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�� ,QW U RGXF W LRQ

7KH SXUSRVH RI WKLV SDSHU LV WR RoHU D EULHI DQG XQLpHG UHYLHZ ZLWK DQ H[SRVLWRU\
qDYRU RQ WKH FRPPRQ UHDOL]DWLRQV RI DOJHEUDLF WHQVRU SURGXFWV �HLWKHU YLD TXRWLHQW
VSDFH RU YLD OLQHDU PDSV RI ELOLQHDU PDSV� E\ UHYHUVLQJ WKH SUHVHQWDWLRQ RUGHU� ,Q
RWKHU ZRUGV� WKLV H[SRVLWLRQ IRFXVHV RQ WKH DSSURDFK ZKHUH WKH VR�FDOOHG XQLYHUVDO
SURSHUW\ LV WDNHQ DV DQ D[LRPDWLF VWDUWLQJ SRLQW� UDWKHU WKDQ DV D WKHRUHP IRU D
VSHFLpF UHDOL]DWLRQ� 7KLV OHDGV WR WKH DEVWUDFW QRWLRQ RI DOJHEUDLF WHQVRU SURGXFWV
RI OLQHDU VSDFHV �WKH SUH�FURVVQRUP VWDJH�� ZKHUH WKH FRQFUHWH VWDQGDUG IRUPV DUH
VKRZQ WR EH LQWHUSUHWDWLRQV RI WKH D[LRPDWLF IRUPXODWLRQ�

7KH RULJLQ RI D V\VWHPDWLF SUHVHQWDWLRQ RI WHQVRU SURGXFWV LQ ERRN IRUP GDWHV
EDFN WR 6FKDWWHQ
V ���� PRQRJUDSK >��@� ZKHUH WKH QRWLRQ RI GLUHFW SURGXFW RI
OLQHDU VSDFHV ZDV JLYHQ LQ WHUPV RI IRUPDO SURGXFWV �ZKLFK PDWFK ZKDW LWV QRZ
FDOOHG WHQVRU SURGXFW VSDFH DQG VLQJOH WHQVRUV� DQG WKHLU V\PEROV LQ WKH IRUP RI
pQLWH VXP RI IRUPDO SURGXFWV� 7KLV IROORZHG D .URQHFNHU�SURGXFW�OLNH QRWLRQ RQ
pQLWH�GLPHQVLRQDO VSDFHV JLYHQ LQ :H\O
V ���� ERRN >��� &KDSWHU 9@� *URWKHQGLHFN
V
IXQGDPHQWDO ZRUN LQ WKH ����
V KDV EHHQ XQLpHG DQG XSGDWHG E\ 'LHVWHO� )RXULH
DQG 6ZDUW LQ ���� >�@� 6HH DOVR 3LVLHU
V ���� H[SRVLWLRQ >��@� ,Q *URWKHQGLHFN
V
SLRQHHULQJ ZRUN� WKH QRWLRQ RI WHQVRU SURGXFW VSDFH ZDV HVVHQWLDOO\ JLYHQ LQ WHUPV
RI WKH GXDO RI WKH OLQHDU VSDFH RI ELOLQHDU IRUPV �RU� PRUH JHQHUDOO\� WKH OLQHDU VSDFH
RI OLQHDU PDSV RI ELOLQHDU PDSV�� 7KH VDPH ZD\ RI GHpQLQJ WHQVRU SURGXFW DOVR
DSSHDUV LQ +DOPRV
V ���� ERRN RQ pQLWH�GLPHQVLRQDO YHFWRU VSDFHV >�� 6HFWLRQ ��@
�DOWKRXJK WKH IRUPDO SURGXFWV YDULDQW LV DOVR PHQWLRQHG DV D SRVVLEOH DOWHUQDWLYH��
$QRWKHU UHSUHVHQWDWLYH DORQJ WKLV OLQH �GXDO RI WKH OLQHDU VSDFH RI ELOLQHDU IRUPV� LV
5\DQ
V ���� ERRN RQ WHQVRU SURGXFWV RI %DQDFK VSDFHV >��@�

2Q WKH RWKHU KDQG� D GLoHUHQW EXW VWLOO XVXDO DSSURDFK IRU GHpQLQJ WHQVRU SURGXFW
UHOLHV RQ TXRWLHQW VSDFHV RI IUHH OLQHDU VSDFHV �HTXLYDOHQW WR WKH OLQHDU VSDFH RI IRUPDO
OLQHDU FRPELQDWLRQV� RI &DUWHVLDQ SURGXFWV RI OLQHDU VSDFHV�7KLV KDV EHHQ VRPHWLPHV
UHIHUUHG WR DV DOJHEUDLF WHQVRU SURGXFW �DOWKRXJK WKH SUHYLRXV DSSURDFK LV HTXDOO\
DOJHEUDLF�� 6HH H�J�� >�� SS���^��@� >��� 6HFWLRQ ���@ DQG >��� &KDSWHU ��@ IRU D OLQHDU
VSDFH YHUVLRQ� DQG >��� 6HFWLRQ ,;��@ DQG >��� 6HFWLRQ ;9,��@� IRU D PRGXOH YHUVLRQ�

7KH SUHVHQW SDSHU LV RUJDQL]HG DV IROORZV� 1RWDWLRQ� WHUPLQRORJ\ DQG DX[LOLDU\
UHVXOWV DUH EURXJKW WRJHWKHU LQ 6HFWLRQ �� 7KLV LV VSOLW LQWR WKUHH SDUWV� IRUPDO OLQHDU
FRPELQDWLRQ� TXRWLHQW VSDFH� DQG ELOLQHDU PDSV� 7HQVRU SURGXFWV DUH D[LRPDWLFDOO\
GHpQHG LQ 6HFWLRQ �� DQG FRPPRQ SURSHUWLHV VKDUHG E\ WKH FRQFUHWH IRUPXODWLRQV
DUH REWDLQHG IURP VXFK DQ DEVWUDFW IRUPXODWLRQ� 7KH XVXDO UHDOL]DWLRQV� YL]�� WKH
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TXRWLHQW VSDFH DQG OLQHDU PDSV RI ELOLQHDU PDSV� DUH LQGLYLGXDOO\ LQIHUUHG IURP
'HpQLWLRQ ��� DQG DUH FRQVLGHUHG LQ 6HFWLRQV � DQG ��

�� 1RW DW LRQ� 7 HU P LQRO RJ\� DQG $X[LO LDU \ 5HVXO W V

/HW ; DQG < EH OLQHDU VSDFHV RYHU WKH VDPH pHOG )� DQG OHW / > ; �< @ GHQRWH WKH
OLQHDU VSDFH RYHU ) RI DOO OLQHDU WUDQVIRUPDWLRQV IURP ; WR < � )RU ;  < ZULWH
/ > ; @  / > ; � ; @� ZKLFK LV WKH DOJHEUD RI DOO OLQHDU WUDQVIRUPDWLRQV RI ; LQWR LWVHOI�
7KH NHUQHO 1 �/�  / � � �I�J� DQG UDQJH 5�/�  /� ; � RI / � / > ; �< @ DUH OLQHDU
PDQLIROGV RI ; DQG < UHVSHFWLYHO\� $ OLQHDU WUDQVIRUPDWLRQ / � / > ; �< @ LV LQMHFWLYH
LI 1 �/�  I�J DQG VXUMHFWLYH LI 5�/�  < � %\ DQ LVRPRUSKLVP �RU DQ DOJHEUDLF

LVRPRUSKLVP� RU D OLQHDU�VSDFH LVRPRUSKLVP� ZH PHDQ DQ LQYHUWLEOH �L�H�� LQMHFWLYH
DQG VXUMHFWLYH� OLQHDU WUDQVIRUPDWLRQ� 7ZR OLQHDU VSDFHV ; DQG < DUH LVRPRUSKLF

�QRWDWLRQ ; | <� LI WKHUH LV DQ LVRPRUSKLVP EHWZHHQ WKHP� )RU WKH SDUWLFXODU FDVH
RI <  ) WKH HOHPHQWV RI / > ; �)@ DUH UHIHUUHG WR DV OLQHDU IXQFWLRQDOV RU OLQHDU

IRUPV � DQG WKH OLQHDU VSDFH / > ; �)@ RI DOO OLQHDU IXQFWLRQDOV RQ ; LV UHIHUUHG WR
DV WKH DOJHEUDLF GXDO RI ; � GHQRWHG E\ ; � �L�H�� ; �  / > ; �)@�� )RU DQ DUELWUDU\
OLQHDU WUDQVIRUPDWLRQ / � / > ; �< @ FRQVLGHU WKH OLQHDU WUDQVIRUPDWLRQ / � � / >< � � ; � @
GHpQHG E\ / � J  J/ � ; � IRU HYHU\ J �< � �L�H�� �/ � J��[�  J�/[� � ) IRU HYHU\
J �< � DQG HYHU\ [ � ; _ ZH XVH ERWK QRWDWLRQV J/ RU J r / IRU FRPSRVLWLRQ�� 7KLV
/ � � / >< � � ; � @ LV WKH DOJHEUDLF DGMRLQW RI / � / > ; �< @�

7KH QH[W VXEVHFWLRQV VXPPDUL]H QRW RQO\ QRWDWLRQ DQG WHUPLQRORJ\� EXW DOVR
DX[LOLDU\ UHVXOWV WKDW ZLOO EH UHTXLUHG LQ 6HFWLRQV � DQG ��

���� )RUPDO /LQHDU &RPELQDWLRQ� /HW 6 EH DQ DUELWUDU\ QRQHPSW\ VHW DQG OHW
) EH D pHOG� &RQVLGHU WKH OLQHDU VSDFH ) � RI DOO VFDODU�YDOXHG IXQFWLRQV I � 6 � )
RQ 6� /HW � VWDQG IRU FDUGLQDOLW\ DQG FRQVLGHU WKH VHW

6  
j
I � ) � � I�6Q$�  � IRU VRPH $ v 6 ZLWK �$ � �

k

RI DOO IXQFWLRQV I � 6 � ) ZKLFK YDQLVK HYHU\ZKHUH RQ WKH FRPSOHPHQW RI VRPH
pQLWH VXEVHW $ RI 6 �ZKLFK GHSHQGV RQ I�� 7KLV 6 LV D OLQHDU PDQLIROG RI ) � � DQG
VR LV LWVHOI D OLQHDU VSDFH RYHU )� )RU HDFK V � 6 WDNH WKH FKDUDFWHULVWLF IXQFWLRQ
H �  � � �1� � 6 � ) RI WKH VLQJOHWRQ IVJ v 6� $V LV UHDGLO\ YHULpHG WKH VHW

6  IH � J �9� � LV D +DPHO EDVLV IRU WKH OLQHDU VSDFH 6 �
7KXV DQ DUELWUDU\ YHFWRU I � 6 � EHLQJ D VFDODU�YDOXHG IXQFWLRQ WDNLQJ QRQ]HUR YDOXHV
RQO\ RYHU D pQLWH VXEVHW IV � J ��Y� � RI 6� KDV D XQLTXH H[SDQVLRQ ZLWK o � � )�

I  
; ��Y� � o � H �1� � 6 �

7KH OLQHDU VSDFH 6 LV FDOOHG WKH IUHH OLQHDU VSDFH JHQHUDWHG E\ 6� 6LQFH �IH � J �E� �  
�6 �L�H�� HDFK HOHPHQW V IURP WKH VHW 6 LV LQ D RQH�WR�RQH FRUUHVSRQGHQFH ZLWK HDFK
IXQFWLRQ H � IURP WKH +DPHO EDVLV 6 IRU WKH IXQFWLRQ VSDFH 6 �� WKHQ GLP6  �6 �6�
7KLV VHWV D QDWXUDO LGHQWLpFDWLRQ } VXFK WKDW V } H � DQG VR 6 } 6� ZKLFK LQ WXUQ
OHDGV WR D QDWXUDO LGHQWLpFDWLRQ IRU DQ DUELWUDU\ OLQHDU FRPELQDWLRQ LQ 6 �

; ��Y� � o � H �1� }
; ��S� � o � V � �

ZKHUH
3 ��S� � o � V � LV UHIHUUHG WR DV D IRUPDO OLQHDU FRPELQDWLRQ RI SRLQWV V � � 6 �DO�

WKRXJK DGGLWLRQ RU VFDODU PXOWLSOLFDWLRQ LV QRW GLUHFWO\ GHpQHG RQ WKH VHW 6�� WKH
FROOHFWLRQ RI ZKLFK LV WKH OLQHDU VSDFH RI IRUPDO OLQHDU FRPELQDWLRQV IURP 6� 6R DQ\
IXQFWLRQ I LQ WKH OLQHDU VSDFH 6 LV LGHQWLpHG ZLWK D IRUPDO OLQHDU FRPELQDWLRQ RI
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SRLQWV LQ 6� DQG WKH VHW 6 WKDW JHQHUDWHV WKH IUHH OLQHDU VSDFH 6 LV LGHQWLpHG ZLWK
WKH +DPHO EDVLV 6 IRU 6 � ,Q WKLV VHQVH WKH VHW 6 PD\ EH UHJDUGHG DV D VXEVHW RI 6 �
DQG D IXQFWLRQ I LQ 6 PD\ EH UHJDUGHG DV D IRUPDO OLQHDU FRPELQDWLRQ� 7KXV ZULWH

I  
; ��S� � o � V � IRU

; ��S� � o � V � } I � 6 DQG 6 ~ 6 IRU 6 } 6 ~ 6 �

���� 4XRWLHQW 6SDFH� /HW0 EH D OLQHDU PDQLIROG RI D OLQHDU VSDFH ; RYHU D pHOG
)� OHW >[@  [ �0 GHQRWH WKH FRVHW RI [ � ; PRGXOR 0� DQG OHW ;  0 VWDQG IRU
WKH TXRWLHQW VSDFH RI ; PRGXOR 0� ZKLFK LV WKH OLQHDU VSDFH RYHU ) RI DOO FRVHWV
>[@ PRGXOR 0 IRU HYHU\ [ � ; � &RQVLGHU WKH TXRWLHQW PDS �RU WKH QDWXUDO TXRWLHQW
PDS� } � ; � ;  0 RI WKH OLQHDU VSDFH ; RQWR WKH OLQHDU VSDFH ;  0� GHpQHG E\

}�[�  >[@  [�0 IRU HYHU\ [ � ; �

ZKLFK LV D VXUMHFWLYH OLQHDU WUDQVIRUPDWLRQ DFFRUGLQJ WR WKH XVXDO GHpQLWLRQ RI DG�
GLWLRQ DQG VFDODU PXOWLSOLFDWLRQ LQ ;  0�

3URSRVLWLRQ ���� 8QLYHUVDO 3URSHUW\� /HW ; DQG = EH OLQHDU VSDFHV RYHU WKH VDPH

pHOG� OHW 0 EH D OLQHDU PDQLIROG RI ; � FRQVLGHU WKH TXRWLHQW VSDFH ;  0� DQG WDNH

WKH QDWXUDO TXRWLHQW PDS } � ; � ;  0� ,I / � / > ; �=@ DQG LI 0 v 1 �/�� WKHQ

WKHUH H[LVWV D XQLTXH E/ � / > ;  0�= @ VXFK WKDW

/  E/ r }�
,Q RWKHU ZRUGV� WKH GLDJUDP

;
¨
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FRPPXWHV� ZKLFK PHDQV WKH TXRWLHQW PDS } IDFWRUV WKH OLQHDU WUDQVIRUPDWLRQ /

WKURXJK ;  0� 0RUHRYHU� LQ WKLV FDVH 1 �E/�  1 �/� 0 DQG 5�E/�  5�/��

3URRI� 6HH� H�J�� >��� 7KHRUHP ���� ���@� �)RU D PRGXOH YHUVLRQ VHH� H�J�� >��� 7KHRUHP
9����@� IRU D QRUPHG VSDFH YHUVLRQ VHH� H�J�� >��� 7KHRUHP ������@��

5HPDUN ���� /HW 0 EH OLQHDU D PDQLIROG RI D OLQHDU VSDFH ; � $ VHW I >H « @J «#�Q¬ RI
FRVHWV PRGXOR 0 �ZLWK HDFK H « LQ ; � LV D +DPHO EDVLV IRU WKH OLQHDU VSDFH ;  0
LI DQG RQO\ LI IH « J «#�Q¬ LV D +DPHO EDVLV IRU VRPH DOJHEUDLF FRPSOHPHQW RI 0 �VHH�
H�J�� >��� 5HPDUN $���E�@�� +HQFH HYHU\ +DPHO EDVLV IH  J a��® IRU ; LV VXFK WKDW
I >H  @J Q�Q® LQFOXGHV D +DPHO EDVLV IRU ;  0� 6LQFH WKH TXRWLHQW PDS } � ; � ;  0
LV VXUMHFWLYH� WKH LPDJH }�( ¯ � RI DQ DUELWUDU\ +DPHO EDVLV ( ¯ IRU ; LQFOXGHV D
+DPHO EDVLV ( ¯%°1± IRU ;  0 �L�H�� ( ¯%°1± v }�( ¯ ��� 7KHUHIRUH

VSDQ }�( ¯ �  ;  0 IRU HYHU\ +DPHO EDVLV ( ¯ IRU ; �

DQG VR HYHU\ HOHPHQW >[@ RI ;  0 FDQ EH ZULWWHQ DV D �pQLWH� OLQHDU FRPELQDWLRQ RI
LPDJHV XQGHU } RI HOHPHQWV RI DQ DUELWUDU\ +DPHO EDVLV IRU ; �

���� %LOLQHDU 0DSV� /HW ; � < � = EH QRQ]HUR OLQHDU VSDFHV RYHU D pHOG )� 7DNH WKH
&DUWHVLDQ SURGXFW ; d< �QR DOJHEUDLF VWUXFWXUH LPSRVHG RQ ; d< EHVLGHV WKH IDFW
WKDW ERWK ; DQG < DUH OLQHDU VSDFHV�� $ ELOLQHDU PDS � � ; d< � = LV D IXQFWLRQ
IURP WKH &DUWHVLDQ SURGXFW ; d< RI OLQHDU VSDFHV WR D OLQHDU VSDFH = ZKRVH VHFWLRQV
DUH OLQHDU WUDQVIRUPDWLRQV� 3UHFLVHO\� OHW � ²  ��c� \�  �M ¯F³ � ² � � ; � = EH WKH \�
VHFWLRQ RI � DQG OHW � ´  ��[� c�  �M � ´ � ³7µ � < � = EH WKH [�VHFWLRQ RI �� 7KHVH
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IXQFWLRQV � ² DQG � ´ DUH OLQHDU WUDQVIRUPDWLRQV� � ²  ��c� \� � / > ; �= @ IRU HDFK \
LQ < DQG � ´  ��[� c� � / >< �= @ IRU HDFK [ LQ ; � /HW =

�
GHQRWH WKH OLQHDU VSDFH

RYHU WKH VDPH pHOG ) RI DOO =�YDOXHG IXQFWLRQV RQ D VHW 6� DQG OHW
E> ; d< �= @  

j
� �=

¯F³7µ
� � LV ELOLQHDU

k

VWDQG IRU WKH FROOHFWLRQ RI DOO =�YDOXHG ELOLQHDU PDSV RQ ; d< � 7KH SDUWLFXODU FDVH
RI =  ) \LHOGV D ELOLQHDU IXQFWLRQDO � � ; d< � )� DOVR UHIHUUHG WR DV D ELOLQHDU

IRUP� %LOLQHDULW\ RI HOHPHQWV � LQ E> ; d< �=@ HQVXUHV E> ; d< �= @ LV D OLQHDU PDQLIROG
RI WKH OLQHDU VSDFH = ¯F³Tµ

� WKXV D OLQHDU VSDFH RYHU ) LWVHOI� /HW 5���  ��; d<�
GHQRWH WKH UDQJH RI � � E> ; d< �= @� ZKLFK LQ JHQHUDO LV QRW D OLQHDU PDQLIROG RI =�

$V D FRPSRVLWLRQ RI OLQHDU WUDQVIRUPDWLRQV LV D OLQHDU WUDQVIRUPDWLRQ� D FRPSRVL�
WLRQ RI D ELOLQHDU PDS ZLWK D OLQHDU WUDQVIRUPDWLRQ LV D ELOLQHDU PDS� $OVR� D UHVWULF�
WLRQ RI D ELOLQHDU PDS WR D &DUWHVLDQ SURGXFW RI OLQHDU PDQLIROGV LV DJDLQ D ELOLQHDU
PDS �DV D FRQVHTXHQFH RI WKH GHpQLWLRQV RI OLQHDU PDQLIROG DQG RI ELOLQHDU PDS��

3URSRVLWLRQ ���� /HW ; �< �= EH OLQHDU VSDFHV RYHU WKH VDPH pHOG )� DQG OHW 0
DQG 1 EH QRQ]HUR OLQHDU PDQLIROGV RI ; DQG < � ,I � �0d1 � = LV D ELOLQHDU

PDS� WKHQ WKHUH H[LVWV D ELOLQHDU H[WHQVLRQ E� � ; d< � = RI � GHpQHG RQ WKH ZKROH

&DUWHVLDQ SURGXFW ; d< RI WKH OLQHDU VSDFHV ; DQG <�

6NHWFK RI 3URRI � (YHU\ OLQHDU WUDQVIRUPDWLRQ RQ D OLQHDU PDQLIROG RI D OLQHDU VSDFH
KDV D OLQHDU H[WHQVLRQ WR WKH ZKROH VSDFH� ZKRVH SURRI LV DQ DSSOLFDWLRQ RI =RUQ
V
/HPPD �VHH� H�J�� >��� 7KHRUHP ���@�� ,I D ELOLQHDU PDS LV WKH SURGXFW RI WZR �DOJH�
EUD�YDOXHG� OLQHDU PDSV� WKHQ WKH SURRI LV DQ DSSOLFDWLRQ RI WKH OLQHDU FDVH� $ SURRI
IRU WKH JHQHUDO ELOLQHDU FDVH IROORZV DQ DUJXPHQW VLPLODU WR WKH OLQHDU FDVH�

%LOLQHDU PDSV FDQ DOVR EH H[WHQGHG E\ IDFWRULQJ WKHP E\ WKH QDWXUDO ELOLQHDU
PDS WKURXJK D WHQVRU SURGXFW VSDFH �VHH� H�J�� >�� S����@�� ,QGHHG� 3URSRVLWLRQ ���
ZLOO VD\ WKDW E> ; d< �= @ | / > ; n < �= @� ZKHUH ; n < VWDQGV IRU WHQVRU SURGXFW�
DQG WKLV HQVXUHV ELOLQHDU H[WHQVLRQ RXW RI OLQHDU H[WHQVLRQ� ,W LV� KRZHYHU� DGYLVDEOH
WR KDYH WKH DERYH H[WHQVLRQ UHVXOW LQGHSHQGHQWO\ RI WKH QRWLRQ RI WHQVRU SURGXFW�

�� 7 HQVRU 3U RGXF W RI /LQHDU 6SDF HV� $[LRP DW LF 7 KHRU \

'HpQLWLRQ ���� /HW ; DQG < EH QRQ]HUR OLQHDU VSDFHV RYHU WKH VDPH pHOG )� $
WHQVRU SURGXFW RI ; DQG < LV D SDLU �7 � v� FRQVLVWLQJ RI D OLQHDU VSDFH 7 RYHU )
DQG D ELOLQHDU PDS v � ; d< � 7 IXOpOOLQJ WKH IROORZLQJ WZR D[LRPV�

�D� 7KH ELOLQHDU PDS v � E> ; d< � 7 @ LV VXFK WKDW LWV UDQJH 5�v� VSDQV 7 �

�E� ,I � � E> ; d< �=@ LV DQ DUELWUDU\ ELOLQHDU PDS LQWR D OLQHDU VSDFH = RYHU )� WKHQ
WKHUH LV D OLQHDU WUDQVIRUPDWLRQ j � / >7 �= @ IRU ZKLFK

�  j r v�
7KDW LV� WKH GLDJUDP

; d<
·

bbb� =
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FRPPXWHV� DQG VR v IDFWRUV HYHU\ ELOLQHDU PDS WKURXJK 7 � 7KH OLQHDU VSDFH 7 LV
UHIHUUHG WR DV D WHQVRU SURGXFW VSDFH RI ; DQG < DVVRFLDWHG ZLWK v� DQG v LV UHIHUUHG
WR DV WKH QDWXUDO ELOLQHDU PDS �RU VLPSO\ WKH QDWXUDO PDS� DVVRFLDWHG ZLWK 7 �
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7KHUH DUH GLoHUHQW LQWHUSUHWDWLRQV RI WHQVRU SURGXFWV� )RU LQVWDQFH� WKH TXRWLHQW
VSDFH DQG WKH OLQHDU PDSV RI ELOLQHDU PDSV IRUPXODWLRQV DUH H[DPSOHV RI FRPPRQ
SURFHGXUHV IRU EXLOGLQJ WHQVRU SURGXFWV� 7KHVH ZLOO EH VKRZQ WR EH LVRPRUSKLF� DQG
ZLOO EH H[KLELWHG LQ WKH QH[W WZR VHFWLRQV� 6R WKH H[LVWHQFH RI WHQVRU SURGXFWV ZLOO
EH SRVWSRQHG XQWLO WKHQ� 'HpQLWLRQ ��� LV RXU VWDUWLQJ SRLQW IRU SURYLGLQJ WKHVH
LQWHUSUHWDWLRQV� $ VLPLODU VWDUW KDV EHHQ FRQVLGHUHG� IRU LQVWDQFH� LQ >��� 6HFWLRQ
;9,��@ DQG >��� &KDSWHU ��@ IRU WKH TXRWLHQW VSDFH IRUPXODWLRQ� LQ >��� 6HFWLRQ ���@
DQG >�� &KDSWHU�@ IRU ERWK IRUPXODWLRQV� DQG LQ >�� 6HFWLRQ ���@ DQG >�� 6HFWLRQ ���@
IRU WKH OLQHDU PDSV RI ELOLQHDU PDSV IRUPXODWLRQ DLPLQJ DW WHQVRU QRUPV�

7KH YDOXH v�[� \� RI WKH QDWXUDO ELOLQHDU PDS v � ; d< � 7  VSDQ v�; d<� DV�
VRFLDWHG ZLWK 7 DW D SDLU �[� \� LQ ; d< LV GHQRWHG E\ [n \�

[n \  v�[� \� � 7 IRU HYHU\ �[� \� � ; d< �

DQG [n \ LV FDOOHG D VLQJOH WHQVRU �RU D GHFRPSRVDEOH HOHPHQW � RU D VLQJOH WHQVRU

SURGXFW RI [ DQG \� LQ WKH WHQVRU SURGXFW VSDFH 7 � 7DNH �[� \� � ; d< DQG o � )
DUELWUDU\� 6LQFH v LV ELOLQHDU� WKHQ o�[n \�  �o[�n \  [n �o\� IRU DQ\ o � )�
6R D PXOWLSOH RI D VLQJOH WHQVRU LV DJDLQ D VLQJOH WHQVRU� DQG WKH UHSUHVHQWDWLRQ
RI D QRQ]HUR VLQJOH WHQVRU LV QRW XQLTXH� 3URRIV IRU WKH QH[W WZR SURSRVLWLRQV DUH
VWUDLJKWIRUZDUG IRUP 'HpQLWLRQ ���� WKXV RPLWWHG�

3URSRVLWLRQ ���� $Q HOHPHQW RI D WHQVRU SURGXFW VSDFH LV UHSUHVHQWHG DV D pQLWH

VXP RI VLQJOH WHQVRUV �DQG VXFK D UHSUHVHQWDWLRQ LV QRW XQLTXH��

] � 7 �� ]  ;
� [ � n \ � �D pQLWH VXP��

3URSRVLWLRQ ���� ,I 7 LV D WHQVRU SURGXFW VSDFH� WKHQ WKH OLQHDU WUDQVIRUPDWLRQ

j � / >7 �=@ DVVRFLDWHG ZLWK HDFK � � E> ; d< �= @ DV LQ 'HpQLWLRQ ��� LV XQLTXH�

7KH QDWXUDO ELOLQHDU PDS v DVVRFLDWHG ZLWK D WHQVRU SURGXFW VSDFH 7 LV XQLTXH
DQG� FRQYHUVHO\� 7 DVVRFLDWHG ZLWK v LV XQLTXH� 7KLV LV VKRZQ LQ WKH QH[W WKHRUHP
DQG LWV FRUROODU\�)URP QRZ RQ DOO OLQHDU VSDFHV DQ\ZKHUH DUH RYHU WKH VDPH pHOG )�
7KHRUHP ���� /HW ; DQG < EH OLQHDU VSDFHV� /HW �7 � v� DQG �7 » � v » � EH WHQVRU

SURGXFWV RI ; DQG < � 7KHQ WKHUH LV D XQLTXH LVRPRUSKLVP d � / >7 » � 7 @ VXFK WKDW

d r v »  v� 7KDW LV� VXFK WKDW WKH IROORZLQJ GLDJUDP FRPPXWHV�

; d<
¸

bbb� 7

¸9¼}
	

["" ½
7 » �

3URRI� /HW �7 � v� DQG �7 »� v » � EH WHQVRU SURGXFWV RI ; DQG < � )RU DQ\ ELOLQHDU PDS
� � ; d< � = LQWR D OLQHDU VSDFH = WKHUH DUH OLQHDU WUDQVIRUPDWLRQV j� 7 � = DQG
j » � 7 » � = VXFK WKDW �  j r v  j » r v » �'HpQLWLRQ ����� ZKLFK PHDQV WKH GLDJUDPV

; d<
·

bbb� =

¸}
	

["" ¹
7

DQG

; d<
·

bbb� =

¸ ¼}
	

["" ¹ ¼

7 »
FRPPXWH� 6LQFH v » � ; d< � 7 » DQG v � ; d< � 7 DUH ELOLQHDU PDSV� WKHQ WKHUH DUH
OLQHDU WUDQVIRUPDWLRQV d » � 7 � 7 » DQG d� 7 » � 7 VXFK WKDW v »  d » r v DQG v  dr v »
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�'HpQLWLRQ ��� DJDLQ�� ZKLFK PHDQV WKH GLDJUDPV

; d<
¸ ¼

bbb� 7 »
¸}
	

["" ½ ¼

7

DQG

; d<
¸

bbb� 7

¸ ¼}
	

["" ½
7 »

FRPPXWH� 7KHUHIRUH

v »  �d » rd� r v » DQG v  �d rd » � r v�
/HW , � GHQRWH WKH LGHQWLW\ IXQFWLRQ RQ DQ DUELWUDU\ VHW 6� %\ WKH DERYH HTXDWLRQV�
d » rdM ¿�À ¸9¼iÁ  , ¿�À ¸#¼ Á � 5�v » �� 5�v » � DQG d rd » M ¿�À ¸�Á  , ¿�À ¸�Á � 5�v�� 5�v��

6LQFH d DQG d » DUH OLQHDU WUDQVIRUPDWLRQV �DQG VR DUH WKHLU FRPSRVLWLRQV�� DQG
VLQFH VSDQ5�v�  7 DQG VSDQ5�v » �  7 » E\ 'HpQLWLRQ ���� WKHQ ZH JHW

d » rd  d » rdM Â,Ã3ÄEÅa¿�À ¸ ¼ Á  , Â,Ã3ÄEÅa¿�À ¸ ¼ Á  , Æ ¼ �
d rd »  d rd » M Â,Ã3ÄEÅa¿�À ¸#Á  , Â,Ã3ÄEÅa¿�À ¸#Á  , Æ �

+HQFH d DQG d » DUH WKH LQYHUVH RI HDFK RWKHU� DQG DUH XQLTXH E\ 3URSRVLWLRQ ����
&RUROODU\ ���� $ WHQVRU SURGXFW RI OLQHDU VSDFHV LV XQLTXH XS WR DQ LVRPRUSKLVP

LQ WKH IROORZLQJ VHQVH� ,I �7 � v� DQG �7 »� v » � DUH WHQVRU SURGXFWV RI WKH VDPH SDLU

RI OLQHDU VSDFHV� WKHQ �7 � v�  �d7 »�dv » � IRU DQ LVRPRUSKLVP d LQ / >7 » � 7 @� ,Q
SDUWLFXODU� WZR WHQVRU SURGXFW VSDFHV RI WKH VDPH SDLU RI OLQHDU VSDFHV FRLQFLGH LI

DQG RQO\ LI WKH QDWXUDO ELOLQHDU PDSV FRLQFLGH�

3URRI� 7KLV LV DQ LPPHGLDWH FRQVHTXHQFH RI 7KHRUHP ����

$ WHQVRU SURGXFW IRU D JLYHQ SDLU RI OLQHDU VSDFHV LV XQLTXH XS WR DQ LVRPRUSKLVP
E\ &RUROODU\ ���� 7KHQ IRU D JLYHQ SDLU �; �<� RI OLQHDU VSDFH LW LV FRPPRQ WR ZULWH

7  ; n <

IRU WKH WHQVRU SURGXFW VSDFH� DQG � ; n < � v� IRU WKH WHQVRU SURGXFW� RI ; DQG < �

3URSRVLWLRQ ���� 7DNH DQ DUELWUDU\ WULSOH �; �< �=� RI OLQHDU VSDFHV� 7KH OLQHDU

VSDFHV E> ; d< �=@ DQG / >7 �=@ DUH LVRPRUSKLF�

E> ; d< �= @ | / > ; n < �= @�

3URRI� 7DNH DQ\ j � / >7 �=@� 7KH FRPSRVLWLRQ j r v � ; d< � = OLHV LQ E> ; d< �=@
VLQFH v LV ELOLQHDU DQG j LV OLQHDU� /HW & ¸ � / >7 �= @� E> ; d< �= @ EH GHpQHG E\

& ¸ �j�  j r v � E> ; d< �=@ IRU HYHU\ j � / >7 �= @�

)RU HYHU\ � LQ E> ; d< �= @ WKHUH LV RQH DQG RQO\ RQH j LQ / >7 �= @ IRU ZKLFK �  j r v
DFFRUGLQJ WR 3URSRVLWLRQ ���� 7KHQ & ¸ LV LQMHFWLYH DQG VXUMHFWLYH� DQG VR LQYHUWLEOH�
6LQFH LW LV UHDGLO\ YHULpHG WKDW & ¸ LV OLQHDU� WKHQ & ¸ LV DQ LVRPRUSKLVP�
7KXV D FUXFLDO SURSHUW\ RI D WHQVRU SURGXFW �7 � v� LV WR OLQHDUL]H ELOLQHDU PDSV

�YLD IDFWRUL]DWLRQ E\ v WKURXJK 7 � LQ WKH VHQVH RI LQ 3URSRVLWLRQ ���� ,Q SDUWLFXODU�

�; n <� � | E> ; d< �)@�
7KHRUHP ���� /HW 7  ; n < EH D WHQVRU SURGXFW VSDFH RI ; DQG < � OHW ( DQG

' EH QRQHPSW\ VXEVHWV RI ; DQG < UHVSHFWLYHO\� DQG VHW

!Ç�È É  j
[n \ � ; n < � [ � ( DQG \ � '

k
�
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�D� ,I VSDQ(  ; DQG VSDQ'  <� WKHQ VSDQ!Ç�È É  ; n < �

�E� ,I ( DQG ' DUH OLQHDUO\ LQGHSHQGHQW� WKHQ !Ç�È É LV OLQHDUO\ LQGHSHQGHQW�

7KHUHIRUH� LI ( LV D +DPHO EDVLV IRU ; DQG ' LV D +DPHO EDVLV IRU <� WKHQ !Ç�È É
LV D +DPHO EDVLV IRU 7  ; n <�

3URRI� �D� 7DNH DQ DUELWUDU\ HOHPHQW ]  3 ��Y� � [ � n \ � IURP ; n < � ,I VSDQ(  ;
DQG VSDQ'  < WKHQ FRQVLGHU DQ\ H[SDQVLRQ RI HDFK [ � � ; LQ WHUPV RI YHFWRUV
H � È Ë IURP ( DQG DQ\ H[SDQVLRQ RI HDFK \ � � < LQ WHUPV RI YHFWRUV G � È Ì IURP '� 6LQFH
[n \  v�[� \� IRU HDFK SDLU �[� \� � ; d< � DQG VLQFH v � ; d< � ; n < LV ELOLQHDU�

]  ; ��Y� �
t; Í

Ë � � p Ë H � È Ë n
; Î

Ì � � q Ì G � È Ì
u
 

; � È Í@È Î� È Ë1È Ì p Ë q Ì �H � È Ë n G � È Ì ��
7KXV ] OLHV LQ VSDQ!Ç�È É � 7KHQ ; n < v VSDQ!Ç�È É � 6R VSDQ!Ç�È É  ; n < �

�E� /HW ( »  IH Ë J ÍË � � DQG ' »  IG Ì J Î Ì � � EH DUELWUDU\ QRQHPSW\ pQLWH OLQHDUO\ LQGH�
SHQGHQW VXEVHWV RI ( DQG ' UHVSHFWLYHO\� DQG FRQVLGHU WKH OLQHDU PDQLIROGV

0  VSDQ( »  VSDQ IH Ë J ÍË � � v ; DQG 1  VSDQ' »  VSDQ IG Ì J Î Ì � � v < �

6HW =  / >) Í �) Î @� LGHQWLpHG ZLWK WKH OLQHDU VSDFH RI DOO CdP PDWULFHV RI HQWULHV LQ

)� 7DNH � �0d1 � = JLYHQ IRU X  
3 ÍË � � p Ë H Ë � 0 DQG Y  

3 Î Ì � � q Ì G Ì � 1 E\

��X� Y�  
b
p Ë q Ì c � = IRU M  �� � � � �P DQG N  �� � � � � C�

ZKHUH
b
p Ë q Ì c LV WKH CdP PDWUL[ ZKRVH HQWULHV DUH WKH SURGXFWV p Ë q Ì RI WKH FRHr�

FLHQWV RI WKH XQLTXH H[SDQVLRQ RI DUELWUDU\ YHFWRUV X � 0 DQG Y � 1 LQ WHUPV RI WKH
OLQHDUO\ LQGHSHQGHQW VHWV ( » DQG ' »� ,W LV UHDGLO\ YHULpHG WKDW � �0d1 � = LV D EL�
OLQHDU PDS� 7KXV FRQVLGHU WKH OLQHDU WUDQVIRUPDWLRQ j�0n 1 � = VXFK WKDW �  
j r v DFFRUGLQJ WR D[LRP �E� LQ 'HpQLWLRQ ���� 6R ��X� Y�  j �v�X� Y��  j�Xn Y�

IRU HYHU\ X  
3 ÍË � � p Ë H Ë LQ 0 DQG HYHU\ Y  

3 Î Ì � � q Ì G Ì LQ 1 � ,Q SDUWLFXODU�

j�H Ë n G Ì �  ��H Ë � G Ì �  g Ë1È Ì �
ZKHUH g Ë1È Ì � = LV WKH CdP PDWUL[ ZKRVH HQWU\ DW SRVLWLRQ M� N LV � DQG DOO RWKHU HQ�

WULHV DUH �� 7KHVH PDWULFHV IRUP D OLQHDUO\ LQGHSHQGHQW VHW LQ =� �,Q IDFW� Ig Ë1È Ì J ÍFÈ ÎËEÈ Ì � �
LV WKH FDQRQLFDO +DPHO EDVLV IRU = �� 7DNH DQ\ SDLU RI LQWHJHUV N » � M » DQG VXSSRVH
H Ë ¼ n G Ì ¼ LV D OLQHDU FRPELQDWLRQ RI WKH UHPDLQLQJ VLQJOH WHQVRUV IH Ë n G Ì J Ë1È Ì �QÏ ¼ ZLWK
, »  IM� N  � WR P� C � M � M » � N � N » J� VD\

H Ë ¼ n G Ì ¼  ;
Ë1È Ì ��Ï ¼ r Ë1È Ì �H Ë n G Ì ��

7KHQ� DV j�0n 1 � = LV OLQHDU�

g Ë ¼ È Ì ¼  j�H Ë ¼ n G Ì ¼ �  ;
Ë1È Ì �QÏ ¼ r ËEÈ Ì j�H Ë n G Ì �  ;

Ë1È Ì ��Ï ¼ r Ë1È Ì g Ë1È Ì �
DQG VR r Ë1È Ì  � IRU HYHU\ M� N � , » VLQFH Ig Ë1È Ì J ÍFÈ ÎË1È Ì � � LV OLQHDUO\ LQGHSHQGHQW LQ =�

+HQFH IH Ë n G Ì J Í@È ÎË1È Ì � � LV OLQHDUO\ LQGHSHQGHQW LQ !Ç�È É � ,Q RWKHU ZRUGV�
!Ç ¼ È É ¼  I[n \ � ; n < � [ � ( » DQG \ � ' » J

LV D pQLWH OLQHDUO\ LQGHSHQGHQW VXEVHW RI !Ç�È É ZKHQHYHU ( » DQG ' » DUH pQLWH OLQHDUO\
LQGHSHQGHQW VXEVHWV RI ( DQG '� 7KXV LI ( DQG ' DUH OLQHDUO\ LQGHSHQGHQW VXEVHWV
RI ; DQG < � WKHQ HYHU\ pQLWH VXEVHW RI HDFK RI WKHP LV WULYLDOO\ OLQHDUO\ LQGHSHQGHQW�
DQG VR LV HYHU\ pQLWH VXEVHW RI !Ç�È É DV ZH VDZ DERYH� %XW LI HYHU\ pQLWH VXEVHW RI
!Ç�È É LV OLQHDUO\ LQGHSHQGHQW� WKHQ VR LV !Ç�È É �VHH� H�J�� >��� 3URSRVLWLRQ ���@��
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&RUROODU\ ���� GLP� ; n <�  GLP ; c GLP<�

3URRI� ,I ( DQG ' DUH +DPHO EDVLV IRU ; DQG < � WKHQ !Ç�È É LV D +DPHO EDVLV IRU 7 E\
7KHRUHP ���� $OVR!Ç�È É  j

[n \ � ; n < � [ � ( DQG \ � '
k
LV LQ D RQH�WR�RQH

FRUUHVSRQGHQFH ZLWK (d' DV ( DQG ' DUH OLQHDUO\ LQGHSHQGHQW� 6LQFH ��(d'�  
�( c�' E\ GHpQLWLRQ RI SURGXFW RI FDUGLQDO QXPEHUV �VHH� H�J�� >��� 3UREOHP ����@��
WKHQ �!Ç�È É  �( c�'� 7KXV IROORZV WKH FODLPHG GLPHQVLRQ LGHQWLW\�

$ VWUDLJKWIRUZDUG FRQVHTXHQFH RI WKH GLPHQVLRQ LGHQWLW\ RI &RUROODU\ ��� LV WKLV�
7HQVRU SURGXFW LV FRPPXWDWLYH XS WR DQ LVRPRUSKLVP�

; n < | < n ; �

1H[W ZH LGHQWLI\ D VSHFLDO W\SH RI OLQHDU PDQLIROG RI D WHQVRU SURGXFW VSDFH�

3URSRVLWLRQ ���� /HW ; DQG < EH OLQHDU VSDFHV� 6XSSRVH 0 DQG 1 DUH OLQHDU

PDQLIROGV RI ; DQG < UHVSHFWLYHO\� /HW � ; n< � v� EH D WHQVRU SURGXFW� 6HW 0n 1  
VSDQ5�vM ±Ñ³�Ò �� 7KHQ 0n 1 LV D OLQHDU PDQLIROG RI WKH WHQVRU SURGXFW VSDFH

; n < DQG �0n 1 � �� LV D WHQVRU SURGXFW ZLWK �  vM ±Ñ³�Ò �

3URRI� &RQVLGHU 'HpQLWLRQ ���� /HW � ; n < � v� EH D WHQVRU SURGXFW� 7DNH DQ\ ELOLQH�
DU PDS � � ; d< � = � /HW j� ; n < � = EH WKH OLQHDU WUDQVIRUPDWLRQ VXFK WKDW

�  j r v�

/HW 0 DQG 1 EH OLQHDU PDQLIROGV RI ; DQG < � 7DNH WKH UHVWULFWLRQ vM ±Ñ³�Ò RI WKH
QDWXUDO ELOLQHDU PDS v WR WKH &DUWHVLDQ SURGXFW 0d1 v ; d< VR WKDW

vM ±Ñ³�Ò �0d1 � 5�vM ±Ñ³�Ò � v VSDQ5�vM ±Ñ³�Ò � v VSDQ5�v�  ; n < �

ZKLFK LV D ELOLQHDU PDS� 1RZ FRQVLGHU WKH UHVWULFWLRQ �M ±O³�Ò RI WKH DUELWUDU\ EL�
OLQHDU PDS � � ; d< � = WR 0d1 � ZKLFK LV DJDLQ D ELOLQHDU PDS IRU ZKLFK

�M ±Ñ³�Ò  �j r v�M ±Ñ³�Ò  j r vM ±Ñ³�Ò  jM Â,Ã3ÄEÅa¿�À ¸Ó ÔÖÕ�×@Á r vM ±Ñ³�Ò �

ZKHUH jM Â,Ã3ÄEÅa¿�À ¸�Ó ÔÖÕ�×FÁ LV WKH UHVWULFWLRQ RI WKH OLQHDU WUDQVIRUPDWLRQ j� ; n < � =
WR WKH OLQHDU PDQLIROG VSDQ5�vM ±Ñ³�Ò �� DJDLQ D OLQHDU WUDQVIRUPDWLRQ� 3URSRVLWLRQ
��� VD\V WKDW HYHU\ ELOLQHDU PDS � �0d1 � = LV RI WKH IRUP �M ±Ñ³�Ò �0d1 � =
IRU VRPH ELOLQHDU PDS � � ; d< � =� 7KXV IRU HYHU\ ELOLQHDU PDS � �0d1 � =
WKHUH LV D OLQHDU WUDQVIRUPDWLRQ jM Â,Ã3ÄEÅa¿�À ¸Ó ÔÖÕ�× Á � VSDQ5�vM ±Ñ³�Ò �� = VXFK WKDW

�  jM Â,Ã3ÄEÅa¿�À ¸Ó ÔÖÕ�× Á r vM ±Ñ³�Ò �

6HW0n1  VSDQ5�vM ±Ñ³�Ò � v ; n< � D OLQHDU PDQLIROG RI WKH OLQHDU VSDFH ; n < �
DQG �  vM ±Ñ³�Ò � WKH ELOLQHDU UHVWULFWLRQ RI WKH ELOLQHDU v� 7KXV E\ 'HpQLWLRQ ���

�0n 1 � �� LV D WHQVRU SURGXFW�

7KHUHIRUH0n 1 VWDQGV IRU WKH WHQVRU SURGXFW VSDFH RI OLQHDU PDQLIROGV0 DQG
1 RI WKH OLQHDU VSDFHV ; DQG < DFFRUGLQJ WR &RUROODU\ ��� DQG 3URSRVLWLRQ ����

'HpQLWLRQ ���� $ OLQHDU PDQLIROG i RI D WHQVRU SURGXFW VSDFH 7  ; n < LV UHJ�
XODU LI i 0n 1 IRU VRPH OLQHDU PDQLIROGV0 DQG 1 RI WKH OLQHDU VSDFHV ; DQG
< � 2WKHUZLVH i LV FDOOHG LUUHJXODU �

7KH QH[W FKDUDFWHUL]DWLRQ RI UHJXODU OLQHDU PDQLIROGV LV VWUDLJKWIRUZDUG IURP
7KHRUHP ���� )RU D FROOHFWLRQ RI SURSHUWLHV RI UHJXODU OLQHDU PDQLIROGV VHH >�� ��@�
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3URSRVLWLRQ ���� $ QRQ]HUR OLQHDU PDQLIROG i RI ; n < LV UHJXODU LI DQG RQO\ LI

i  VSDQ!Ç ¼ È É ¼
IRU VRPH QRQHPSW\ VXEVHWV ( » v ( DQG ' » v ' IRU +DPHO EDVHV ( DQG ' IRU ;
DQG < UHVSHFWLYHO\�

7KH FRQFHSW RI WHQVRU SURGXFW RI OLQHDU WUDQVIRUPDWLRQV LV JLYHQ DV IROORZV�

'HpQLWLRQ ���� /HW ; �< � 9 � : EH OLQHDU VSDFHV DQG FRQVLGHU WKH WHQVRU SURGXFW
VSDFHV ; n < DQG 9 n : � /HW $ � / > ; � 9 @ DQG % � / >< � : @ EH OLQHDU WUDQVIRUPD�
WLRQV� )RU HDFK

3 ��Y� � [ � n \ � LQ ; n < VHW

�$n%�
3 ��Y� � [ � n \ �  3 ��Y� � $[ � n%\ � LQ 9 n : �

7KLV GHpQHV D PDS $n% RI WKH OLQHDU VSDFH ; n < LQWR WKH OLQHDU VSDFH 9 n : �
ZKLFK LV UHIHUUHG WR DV WKH WHQVRU SURGXFW RI WKH WUDQVIRUPDWLRQV $ DQG %� RU WKH
WHQVRU SURGXFW WUDQVIRUPDWLRQ $n%�

3URSRVLWLRQ ���� 7DNH $ � / > ; � 9 @ DQG % � / >< � : @�

�D� ,Q IDFW� $n% LQ 'HpQLWLRQ ��� GHpQHV D OLQHDU WUDQVIRUPDWLRQ�

$n% � / > ; n < � 9 n : @�

DQG �$n%�] GRHV QRW GHSHQG RQ WKH UHSUHVHQWDWLRQ
3 ��S� � [ � n\ � RI ]� ; n < �

�E� 7KH PDS v � / > ; � 9 @d/ >< � : @� / > ; n < � 9 n : @ GHpQHG E\

v�$�%�  $n% IRU HYHU\ �$�%� � / > ; � 9 @d/ >< � : @�

ZLWK $n% � / > ; n < � 9 n : @ DV LQ �D�� LV ELOLQHDU�

�F� 6HW
/ > ; � 9 @n / >< � : @  VSDQ5�v� v / > ; n < � 9 n : @�

7KHQ � / > ; � 9 @n / >< � : @� v� LV D WHQVRU SURGXFW RI / > ; � 9 @ DQG / >< � : @�

�G� 7KH WUDQVIRUPDWLRQ $n% � / > ; n < � 9 n : @ LQ �D� FRLQFLGHV ZLWK D VLQJOH

WHQVRU LQ WKH WHQVRU SURGXFW VSDFH / > ; � 9 @n / >< � : @ �

$n% � / > ; � 9 @n / >< � : @ v / > ; n < � 9 n : @�

3URRI� ,WHPV �D�� �E�� �G� DUH UHDGLO\ YHULpHG� ,WHP �F� JRHV DV IROORZV� 1RWH WKDW

VSDQ5�v�  VSDQ
j
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)RU HDFK ELOLQHDU PDS � � / > ; � 9 @d/ >< � : @� = WDNH j� VSDQ5�v�� = GHpQHG E\

j
t; ��Y� �$ � n% �
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FRPPXWHV� 7KHUHIRUH �VSDQ5�v�� v� VDWLVpHV WKH D[LRPV RI 'HpQLWLRQ ����

7KH SDUWLFXODU FDVH RI 9  :  ) LV ZRUWK QRWLFLQJ� ,Q WKLV FDVH
/ > ; � 9 @  / > ; �)@  ; � � / >< � : @  / >< �)@  < � DQG

/ > ; n < � 9 n : @  / > ; n < �) n )@  / > ; n < �)@  �; n <� �
,QGHHG� GLP�) n )�  GLP) � E\ &RUROODU\ ���� 6R ZULWH ) n ) ) IRU ) n )| )
DV XVXDO� 6LQFH / > ; � 9 @n / >< � : @ v / > ; n < � 9 n : @ E\ 3URSRVLWLRQ ����F�� WKHQ

; � n < � v �; n <� � �
%DVLF UHVXOWV RQ WHQVRU SURGXFW WUDQVIRUPDWLRQV DUH JLYHQ QH[W�0RVW DUH VWUDLJKW�

IRUZDUG RU UHDGLO\ YHULpHG� SURSHUWLHV �D�E� DUH WULYLDO VLQFH $n% LV D VLQJOH WHQVRU�
�F�G� DUH VWUDLJKWIRUZDUG E\ GHpQLWLRQ RI $n%� DQG �H�I� DUH UHDGLO\ YHULpHG IRU
WKH UHJXODU OLQHDU PDQLIROGV 1 �$�n 1 �%� DQG5�$�n5�%�� )RU WKH QRQUHYHUVLEOH
LQFOXVLRQ LQ �I� VHH� H�J�� >��@� ,WHP �J� VD\V� WHQVRU SURGXFW RI OLQHDU WUDQVIRUPD�
WLRQV LV FRPPXWDWLYH XS WR LVRPRUSKLVPV� ZKLFK PHDQV $n% DQG % n$ DUH LVR�
PRUSKLFDOO\ HTXLYDOHQW LQ WKH VHQVH WKDW g � �$n%�  �% n$�g � IRU LVRPRUSKLVPV
g � � ; n < � < n ; DQG g � � 9 n : � : n 9 �ZKRVH H[LVWHQFH IROORZV IURP WKH
IDFW WKDW ; n < | < n ; DV D FRQVHTXHQFH RI &RUROODU\ ����� :H SURYH �K� EHORZ�

3URSRVLWLRQ ���� /HW 9 � : � ; �< � ; » �< » EH OLQHDU VSDFHV� 7DNH $�$ � � $ � � / > ; � 9 @
%�% � � % � � / >< � : @� & � / > ; » � ; @� ' � / >< » �< @ DQG DOVR o� p � )� 7KHQ

�D� op �$n %�  o$n p%  op$n%  $n op%�

�E� �$ � �$ � �n �% � �% � �  $ � n% � �$ � n% � �$ � n% � �$ � n% � �
�F� $& n%'  �$n%� �& n'��

�G� ,I $ DQG % DUH LQYHUWLEOH� WKHQ VR LV $n% DQG �$n%� � �  $ � � n% � � �
�H� 5�$�n5�%�  5�$n%��

�I� 1 �$�n 1 �%� � 1 �$n%��

�J� $n% | % n$�

�K� �$n%� �  $ � n% � �
3URRI� �K� 7DNH $� / > ; � 9 @� % � / >< � : @� $ � � / >9 � � ; � @� % � � / >: � �< � @� &RQVLGHU
WKH VLQJOH WHQVRUV $n % LQ / > ; � 9 @n / >< � : @ v / > ; n < � 9 n : @ DQG $ � n % � LQ
/ >9 � � ; � @n / >: � �< � @ v / >9 � n : � � ; � n < � @� DQG WKH DOJHEUDLF DGMRLQW �$n%� �
LQ / >�< n : � � � �; n 9 � � @� 7DNH DQ DUELWUDU\ I n J � 9 � n : � v �9 n <� � � %\ GHp�
QLWLRQ RI WHQVRU SURGXFW WUDQVIRUPDWLRQ DQG RI DOJHEUDLF DGMRLQW

�$ � n% � ��I n J�  $ � I n% � J  I$n J% � ; � n < � v � ; n <� � � �e�

�$n%� � �I n J�  �I n J��$n%� � � ; n <� � � �ee�

&ODLP� �I n J��$n%�  I$n J% � ; � n < � v �; n <� � �
3URRI � 7DNH DQ DUELWUDU\ VLQJOH WHQVRU [n \ LQ ; n < � DQG DQ DUELWUDU\ VLQJOH WHQ�
VRU $n% LQ / > ; � 9 @n / >< � : @� %\ GHpQLWLRQ RI WHQVRU SURGXFW WUDQVIRUPDWLRQ�
�$n%��[n \�  $[n%\� D VLQJOH WHQVRU LQ 9 n : � 1H[W WDNH DQ DUELWUDU\ VLQJOH

WHQVRU I n J LQ 9 � n : �  / >9 �)@n / >: �)@ VR WKDW� E\ GHpQLWLRQ RI WHQVRU SURGXFW
WUDQVIRUPDWLRQ� �I n J��$[n%\�  I$[n J%\ � ) n )  )� 2Q WKH RWKHU KDQG�
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VLQFH I$ � ; �  / > ; �)@ DQG J% � < �  / >< �)@� WKHQ �GHpQLWLRQ RI WHQVRU SURGXFW
WUDQVIRUPDWLRQ�� �I$n J%��[n \�  I$[n J%\ � ) n )  )� 6XPPLQJ XS�
�I n J��$n%��[n \�  �I n J��$[n%\�  I$[n J%\  �I$n J%��[n \�

IRU HYHU\ [n \ � ; n < � 7KXV �I n J��$n%�]  �I n J��$n%�
3 � [ � n \ �  3 � �I n J��$n%��[ � n \ � �  3 � �I$n J%��[ � n \ � �  �I$n J%�
3 � [ � n \ �  

�I$n J%�] IRU HYHU\ ] � ; n < � DQG KHQFH

�I n J��$n%�  I$n J%

LQ ; � n < �  / > ; �)@n / >< �)@ v / > ; n < �)@  �; n <� � �
7KHQ E\ �e�� �ee� DQG WKH DERYH FODLP

�$ � n % � ��I n J�  �$n%� � �I n J�

IRU HYHU\ VLQJOH WHQVRU I n J � ; � n < � � 7KXV E\ D VLPLODU DUJXPHQW
$ � n% �  �$n%� �

LQ / > ; � n < � �)@  �; � n < � � � � FRQFOXGLQJ WKH SURRI RI �J��
�� $Q ,QW HU SU HW DW LRQ YLD 4XRW LHQW 6SDF H

/HW ; DQG < EH QRQ]HUR OLQHDU VSDFHV RYHU D pHOG )� 7DNH WKH &DUWHVLDQ SURGXFW
6  ; d< RI ; DQG < � &RQVLGHU WKH QRWDWLRQ DQG WHUPLQRORJ\ RI 6XEVHFWLRQ ����
7KXV 6 LV WKH IUHH OLQHDU VSDFH JHQHUDWHG E\ 6 �L�H�� WKH OLQHDU VSDFH RI DOO IXQFWLRQV
I � ; d< � ) WKDW YDQLVK HYHU\ZKHUH RQ WKH FRPSOHPHQW RI VRPH pQLWH VXEVHW RI
; d<�� DQG 6  IH À ´�È ² Á J À ´�È ² Á � � LV WKH +DPHO EDVLV IRU 6 FRQVLVWLQJ RI FKDUDFWHULVWLF
IXQFWLRQV H À ´�È ² Á  � � À ´�È ² Á �  � � ´ � � � ² � � ; d< � ) RI DOO VLQJOHWRQV DW HDFK SDLU
RI YHFWRUV �[� \� LQ WKH &DUWHVLDQ SURGXFW 6  ; d< � :LWK WKH LGHQWLpFDWLRQ } RI
6XEVHFWLRQ ��� VWLOO LQ IRUFH� WDNH WKH VXPV RI HOHPHQWV IURP 6 ZKRVH GRXEOH LQGLFHV
KDYH RQH FRPPRQ HQWU\ DQG FRQVLGHU WKH IROORZLQJ GLoHUHQFHV�

�L� H À ´�Ú/Û�´Ü#È ² Á b H À ´�Ú1È ² Á b H À ´Ü9È ² Á } �[ � � [ � � \�b �[ � � \�b �[ � � \��
�LL� H À ´�È ² Ú Û;´ Ü Á b H À ´�È ² Ú Á b H À ´�È ² Ü Á } �[ � \ � � \ � �b �[ � \ � �b �[ � \ � ��
�LLL� H À Ý ´�È ² Á b o H À ´�È ² Á } �o[� \�b o�[� \��

�LY� H À ´�È Ý ² Á b o H À ´�È ² Á } �[� o\�b o�[� \��

IRU HYHU\ [� [ � � [ � � ; � HYHU\ \� \ � � \ � � < � DQG HYHU\ o � )� 7KH DERYH GLoHUHQFHV
DUH QRW QXOO� ,I WKH\ ZHUH� WKHQ ZH FRXOG LGHQWLI\ D ELOLQHDU UXOH RQ WKH RUGHUHG SDLUV
�[� \� � ; d< � 7KXV ORRN DW HTXLYDOHQFH FODVVHV >H À ´�È ² Á @ RI FKDUDFWHULVWLF IXQFWLRQV
H À ´�È ² Á LQ 6 v 6 � JDWKHULQJ WKRVH GLoHUHQFHV DW WKH RULJLQ RI D TXRWLHQW VSDFH DV IRO�
ORZV� 7DNH WKH OLQHDU PDQLIROG0RI 6 JHQHUDWHG E\ WKH GLoHUHQFHV LQ �L�^�LY�� YL]��

0  VSDQ
j
H À ´ Ú Û;´ Ü È ² Á b H À ´ Ú È ² Á b H À ´ Ü È ² Á � H À ´�È ² Ú Û;´ Ü Á b H À ´�È ² Ú Á b H À ´�È ² Ü Á �
H À Ý ´�È ² Á b o H À ´�È ² Á � H À ´�È Ý ² Á b o H À ´�È ² Á

k
�

7DNH WKH TXRWLHQW VSDFH 6  0 RI 6 PRGXOR 0� FRQVLGHU WKH QDWXUDO TXRWLHQW PDS

} � 6 � 6  0�

DQG GHpQH D PDS

v � ; d< � 6  0

RQ 6  ; d< DV IROORZV� )RU HYHU\ �[� \� � ; d< VHW v�[� \�  }�H À ´�È ² Á �� 7KHUHIRUH
v�6�  }�6��
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7KH +DPHO EDVLV 6  IH À ´�È ² Á J À ´�È ² Á � � IRU WKH OLQHDU VSDFH 6 JHQHUDWHG E\ 6 LV QDWXUDOO\
LGHQWLpHG ZLWK 6 LWVHOI� DQG VR WKH GRPDLQ RI v LV LGHQWLpHG ZLWK WKH GRPDLQ RI WKH
UHVWULFWLRQ }M Þ RI WKH QDWXUDO TXRWLHQW PDS } WR 6� WKDW LV� 6 } 6� 6LQFH WKH\ DOVR
FRLQFLGH SRLQWZLVH� WKHQ v LV QDWXUDOO\ LGHQWLpHG ZLWK }M Þ � 6R ZULWH

v  }M Þ IRU v } }M Þ �
(OHPHQWV RI 6  0 ZKLFK DUH LPDJHV RI WKH PDS v � ; d< � 6  0 DUH GHQRWHG E\
[n \� DQG DJDLQ UHIHUUHG WR DV VLQJOH WHQVRUV RU GHFRPSRVDEOH HOHPHQWV �

[n \  v�[� \�  }�H À ´�È ² Á �  >H À ´�È ² Á @ IRU HYHU\ �[� \� � ; d< �

7KHRUHP ���� �6  0� v� LV D WHQVRU SURGXFW RI ; DQG <�

3URRI� &RQVLGHU WKH D[LRPV �D� DQG �E� LQ 'HpQLWLRQ ����

�D � � %\ GHpQLWLRQ RI 0� WKH GLoHUHQFHV LQ �L� WR �LY� OLH LQ 0  >�@ � 6  0� 7KXV
ZLWK v�[� \�  }�H À ´�È ² Á �  >H À ´�È ² Á @ LW IROORZV WKDW v � ; d< � 6  0 LV D ELOLQHDU PDS�

�D � � 6LQFH 6  IH À ´�È ² Á J À ´�È ² Á � ¯F³7µ LV D +DPHO EDVLV IRU WKH OLQHDU VSDFH 6 � WKHQ
VSDQ }�6�  6  0 �FI� 5HPDUN ����� 7KXV DV 5�v�  5�}M Þ ��

VSDQ5�v�  VSDQ5�}M Þ �  VSDQ }�6�  6  0�

�E� 7DNH D ELOLQHDU PDS � � ; d< � = LQWR D OLQHDU VSDFH = DQG FRQVLGHU D WUDQV�

IRUPDWLRQ Hj RQ WKH IUHH OLQHDU VSDFH 6 JHQHUDWHG E\ WKH &DUWHVLDQ SURGXFW ; d< �

Hj� 6 � = �
GHpQHG E\

Hj�I�  
; ��S� � o � ��[ � � \ � � � = IRU HYHU\ I  

; ��Y� � o � H À ´ß�È ² ß Á � 6 �

ZKLFK LV FOHDUO\ OLQHDU� 0RUHRYHU� VLQFH Hj�H À ´ ß È ² ß Á �  ��[� \�� WKHQ

Hj�6�  ��6��

$JDLQ� VLQFH 6 } 6  ; d< � WKHQ HjM Þ LV QDWXUDOO\ LGHQWLpHG ZLWK �� 6R ZULWH

HjM Þ  ��

)XUWKHUPRUH� VLQFH � � ; d< � = LV ELOLQHDU� WKHQ Hj HYDOXDWHG DW WKH GLoHUHQFHV LQ
�L� WR �LY� LV QXOO� +HQFH WKH OLQHDU PDQLIROG 0 RI 6 LV VXFK WKDW Hj�0�  �� 7KDW

LV�0 v 1 �Hj�� 7KXV E\ 3URSRVLWLRQ ��� WKHUH H[LVWV D XQLTXH OLQHDU WUDQVIRUPDWLRQ
j� 6  0 � =

VXFK WKDW Hj  j r }� 7KHUHIRUH UHVWULFWLQJ WR 6 ~ 6 DQG VLQFH VSDQ }�6�  6  0�

ZH JHW �  HjM Þ  �j r }�M Þ  jM Â,Ã3ÄEÅ�à@À © Á r }M Þ  j r v� (TXLYDOHQWO\� WKH GLDJUDPV
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á¹

bbb� =
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6  0

DQG

6
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6  0

FRPPXWH� ,GHQWLI\LQJ DJDLQ 6 } 6 �WKXV UHJDUGLQJ 6  ; d< DV D VXEVHW RI 6 DQG

ZULWLQJ v }M � IRU v }M Þ DQG �  HjM � IRU � HjM Þ �� WKHQ WKH GLDJUDP
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FRPPXWHV� 7KHUHIRUH WKH SDLU �6  0� v� VDWLVpHV WKH D[LRPV RI 'HpQLWLRQ ����

�� $Q ,QW HU SU HW DW LRQ YLD /LQHDU 0 DS RI %LO LQHDU 0 DSV

/HW ; DQG < EH QRQ]HUR OLQHDU VSDFHV RYHU WKH VDPH pHOG )� WDNH WKH &DUWHVLDQ
SURGXFW ; d< RI ; DQG < � DQG FRQVLGHU WKH OLQHDU VSDFH E> ; d< �) @ RI DOO ELOLQHDU
PDSV LQWR DQ DUELWUDU\ EXW p[HG OLQHDU VSDFH ) RYHU )� $VVRFLDWHG ZLWK HDFK SDLU
�[� \� � ; d< � FRQVLGHU D WUDQVIRUPDWLRQ [n \ � E> ; d< �) @� ) GHpQHG E\

�[n \����  ��[� \� � ) IRU HYHU\ � � E> ; d< �) @�

7KLV DJDLQ LV UHIHUUHG WR DV D VLQJOH WHQVRU DQG DV LV UHDGLO\ YHULpHG [n \ LV D OLQHDU
WUDQVIRUPDWLRQ RQ WKH OLQHDU VSDFH RI ELOLQHDU PDSV�

[n \ � / > E> ; d< �) @�) @�

7KXV WKH WHUP OLQHDU PDSV RI ELOLQHDU PDSV PHDQV WKDW WKLV DSSURDFK WR WHQVRU
SURGXFW IRFXVHV H[SOLFLWO\ RQ WKH OLQHDUL]DWLRQ RI ELOLQHDU PDSV� 7DNH WKH FROOHFWLRQ

!̄=È µ�È,â  j
[n \ � / > E> ; d< �) @�) @ � [ � ; DQG \ � <

k

RI DOO VLQJOH WHQVRUV� &RQVLGHU LWV VSDQ� VSDQ!̄=È µ�È,â v / > E> ; d< �) @�) @� ZKLFK LV D
OLQHDU PDQLIROG RI WKH OLQHDU VSDFH / > E> ; d< �) @�) @� DQG GHpQH D PDS

v � ; d< �!̄=È µ�È,â v VSDQ!̄=È µ�È�â
DV IROORZV� IRU HDFK SDLU �[� \� � ; d< VHW

v�[� \�  [n \�

7KHRUHP ���� �VSDQ!̄=È µ�È,â � v� LV D WHQVRU SURGXFW RI ; DQG < �

3URRI� 7DNH DQ DUELWUDU\ OLQHDU VSDFH ) � &RQVLGHU D[LRPV �D�� �E� LQ 'HpQLWLRQ ����

�D � � v�[� \� LV D OLQHDU WUDQVIRUPDWLRQ� v�[� \� � / >E> ; d< �) @�) @ IRU HDFK �[� \� LQ
; d< � ZKLFK LV JLYHQ E\ v�[� \����  ��[� \� � ) IRU HYHU\ � � E> ; d< �) @� 7KHQ
ELOLQHDULW\ RI � LV WUDQVIHUUHG WR v� +HQFH v � E> ; d< � VSDQ!̄=È µ�È,â @�
�D � � 6LQFH v�[� \�  [n \� WKHQ 5�v�  !̄=È µ�È,â � DQG VR VSDQ5�v�  VSDQ!̄=È µ�È,â �
�E� $Q DUELWUDU\ HOHPHQW ] RI WKH OLQHDU VSDFH VSDQ!̄=È µ�È,â LV D OLQHDU FRPELQDWLRQ
RI VLQJOH WHQVRUV� WKXV O\LQJ LQ / > E> ; d< �) @�) @� 6LQFH v LV ELOLQHDU� WKHQ HYHU\ ]
LQ VSDQ!̄=È µ�È,â LV D pQLWH VXP RI VLQJOH WHQVRUV [n \  v�[� \��

]  ;
� [ � n \ � � VSDQ!̄=È µ�È,â v / > E> ; d< �) @�) @�

*LYHQ DQ DUELWUDU\ ELOLQHDU PDS � � E> ; d< �=@ LQWR DQ\ OLQHDU VSDFH = � FRQVLGHU
WKH WUDQVIRUPDWLRQ j� VSDQ!̄JÈ µ�È,â � = GHpQHG E\

j�]�  ;
� ��[ � � \ � � � = IRU HYHU\ ]  ;

� [ � n \ � � VSDQ!̄=È µ�È,â �
$V LV UHDGLO\ YHULpHG� WKLV LV D OLQHDU WUDQVIRUPDWLRQ� j � / > VSDQ!̄=È µ�È,â �= @� $OVR�

�j r v��[� \�  j
b
v�[� \�

c
 j�[n \�  ��[� \�

IRU HYHU\ �[� \� � ; d< � +HQFH �  j r v� OHDGLQJ WR WKH FRPPXWDWLYH GLDJUDP
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VSDQ!̄=È µ�È,â

DQG WKHUHIRUH WKH SDLU �VSDQ!̄=È µ�È,â � v� VDWLVpHV WKH D[LRPV RI 'HpQLWLRQ ����
7KLV LQWHUSUHWDWLRQ� ZKHUH VLQJOH WHQVRUV DUH GHpQHG DV OLQHDU WUDQVIRUPDWLRQV

RI ELOLQHDU PDSV� LV VSHFLDOO\ WDLORUHG WR KLJKOLJKW WKH FHQWUDO SURSHUW\ RI WHQVRU
SURGXFWV DV D WRRO WR OLQHDUL]H ELOLQHDU PDSV DFFRUGLQJ WR 3URSRVLWLRQ ����

$Q LPSRUWDQW SDUWLFXODU FDVH UHIHUV WR OLQHDU DQG ELOLQHDU IRUPV E\ VHWWLQJ )  )�
,Q WKLV FDVH VLQJOH WHQVRUV DUH OLQHDU IRUPV RI ELOLQHDU IRUPV�
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