LV�� 7KXV
N7 b 7 ¿ N �  

; ` °�Þ nM7 b 7 ¿ MH
`
� H
` o
 

; ` °RÞRà�ä æ nM7 MH ` � H ` o � ��

DQG WKHUHIRUH % � > ; @ LV GHQVH LQ �% � > ; @� N c N � ��
(LWKHU &ODLP � LQ WKH SURRI RI 7KHRUHP ��� RU 5HPDUN ����E� HQVXUH WKDW WKH IDP�

LO\ IK7H
`
� H
`
LJ
`
LV VXPPDEOH �L�H�� WKH VHULHV I

3 `
K7H

`
� H
`
LJ
`
FRQYHUJHV LQ �)� M c M��

IRU HYHU\ RUWKRQRUPDO EDVLV IH
`
J IRU WKH +LOEHUW VSDFH ; � DQG WKH OLPLW GRHV QRW

GHSHQG RQ WKH FKRLFH RI WKH RUWKRQRUPDO EDVLV� 7KHUHIRUH LI 7 � % � > ; @ DQG IH
`
J LV

DQ\ RUWKRQRUPDO EDVLV IRU ; � WKHQ VHW

WU�7 �  
; ` K7H ` � H ` L DQG KHQFH N7N �  WUbM7 Mc�

7KH QXPEHU WU�7 � � ) LV WKH WUDFH RI 7 �% � > ; @ �VR WKH WHUPLQRORJ\ WUDFH�FODVV��
7KH QRUP N c N �  WUbM c Mc RQ WKH OLQHDU VSDFH % � > ; @ RI DOO WUDFH�FODVV RSHUDWRUV LV
UHIHUUHG WR DV WKH WUDFH QRUP� 7KXV WKH WUDFH�FODVV LWVHOI FDQ EH ZULWWHQ DV

% � > ; @  I7 � %> ; @ � WU
b
M7 M

c
� �J�

%\ 7KHRUHP ��� �DQG &ODLP � LQ LWV SURRI�� IRU HYHU\ 7 � % � > ; @ DQG 6 �%> ; @�

MWU�7 �M x N7N � � WU�7 ^ �  WU�7 �� WU�76�  WU�67 ��

ppWU
b
6M7 M

cpp  
ppWU

b
M7 M6

cpp x N6NN7N � �
$FWXDOO\� LI 7 � % � > ; @ VR WKDW M7 M � � % � > ; @� WKHQ

WU
b
M7

�
M
c
 WU�7 ^ 7 �  N7N

�� x N7N
� � �

$OVR� VLQFH LQQHU SURGXFWV DUH OLQHDU LQ WKH pUVW DUJXPHQW�

WU�c� � % � > ; @� ) LV D ERXQGHG OLQHDU IXQFWLRQDO �L�H�� WU�c� � % � > ; @ ^ ��
5HPDUN ���� $V WU�c� � % � > ; @� ) LV ERXQGHG DQG OLQHDU� DQG DFFRUGLQJ WR 7KHRUHP
����E�F� DQG /HPPD ����H�� FRQVLGHU WKH IXQFWLRQ K � L � � % � > ; @d% � > ; @� ) JLYHQ E\

K7 �6L �  WU�6 ^ 7 � IRU HYHU\ 6� 7 � % � > ; @�
(TXLYDOHQWO\� IRU HYHU\ 6� 7 � % � > ; @ DQG IRU DQ DUELWUDU\ RUWKRQRUPDO EDVLV IH ` J�

K7 �6L �  ; ` K7H ` �6H ` L�
6LQFH WU�c� LV OLQHDU� WU�7 ^ �  WU�7 �� DQG K7 �7 L �  WU�7 ^ 7 �  N7N

�� � WKH IXQFWLRQ
Kc � cL � LV D +HUPLWLDQ V\PPHWULF VHVTXLOLQHDU IRUP ZKLFK LQGXFHV D TXDGUDWLF IRUP�
,Q RWKHU ZRUGV� Kc � cL � LV DQ LQQHU SURGXFW RQ % � > ; @ WKDW LQGXFHV WKH QRUP N c N � �
�% � > ; @� N c N � � LV DQ LQQHU SURGXFW VSDFH ZKHUH WKH QRUP N c N � LV JHQHUDWHG E\
WKH LQQHU SURGXFW GHpQHG E\ K7 �6L �  WU�6 ^ 7 � IRU HYHU\ 6� 7 � % � > ; @�
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1RWH WKDW WKH 6FKZDUW] LQHTXDOLW\ IRU WKLV LQQHU SURGXFW RQ % � > ; @ LV D VWUDLJKW�
IRUZDUG FRQVHTXHQFH RI WKH GHpQLWLRQ RI WKH +LOEHUW^6FKPLGW QRUP N c N � �DQG� RI
FRXUVH� RI WKH 6FKZDUW] LQHTXDOLW\ RQ ERWK +LOEHUW VSDFHV� ; DQG C

�
RYHU b��

MK7 �6L � M  MWU�6 ^ 7 �M  
ppp
; ` K7H ` �6H ` L

ppp x
; ` N7H ` N N6H ` N

x
t; ` N7H ` N �

u ÀÝ t; ` N6H ` N �
u ÀÝ
 N7N � N6N � IRU HYHU\ 6� 7 � % � > ; @�

6LPLODUO\ WR 7KHRUHP ���� LW FDQ EH YHULpHG WKDW

�D� �% � > ; @� N c N � � LV D +LOEHUW VSDFH�
�E� % � > ; @ LV GHQVH LQ �% � > ; @� N c N � ��
,Q IDFW� D SURRI RI �D� IROORZV WKH VDPH DUJXPHQW DV LQ WKH SURRI RI 7KHRUHP ����D�
ZLWK % � > ; @ DQGN c N � UHSODFHG E\ % � > ; @ DQG N c N � � 7KLV VKRZV WKDW �% � > ; @� N c N � �
LV FRPSOHWH� WKXV D %DQDFK VSDFH� DQG VR D +LOEHUW VSDFH VLQFH WKH QRUP N c N � LV
LQGXFHG E\ DQ LQQHU SURGXFW� N7N �  K7 �7 L � ÀÝ  WUbM7 M � c ÀÝ IRU HYHU\ 7 � % � > ; @� ,Q
WKH VDPH ZD\� D SURRI RI �E� IROORZV H[DFWO\ DV WKH SURRI RI 7KHRUHP ����E��

7UDFH DQG +LOEHUW^6FKPLGW FODVVHV DUH QDWXUDOO\ H[WHQGHG LQ D VLPLODU IDVKLRQ WR
FODVVHV RI RSHUDWRUV % ç > ; @ IRU HYHU\ S ! � VR WKDW % � > ; @ ~ % ç > ; @ ~ % è > ; @ ~ % � > ; @
IRU HYHU\ S� T VXFK WKDW � � S � T � � �VHH� H�J�� >�� �� ��� ��@�� 7KLV� KRZHYHU� JRHV
EH\RQG WKH VFRSH RI WKH SUHVHQW SDSHU� )RU IXUWKHU UHDGLQJV RQ WUDFH�FODVV VHH DOVR�
IRU LQVWDQFH� >��� �@� ,Q SDUWLFXODU �FI� >��� 7KHRUHP 9,���@ DQG >�� 7KHRUHP ����@��

�% � > ; @� N c N � � LV D WKH GXDO RI �% � > ; @� N c N� b
L�H�� % � > ; @ ^ | % � > ; @c�

�%> ; @� N c N� LV D WKH GXDO RI
b
% � > ; @� N c N � � �L�H�� % � > ; @ ^ | %> ; @

c
�

ZKLFK WR VRPH H[WHQW PLUURU WKH ZHOO�NQRZQ FODVVLFDO GXDOV F ^�  C � DQG C ^ �  C �
�VHH� H�J�� >��� ([DPSOHV ��������@ DPRQJ PDQ\ RWKHUV��

�� & RQF O XVLRQ

4XLWH RIWHQ WKH WHUP QXFOHDU RSHUDWRU LV WDFLWO\ DWWULEXWHG WR WUDFH FODVV RSHUDWRUV
ZLWKRXW IXUWKHU H[SODQDWLRQ VXFK DV� IRU LQVWDQFH� ?DQ RSHUDWRU ZLOO EH FDOOHG QXFOHDU
LI LW EHORQJV WR % � > ; @� >�� 6HFWLRQ ,,,��@� 7KLV SURPSWV RXU pQDO UHVXOW�
7KHRUHP ���� ,I ; LV D +LOEHUW VSDFH � WKHQ

% � > ; @  % � > ; @ DQG N c N �  N c N � �

3URRI� 7KH SURRI LV EDVHG RQ WKH KH SRODU GHFRPSRVLWLRQ IRU +LOEHUW�VSDFH RSHUDWRUV
DV IROORZV� )LUVW� 3URSRVLWLRQ ��� LV DSSOLHG WR VKRZ WKDW % � > ; @ v % � > ; @ LQ SDUW
�D�� 7KHQ WKH LQMHFWLYHQHVV RI 7 ZKHQ LW DFWV LQ 1 �$� � LV H[SORUHG WR REWDLQ WKH
UHYHUVH LQFOXVLRQ % � > ; @ v % � > ; @ LQ SDUW �E�� ZKLFK DOVR \LHOGV WKH QRUP LGHQWLW\
N c N �  N c N � � 7KXV� WR EHJLQ ZLWK� WDNH DQ RSHUDWRU 7 � %> ; @ RQ D +LOEHUW VSDFH ; �

�D� ,I 7 � % � > ; @� WKHQ LW LV FRPSDFW� 7KXV FRQVLGHU WKH VHWXS LQ WKH SURRI RI 3URSR�
VLWLRQ ���� ZKHUH IH

`
J LV DQ RUWKRQRUPDO EDVLV IRU WKH +LOEHUW VSDFH ; DQG IH _ J

LV D FRXQWDEOH VXEVHW RI LW ZKLFK LV DQ RUWKRQRUPDO EDVLV IRU WKH VHSDUDEOH +LOEHUW
VSDFH +  1 �$� � v ; � 7DNH WKH GLUHFW VXPV 7  7 M é j2 DQG M7 M  M7 M

pp é j2

RQ ;  +j 1 � ZKHUH 7 M é � %>+@ LV LQMHFWLYH� 7KXV 7 M é KDV D SRODU GHFRPSRVL�
WLRQ 7 M é  9 M7 M

pp é ZKHUH 9 � %>+@ LV DQ LVRPHWU\ �VHH� H�J�� >��� &RUROODU\ ����@�
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VR WKDW 7  9 M7 M
pp é j2 � %> ; @  %>+j 1 @� )RU HDFK H _ LQ + VHW I _  9 H _ LQ +

VR WKDW II _ J LV DQ +�YDOXHG RUWKRQRUPDO VHTXHQFH� 7KHQ E\ 3URSRVLWLRQ ���

M7 M[  
; ` z ` K[ � H ` LH ` DQG VR 7[  

; ` z ` K[ � H ` LI ` IRU HYHU\ [ � ; �

ZLWK I
`
 � � 1 LI q � N� 0RUHRYHU� UHFDOOLQJ WKDW z

`
 � LI q � N�

; ` z `  ; ` ; ß z ` KH ` � H ß LH ß  
; ` nM7 MH ` � H ` o�

7KHUHIRUH LI 7 � % � > ; @� WKHQ
; ` z `  N7N � � � DQG 7[  

;
_ z _ K[ � H _ LI _ IRU HYHU\ [ � ; �

ZKHUH IH _ J DQG II _ J DUH +�YDOXHG XQLW VHTXHQFHV �WKXV ; �YDOXHG XQLW VHTXHQFHV��
�E� &RQYHUVHO\� VLQFH ;  1 �7 � � j 1 �7 �� ZH PD\ UHJDUG RQO\ WKH DFWLRQ RI 7  
7 M é j2 DQG M7 M  M7 M

pp é j2 RQ +  1 �7 � � � 6R IRU QRWDWLRQDO VLPSOLFLW\ ZULWH 7
DQG M7 M IRU WKH LQMHFWLYH RSHUDWRUV 7 M é DQG M7 M

pp é � 6XSSRVH
7[  

;
_ o _ K[ � ] _ L\ _ IRU HYHU\ [ � +�

IRU VRPH +�YDOXHG VHTXHQFHV I] _ J DQG I\ _ J DQG IRU VRPH VFDODU VHTXHQFH Io _ J ZLWK
N] _ N  N\ _ N  � DQG 3 _ Mo _ M � �� 7KXV �E\ SRODU GHFRPSRVLWLRQ�

M7 M[  9 ^ 7[  ;
_ o _ K[ � ] _ LZ _ IRU HYHU\ [ � +  1 �7 � � v ; �

ZKHUH Z _  9 ^ \ _ VR WKDW NZ _ N x �� )RU HYHU\ RUWKRQRUPDO EDVLV IH Å J IRU +�
;

Å nM7 MH Å H Å o  
;

Å
';

_ o _ KH Å � ] _ LZ _ � H Å
(
 

;
Å
;

_ o _ KH Å � ] _ LKZ _ � H Å L
x

;
_ Mo _ M

ppp
;

Å KH Å � ] _ LKZ _ � H Å L
ppp  

;
_ Mo _ M MKZ _ � ] _ LM x ;

_ Mo _ M � ��

6R 7 OLHV LQ % � >+@� 0RUHRYHU� VLQFH 7[  3 _ o _ K[ � ] _ L\ _ IRU HYHU\ [ � +�
;

_ z _  N7N �  ;
_
n
M7 MH _ � H _ o x ;

_
qq M7 MH _ qq  ;

_ N7H _ N x
;

_ Mo _ M�
IRU DQ\ RUWKRQRUPDO EDVLV IH _ J IRU +� 6R N7N �  PLQ3 _ Mo _ M� WKH PLQLPXP WDNHQ
RYHU DOO VFDODU VXPPDEOH VHTXHQFHV Io _ J DV LQ WKH DERYH UHSUHVHQWDWLRQ RI 7 �
)URP �D� DQG �E� ZH JHW WKH IROORZLQJ VWDWHPHQW�

$Q RSHUDWRU 7 OLHV LQ % � > ; @ LI DQG RQO\ LI WKHUH DUH ; �YDOXHG XQLW VHTXHQFHV
I] _ J DQG I\ _ J �L�H�� N] _ N  N\ _ N  �� DQG D VFDODU VXPPDEOH VHTXHQFH Io _ J
�L�H��

3 _ Mo _ M � �� VXFK WKDW 7[  
3 _ o _ K[ � ] _ L\ _ IRU HYHU\ [ LQ ; � 0RUH�

RYHU� N7N �  LQI3 _ Mo _ @� ZKHUH WKH LQpPXP LV WDNHQ RYHU DOO VFDODU VXPPDEOH
VHTXHQFHV IRU ZKLFK WKH DERYH H[SUHVVLRQ IRU 7[ KROGV�

6XFK DQ H[SUHVVLRQ IRU 7[ LV SUHFLVHO\ D QXFOHDU UHSUHVHQWDWLRQ RI 7 DV LQ 6HFWLRQ ��
7KHQ % � > ; @  % � > ; @� $OVR� ZLWK WKH LQpPXP WDNHQ RYHU DOO QXFOHDU UHSUHVHQWDWLRQV
RI 7 � % � > ; @� ZH JHW �IRU DUELWUDU\ XQLW VHTXHQFHV I] _ J DQG I\ _ J DQG VXPPDEOH
VFDODU VHTXHQFH Io _ J� N7N �  LQI3 _ Mo _ MN] _ NN\ _ N  LQI3 _ Mo _ M  N7N � �
7KXV WKH QRWLRQV RI QXFOHDU DQG WUDFH�FODVV FRLQFLGH RQ +LOEHUW VSDFHV� )RU WKHLU

UHODWLRQVKLS EH\RQG +LOEHUW VSDFHV� WKH VDPH pUVW OLQHV RI %DUWOH
V UHYLHZ LQ 0DWK�
HPDWLFDO 5HYLHZV ZH ERUURZHG WR RSHQ WKH SDSHU FDQ EH XVHG WR FORVH LW� YL]��
�*URWKHQGLHFN VKRZHG WKDW D %DQDFK VSDFH ; KDV WKH DSSUR[LPDWLRQ SURSHUW\ LI
DQG RQO\ LI IRU HYHU\ QXFOHDU RSHUDWRU 7  

3 _ I _ �c�\ _ WKH QXPEHU WU�7 � 3 _ I _ �\ _ �
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LV ZHOO�GHpQHG� �VHH� H�J�� >�� 7KHRUHPV ������ ������� ������ DQG 3URSRVLWLRQ ������@��
7KLV FDQ EH UHJDUGHG DV D VWDUWLQJ SRLQW IRU FKDUDFWHUL]LQJ WKH WUDFH SURSHUW\ LQ
%DQDFK VSDFHV� )RU IXUWKHU UHDGLQJV DORQJ WKLV OLQH VHH� IRU LQVWDQFH� >��� ��� �@�

$F N QRZ O HGJP HQW

7KH DXWKRU WKDQNV WKH UHIHUHHV IRU WKHLU VXJJHVWLRQV WR LPSURYH WKH SDSHU�
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