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�� ,QW U RGXF W LRQ

7KH SXUSRVH RI WKLV SDSHU LV WZRIROG� ,W LV D VXUYH\ ZLWK DQ H[SRVLWRU\ qDYRU
OLQNLQJ WKH QRWLRQV LQ WKH WLWOH� DQG DOVR LQFOXGHV RULJLQDO UHVXOWV�

7KH SDSHU LV VSOLW LQWR WZR SDUWV� ERWK GHDOLQJ ZLWK ERXQGHG OLQHDU RSHUDWRUV RQ
D +LOEHUW VSDFH� 7KH pUVW SDUW �6HFWLRQV �� � DQG �� VXUYH\V WKH WHFKQLTXH RI JHQ�
HUDWLQJ D QHZ LQQHU SURGXFW IURP WKH RULJLQDO RQH� DQG LWV DSSOLFDWLRQV WR VLPLODULW\
WR LVRPHWULHV DQG DV\PSWRWLF OLPLW IRU FRQWUDFWLRQV� HPSKDVL]LQJ WKH FRPPRQ UROH
SOD\HG E\ WKH HTXDWLRQ 7 f $7  $� 7KH FHQWUDO UHVXOWV RI WKLV SDUW DSSHDU LQ 3URS�
RVLWLRQV ���� ���� JLYLQJ D FRPSUHKHQVLYH FKDUDFWHUL]DWLRQ RI VLPLODULW\ WR LVRPHWULHV�

7KH VHFRQG SDUW �6HFWLRQV � DQG �� LV D IROORZ�XS RI WKH pUVW RQH� H[WHQGLQJ LW
WR SRZHU ERXQGHG RSHUDWRUV E\ PHDQV RI WKH 
�DV\PSWRWLF OLPLW DVVRFLDWHG ZLWK D
%DQDFK OLPLW 
 DQG� DOWHUQDWLYHO\� WR ERXQGHG RSHUDWRUV E\ PHDQV RI &HVvDUR DV\PS�
WRWLF OLPLW DVVRFLDWHG ZLWK &HVvDUR PHDQV� VWLOO IRFXVLQJ RQ WKH UROH SOD\HG E\ WKH
HTXDWLRQ 7 f $7  $� 7KHRUHP ��� EULQJV WRJHWKHU D ODUJH FROOHFWLRQ RI SURSHUWLHV RI

�DV\PSWRWLF OLPLWV IRU SRZHU ERXQGHG RSHUDWRUV� DV D JHQHUDOL]DWLRQ RI DQDORJRXV
UHVXOWV IRU FRQWUDFWLRQV� 6LPLODUO\� 7KHRUHP ��� EULQJV WRJHWKHU D ODUJH FROOHFWLRQ RI
SURSHUWLHV RI &HVvDUR�DV\PSWRWLF OLPLWV IRU ERXQGHG RSHUDWRUV� 7KHRUHP ��� VKRZV
WKDW LI D SRZHU ERXQGHG RSHUDWRU LV VXFK WKDW LWV VHTXHQFH RI &HVvDUR PHDQV FRQ�
YHUJHV LQ WKH ZHDN WRSRORJ\� ZKRVH VKLIWHG VHTXHQFHV FRQYHUJH XQLIRUPO\ LQ WKH VKLIW
SDUDPHWHU� WKHQ LWV &HVvDUR DV\PSWRWLF OLPLW FRLQFLGHV ZLWK LWV 
�DV\PSWRWLF OLPLW
IRU DOO %DQDFK OLPLWV 
� 7KLV LV IROORZHG E\ DQ DSSOLFDWLRQ LQ &RUROODU\ ����

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

$ OLQHDU WUDQVIRUPDWLRQ / RQ D OLQHDU VSDFH ; LV LQMHFWLYH LI DQG RQO\ LI LWV NHUQHO
1 �/�  / gMh �I�J� LV QXOO �L�H�� LI DQG RQO\ LI 1 �/�  I�J�� ,I ; LV D QRUPHG VSDFH�
WKHQ OHW %> ; @ VWDQG IRU WKH QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ ; �L�H�� RI DOO ERXQGHG
OLQHDU WUDQVIRUPDWLRQV RI ; LQWR LWVHOI�� ,I 7 �%> ; @� WKHQ 1 �7 � LV D VXEVSDFH RI ; �
ZKLFK PHDQV D FORVHG OLQHDU PDQLIROG RI ; � 7KH UDQJH 5�7 �  7 � ; � RI 7 �%> ; @ LV
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D �QRW QHFHVVDULO\ FORVHG� OLQHDU PDQLIROG RI ; � $Q RSHUDWRU 7 RQ D QRUPHG VSDFH ;
KDV D ERXQGHG LQYHUVH RQ LWV UDQJH LI DQG RQO\ LI LW LV ERXQGHG EHORZ� $Q RSHUDWRU
7 RQ D %DQDFK VSDFH ; LV ERXQGHG EHORZ LI DQG RQO\ LI LW LV LQMHFWLYH ZLWK D FORVHG
UDQJH �L�H�� 1 �7 �  I�J DQG 5�7 �  5�7 � g ZKHUH WKH XSSHU EDU GHQRWHV FORVXUH��
/HW ; EH D QRUPHG VSDFH� $Q RSHUDWRU 7 �%> ; @ LV DQ LVRPHWU\ LI N7[N  N[N IRU

HYHU\ [� ; �D XQLWDU\ RSHUDWRU LV DQ LQYHUWLEOH LVRPHWU\ RQ D +LOEHUW VSDFH�� ,W LV D
FRQWUDFWLRQ LI N7[N xN[N IRU HYHU\ [� ; �L�H�� N7Nx ��� DQG LW LV SRZHU ERXQGHG
LI VXS � N7 � N��� ,Q WKLV FDVH VHW p  VXS � N7 � N� 7KXV 7 LV SRZHU ERXQGHG LI
WKHUH LV D FRQVWDQW p ! � VXFK WKDW N7 � [N x pN[N IRU DOO LQWHJHUV Qy � DQG HYHU\
[� ; � ZKLFK LPSOLHV VXS � N7 � [N�� IRU HYHU\ [� ; � 7KH FRQYHUVH KROGV LI ; LV D
%DQDFK VSDFH E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP� (YHU\ LVRPHWU\ LV D FRQWUDFWLRQ
DQG HYHU\ FRQWUDFWLRQ LV SRZHU ERXQGHG� $Q RSHUDWRU 7 �%> ; @ LV SRZHU ERXQGHG
EHORZ LI WKHUH LV D FRQVWDQW o! � VXFK WKDW oN[N x N7 � [N IRU DOO LQWHJHUV Qy � DQG
HYHU\ [� ; � $ %> ; @�YDOXHG VHTXHQFH I6 � J FRQYHUJHV XQLIRUPO\ �RU LQ WKH RSHUDWRU
QRUP WRSRORJ\� WR DQ RSHUDWRU 6 �%> ; @ LI N�6 � b 6�N � � �QRWDWLRQ� 6 ���b� 6�� ,W
FRQYHUJHV VWURQJO\ WR 6 LI WKH ; �YDOXHG VHTXHQFH I6 � [J FRQYHUJHV WR 6[ LQ WKH QRUP
WRSRORJ\ �L�H�� N�6 � b 6�[N � �� IRU HYHU\[ � ; �QRWDWLRQ� 6 ���b� 6�� 7KH VHTXHQFH
I6 � J FRQYHUJHV ZHDNO\ WR 6 �%> ; @ LI I��6 � b 6�[�� � IRU HYHU\ I LQ WKH GXDO ; f RI
; DQG HYHU\ [ LQ ; �QRWDWLRQ� 6 � �b� 6 _ LI ; LV D +LOEHUW VSDFH ZLWK LQQHU SURGXFW
Kc � cL� ZHDN FRQYHUJHQFH PHDQV K�6 � b 6�[ � \L � � IRU HYHU\ [� \ � ; E\ WKH 5LHV]
5HSUHVHQWDWLRQ 7KHRUHP� ZKLFK LV HTXLYDOHQW WR K�6 � b 6�[ �[L � � IRU HYHU\ [ � ;
LI WKH +LOEHUW VSDFH LV FRPSOH[ E\ WKH 3RODUL]DWLRQ ,GHQWLW\�� 8QLIRUP FRQYHUJHQFH
FOHDUO\ LPSOLHV VWURQJ FRQYHUJHQFH� ZKLFK LQ WXUQ LPSOLHV ZHDN FRQYHUJHQFH� $Q
RSHUDWRU 7 �%> ; @ LV RI FODVV & ¡ c LI WKH SRZHU VHTXHQFH I7 � J FRQYHUJHV VWURQJO\ WR
WKH QXOO RSHUDWRU� 7

�
[� � IRU HYHU\ [� ; �L�H�� LI 7 LV VWURQJO\ VWDEOH _ QRWDWLRQ�

7
� �b� 2�� DQG LW LV RI &ODVV & h c LI 7 � [� � IRU HYHU\ � � [� ; �
6XSSRVH ; LV DQ LQQHU SURGXFW VSDFH ZLWK LQQHU SURGXFW K c � c L� 7KH QRUP LQGXFHG

E\ WKH LQQHU SURGXFW ZLOO EH GHQRWHG E\ N c N� ,I ; LV D +LOEHUW VSDFH DQG 7 �%> ; @�
WKHQ 7 f � %> ; @ GHQRWHV LWV �+LOEHUW�VSDFH� DGMRLQW� $ VHOI�DGMRLQW RSHUDWRU $ �L�H��
RQH IRU ZKLFK $ f  $� LV QRQQHJDWLYH RU SRVLWLYH LI� UHVSHFWLYHO\� � x K$[ �[L IRU
HYHU\ [ � ; RU � � K$[ �[L IRU HYHU\ QRQ]HUR [ � ; �QRWDWLRQ� $ y 2 RU $ ! 2��
$ �VHOI�DGMRLQW� RSHUDWRU $ LV SRVLWLYH LI DQG RQO\ LI LW LV QRQQHJDWLYH DQG LQMHFWLYH�

$ ! 2 �� $ y 2 DQG 1 �$�  I�J�
,QMHFWLYH VHOI�DGMRLQW RSHUDWRUV KDYH GHQVH UDQJH �L�H�� 5�$� g  ; ZKHQHYHU 1 �$�  
I�J LI $ f  $�� 7KXV SRVLWLYH RSHUDWRUV DUH LQMHFWLYH ZLWK GHQVH UDQJH� +HQFH D
SRVLWLYH RSHUDWRU $ RQ D +LOEHUW VSDFH ; LV ERXQGHG EHORZ LI DQG RQO\ LI LWV KDV
D ERXQGHG LQYHUVH RQ LWV FORVHG GHQVH LPDJH� ZKLFK LQ WXUQ LV HTXLYDOHQW WR VD\LQJ
WKDW LW LV LQMHFWLYH DQG VXUMHFWLYH� ZKLFK PHDQV LQYHUWLEOH �ZLWK D ERXQGHG LQYHUVH��
,QYHUWLEOH SRVLWLYH RSHUDWRUV DUH FDOOHG VWULFWO\ SRVLWLYH DQG GHQRWHG E\ $ � 2�

$ � � �� $ ! 2 KDV D ERXQGHG LQYHUVH RQ ; �

$ QRQQHJDWLYH RSHUDWRU $ KDV D XQLTXH QRQQHJDWLYH VTXDUH URRW $ ¢£ ZKLFK LV SRVLWLYH
RU VWULFWO\ SRVLWLYH ZKHQHYHU $ LV �LQGHHG� 1 �$ ¢£ �  1 �$� DQG 5�$ ¢£ � g  5�$� g ��

�� * HQHU DW LQJ D 1HZ ,QQHU 3U RGXF W

7DNH D OLQHDU VSDFH ; � OHW K c � c L EH DQ LQQHU SURGXFW RQ ; � VXSSRVH �; � K c � c L� LV
D +LOEHUW VSDFH� DQG OHW $ EH D QRQQHJDWLYH RSHUDWRU �L�H�� $ y 2� RQ WKLV +LOEHUW
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VSDFH� $V LV UHDGLO\ YHULpHG� WKH QRQQHJDWLYH RSHUDWRU $ JHQHUDWHV D QHZ VHPL�LQQHU
SURGXFW K c � c L ° RQ ; GHpQHG IRU HYHU\ [� \ � ; E\

K[ � \L °  K$[ � \L�
ZKLFK LQGXFHV D VHPLQRUP N c N ° RQ ; JLYHQ E\

N[N °  K$[ �[L ¢£  N$ ¢£ [N�
7KLV VHPLQRUP N c N ° EHFRPHV D QRUP ZKHQHYHU $ LV LQMHFWLYH �L�H�� 1 �$�  I�J RU�
HTXLYDOHQWO\� ZKHQHYHU WKH QRQQHJDWLYH $ LV SRVLWLYH�� &RQVLGHU WKH LQQHU SURGXFW
VSDFH � ; � K c � c L ° �� $V GHpQHG LQ 6HFWLRQ �� %> ; @ LV WKH %DQDFK DOJHEUD RI DOO OLQHDU
RSHUDWRUV RQ WKH +LOEHUW VSDFH �; � K c � c L� ZKLFK DUH ERXQGHG �L�H�� FRQWLQXRXV� ZLWK
UHVSHFW WR WKH QRUP N c N LQGXFHG E\ WKH LQQHU SURGXFW K c � c L� ,I $ LV SRVLWLYH� WKHQ
OHW %> ; @ ° GHQRWH WKH QRUPHG DOJHEUD RI DOO OLQHDU RSHUDWRUV RQ WKH LQQHU SURGXFW
VSDFH � ; � K c � c L ° � ZKLFK DUH ERXQGHG �L�H�� FRQWLQXRXV� ZLWK UHVSHFW WR WKH QHZ
QRUP N c N ° � ,Q WKLV FDVH �L�H�� LI $ ! 2 RU� HTXLYDOHQWO\� LI N c N ° �LV D QRUP�� WKH
IROORZLQJ HOHPHQWDU\ UHVXOW UHSUHVHQWV DQ DSSURSULDWH VWDUWLQJ SRLQW�

3URSRVLWLRQ ���� /HW $ ! 2 EH DQ DUELWUDU\ SRVLWLYH RSHUDWRU RQ D +LOEHUW VSDFH

�; � K c � c L� DQG FRQVLGHU WKH QRUP N c N ° LQGXFHG E\ WKH LQQHU SURGXFW K c � c L °  
K$ c � c L� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D� $ LV LQYHUWLEOH �L�H�� KDV ERXQGHG LQYHUVH RQ ; � HTXLYDOHQWO\� $ � 2��

�E� 7KH QRUPV N c N ° DQG N c N RQ ; DUH HTXLYDOHQW�

3URRI� 7DNH WKH +LOEHUW VSDFH �; � K c � c L� DQG OHW $ EH D SRVLWLYH RSHUDWRU RQ LW� 6R
N$[N

�
x N$ ¢£ N � N$ ¢£ [N �  N$N N[N �°  N$N MK$[ �[LM x N$N N$[N N[N x N$N

�
N[N

�
IRU HYHU\ [ LQ ; � 6LQFH $ LV SRVLWLYH� LW LV LQMHFWLYH� DQG VR $ LV ERXQGHG EHORZ LI DQG
RQO\ LI LW KDV D FORVHG UDQJH� 6LQFH $ LV DQ LQMHFWLYH VHOI�DGMRLQW� WKHQ 5�$� g  ; �
7KXV WKH SRVLWLYH RSHUDWRU $ LV LQYHUWLEOH �L�H�� $ ! 2 KDV D ERXQGHG LQYHUVH RQ
; RU� HTXLYDOHQWO\� $ LV ERXQGHG EHORZ DQG VXUMHFWLYH� LI DQG RQO\ LI $ LV ERXQGHG
EHORZ� ZKLFK PHDQV o

�
N[N

�
x N$[N

�
IRU HYHU\ [ � ; DQG VRPH o ! �� 7KHUHIRUH

$ � 2 �� ± £² ° ² N[N � x N[N �° x N$NN[N � IRU HYHU\ [ � ; � IRU VRPH o ! ��

3HUKDSV WKH pUVW UHVXOW DORQJ WKLV OLQH LV RQH HQVXULQJ WKDW IRU HYHU\ QHZ LQQHU
SURGXFW WKHUH LV D SRVLWLYH RSHUDWRU JHQHUDWLQJ LW�7KLV LV D FODVVLFDO UHVXOW IURP >��@�

/HPPD ���� /HW �; � K c � c L� EH D +LOEHUW VSDFH� DQG OHW > c � c @ EH D VHPL�LQQHU SURG�

XFW LQ ; � 7KHQ WKHUH H[LVWV D XQLTXH QRQQHJDWLYH RSHUDWRU $ � %> ; @ IRU ZKLFK

>[ � \@  K[ � \L °  K$[ � \L IRU HYHU\ [� \ � ; �

,I WKLV XQLTXH $ � %> ; @ LV SRVLWLYH� WKHQ > c � c @ EHFRPHV DQ LQQHU SURGXFW LQ ; �

3URRI� 7KLV LV D SDUWLFXODU FDVH RI D IXQGDPHQWDO UHVXOW IRU GHQVHO\ GHpQHG ERXQGHG
VHVTXLOLQHDU IRUPV > c � c @ LQ D +LOEHUW�VSDFH VHWWLQJ >��� 7KHRUHP ����� S���@� ,Q SDU�
WLFXODU� LI �; � K c � c L� LV D +LOEHUW VSDFH� WKHQ WKH UHVXOW KROGV IRU HYHU\ +HUPLWLDQ
V\PPHWULF VHVTXLOLQHDU IRUP LQGXFLQJ HLWKHU D QRQQHJDWLYH RU D SRVLWLYH TXDGUDWLF
IRUP �L�H�� LW KROGV IRU HYHU\ VHPL�LQQHU RU LQQHU SURGXFW > c � c @ RQ ; d ; � DFFRUGLQJ
WR ZKHWKHU $ LV QRQQHJDWLYH RU SRVLWLYH� UHVSHFWLYHO\�
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7KH LQQHU SURGXFW VSDFH �; � > c � c @� PD\ QRW EH D +LOEHUW VSDFH LI WKH SRVLWLYH

$ LV QRW VWULFWO\ SRVLWLYH� +RZHYHU� LI $ LV LQYHUWLEOH �L�H�� LI $ � 2�� WKHQ WKH QHZ
QRUP JHQHUDWHG E\ $ LV HTXLYDOHQW WR WKH RULJLQDO RQH �E\ 3URSRVLWLRQ ����� DQG VR
�; � K c � c L ° � EHFRPHV D +LOEHUW VSDFH�

�� 6LP LO DU LW \ W R DQ ,VRP HW U \ DQG W KH (TXDW LRQ 7 f $7  $

/HW WKH VHPLQRUP �QRUP� NcN ° EH WKH RQH LQGXFHG E\ WKH QHZ VHPL�LQQHU SURGXFW
�LQQHU SURGXFW� Kc � cL °  K$c � cL DV GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ�
3URSRVLWLRQ ���� /HW ; EH D +LOEHUW VSDFH� 7DNH DQ DUELWUDU\ RSHUDWRU 7 LQ %> ; @
DQG DQ DUELWUDU\ QRQQHJDWLYH RSHUDWRU $ LQ %> ; @�
�D� 6LQFH $ y 2� WKHQ N7[N °  N[N ° IRU HYHU\ [ � ; LI DQG RQO\ LI 7 f $7  $�

�E� ,I $ ! 2� WKHQ 7 LV DQ LVRPHWU\ LQ %> ; @ ° LI DQG RQO\ LI 7 f $7  $�

�F� ,I $ � 2 DQG 7 f $7  $� WKHQ 7 LV VLPLODU WR DQ LVRPHWU\�

�G� ,I 7 LV VLPLODU WR DQ LVRPHWU\� WKHQ 7 f $ ´ 7  $ ´ IRU VRPH 2 � $ ´ � %> ; @�
3URRI� �D� ,I $ y 2� WKHQ NcN ° LV D VHPL�QRUP RQ ; � 6LQFH 7 f $7 b$ LV VHOI�DGMRLQW�
K�7 f $7 b$�[� [L  � IRU HYHU\ [ � ; LI DQG RQO\ LI 7 f $7  $� 7KHUHIRUH� VLQFH

N7[N
�°  N$ ¢£ 7[N �  K$7[ �7[L K7 f $7[� [L DQG K$[� [L N$ ¢£ [N �  N[N �°

IRU HYHU\ [ � ; � ZH JHW WKH UHVXOW LQ �D��
�E� ,I $ ! 2� WKHQ N c N ° LV D QRUP RQ ; DQG WKHUHIRUH WKH LGHQWLW\ N7[N °  N[N °
IRU HYHU\ [ � ; PHDQV WKH RSHUDWRU 7 LV DQ LVRPHWU\ LQ %> ; @ ° � 1RZ DSSO\ �D��
�F� ,I $ y 2 DQG 7 f $7  $� WKHQ IRU HYHU\ [ � ;

N$ ¢£ 7[N �  K$ ¢£ 7[ �$ ¢£ 7[L  K7 f $7[ �[L  K$[ �[L  N$ ¢£ [N � �
,I $ � 2� WKHQ N$ ¢£ 7$ gV¢£ [N  N[N IRU HYHU\ [ � ; � 6R 7 LV VLPLODU WR DQ LVRPHWU\�

�G� ,I 7 � %> ; @ LV VLPLODU WR DQ LVRPHWU\� WKHQ WKHUH H[LVWV DQ LQYHUWLEOH WUDQVIRU�
PDWLRQ : LQ %> ; �< @ �ZLWK D ERXQGHG LQYHUVH : gMh LQ %>< � ; @ IRU VRPH +LOEHUW
VSDFH < XQLWDULO\ HTXLYDOHQW WR ; E\ WKH ,QYHUVH 0DSSLQJ 7KHRUHP VLQFH ; LV
%DQDFK� IRU ZKLFK :7: gMh LV DQ LVRPHWU\ LQ %>< @� 6LQFH : LV LQYHUWLEOH� WKH SR�
ODU GHFRPSRVLWLRQ RI : LV JLYHQ E\ :  8 M: M ZKHUH 8 � %> ; �< @ LV XQLWDU\ DQG
M: M  �: f : � ¢£ � %> ; @ LV VWULFWO\ SRVLWLYH� 7KXV 2 � M: M  8 f :� 6LQFH :7: gMh
LV DQ LVRPHWU\ RQ < � WKHQ 8 f :7: gMh 8 LV DQ LVRPHWU\ RQ ; � 7KXV

KM: M
�
[� �[L  NM: M[N

�
 N8 f :7: gMh 8 M: M[N

�
 NM: M7: gMh :[N

�
 NM: M7[N

�
 K7 f M: M

�
7[ �[L

IRU HYHU\ [ � ; � DQG KHQFH 7 f $ ´ 7  $ ´ ZLWK 2 � $ ´  M: M
�
�

/HW 7 �%> ; @ DQG $�%> ; @ EH DUELWUDU\ RSHUDWRUV RQ D +LOEHUW VSDFH ; � ,Q DF�
FRUGDQFH ZLWK 3URSRVLWLRQ ����D�� 7 ZDV FDOOHG DQ $�LVRPHWU\ LQ >��@ LI 7 f $7  $
IRU VRPH $ y 2� 6LPLODUO\� 7 ZDV FDOOHG DQ $�FRQWUDFWLRQ LQ >��@ LI 7 f $7 x $ IRU
VRPH $ y 2 �VHH DOVR >��� ��@�� $FWXDOO\� 7 LV VLPLODU WR D FRQWUDFWLRQ LI DQG RQO\
LI 7 f $7 x$ VRPH $ � 2 �VHH H�J�� >��� &RUROODU\ ���@�� 6WLOO DORQJ WKHVH OLQHV� LI
DQ RSHUDWRU $ �QRW QHFHVVDULO\ QRQQHJDWLYH� LV VXFK WKDW 7 f $7  U�7 �

�
$ IRU VRPH



�%�J�%¤P�a¥�¦�¥�§U�¨��§Z¤P§Z¥���©����������'ª«��§Z¤P§Z¥���©a���Y�¬�''��®�%��¦3¤PQ����� µ
7 � %> ; @� ZKHUH U�7 � VWDQGV IRU WKH VSHFWUDO UDGLXV RI 7 � WKHQ $ ZDV FDOOHG 7 �
7RHSOLW] LQ >��@ �UHFDOO� LI 7 LV SRZHU ERXQGHG DQG N7 � N �� �� WKHQ U�7 �  ��� )RU
IXUWKHU DSSOLFDWLRQV RI WKH QHZ VHPL�LQQHU SURGXFW VSDFH � ; � K c � c L ° � DORQJ GLoHUHQW
OLQHV IURP WKRVH GLVFXVVHG KHUH VHH� H�J�� >�@ DQG WKH UHIHUHQFHV WKHUHLQ�

6LPLODULW\ WR DQ LVRPHWU\ LV HTXLYDOHQW WR WKH HTXDWLRQ 7 f $7  $ IRU VRPH $ � 2
�3URSRVLWLRQ ��� �F�G��� 7KLV LV VWLOO HTXLYDOHQW WR VRPH IRUPV RI SRZHU ERXQGHGQHVV
DQG SRZHU ERXQGHGQHVV EHORZ �LQFOXGLQJ &HVvDUR PHDQV IRUPV�� 7KHVH DUH EURXJKW
WRJHWKHU LQ WKH QH[W SURSRVLWLRQ�

3URSRVLWLRQ ���� /HW 7 EH DQ RSHUDWRU RQ D +LOEHUW VSDFH ; � 7KH IROORZLQJ DV�

VHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� 7 LV VLPLODU WR DQ LVRPHWU\�

�E� 7 LV SRZHU ERXQGHG DQG SRZHU ERXQGHG EHORZ� WKHUH H[LVW o� p ! � VXFK WKDW

oN[N x N7 ¶ [N x pN[N IRU DOO N y � DQG HYHU\ [ � ; �

�F� 7KHUH H[LVW o� p ! � DQG DQ LQYHUWLEOH 5 � %> ; @ IRU ZKLFK

oN[N
�
x h� ; � g%h

¶�· ¡ N57 ¶ [N � x pN[N
�
IRU DOO Q y � DQG HYHU\ [ � ; �

�G� 7KHUH H[LVW o� p ! � IRU ZKLFK

oN[N
�
x h� ; � gMh

¶)· ¡ N7 ¶ [N
�
x pN[N

�
IRU DOO Q y � DQG HYHU\ [ � ; �

�H� 7KHUH H[LVW o� p ! � DQG DQ LQYHUWLEOH 5 � %> ; @ IRU ZKLFK

oN[N x N57 ¶ [N x pN[N IRU DOO N y � DQG HYHU\ [ � ; �

3URRI� 6XSSRVH �F� KROGV� 6LQFH h�O¸ h N57
�
[N
�
x h�O¸ h

3 �
¶�· ¡ N57 ¶ [N � x pN[N

�
� WKHQ

h� N57
�
[N
� ; �

¶)· ¡ h¶ ¸ h  h� ; �
¶)· ¡ h¶ ¸ h N57 ¶ 7 � g ¶ [N � x h� ; �

¶)· ¡ pN7
� g ¶ [N �

 
�O¸ h� p h�O¸ h

;

�
¶)· ¡ N5 gMh 57 ¶ [N � x �p � N5 gMh N � N[N � �

DQG WKHUHIRUH VXS � qqb h� 3 �
¶)· ¡ h¶ ¸ h

c ¢£ 57
�
[
q

q

�
�� IRU HYHU\ [ � ; � %\ WKH %DQDFK^

6WHLQKDXV 7KHRUHP VXS � h� 3 �
¶)· ¡ h¶ ¸ h

q

q57
� q
q

�
�� ZKLFK LPSOLHV h� N57

� N � � �

�DV
3 �
¶)· ¡ hh ¸ ¶ ���� 7KXV VLQFH N7 f � 5 f 57

� N  N57
� N � �

h� N7 f � 5 f 57
� N � ��

1RZ IRU HDFK Q y � FRQVLGHU WKH &HVvDUR PHDQ

4 �  h� ; � gMh
¶)· ¡ 7 f ¶ 5 f 57 ¶ �

6LQFH N4 � ¢£ [N �  K4 � [ �[L h� 3 � g%h¶�· ¡ N57 ¶ [N � � WKHQ oN[N � xN4 � ¢£ [N � x pN[N
�
� DQG

KHQFH I4 � ¢£ J LV D ERXQGHG VHTXHQFH RI VWULFWO\ SRVLWLYH RSHUDWRUV �DQG VR LV I4 � J��
�L� )LUVW VXSSRVH WKH +LOEHUW VSDFH ; LV VHSDUDEOH� ,Q WKLV FDVH WKH ERXQGHG VHTXHQFH
I4 � J KDV D ZHDNO\ FRQYHUJHQW VXEVHTXHQFH �VHH� H�J�� >��� 7KHRUHP ����@�� %XW WKH
FRQH RI QRQQHJDWLYH RSHUDWRUV LV ZHDNO\ FORVHG LQ %> ; @ DQG VR WKH ZHDN OLPLW RI DQ\
ZHDNO\ FRQYHUJHQW VXEVHTXHQFH RI I4 � J LV DJDLQ D QRQQHJDWLYH RSHUDWRU LQ %> ; @�
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/HW WKH QRQQHJDWLYH 4�%> ; @ EH WKH ZHDN OLPLW RI D ZHDNO\ FRQYHUJHQW VXEVHTXHQFH
RI I4 � J� $FWXDOO\� 4 LV VWULFWO\ SRVLWLYH EHFDXVH I4 � J LV ERXQGHG EHORZ� 6LQFH

7 f 4 � 7  4 � � h� �5 f 5b 7 f � 5 f 57
�
�

IRU HDFK Q y �� DQG VLQFH h� N7 f � 5 f 57
� N � �� ZH JHW �DJDLQ� WKH HTXDWLRQ

7 f 47  4�

6R 7 LV VLPLODU WR DQ LVRPHWU\ �L�H�� �D� KROGV� E\ 3URSRVLWLRQ ����F�� ,Q RWKHU ZRUGV�
ZLWK 2 � $  4 WKH HTXDWLRQ 7 f $7  $ LPSOLHV 7 LV VLPLODU WR DQ LVRPHWU\�

�LL� 1H[W VXSSRVH WKH +LOEHUW VSDFH ; LV QRW VHSDUDEOH� 6LQFH �F� KROGV� 7 LV QRQ]HUR�
7DNH DQ DUELWUDU\ � � [� ; DQG VHW0 º  VSDQb6 »V¼ �a½ ¡ I7

»
7 f � [J>I7 � 7 f

»
[J

c g
ZKLFK LV D VHSDUDEOH QRQWULYLDO �FORVHG� VXEVSDFH RI WKH �QRQVHSDUDEOH� +LOEHUW VSDFH
; LQFOXGLQJ [ DQG UHGXFLQJ 7� 7KHQ ERWK 7 M ¾¬¿ DQG �7 M ¾¬¿ � f  7 f M ¾¬¿ DFW RQ
WKH VHSDUDEOH +LOEHUW VSDFH 0 º � 7KXV VLQFH 7 M ¾ ¿ VDWLVpHV �F� _ EHFDXVH 7 GRHV
_ WKHQ DFFRUGLQJ WR �L� 7 M ¾ ¿ LV VLPLODU WR DQ LVRPHWU\� &RQVLGHU WKH FROOHFWLRQ
  I/0 º � [� ; J RI DOO RUWKRJRQDO GLUHFW VXPV RI WKHVH VXEVSDFHV� ZKLFK LV
SDUWLDOO\ RUGHUHG �LQ WKH LQFOXVLRQ RUGHULQJ� DQG LV QRW HPSW\ �LI � � \ �0 ºOÀ � WKHQ
0 Á v0 º À EHFDXVH0 º À UHGXFHV 7 DQG VR0 º "0 Á �� 0RUHRYHU� HYHU\ FKDLQ LQ
 KDV DQ XSSHU ERXQG LQ  �WKH XQLRQ RI DOO RUWKRJRQDO GLUHFW VXPV LQ D FKDLQ RI
RUWKRJRQDO GLUHFW VXPV LQ  LV DJDLQ DQ RUWKRJRQDO GLUHFW VXP LQ  �� 7KXV =RUQ
V
/HPPD HQVXUHV WKDW  KDV D PD[LPDO HOHPHQW� VD\ 0  

/0 º � ZKLFK FRLQFLGHV
ZLWK ; �RWKHUZLVH LW ZRXOG QRW EH PD[LPDO VLQFH0j0 À  ; �� $V 7 M ¾ ¿ [  7[�
WKHQ 7  

/

7 M ¾ ¿ RQ ;  /0 º LV VLPLODU WR DQ LVRPHWU\ VLQFH HDFK 7 M ¾ ¿ RQ0 º
LV VLPLODU WR DQ LVRPHWU\ DFFRUGLQJ WR LWHP �L� DERYH� 7KXV DJDLQ �D� KROGV� +HQFH

�F�  � �D��

1RZ LI �D� KROGV� WKHQ �DV LQ WKH SURRI RI �G� LQ 3URSRVLWLRQ ���� WKHUH H[LVWV DQ
LQYHUWLEOH WUDQVIRUPDWLRQ : � %> ; �< @ IRU ZKLFK N:7 ¶ : gMh \N  N\N IRU HYHU\
\ � < � HTXLYDOHQWO\� N:7 ¶ [N  N:[N IRU HYHU\ [ � ; � IRU DOO N y �� 7KHUHIRUH
N7 ¶ [N  N: gMh :7 ¶ [N x N: gMh NN:7 ¶ [N  N: gMh NN:[N x N: gMh NN:NN[N DQG
N[N N: gMh :[N x N: gMh NN:[N N: gMh NN:7 ¶ [N x N: gMh NN:NN7 ¶ [N VR WKDW
N: gMh N gMh N:N gMh N[NxN7 ¶ [N xN: gMh NN:NN[N IRU DOO N IRU HYHU\ [� +HQFH

�D�  � �E��

7KLV FRQFOXGHV WKH SURRI VLQFH �E�  � �G�  � �F�� �H�� �E� KROGV WULYLDOO\�

7KH SRVLWLYH QXPEHUV o DQG p DUH FRQVWDQW ZLWK UHVSHFW WR [ EXW RI FRXUVH WKH\
PD\ GHSHQG RQ 7� 3DUWV RI 3URSRVLWLRQ ��� KDYH DSSHDUHG LQ >��� 7KHRUHP �@� >���
3URSRVLWLRQ ���@� >��� 7KHRUHP �@� >��� 3URSRVLWLRQ ����@� >�� 7KHRUHP �@� DQG >���
&RUROODU\ ���@ �DQG SDUWV RI LW _ H�J�� �D��� �E� _ PD\ VXUYLYH LQ D QRUPHG�VSDFH
VHWWLQJ�� )RU IXUWKHU FRQGLWLRQV RQ VLPLODULW\ WR LVRPHWULHV DORQJ WKHVH OLQHV VHH� H�J��
>�� 3URSRVLWLRQ ���@� >��� 7KHRUHP ���@�

�� & RQW U DF W LRQV DQG W KH (TXDW LRQ 7 f $7  $

7KH QH[W SURSRVLWLRQ LV D FODVVLFDO UHVXOW RQ +LOEHUW�VSDFH FRQWUDFWLRQV GDWLQJ
EDFN WR WKH HDUO\ ����V �VHH� H�J�� >��� &KDSWHU �@ DQG WKH UHIHUHQFHV WKHUHLQ�� ,W
LV EDVHG RQ D ZHOO�NQRZQ UHVXOW ZKLFK VD\V� HYHU\ PRQRWRQH ERXQGHG VHTXHQFH RI

+LOEHUW�VSDFH VHOI�DGMRLQW RSHUDWRUV FRQYHUJHV VWURQJO\ � ,I 7 LV D +LOEHUW�VSDFH FRQ�
WUDFWLRQ� WKHQ I7 f � 7 � J LV D ERXQGHG PRQRWRQH VHTXHQFH RI VHOI�DGMRLQW RSHUDWRUV
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�LQ IDFW D QRQLQFUHDVLQJ VHTXHQFH RI QRQQHJDWLYH RSHUDWRUV� DQG VR LW FRQYHUJHV
VWURQJO\ WR D QRQQHJDWLYH FRQWUDFWLRQ $�

OLP 7 f � 7 �  $ VWURQJO\

�L�H�� OLP � N�7 f � 7 � b$�[N  � IRU HYHU\ [�� 6XFK D QRQQHJDWLYH FRQWUDFWLRQ $ LV
XVXDOO\ UHIHUHHG WR DV WKH DV\PSWRWLF OLPLW RI WKH FRQWUDFWLRQ 7� 6R LI 7 LV D FRQ�
WUDFWLRQ� WKHQ WKH VWURQJ OLPLW $ y 2 RI I7 f � 7 � J �L�H�� WKH DV\PSWRWLF OLPLW RI 7 �
GHpQHV D QHZ VHPL�LQQHU SURGXFW K c � c L ° RQ ; ZKLFK EHFRPHV DQ LQQHU SURGXFW LI
$ ! 2� DQG LQ WKLV FDVH 7 DFWV DV DQ LVRPHWU\ RQ �; � K c � c L ° � E\ 3URSRVLWLRQ ����E��
3URSRVLWLRQ ���� )RU HYHU\ FRQWUDFWLRQ 7 RQ D +LOEHUW VSDFH ; WKHUH H[LVWV D

XQLTXH QRQQHJDWLYH RSHUDWRU $ RQ ; IRU ZKLFK

�D� 7 f � 7 � �b� $�

DQG VR

K[ � \L °  OLP � K7 f � 7 � [ � \L  OLP � K7 � [ �7 � \L  K$[ � \L
IRU HYHU\ [� \ � ; RU� HTXLYDOHQWO\�

N7 � [N � N$ ¢£ [N IRU HYHU\ [ � ; �

ZKHUH N$ ¢£ [N  N[N °  N7 Ã [N ° IRU HYHU\ [� ; DQG HYHU\ M y ��

0RUHRYHU �

�E� 2 x $ x , �L�H�� $ LV D QRQQHJDWLYH FRQWUDFWLRQ RQ ; ��
�F� 7 f $7  $� (TXLYDOHQWO\�

N$ ¢£ 7 � [N  N$ ¢£ [N IRU HYHU\ [� ; DQG HYHU\ Qy ��
�G� $ � 2  � N$N  N7N  ��
�H� $7  2 �� 7$  2 �� $  2�

�I� $7  7$ �� $  $
�
�

�J� �, b$�7
� �b� 2 DQG VR �, b$ ¢£ �7 � �b� 2�

�K� N$7
�
[N � N$ ¢£ [N IRU HYHU\ [ � ; �

�L� 1 �$�  
j

[ � ; � 7 � [� �
k

�VR 7
� �b� 2 �� $  2��

�M� 1 �,b$�  
j

[� ; � N7 � [N N[N �Qy�k �VR 7 LV DQ LVRPHWU\ ��$ ,��

)XUWKHUPRUH�

$ LV LQYHUWLEOH �� 7 LV VLPLODU WR DQ LVRPHWU\�

3URRI� 6HH� H�J�� >��� 3URSRVLWLRQV ���� ��� DQG ���@ _ VHH DOVR >�@� >��@� >�@� >��@�

5HPDUN ���� $FFRUGLQJ WR 3URSRVLWLRQ ����L� WKH VWURQJ OLPLW $ RI I7 f � 7 � J IRU D
+LOEHUW�VSDFH FRQWUDFWLRQ 7 LV SRVLWLYH LI DQG RQO\ LI 7 LV D FRQWUDFWLRQ RI FODVV & h c �
�D� 7 LV D & h c�FRQWUDFWLRQ �� 1 �$�  I�J �� $ ! 2�

6LQFH $
�
 $!2 LPSOLHV $ ,� WKH DERYH HTXLYDOHQFH DQG 3URSRVLWLRQ ����M� HQVXUHV

�E� 7 LV D & h c�FRQWUDFWLRQ ZLWK $  $
�
�� 7 LV DQ LVRPHWU\�
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)RU D FROOHFWLRQ RI SURSHUWLHV RI DV\PSWRWLF OLPLWV IRU +LOEHUW�VSDFH FRQWUDFWLRQV

VHH� IRU LQVWDQFH� >��� 6HFWLRQ ,���@� >�� 6HFWLRQ �@� >��� &KDSWHU �@� >��@� >��@� )RU WKH
QHZ LQQHU SURGXFW Kc � cL ° JHQHUDWHG E\ WKH DV\PSWRWLF OLPLW $ RI D & h c�FRQWUDFWLRQ
7 �L�H�� IRU D SRVLWLYH $ RU� LQ SDUWLFXODU� IRU D VWULFWO\ SRVLWLYH $ DV LQ 3URSRVLWLRQV
����F� DQG ���� VHH� IRU LQVWDQFH� >��@� >��� 5HPDUN ���@ DQG >��@�

�� 3RZ HU %RXQGHG 2SHU DW RU V DQG W KH (TXDW LRQ 7 f $7  $

7KH H[LVWHQFH RI %DQDFK OLPLWV ZDV HVWDEOLVKHG E\ %DQDFK KLPVHOI >�� S���@ DV D
FRQVHTXHQFH RI WKH +DKQ^%DQDFK 7KHRUHP� /HW C Å¸ GHQRWH WKH %DQDFK VSDFH RI DOO
FRPSOH[�YDOXHG ERXQGHG VHTXHQFHV HTXLSSHG ZLWK LWV XVXDO VXS�QRUP� $ %DQDFK
OLPLW LV DQ\ ERXQGHG OLQHDU IXQFWLRQDO 
 � C Å¸ � & �L�H�� 
 � C Å¸ f � ZKHUH C Å¸ f LV WKH
GXDO RI C Å¸ � DVVLJQLQJ D FRPSOH[ QXPEHU WR HDFK FRPSOH[�YDOXHG ERXQGHG VHTXHQFH
ZKLFK VDWLVpHV WKH IROORZLQJ SURSHUWLHV� 7DNH I| � J � C Å¸ �
�R� 
 LV OLQHDU �L�H�� DGGLWLYH DQG KRPRJHQRXV��

�L� 
 LV UHDO �L�H�� 
�I| � J� � 5 ZKHQHYHU I| � J LV UHDO�YDOXHG��
�LL� 
 LV SRVLWLYH �L�H�� � x 
�I| � J� ZKHQHYHU � x | � IRU HYHU\ Q��

�LLL� 
 LV RUGHU�SUHVHUYLQJ �L�H�� 
�I| � J� x 
�I� � J� LI | � x � � LQ 5 IRU HYHU\ Q��

�YL� 
 LV EDFNZDUG�VKLIW�LQYDULDQW �L�H�� 
�I| �O¸ h J�  
�I| � J���
�Y� OLP LQI � | � x 
�I| � J� x OLP VXS � | � IRU HYHU\ UHDO�YDOXHG VHTXHQFH I| � J�
�YL� 
 DVVLJQV WR D FRQYHUJHQW VHTXHQFH LWV OLPLW �L�H�� | � � |  � 
�I| � J�  |�

�LQ SDUWLFXODU� 
�I�� �� �� � � � J�  ���
�YLL� N
N  ��

)RU H[LVWHQFH RI %DQDFK OLPLWV VHH� H�J�� >�� 6HFWLRQ ,,,��@ RU >��� 3UREOHP ����@��
0RUHRYHU� IRU HYHU\ %DQDFK OLPLW 
 WKHUH H[LVW %DQDFK OLPLWV 
 ¸ DQG 
 g VXFK WKDW
OLP � LQI Ã h�

;

� gMh
¶�· ¡ | ¶ ¸ Ã  
 g �I| � J� x 
�I| � J� x 
 ¸ �I| � J�  OLP � VXS Ã h�

;

� g%h
¶)· ¡ | ¶ ¸ Ã

IRU DQ DUELWUDU\ UHDO�YDOXHG VHTXHQFH I| � J � C Å¸ � ZKHUH 
 g �I| � J� DQG 
 ¸ �I| � J� DUH
WKH PLQLPXP DQG PD[LPXP YDOXHV RI %DQDFK OLPLWV DW I| � J� UHVSHFWLYHO\ >��� 7KH�
RUHP �p� q�@� DQG IRU HYHU\ | � >
 g �I| � J�� 
 ¸ �I| � J�@ WKHUH H[LVWV D %DQDFK OLPLW 
 ´
IRU ZKLFK 
 ´ �I| � J�  | �VHH DOVR >��� �����@�� $FWXDOO\� DOO %DQDFK OLPLWV FRLQFLGH RQ
D UHDO�YDOXHG VHTXHQFH LI DQG RQO\ LI WKHLU VKLIWHG &HVvDUR PHDQV FRQYHUJH XQLIRUPO\
LQ WKH VKLIWHG SDUDPHWHU� ,Q RWKHU ZRUGV� LI I| � J LV D UHDO�YDOXHG VHTXHQFH� WKHQ

�I| � J�  | IRU DOO %DQDFK OLPLWV 
 �� OLP � h� ; � gMh

¶�· ¡ | ¶ ¸ Ã  | XQLIRUPO\ LQ M�

>��� 7KHRUHP �@ �VHH DOVR >��� 7KHRUHP �r�@�� :H ZLOO UHIHU WR WKH DERYH GLVSOD\HG
UHVXOWV DV /RUHQW] FKDUDFWHUL]DWLRQV� $OVR� DQG FRQVHTXHQWO\� VLQFH 
 g DQG 
 ¸ DUH
%DQDFK OLPLWV� WKHQ IRU HYHU\ UHDO�YDOXHG VHTXHQFH I| � J�

OLP LQI � | � x OLP � LQI Ã h�
;

� gMh
¶)· ¡ | ¶ ¸ Ã x OLP � VXS Ã h�

;

� gMh
¶)· ¡ | ¶ ¸ Ã x OLP VXS � | � �

7KH %DQDFK OLPLW WHFKQLTXH IRU SRZHU ERXQGHG RSHUDWRUV GLVFXVVHG KHUH LV ZHOO�
NQRZQ DQG KDV EHHQ DSSOLHG TXLWH RIWHQ �VHH� H�J�� >��� ��� ��@ IRU DSSOLFDWLRQV DORQJ
WKH OLQHV FRQVLGHUHG KHUH��
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6XSSRVH7 �%> ; @ LV D SRZHU ERXQGHG RSHUDWRU �L�H�� VXS � N7 � N ��� DFWLQJ RQ D

+LOEHUW VSDFH � ; � K c � c L�� /HW N c N � ; �5 EH WKH QRUP LQGXFHG E\ WKH LQQHU SURGXFW
K c � c L � ; d; � &� /HW 
 � C Å¸ �& EH DQ DUELWUDU\ %DQDFK OLPLW� 6LQFH 7 LV SRZHU
ERXQGHG� IK7 � [ �7 � \LJ � C Å¸ IRU HDFK [� \ LQ ; � 7KXV VHW

K[ � \L Ç  
�IK7 � [ �7 � \LJ�  
�IK7 f � 7 � [ � \LJ�
IRU [� \ LQ ; � 6LQFH HYHU\ %DQDFK OLPLW LV OLQHDU �ZKLFK LPSOLHV 
�I| � J�  
�I| � J��
DQG SRVLWLYH �L�H�� � x 
�I| � J� ZKHQHYHU � x | � IRU HYHU\ Q�� DQG VLQFH 7 LV OLQHDU�
WKHQ LW LV UHDGLO\ YHULpHG WKDW Kc � cL Ç � ; d; �& LV D VHPL�LQQHU SURGXFW RQ ; � +HQFH

N[N
� Ç  
�IN7 � [N � J�

IRU HYHU\ [ � ; GHpQHV WKH VHPLQRUP N c N Ç � ; � 5 LQGXFHG E\ WKH VHPL�LQQHU
SURGXFW Kc � cL Ç � �(YHQ LQ WKLV FDVH RI D VHTXHQFH RI QRUPV RI SRZHUV RI D SRZHU
ERXQGHG RSHUDWRU� WKH VTXDUHV LQ WKH DERYH LGHQWLW\ FDQQRW EH RPLWWHG GXH WR WKH
QRQPXOWLSOLFDWLYLW\ RI %DQDFK OLPLWV�� 6LQFH D %DQDFK OLPLW LV RUGHU�SUHVHUYLQJ IRU
UHDO�YDOXHG ERXQGHG VHTXHQFHV �L�H�� 
�I| � J� x 
�I� � J� LI | � x � � LQ 5 IRU HYHU\
Q�� DQG VLQFH 
�I�� �� �� � � � J�  �� WKHQ DV 7 LV SRZHU ERXQGHG�

N[N Ç x VXS � N7 � NN[N
IRU HYHU\ [ � ; � 6LQFH %DQDFK OLPLWV DUH EDFNZDUG�VKLIW�LQYDULDQW�

N7[N
� Ç  
�IN�7 �O¸ h [�N � J�  
�IN�7 � [�N � J�  N[N � Ç �

IRU HYHU\ [ � ; � 7KH DERYH VHWXS OHDGV WR D JHQHUDOL]DWLRQ RI 3URSRVLWLRQ ��� IURP
FRQWUDFWLRQV WR SRZHU ERXQGHG RSHUDWRUV DV LQ WKH IRUWKFRPLQJ 7KHRUHP ����

5HPDUN ���� $Q LPSRUWDQW SDUWLFXODU FDVH� ,I D SRZHU ERXQGHG RSHUDWRU 7 LV
RI FODVV & h c �L�H�� 7 � [� � IRU HYHU\ � � [� ; �� WKHQ �� OLP LQI � N7 � [N IRU HYHU\
[ � � �VHH� H�J�� SURRI RI 7KHRUHP ����L� EHORZ�� $Q\ %DQDFK OLPLW 
 LV VXFK WKDW
OLP LQI � | � x
�I| � J� x OLP VXS � | � IRU D UHDO�YDOXHG ERXQGHG VHTXHQFH I| � J� 7KHQ
��
�IN7 � [NJ�  N[N Ç ZKHQHYHU [ � �� 6R WKH VHPLQRUP N c N Ç EHFRPHV D QRUP DQG
FRQVHTXHQWO\ WKH VHPL�LQQHU SURGXFW K c � c L Ç EHFRPHV DQ LQQHU SURGXFW� &RQYHUVHO\�
LI 7 LV QRW RI FODVV & h c� WKHQ WKHUH LV D QRQ]HUR [� ; IRU ZKLFK 7

�
[� � DQG

VR OLP VXS � N7 � [N� � ZKLFK LPSOLHV 
�IN7 � [N � MJ�  � VR WKDW N[N Ç  �� DQG WKH
VHPLQRUP N c N Ç LV QRW D QRUP� 7KXV LI N c N Ç LV D QRUP� WKHQ 7 LV RI FODVV & h c� +HQFH

K c � c L Ç LV DQ LQQHU SURGXFW �� 7 LV D SRZHU ERXQGHG RI FODVV & h c�
7KXV LI 7 LV D SRZHU ERXQGHG RSHUDWRU RI FODVV & h c �ZLWK UHVSHFW WR WKH RULJLQDO
QRUP N c N�� WKHQ �VLQFH N7[N Ç  N[N Ç IRU HYHU\ [� ; DV ZH VDZ DERYH� WKH QRUP
N c N Ç PDNHV 7 LQWR DQ LVRPHWU\ ZKHQ DFWLQJ RQ WKH LQQHU SURGXFW VSDFH �; � K c � c L Ç ��
3URSRVLWLRQ ��� FDQ EH H[WHQGHG IURP FRQWUDFWLRQV WR SRZHU ERXQGHG RSHUDWRUV

�LQ SDUWLFXODU� WR SRZHU ERXQGHG RSHUDWRUV RI FODVV & h c�� *LYHQ D SRZHU ERXQGHG RS�
HUDWRU 7 DQG D %DQDFK OLPLW 
� WKHUH LV D XQLTXH QRQQHJDWLYH RSHUDWRU $ Ç � UHIHUUHG
WR DV WKH 
�DV\PSWRWLF OLPLW RI 7� VXFK WKDW Kc � cL Ç  K$c � cL E\ /HPPD ���� 6R


�I7 f � 7 � J�  $ Ç ZHDNO\

�L�H�� 
�IK7 f � 7 � [ � \LJ�  K$ Ç [ � \L IRU HYHU\ [� \�� 7KH QH[W WKHRUHP URXQGV XS D
FROOHFWLRQ RI SURSHUWLHV �HLWKHU ZHOO�NQRZQ RU QRW� RI WKH 
�DV\PSWRWLF OLPLW $ Ç IRU
D SRZHU ERXQGHG RSHUDWRU 7 LQWR D XQLpHG VWDWHPHQW� (DFK DVVHUWLRQ LQ 7KHRUHP
��� LV ZULWWHQ VR DV WR HVWDEOLVK DQ LQMHFWLRQ IURP WKH LWHPV LQ 3URSRVLWLRQ ��� LQWR
KRPRQ\PRXV LWHPV LQ 7KHRUHP ����
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&RQYHUVHO\� LI $ Ç  $ Ç � � WKHQ
�I h � N�$ Ç 7 � b 7

�
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�
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�IN7 � [N � J�  p
�
N[N

�
IRU HYHU\ [� ; �� OLP � N7 � [N  pN[N IRU

HYHU\ [� ; �� $ Ç  p
�
, �� $ Ç  , �� 7 LV DQ LVRPHWU\ RQ �; � K c � c L��

$OVR�

K c � c L Ç LV DQ LQQHU SURGXFW �� 7 LV RI FODVV & h c �� $ Ç LV SRVLWLYH�

,Q WKLV FDVH �L�H�� LI $ Ç ! 2��
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�N� $ Ç 7  7$ Ç �� $ Ç  $ Ç � �� $ Ç  , �� 7 LV DQ LVRPHWU\ RQ �; � K c � c L��

)XUWKHUPRUH� WKH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

��� $ Ç LV LQYHUWLEOH �L�H�� $ Ç � 2��

��� 7KH QRUPV N c N Ç DQG N c N RQ ; DUH HTXLYDOHQW�

��� 7 RQ � ; � K c � c L� LV VLPLODU WR DQ LVRPHWU\�

��� 7 RQ � ; � K c � c L� LV SRZHU ERXQGHG EHORZ�

3URRI � /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RQ D +LOEHUW VSDFH � ; � K c � c L�� 7KXV WKH
VHTXHQFH IK7 � [ �7 � \LJ LV ERXQGHG IRU HYHU\ [� \ � ; � 7KHQ FRQVLGHU WKH VHPL�LQQHU
SURGXFW K c � c L Ç  
�IK7 � c �7 � cLJ� LQ ; JHQHUDWHG E\ 7 DQG D %DQDFK OLPLW 
�

�D� $V �; � K c � c L� LV D +LOEHUW VSDFH� DQ DSSOLFDWLRQ RI /HPPD ��� HQVXUHV WKH H[LVW�
HQFH RI D XQLTXH QRQQHJDWLYH RSHUDWRU $ Ç RQ ; IRU HDFK SRZHU ERXQGHG RSHUDWRU
7 DQG HDFK %DQDFK OLPLW 
� WKH 
�DV\PSWRWLF OLPLW RI 7 � VXFK WKDW


�IK7 f � 7 � [ \LJ�  K[ � \L Ç  K[ � \L °MÈ  K$ Ç [ � \L IRU HYHU\ [� \ � ; �

7KH QRQWULYLDO SDUW RI WKH QH[W HTXLYDOHQFH IROORZV E\ WKH SRODUL]DWLRQ LGHQWLW\� 7KH
ODVW LGHQWLW\ LV D FRQVHTXHQFH RI WKH VKLIW LQYDULDQFH SURSHUW\ IRU %DQDFK OLPLWV�

N[N
� Ç  N$ Ç ¢£ [N �  
�IN7 � [N � J�  
�IN7 � 7 Ã [N � J�  N$ Ç ¢£ 7 Ã [N �  N7 Ã [N � Ç

IRU HYHU\ [� ; DQG HYHU\ M y ��
�E� 1RZ VHW p VXS � N7 � N� 6LQFH N$ Ç ¢£ [N �  
�IN7 � [N � J�xVXS � N7 � [N � xp

�
N[N

�
IRU HYHU\ [ � ; �EHFDXVH N
N  �� ZH JHW

N$ Ç N  N$ Ç�¢£ N � x p
�
�

$OVR K�$ Ç b p
�
,�[ �[L N$ Ç�¢£ [N � bp

�
N[N

�
x �N$ Ç N b p

�
�N[N

�
x � IRU HYHU\ [� ;

E\ WKH DERYH LQHTXDOLW\� 7KXV WKH LQHTXDOLWLHV LQ �E� KROG �VLQFH $ Ç LV VHOI�DGMRLQW��
2 x $ Ç x p

�
,�

�,I 7  VKLIWIp� �� �� �� � � � J� WKHQ $ Ç  GLDJIp � � �� �� �� � � � J  7 f � 7 � IRU DOO Q y ���
�F� %\ GHpQLWLRQ� N[N °MÈ  N[N Ç DQG VR N7[N °MÈ  N7[N Ç � 6LQFH N7[N Ç  N[N Ç DF�
FRUGLQJ WR �D�� WKHQ E\ �E� DQG 3URSRVLWLRQ ����D�

7 f $ Ç 7  $ Ç �
(TXLYDOHQWO\� 7 f � $ Ç 7 �  $ Ç IRU HYHU\ Q y � E\ LQGXFWLRQ� ZKLFK PHDQV

N$ Ç�¢£ 7 � [N �  K7 f � $ Ç 7 � [ �[L  K$ Ç [ �[L  N$ Ç�¢£ [N �
IRU HYHU\ [ � ; VLQFH $ Ç LV QRQQHJDWLYH�
�G� 7KHQ N$ Ç�¢£ [N �  N$ Ç�¢£ 7 � [N � x N$ ÇY¢£ N � N7 � [N �  N$ Ç N N7 � [N � � 6R �IRU D FRQ�
VWDQW VHTXHQFH� N$ ÇY¢£ [N �  
�IN$ ÇY¢£ [N � J� x N$ Ç N
�IN7 � [N � J�  N$ Ç NN$ Ç�¢£ [N �
IRU HYHU\ [ � ; E\ �D�� +HQFH LI WKHUH LV [ ¡ � ; IRU ZKLFK $ Ç�¢£ [ ¡ � �� WKHQ �xN$ Ç N�

� x N$ Ç N ZKHQHYHU $ Ç � 2�

6LQFH $ Ç  7 f $ Ç 7 � WKHQ N$ Ç N x N$ Ç N N7N � � +HQFH $ Ç � 2 LPSOLHV � x N7N�
�H� ,I $ Ç  2� WKHQ $ Ç 7  7$ Ç  2 WULYLDOO\� %\ �F�� $ Ç 7  2 LPSOLHV $ Ç  2�

)LQDOO\� LI 7$ Ç  2� WKHQ 
�IN7 � $ Ç [NJ�  �� DQG VR N$ Ç�É£ [N �� IRU HYHU\ [ � ; �
E\ �D�� 7KXV $ Ç  2 �E\ WKH 6SHFWUDO 7KHRUHP VLQFH E\ �E� $ Ç LV QRQQHJDWLYH��
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&RQYHUVHO\� K$ Ç 7 � [ �7 � $ Ç [L  N$ ÇY¢£ 7 � [N �  N$ ÇY¢£ [N � E\ �F�� ,I $ Ç  $ Ç � � WKHQ
$ ÇY¢£  $ Ç E\ XQLTXHQHVV RI WKH QRQQHJDWLYH VTXDUH URRW� DQG KHQFH

N�$ Ç 7 � b 7
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IRU DOO Q DQG HYHU\ [ � ; � ,Q SDUWLFXODU� IRU Q  � ZH JHW IRU HYHU\ [ � ;

N�$ Ç 7 b 7$ Ç �[N � x �N7N � b ��N$ Ç [N � �
$V\PSWRWLFDOO\� LI $ Ç  $ Ç � � WKHQ $ Ç ¢£  $ Ç � 6R ZH JHW E\ �D� DQG WKH DERYH LGHQWLW\

�IN�$ Ç 7 � b 7
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�IN7 � $ Ç [N � J�b N$ Ç [N �  N$ Ç�É£ [N � b N$ Ç [N �  �

IRU HYHU\ [ � ; � 0RUHRYHU� LI $ Ç  $ Ç � � WKHQ $ Ç LV DQ RUWKRJRQDO SURMHFWLRQ �VLQFH
LW LV VHOI�DGMRLQW� DQG VR N$ Ç N  � ZKHQHYHU $ Ç � 2�

�J� 7DNH DQ DUELWUDU\ [ � ; � $JDLQ� E\ �F� ZH JHW K7 � [ �$ Ç 7 � [L  N$ Ç ¢£ 7 � [N �  
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�IN7 � [N � J�  N$ Ç�¢£ [N � DFFRUGLQJ WR �D�� 7KXV
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�IN7 � [N � J� � 
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�IN$ Ç 7 � [N � J�b N$ ÇY¢£ [N � x �N$ Ç N � b ��N$ Ç�¢£ [N � �
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E\ 3URSRVLWLRQ ���� 3URSRVLWLRQ ����D�E�� DQG 3URSRVLWLRQ ����F�� UHVSHFWLYHO\� &RQ�
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5HPDUN ���� ,I 7 LV D FRQWUDFWLRQ �HTXLYDOHQWO\� LI px ��� WKHQ 7KHRUHP ��� LV UH�
GXFHG WR 3URSRVLWLRQ ���� DQG I7 f � 7 � J FRQYHUJHV VWURQJO\ �WKXV ZHDNO\� WR $ Ç  $
IRU HYHU\ %DQDFK OLPLW 
� ZLWK N$N  � RU N$N  �� )RU D & h c�FRQWUDFWLRQ� N$N  ��
6XFK D FRPELQHG SURFHGXUH �RI XVLQJ /HPPD ��� WRJHWKHU ZLWK DQ LQQHU SURGXFW

JHQHUDWHG E\ D SRZHU ERXQGHG RSHUDWRU DQG D %DQDFK OLPLW� VHHPV WR KDYH EHHQ
RULJLQDWHG LQ WKH FHOHEUDWHG 1DJ\
V ���� SDSHU >��@ �VHH DOVR >��� 6HFWLRQ ,,��@��
6XEVHTXHQW DSSOLFDWLRQV RI LW DSSHDU� IRU LQVWDQFH� LQ >��� ��� ��@ DQG� UHFHQWO\� LQ
>��� ��� ��@� 3URSRVLWLRQ ����D�E�� KRZHYHU� VXSSOLHV DQ HOHPHQWDU\ DQG VWUDLJKWIRU�
ZDUG SURRI RI 1DJ\
V UHVXOW DV IROORZV�
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D SRZHU ERXQGHG LQYHUVH LV VLPLODU WR D XQLWDU\ RSHUDWRU _ WKH FRQYHUVH LV WULYLDO �

3URRI� /HW 7 � %> ; @ DQG 7 gMh � %> ; @ EH SRZHU ERXQGHG� 7KXV WKHUH H[LVW UHDO FRQ�
VWDQWV � � o x � DQG � x p IRU ZKLFK N7 � N x p DQG N7 g � N x o gMh IRU DOO Q y �� 6R
oN[N x N7 g � N gMh N[N x N7 � [N x pN[N IRU DOO Q DQG HYHU\ [� +HQFH 7 LV VLPLODU WR
DQ LVRPHWU\ E\ 3URSRVLWLRQ ����D�E�� 6LQFH 7 LV LQYHUWLEOH� WKHQ VR LV WKH LVRPHWU\
VLPLODU WR LW� DQ LQYHUWLEOH +LOEHUW�VSDFH LVRPHWU\ PHDQV D XQLWDU\ RSHUDWRU�

�� & HVvDU R 0 HDQV DQG W KH (TXDW LRQ 7 f $7  $

$ ZRUG RQ WHUPLQRORJ\� $Q ; �YDOXHG VHTXHQFH LQ DQ DUELWUDU\ QRUPHG VSDFH
; LV FDOOHG &HVwDUR FRQYHUJHQW LI LWV VHTXHQFH RI DULWKPHWLF PHDQV �UHIHUUHG WR DV
&HVwDUR PHDQV� FRQYHUJHV LQ ; � ZKRVH OLPLW LV FDOOHG &HVwDUR OLPLW�
%DQDFK OLPLWV KDYH EHHQ UHODWHG WR &HVvDUR PHDQV VLQFH WKH YHU\ EHJLQQLQJ >��@�

DQG &HVvDUR PHDQV DUH QDWXUDOO\ OLQNHG WR WKH (UJRGLF 7KHRUHP IRU SRZHU ERXQGHG
RSHUDWRUV� ,I D VHTXHQFH I4 � J RI &HVvDUR PHDQV 4 �  h� 3 � gMh¶)· ¡ 7 f ¶ 7 ¶ IRU DQ RSHUDWRU7 FRQYHUJHV �HLWKHU ZHDNO\� VWURQJO\� RU XQLIRUPO\�� WKHQ LWV OLPLW 4 �LI LW H[LVWV� KDV
EHHQ UHIHUHHG WR DV WKH &HVvDUR DV\PSWRWLF OLPLW RI 7 �VHH >��@�� $V LV ZHOO�NQRZQ�
WKH VWURQJ OLPLW 4 DOZD\V H[LVWV IRU FRQWUDFWLRQV DQG FRLQFLGHV ZLWK WKH DV\PSWRWLF
OLPLW $� IRU D FRQWUDFWLRQ 7 WKH VHTXHQFH RI &HVvDUR PHDQV I4 � J FRQYHUJHV VWURQJO\
WR 4  $� $Q HOHPHQWDU\ TXLFN SURRI LV UHDGLO\ REWDLQHG DV IROORZV�

3URSRVLWLRQ ���� )RU D +LOEHUW�VSDFH FRQWUDFWLRQ WKH VHTXHQFH RI &HVvDUR PHDQV FRQ�

YHUJHV VWURQJO\ DQG WKH &HVvDUR DV\PSWRWLF OLPLW FRLQFLGHV ZLWK WKH DV\PSWRWLF OLPLW �

N7N x �  � 4 �  h� ; � gMh
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3URRI� ,I 7 LV D FRQWUDFWLRQ� WKHQ WKH VHTXHQFH I7 f � 7 � J FRQYHUJHV VWURQJO\ WR $ E\
3URSRVLWLRQ ���� 6LQFH [ � � [ LPSOLHV h� 3 �

¶)· h [ ¶ � [ IRU DQ\ QRUPHG�VSDFH�YDOXHG

VHTXHQFH I[ � J� WKHQ 7 f � 7 � �b� $ LPSOLHV 4 � �b� 4  $�

$V EHIRUH� WKH QH[W WKHRUHP EULQJV WRJHWKHU VFDWWHUHG SURSHUWLHV �DJDLQ� HLWKHU
ZHOO�NQRZQ _ H�J�� >��� 7KHRUHPV ���� ��� DQG 3URSRVLWLRQ ���@ _ RU QRW� RI &HVvDUR
DV\PSWRWLF OLPLWV 4 LQWR D XQLpHG VWDWHPHQW� 6RPH SDUWV LQ WKH SURRI EHKDYH VLPL�
ODUO\ WR WKHLU HTXLYDOHQW LQ WKH SURRI RI 7KHRUHP ���� DV H[SHFWHG� VRPH RWKHU SDUWV
UHTXLUH DQ LQGHSHQGHQW DQG GLoHUHQW DSSURDFK� (DFK DVVHUWLRQ LQ 7KHRUHP ��� EH�
ORZ LV ZULWWHQ VR DV WR HVWDEOLVK D ELMHFWLRQ ZLWK WKH LWHPV LQ 7KHRUHP ��� DQG VR�
E\ WUDQVLWLYLW\� LW HVWDEOLVKHV DQ LQMHFWLRQ IURP WKH LWHPV LQ 3URSRVLWLRQ ��� LQWR
KRPRQ\PRXV LWHPV LQ 7KHRUHPV ��� DQG ����
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WHJHU Q FRQVLGHU WKH &HVvDUR PHDQ
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DVVRFLDWHG ZLWK I7 f � 7 � J� 6XSSRVH WKH %> ; @�YDOXHG VHTXHQFH I4 � J RI QRQQHJDWLYH
RSHUDWRUV FRQYHUJHV ZHDNO\ WR WKH &HVvDUR DV\PSWRWLF OLPLW 4�%> ; @ RI 7 �
�D� 6LQFH WKH FODVV RI QRQQHJDWLYH RSHUDWRUV LV ZHDNO\ FORVHG LQ %> ; @� WKHQ WKH ZHDN
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