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7KH PRWLYDWLRQ IRU WKH SUHVHQW SDSHU LV V\QWKHVL]HG LQ WKH IROORZLQJ FKDLQ RI
UHVXOWV DQG TXHVWLRQV� �6RPH RI WKHVH KROG LQ D QRUPHG VSDFH DV ZLOO EHFRPH FOHDU
IURP WKH WH[W EXW DOO RI WKHP FHUWDLQO\ KROG IRU +LOEHUW�VSDFH RSHUDWRUV _ QRWDWLRQ
DQG WHUPLQRORJ\ ZLOO EH GHVFULEHG LQ WKH QH[W VHFWLRQ��

�$� 7KHUH LV QR VXSHUF\FOLF LVRPHWU\ �RQ D FRPSOH[ %DQDFK VSDFH�

>�� SURRI RI 7KHRUHP ���@ �DOVR >��� /HPPD ���@��

�%� $ SRZHU ERXQGHG RSHUDWRU RI FODVV & � c LV QRW VXSHUF\FOLF

>�� 7KHRUHP ���@ �UHFDOO� LVRPHWULHV DUH & � c�FRQWUDFWLRQV��
�&� $ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU LV VWURQJO\ VWDEOH�

7KLV LV D �QRQWULYLDO� FRQVHTXHQFH RI �%� SURYHG LQ >�� 7KHRUHP ���@ �VHH H[WHQVLRQ
LQ >��� 6HFWLRQ �@�� 6XFK D UHVXOW VXJJHVWV WKH IROORZLQJ ZHDN FRXQWHUSDUW� 4XHVWLRQ�

�'� LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU ZHDNO\ VWDEOH"

7KH TXHVWLRQ ZDV UDLVHG LQ >��@ DQG UHPDLQV XQDQVZHUHG� :H ZLOO VKRZ KHUH WKDW

�(� LI 7 LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RI FODVV & � c� WKHQ
�u �7 �  �u �7 v �  "�

$QRWKHU UHODWHG RSHQ TXHVWLRQ�

�)� LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU RI FODVV & � c VLP�

LODU WR D XQLWDU\ RSHUDWRU"

,Q IDFW �VHH >�� ([DPSOH ���@� >�� SS������@� >��� 3URSRVLWLRQ ���� 7KHRUHP ���@��

�*� WKHUH H[LVW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV �

0RUHRYHU >��� 7KHRUHP ���@�

�+� HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU LV VLQJXODU�FRQWLQXRXV �

DQG �VHH� H�J�� >��� 3URSRVLWLRQV ��� DQG ���@��

�,� WKHUH DUH ZHDNO\ VWDEOH DQG DOVR ZHDNO\ XQVWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\

RSHUDWRUV �
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6XFK D FKDLQ RI VWDWHPHQWV DQG TXHVWLRQV KHOSV WR DVVHPEOH D VWULQJ RI DUJXPHQWV
WR DSSURDFK WKH PDLQ UHVXOWV RI WKH SUHVHQW SDSHU� ZKLFK DUH GHVFULEHG LQ WKH QH[W
SDUDJUDSK� 4XHVWLRQ �)� LV OLQNHG WR D ZHOO�NQRZQ UHVXOW� $ ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF K\SRQRUPDO RSHUDWRU �LQ SDUWLFXODU� D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF

LVRPHWU\� LV D PXOWLSOH RI D XQLWDU\ RSHUDWRU �DQG VR LW LV VLPLODU WR D XQLWDU\ RSHUD�

WRU� >�� 7KHRUHP ���@� ZKLFK KDV EHHQ H[WHQGHG EH\RQG K\SRQRUPDO RSHUDWRUV LQ >��
&RUROODU\ ���@� >�� 7KHRUHP ���@� 7KLV FRPSOHPHQWV WKH UHVXOW ZKLFK VD\V� QR K\SR�

QRUPDO RSHUDWRU �LQ SDUWLFXODU� QR LVRPHWU\� LV VXSHUF\FOLF >�� 7KHRUHP ���@ �IRU WKH
SDUWLFXODU FDVH� >�� SURRI RI 7KHRUHP ���@� >��� /HPPD ���@�� 4XHVWLRQ �)� LV OLQNHG
WR D FODVVLFDO UHVXOW DV ZHOO� D +LOEHUW�VSDFH RSHUDWRU LV DQ LQYHUWLEOH SRZHU ERXQGHG

ZLWK D SRZHU ERXQGHG LQYHUVH LI DQG RQO\ LI LW LV VLPLODU WR D XQLWDU\ RSHUDWRU >��@�

3RZHU ERXQGHG RSHUDWRUV RI FODVV & � c WRJHWKHU ZLWK VRPH QRWLRQ RI F\FOLFLW\
KDYH SOD\HG D VLJQLpFDQW UROH LQ RSHUDWRU WKHRU\ �IRU LQVWDQFH� LQ FRQQHFWLRQ ZLWK WKH
LQYDULDQW VXEVSDFH SUREOHP _ VHH� H�J�� >��� ��@�� 7KH RULJLQDO FRQWULEXWLRQ WR OLQHDU
G\QDPLFV LQ WKLV SDSHU LV WKH FKDUDFWHUL]DWLRQ RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\
IRU SRZHU ERXQGHG RSHUDWRUV RI FODVV & � c DV D QRQWULYLDO H[WHQVLRQ RI �%� IURP >��
7KHRUHP ���@� 7KH PDLQ UHVXOWV DORQJ WKLV OLQH DUH SUHVHQWHG LQ 7KHRUHPV ��� DQG
���� OHDGLQJ WR WKH UHOHYDQW SRLQW VSHFWUD LGHQWLW\ VWDWHG LQ LWHP �(� DERYH� ZKLFK LV
SURYHG LQ &RUROODU\ ���� &RUROODU\ ��� VKRZV WKDW D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF

RSHUDWRU VLPLODU WR DQ LVRPHWU\ LV LQGHHG VLPLODU WR D XQLWDU\ RSHUDWRU �

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKLV SDSHU ; VWDQGV IRU D FRPSOH[ QRUPHG VSDFH �WKH VSHFLDO FDVHV
RI LQQHU SURGXFW� %DQDFK� DQG +LOEHUW VSDFHV DUH GLVFXVVHG DFFRUGLQJO\�� DQG %> ; @
VWDQGV IRU WKH QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ ; �L�H�� RI DOO ERXQGHG OLQHDU WUDQV�
IRUPDWLRQV RI ; LQWR LWVHOI�� 7KH OLQHDU PDQLIROG 5�7 �  7 �; � RI ; LV WKH UDQJH RI
7 LQ %> ; @� /HW ; v  %> ; �&@ EH WKH GXDO RI ; DQG OHW 7 v LQ %> ; v @ EH WKH QRUPHG�
VSDFH DGMRLQW RI 7 �VDPH QRWDWLRQ IRU WKH +LOEHUW�VSDFH DGMRLQW RI RSHUDWRUV RQ D
+LOEHUW VSDFH ZKHUH WKH FRQFHSWV RI GXDO DQG DGMRLQW DUH VKDSHG E\ WKH 5LHV] 5HS�
UHVHQWDWLRQ 7KHRUHP�� $Q RSHUDWRU 7 � %> ; @ LV SRZHU ERXQGHG LI VXS ª N7 ª

N � �
�L�H�� LI VXS ª N7 ª

[N�� IRU HYHU\ [� ; E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP LI ; LV
%DQDFK�� $Q RSHUDWRU 7 LV VWURQJO\ RU ZHDNO\ VWDEOH LI WKH ; �YDOXHG SRZHU VHTXHQFH
I7

ª
[J FRQYHUJHV VWURQJO\ RU ZHDNO\ WR ]HUR IRU HYHU\ [ � ; �L�H�� LI 7

ª
[ � � ZKLFK

PHDQV N7
ª
[N � �� RU 7

ª
[ «b� � ZKLFK PHDQV I�7

ª
[�� � IRU HYHU\ I � ; v � IRU HY�

HU\ [� ; � UHVSHFWLYHO\�� ,W LV XQLIRUPO\ VWDEOH LI WKH %> ; @�YDOXHG VHTXHQFH I7
ª
J

FRQYHUJHV �LQ WKH XQLIRUP RSHUDWRU WRSRORJ\� WR WKH QXOO RSHUDWRU� 7KXV XQLIRUP
VWDELOLW\ LPSOLHV VWURQJ VWDELOLW\� ZKLFK LPSOLHV ZHDN VWDELOLW\� ZKLFK LQ WXUQ LP�
SOLHV SRZHU ERXQGHGQHVV� $Q RSHUDWRU 7 LV RI FODVV & ¬ c LI LW LV VWURQJO\ VWDEOH� DQG
RI FODVV &c ¬ LI LWV DGMRLQW 7 v LV VWURQJO\ VWDEOH� ,W LV RI FODVV & � c LI 7 ª

[ �� � IRU HYHU\
QRQ]HUR [� ; � DQG RI FODVV &c � LI 7 v ª I �� � IRU HYHU\ QRQ]HUR I � ; v �RU 7 v ª [ �� �
IRU HYHU\ QRQ]HUR [� ; LI ; LV +LOEHUW�� $OO FRPELQDWLRQV DUH SRVVLEOH OHDGLQJ WR
FODVVHV & ¬R¬ � & ¬ � � & � ¬ � & �@� �
/HW WKH RUELW RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 � %> ; @ EH WKH VHW

2 ­ �\�  j
7

ª
\ � ; � Q y �

k
�

7KH RUELW RI WKH RQH�GLPHQVLRQDO VSDFH VSDQQHG E\ \�
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LV UHIHUUHG WR DV WKH SURMHFWLYH RUELW RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 � %> ; @�
$Q RSHUDWRU 7 LV K\SHUF\FOLF LI WKH RUELW RI VRQH YHFWRU \ � ; LV GHQVH LQ ; � WKDW
LV 2 ­ �\� ¸  ; ZKHUH WKH XSSHU EDU ¸ VWDQGV IRU FORVXUH LQ WKH QRUP WRSRORJ\�
,W LV F\FOLF LI VSDQ2 ­ �\� ¸  ; � WKH OLQHDU VSDQ RI WKH RUELW RI VRPH \ LV GHQVH LQ
; � $ QRQ]HUR YHFWRU \ � ; LV D VXSHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 � %> ; @ LI WKH
SURMHFWLYH RUELW RI \ LV GHQVH LQ ; �LQ WKH QRUP WRSRORJ\�� WKDW LV LI

2 ­ �VSDQI\J� ¸  ; �

7KXV D QRQ]HUR \ � ; LV D VXSHUF\FOLF YHFWRU IRU 7 LI DQG RQO\ LI IRU HYHU\ [ � ;
WKHUH H[LVWV D VHTXHQFH RI QRQ]HUR FRPSOH[ QXPEHUV Io ¹ J ¹ º-¬ �ZKLFK GHSHQGV RQ [

DQG \� VXFK WKDW IRU VRPH VXEVHTXHQFH I7
ª8»
J ¹+º-¬ RI I7 ª

J ª º-¬
o ¹ 7 ª8»

\ � [ �L�H�� No ¹ 7 ª8»
\ b [N � ���

,I 7 � %> ; @ KDV D VXSHUF\FOLF YHFWRU� WKHQ LW LV D VXSHUF\FOLF RSHUDWRU� 7KH ZHDN
FRXQWHUSDUW RI WKH DERYH FRQYHUJHQFH FULWHULRQ UHDGV DV IROORZV� $ QRQ]HUR YHFWRU
\ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 � %> ; @ LI IRU
HYHU\ [ � ; WKHUH H[LVWV D VHTXHQFH RI QRQ]HUR FRPSOH[ QXPEHUV Io ¹ J ¹ º-¬ VXFK WKDW

o ¹ 7 ª »
\ «b� [ �L�H�� I�o ¹ 7 ª »

\ b [�� � IRU HYHU\ I � ; v �
IRU VRPH VXEVHTXHQFH I7

ª »
J ¹+º-¬ RI I7 ª

J ª º-¬ � $Q RSHUDWRU 7 LQ %> ; @ LV D ZHDNO\ O�

VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU�
,W LV ZHDNO\ VXSHUF\FOLF LI WKHUH LV D YHFWRU \ � ; �FDOOHG D ZHDN VXSHUF\FOLF YHFWRU�
IRU ZKLFK WKH SURMHFWLYH RUELW 2 ­ �VSDQI\J� LV GHQVH LQ ; LQ WKH ZHDN WRSRORJ\�
7KHVH DUH UHODWHG DV IROORZV �DQG WKH FRQYHUVHV IDLO _ >��� SS������@� >�� SS��������@��

¼4½M¾$¿�À�Á$Â�Á8Ã�Ä Á  � Å ¿�Æ;Ç�ÃLÂdÃ<ÈU¼R¿�É�½M¿�ÊMË8Ä Æ;Ã�ÃLÂZ¼4½M¾$¿�À�Á$Â�Á8Ã�Ä Á  � Å ¿�Æ;Ç�ÃLÂZ¼4½M¾$¿�À�Á$Â�Á8Ã�Ä ÁDÌ

$Q\ IRUP RI F\FOLFLW\ LPSOLHV WKH RSHUDWRU 7 DFWV RQ D VHSDUDEOH VSDFH� DQG
VR VHSDUDELOLW\ IRU ; LV D FRQVHTXHQFH RI DQ\ IRUP RI F\FOLFLW\� 6HYHUDO IRUPV RI
ZHDN VXSHUF\FOLFLW\� LQFOXGLQJ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� KDYH UHFHQWO\ EHHQ
H[DPLQHG LQ >��� ��� �� ��� ��� �� �� ��� ��� ��@� 7KH QRWLRQ RI ZHDN O�VHTXHQWLDO
VXSHUF\FOLFLW\ ZDV LQWURGXFHG H[SOLFWO\ LQ >�@ DQG LPSOLFLWO\ LQ >�@� DQG LQYHVWLJDWHG
LQ >��@ ZKHUH D WHUPLQRORJ\ VLPLODU WR WKH RQH DGRSWHG KHUH ZDV LQWURGXFHG �ZH
XVH WKH OHWWHU ?O� IRU ?OLPLW� LQVWHDG RI WKH QXPHUDO ?�� XVHG LQ >��@ _ WKHUH DUH
UHDVRQV IRU ERWK WHUPLQRORJLHV��

5HPDUN ���� ,I D YHFWRU \ LQ D QRUPHG VSDFH ; LV VXSHUF\FOLF� RU ZHDNO\ O�VH�
TXHQWLDOO\ VXSHUF\FOLF� RU ZHDNO\ VXSHUF\FOLF IRU 7 RQ ; � WKHQ VR LV DQ\ YHFWRU LQ
2 ­ �VSDQI\J� >��� /HPPD ���@� DQG VR LV LQ SDUWLFXODU WKH YHFWRU 7\� 0RUHRYHU�

2 ­ �VSDQI7\J�  j
o7

ª
\ � ; � o � &� Q y �

k
v 5�7 � v ; �

7KXV LI \ LV ZHDNO\ VXSHUF\FOLF IRU 7 �LQ SDUWLFXODU� LI LW LV O�VHTXHQWLDOO\ VXSHUF\FOLF�
RU VLPSO\ VXSHUF\FOLF� WKHQ LWV UDQJH 5�7 � LV ZHDNO\ GHQVH LQ ; � DQG VR LW LV GHQVH
LQ WKH QRUP WRSRORJ\ VLQFH 5�7 � LV FRQYH[ LQ ; �VHH� H�J�� >��� 7KHRUHP ������@��
�1RWH� 7KH DERYH DUJXPHQW JLYHV VWLOO DQRWKHU WKH SURRI IRU >��� /HPPD ���@��

�� : HDN O �6HTXHQW LDO 6XSHU F \F O LF LW \ DQG 3RZ HU %RXQGHGQHVV

%DQDFK OLPLW LV D VWDQGDUG WRRO LQ IXQFWLRQDO DQDO\VLV� ZKRVH H[LVWHQFH ZDV HVWDE�
OLVKHG E\ %DQDFK KLPVHOI >�� S���@ DV D FRQVHTXHQFH RI WKH +DKQ^%DQDFK 7KHRUHP�

/HW C ÍÎ GHQRWH WKH %DQDFK VSDFH RI DOO FRPSOH[�YDOXHG ERXQGHG VHTXHQFHV HTXLSSHG
ZLWK LWV XVXDO VXS�QRUP� $ %DQDFK OLPLW LV D ERXQGHG OLQHDU IXQFWLRQDO 
 � C ÍÎ � &
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DVVLJQLQJ D FRPSOH[ QXPEHU WR HDFK VHTXHQFH I| ª J � C ÍÎ � )RU H[LVWHQFH DQG SURSHU�
WLHV RI %DQDFK OLPLWV VHH� H�J�� >�� 6HFWLRQ ,,,��@ RU >��� 3UREOHP ����@�� 7KH %DQDFK
OLPLW WHFKQLTXH XVHG KHUH KDV RULJLQDWHG LQ WKH FHOHEUDWHG 1DJ\
V ���� SDSHU >��@�
DQG KDV EHHQ DSSOLHG TXLWH RIWHQ VLQFH WKHQ �VHH� H�J�� >��� ��� ��@ IRU DSSOLFDWLRQV
WR SRZHU ERXQGHG RSHUDWRUV ZKLFK LV WKH IRFXV KHUH�� )RU D UHFHQW VXUYH\ VHH >��@�

7KHRUHP ���� /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c RQ D QRUPHG VSDFH

�; � N c N�� 7KHQ

�D� WKHUH LV D QRUP N c N Ð RQ ; IRU ZKLFK 7 LV DQ LVRPHWU\ RQ � ; � N c N Ð ��
�E� ,I D YHFWRU \ � ; LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU 7 ZKHQ LW DFWV RQ WKH

QRUPHG VSDFH � ; � N c N�� WKHQ WKH VDPH YHFWRU \ � ; LV ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF IRU 7 ZKHQ LW DFWV RQ WKH QRUPHG VSDFH �; � N c N Ð ��
�F� ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF ZKHQ DFWLQJ RQ �; � N c N�� WKHQ LW KDV

DQ H[WHQVLRQ E7 RQ WKH FRPSOHWLRQ � E; � N c N ÑÒ � RI �; � N c N Ð � ZKLFK LV D ZHDNO\

O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWULF LVRPRUSKLVP�

�G� ,I 7 RQ �; � N c N� LV ZHDNO\ VWDEOH� WKHQ E7 RQ � E; � N c N ÑÒ � LV ZHDNO\ VWDEOH�

3URRI� �D� /HW 
 � C ÍÎ � & EH D %DQDFK OLPLW� 7DNH WKH QRUP N c N � ; � 5 RQ ; �

6XSSRVH 7 � %> ; @ LV SRZHU ERXQGHG� 6LQFH IN7
ª
[NJ � C ÍÎ VHW IRU HDFK [ LQ ;

N[N Ð  
�IN7
ª
[NJ��

6LQFH 7 LV SRZHU ERXQGHG� DQG VLQFH D %DQDFK OLPLW 
 LV RUGHU�SUHVHUYLQJ IRU UHDO�
YDOXHG ERXQGHG VHTXHQFHV �L�H�� 
�I| ª J� x 
�I� ª J� LI | ª x � ª LQ 5 IRU HYHU\ Q�
ZLWK 
�I�� �� �� � � � J�  �� WKHQ IRU HYHU\ [ � ;

N[N Ð x VXS ª N7 ª
N N[N�

7KLV GHpQHV D VHPLQRUP N c N Ð � ; � 5 RQ ; � +RZHYHU� DV WKH SRZHU ERXQGHG RSHU�
DWRU 7 LV RI FODVV & � c� WKHQ � � OLP LQI ª N7 ª

[N IRU [ � �� 6LQFH OLP LQI ª | ª x 
�I| ª J�
IRU HYHU\ UHDO�YDOXHG ERXQGHG VHTXHQFH DQG DQ\ %DQDFK OLPLW 
� WKHQ NcN Ð EHFRPHV
D QRUP RQ ; � &RQVLGHU WKH QRUPHG VSDFH �; � N c N Ð �� )RU VLPSOLFLW\ ZULWH ; IRU WKH
QRUPHG VSDFH � ; � N c N� DQG ZULWH ; Ð IRU WKH QRUPHG VSDFH �; � N c N Ð � _ VDPH XQ�
GHUO\LQJ OLQHDU VSDFH ; � 7KH QRUP N c N Ð PDNHV WKH RSHUDWRU 7 LQWR DQ LVRPHWU\
ZKHQ DFWLQJ RQ ; Ð �L�H�� 7 � %> ; Ð @ LV DQ LVRPHWU\�� ,QGHHG� DV D %DQDFK OLPLW 
 LV
EDFNZDUG�VKLIW�LQYDULDQW� WKHQ IRU HYHU\ [ � ;

N7[N Ð  
�IN�7
ª Î �

[�NJ�  
�IN�7
ª
[�NJ�  N[N Ð �

�E� 6LQFH 7 � %> ; @ LV SRZHU ERXQGHG DQG RI FODVV & � c� WKHQ E\ WKH SUHYLRXVO\ GLV�
SOD\HG LQHTXDOLW\ WKH QRUPV DUH UHODWHG E\ N c N Ð x p N c N ZLWK p  VXS ª N7 ª

N� 6R

VXSÓ;ÔÕ ¬
MI�[�M

N[N
x p VXSÓ;ÔÕ ¬

MI�[�M

N[N Ð
IRU HYHU\ OLQHDU IXQFWLRQDO I � ; � &� $V ; v LV WKH GXDO RI ; � OHW ; vÐ GHQRWH WKH
GXDO RI ; Ð � %\ WKH DERYH LQHTXDOLW\ LI I � ; �& LV ERXQGHG DV D OLQHDU IXQFWLRQDO RQ
; Ð  �; � N c N Ð �� WKHQ LW LV ERXQGHG DV D OLQHDU IXQFWLRQDO RQ ;  �; � N c N�� 7KXV

; vÐ v ; v �
7KHUHIRUH LI [� \ � ; DQG LI I�o ¹ 7 ª »

\ b [�� � IRU HYHU\ I � ; v WKHQ� LQ SDUWLFXODU�
I�o ¹ 7 ª8»

\ b [�� � IRU HYHU\ I � ; vÐ � SURYLQJ LWHP �E��
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�F� &RQVLGHU WKH FRPSOHWLRQ � E; � N c N ÑÒ � RI WKH QRUPHG VSDFH �; � N c N Ð �� :ULWH E;
IRU � E; � N c N ÑÒ � DQG VR E; LV WKH FRPSOHWLRQ RI ; Ð � 7KXV ; Ð LV GHQVHO\ HPEHGGHG LQ
E; � ZKLFK PHDQV WKHUH LV DQ LVRPHWULF LVRPRUSKLVP - � ; Ð � -�; Ð �  H; ZKHUH H; LV

GHQVH LQ E; � /HW E7 � %> E; @ EH WKH H[WHQVLRQ RI 7 � %> ; Ð @ VR WKDW LWV UHVWULFWLRQ WR H; LV
E7 M ×Ò  - 7- ¸ �

� %> H; @� 7KXV H; LV E7 �LQYDULDQW DQG 7  - ¸ � E7 M ×Ò -  - ¸ � E7- � %> ; Ð @
DV LQ WKH IROORZLQJ FRPPXWDWLYH GLDJUDP �WKH V\PERO v PHDQV GHQVHO\ LQFOXGHG��

; Ð
Ø

bbb� H;  -� ; Ð � v E;
­
[""

["" Ñ­
Ù ÚÛ Õ Ø ­ ØMÜ ¶ ["" Ñ­
; Ð

Ø
bbb� H;  -� ; Ð � v E; �

&ODLP � � ,I WKHUH LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ � ; Ð IRU 7 � %> ; Ð @�
WKHQ WKHUH LV D ZHDNO\ O�VHTXHQWLDOO\ YHFWRU H\ � H; v E; IRU E7 � %> E; @�

3URRI � &RQVLGHU WKH LVRPHWULF LVRPRUSKLVP - � %> ; Ð � H; @� 6HW H7  E7 M ×Ò  - 7- ¸ �

LQ %> H; @ VR WKDW H7 ª
 � E7 M ×Ò � ª  E7 ª

M ×Ò  - 7
ª
- ¸ �

IRU HYHU\ QRQQHJDWLYH LQWHJHU Q

�VLQFH H; LV E7 �LQYDULDQW�� :H VSOLW WKH SURRI LQWR WZR SDUWV�
��� ,I WKHUH LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ � ; Ð IRU 7 � %> ; Ð @� WKHQ
WKHUH LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU H\ � H; IRU H7 � %> H; @�

��� ,I WKHUH LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU H\ � H; IRU H7 � %> H; @� WKHQ
H\ LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU E7 � %> E; @�
3URRI RI ���� ,I WKHUH H[LVWV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ � ; Ð IRU
7 � %> ; Ð @� WKHQ IRU HDFK [ � ; Ð WKHUH LV D VHTXHQFH RI QRQ]HUR QXPEHUV Io Ý �[�J Ý º-¬
DQG D VXEVHTXHQFH I7

ª$Þ
J Ý º-¬ RI I7 ª

J ª º-¬ VXFK WKDW
o Ý �[�7 ª$Þ

\ «b� [�

6HW H\  -\� (YHU\ I LQ ; Ð v  %> ; Ð �&@ LV RI WKH IRUP I  HI- IRU VRPH HI LQ H; v  
%> H; �&@� DQG HYHU\ H[ LQ H; LV RI WKH IRUP H[  -[ IRU VRPH [ LQ ; Ð � 7KHQ IRU HDFK
H[ � H; VHW Ho Ý �H[�  Ho Ý �-[�  o Ý �[� ZLWK [ � ; Ð � 7DNH DQ DUELWUDU\ HI � H; v � 7KXV
IRU HDFK H[ � H; WKHUH LV D VHTXHQFH IHo Ý �H[�J Ý º�¬ �LQGHSHQGHQW RI HI� VXFK WKDW

HI�Ho Ý �H[� H7 ª�Þ H\ b H[�  HI�o Ý �[�- 7 ª$Þ
\ b -[�

 HI-�o Ý �[�7 ª$Þ
\ b [�  I�o Ý �[�7 ª$Þ

\ b [�

ZLWK [ � ; Ð DQG I � ; Ð v � 6R LI \ � ; Ð LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU
IRU 7 � %> ; Ð @ VXFK WKDW� IRU HDFK [ � ; Ð � I�o Ý �[�7 ª$Þ

\ b [�� � IRU HYHU\ I � ; Ð v �
WKHQ� IRU HDFK H[ � H; � HI�Ho Ý �H[� H7 ª$Þ H\ b H[�� � IRU HYHU\ HI � H; � +HQFH H\  -\ LV D

ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU H7 � %> H; @� SURYLQJ ���� IRU HYHU\ H[ � H;
Ho Ý �H[� H7 ª Þ H\ «b� H[�

3URRI RI ���� 7DNH DQ DUELWUDU\ E[ � E; � 6LQFH H; ¸  E; � WKHUH LV D VHTXHQFH IH[ ß J ß�º-¬ �
ZLWK H[ ß  H[ ß �E[� � H; IRU HDFK N� VXFK WKDW H[ ß � E[� 7KHQ E\ WKH DERYH FRQYHUJHQFH

Ho Ý �H[ ß � H7 ª$Þ H\ «b�Ý H[ ß b�ß E[� �e�

7KLV HQVXUHV WKH H[LVWHQFH RI D VHTXHQFH RI QRQ]HUR QXPEHUV IEo ¹ �E[�J ¹ º � VXFK WKDW
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Eo ¹ �E[� E7 ª » H\ «b� E[ �ee�

IRU D VXEVHTXHQFH I E7 ª »
J ¹ º � RI I E7 ª

J ª º-¬ �
,QGHHG� FRQVLGHU ERWK FRQYHUJHQFHV LQ �e�� 7DNH DQ DUELWUDU\ � ! �� 7KXV E\ WKH
VHFRQG FRQYHUJHQFH LQ �e� WKHUH H[LVWV D SRVLWLYH LQWHJHU N á VXFK WKDW NH[ ß b E[N ÑÒ x

á�
ZKHQHYHU N y N á � 5HFDOO WKDW HYHU\ HI LQ H; v LV RI WKH IRUP HI  EI M ×Ò IRU VRPH EI LQ E; v  
%> E; �&@� 7DNH DQ DUELWUDU\ EI LQ E; v ZLWK N EIN  �� %\ WKH pUVW FRQYHUJHQFH LQ �e��
IRU HDFK N WKHUH H[LVWV D SRVLWLYH LQWHJHU M á@â ß VXFK WKDW M HI�Ho Ý �H[ ß � H7 ª$Þ H\ b H[ ß �M x á�
IRU HI  EI M ×Ò IRU HYHU\ EI ZLWK N EIN  � ZKHQHYHU M y M á@â ß � +RZHYHU� E\ WDNLQJ N  N á �

pp EI�Ho Ý �H[ ß�ã � E7 ª$Þ H\ b E[�
pp  

pp EI M ×Ò �Ho Ý �H[ ßBã �� E7 M ×Ò � ª$Þ H\ b H[ ßBã � � EI�H[ ßBã b E[�
pp

x
pp HI�Ho Ý �H[ ßBã � H7 ª Þ H\ b H[ ßBã �pp� NH[ ßBã b E[N ÑÒ x �

ZKHQHYHU M y M á@â ßBã � 7DNH DQ DUELWUDU\ LQWHJHU L y � DQG VHW �  �
¹ � &RQVHTXHQWO\�

VHW N�L�  N á  N
¶ » DQG M�L�  M á@â ß ã  M

¶ » â ß » IRU HYHU\ L y �� 6R IRU HYHU\ LQWHJHU L y �
WKHUH LV DQ LQWHJHU M�L� y � VXFK WKDW� VHWWLQJ Ho Ý �H[ ß�ä ¹+å �  Ho Ý �H[ ßBã �  Ho Ý �H[ ßBã �E[��� ZH
JHW M EI�Ho Ý �H[ ß�ä ¹+å � E7 ª$Þ H\ b E[�M x

�
¹ ZKHQHYHU M y M�L�� 7KHQ E\ WDNLQJ M  M�L��

pp EI�Ho Ý ä ¹+å �H[ ß�ä ¹+å � E7 ª ÞLæ » ç H\ b E[�
pp x

�
¹ IRU HYHU\ LQWHJHU L y ��

7KHUHIRUH IRU HDFK E[ � E; WKHUH H[LVWV D VHTXHQFH IHo Ý ä ¹Uå �H[ ß�ä ¹Uå �J ¹ º � �WKDW GRHV QRW
GHSHQG RQ EI� IRU ZKLFK EI�Ho Ý ä ¹Uå �H[ ß�ä ¹Uå � E7 ª Þ*æ » ç H\ b E[�� � IRU DQ DUELWUDU\ EI � ; v ZLWK
N EIN  �� DQG KHQFH EI�Ho Ý ä ¹Uå �H[ ß�ä ¹Uå � E7 ª Þ*æ » ç H\ b E[�� � IRU HYHU\ EI � ; v � ZKLFK PHDQV�

Ho Ý ä ¹+å �H[ ß�ä ¹+å � E7 ª Þ*æ » ç H\ «b� E[�

)RU HDFK LQWHJHU L y � VHW Eo ¹ �E[�  Ho Ý ä ¹+å �H[ ß�ä ¹+å �  Ho Ý ä ¹Uå �H[ ß�ä ¹Uå �E[�� DQG E7 ª8»
 E7 ª Þ*æ »Hç

�

7KXV IRU HDFK E[ � E; WKHUH LV D VHTXHQFH IEo ¹ �E[�J ¹ º � DQG D VXEVHTXHQFH I E7 ª »
J ¹+º � RI

I E7 ª
J ª º-¬ VXFK WKDW �ee� KROGV� 7KLV SURYHV ��� ZLWK H\ � H; v E; � IRU HYHU\ E[ � E;

Eo ¹ �E[� E7 ª » H\ «b� E[�
6R H\ LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU E7 � %> E; @� SURYLQJ &ODLP ��
1RWH � $ QRUP WRSRORJ\ YHUVLRQ RI &ODLP � �L�H�� D YHUVLRQ RI &ODLP � IRU VXSHUF\FOLF�
LW\� LV NQRZQ VLQFH $QVDUL^%RXUGRQ
V SDSHU >�@ DOWKRXJK DV IDU DV ZH DUH DZDUH VXFK
D VXSHUF\FOLF FDVH KDV EHHQ OHIW ZLWKRXW D SURRI VR IDU �VHH� H�J�� >�� S����@�� 7KH
ZHDN FRXQWHUSDUW SURYHG LQ &ODLP � DERYH �L�H�� WKH YHUVLRQ IRU ZHDN O�VHTXHQWLDO
VXSHUF\FOLFLW\� KDV D QDWXUDO WUDQVFULSWLRQ IRU WKH VXSHUF\FOLF FDVH� WKXV VXSSRUWLQJ
D SURRI �XVLQJ WKH VDPH DUJXPHQW� IRU WKH VWURQJ �QRUP WRSRORJ\� YHUVLRQ DV ZHOO�

7KHQ E\ �D�� �E�� DQG &ODLP � ZH JHW �F�� ,QGHHG� VLQFH 7 LV DQ LVRPHWU\ RQ ; Ð �
WKHQ VR LV LWV H[WHQVLRQ E7 RQ WKH FRPSOHWLRQ E; RI ; Ð � 6LQFH 5� E7 � LV GHQVH E\
VXSHUF\FOLFLW\ �5HPDUN ����� DQG FORVHG DV E7 LV D OLQHDU LVRPHWU\ RQ D %DQDFK VSDFH�
WKHQ E7 LV D VXUMHFWLYH OLQHDU LVRPHWU\� ZKLFK PHDQV DQ LVRPHWULF LVRPRUSKLVP�
�G� 7DNH DQ\ [ � ; � &RQVLGHU WKH VHWXS LQ WKH SURRI RI LWHPV �E�F�� 6LQFH ; vÐ v ; v �
LI I�7

ª
[�� � IRU HYHU\ I � ; v � WKHQ LQ SDUWLFXODU I�7 ª

[�� � IRU HYHU\ I � ; vÐ �
LI 7 RQ ; LV ZHDNO\ VWDEOH� WKHQ 7 RQ ; Ð LV ZHDNO\ VWDEOH� �L�

7KH VDPH DUJXPHQW DQG QRWDWLRQ DV LQ SURRI RI �F�� ZKHUH - � ; Ð � H; v E; LV DQ

LVRPHWULF LVRPRUSKLVP� OHDG WR WKH LGHQWLW\ �ZLWK H[  -[ DQG H7  E7 M ×Ò  - 7- ¸ �
�
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I�7
ª
[�  HI-�7 ª

[�  HI�- 7 ª
[�  HI� H7 ª H[�  EI M ×Ò � E7 M ×Ò � ª H[�  EI� E7 ª H[�

IRU DQ DUELWUDU\ SDLU RI YHFWRUV �[  - ¸ �
H[ � ; Ð � H[  -[ � H; �� DQG DQ DUELWUDU\

WULSOH RI IXQFWLRQDOV �I � ; vÐ � HI I- ¸ �
 EI M ×Ò � H; v � EI � E; v _ WKH H[WHQVLRQ E\

FRQWLQXLW\ RI HI IURP H; RYHU E;  H; ¸ �� ZKHUH - 7 ª
 H7 ª

-  E7 ª
- IRU HYHU\ Q �DV

H; LV E7 �LQYDULDQW�� DQG VXS ª N E7 ª
N  VXS ª N7 ª

N  p� 7DNH DQ DUELWUDU\ � ! �� 6LQFH
H; ¸  E; � IRU HDFK E[ � E; WKHUH LV DQ [  - ¸ �

H[ � ; Ð VXFK WKDW NE[b H[N ÑÒ � �� $OVR

I�7
ª
[�  EI� E7 ª H[� DV VHHQ DERYH� +HQFH IRU HDFK E[ � E; WKHUH LV DQ [ � ; Ð VXFK WKDW

pp MI�7 ª
[�M b M EI� E7 ª E[�M pp  pp M EI� E7 ª H[�M b M EI� E7 ª E[�M pp � N EINp ��

ZKHUH NIN  N HIN  N EIN� 7KXV LI I�7 ª
[�� � IRU HYHU\ I � ; vÐ � WKHQ EI� E7 ª E[�� �

IRU HYHU\ EI � E; v �WKH FRQYHUVH LV WULYLDO�� 7KHUHIRUH
7 RQ ; Ð LV ZHDNO\ VWDEOH LI DQG RQO\ LI E7 RQ E; LV ZHDNO\ VWDEOH� �LL�

%\ �L� DQG �LL� ZH JHW WKH UHVXOW LQ �G��

5HPDUN ���� �D� 7KHUH LV QR ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF QRQVXUMHFWLYH LVRP�

HWU\ � ,Q RWKHU ZRUGV� HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWU\ RQ D %DQDFK
VSDFH LV VXUMHFWLYH� WKXV DQ LVRPHWULF LVRPRUSKLVP� ,QGHHG� LVRPHWULHV RQ D %D�
QDFK VSDFH KDYH FORVHG UDQJH �QRUP WRSRORJ\� VLQFH LVRPHWULHV DUH ERXQGHG EHORZ��
DQG DQ\ IRUP RI VXSHUF\FOLFLW\ OHDGV WR D GHQVH UDQJH �DQ\ WRSRORJ\� 5HPDUN �����
7KXV D QRQVXUMHFWLYH LVRPHWU\ LV QRW ZHDNO\ VXSHUF\FOLF� DQG VR LW LV QRW ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF�

�E� 7KHUH LV QR ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF FRPSDFW RSHUDWRU RI FODVV & � c� ,Q
IDFW� D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF FRPSDFW RSHUDWRU 7 LV TXDVLQLOSRWHQW �L�H��
U�7 �  �� >��� 7KHRUHP ���@� DQG VR XQLIRUPO\ VWDEOH� WKXV RI FODVV & ¬R¬ �
,I WKH QRUP N c N RI ; LQ 7KHRUHP ��� LV LQGXFHG E\ DQ LQQHU SURGXFW Kc � cL� WKHQ

WKH QRUP N c N ÑÒ LV DOVR LQGXFHG E\ DQ LQQHU SURGXFW DQG VR E; LV D +LOEHUW VSDFH�
,Q WKLV FDVH D +LOEHUW VSDFH YHUVLRQ RI 7KHRUHP ��� FDQ EH VWDWHG� ZKHUH WKH QHZ
QRUP WKDW PDNHV 7 LQWR DQ LVRPHWU\ LV QRZ JLYHQ E\ N[N

�
Ð  
�IK7

ª
[ �7

ª
[LJ� IRU

HDFK [ � ; � DQG DQ LVRPHWULF LVRPRUSKLVP QRZ PHDQV D XQLWDU\ WUDQVIRUPDWLRQ�

7KHRUHP ���� /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c RQ DQ LQQHU SURGXFW

VSDFH � ; � Kc � cL�� 7KHQ

�D� WKHUH LV DQ LQQHU SURGXFW Kc � cL Ð RQ ; IRU ZKLFK 7 LV DQ LVRPHWU\ RQ �; � Kc � cL Ð ��
�E� ,I D YHFWRU \ � ; LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU 7 ZKHQ LW DFWV RQ

WKH LQQHU SURGXFW VSDFH �; � Kc � cL�� WKHQ WKH VDPH YHFWRU \ � ; LV ZHDNO\ O�VH�

TXHQWLDOO\ VXSHUF\FOLF IRU 7 ZKHQ LW DFWV RQ WKH LQQHU SURGXFW VSDFH �; � Kc � cL Ð ��
�F� ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF ZKHQ DFWLQJ RQ �; � Kc � cL�� WKHQ LW KDV

DQ H[WHQVLRQ E7 RQ WKH FRPSOHWLRQ � E; � Kc � cL ÑÒ � RI �; � Kc � cL Ð � ZKLFK LV D ZHDNO\

O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ WUDQVIRUPDWLRQ�

�G� ,I 7 RQ �; � Kc � cL� LV ZHDNO\ VWDEOH� WKHQ E7 RQ � E; � Kc � cL ÑÒ � LV ZHDNO\ VWDEOH�

3URRI� (VVHQWLDOO\ WKH VDPH DUJXPHQW DV LQ SURRI RI 7KHRUHP ����

/HW 
 � C ÍÎ �& EH D %DQDFK OLPLW DQG OHW N c N � ; �5 EH WKH QRUP LQGXFHG E\ WKH
LQQHU SURGXFW Kc � cL � ; d ; � &� 6XSSRVH7 �%> ; @ LV SRZHU ERXQGHG� 7KXV VHW
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K[ � ]L Ð  
�IK7
ª
[ �7

ª
]LJ�

IRU HDFK [� ] LQ ; � 6LQFH 
 LV OLQHDU �ZKLFK LPSOLHV 
�I| ª J�  
�I| ª J�� DQG SRVLWLYH
�L�H�� � x 
�I| ª J� ZKHQHYHU � x | ª IRU HYHU\ Q�� DQG VLQFH 7 LV OLQHDU� WKHQ LW LV
UHDGLO\ YHULpHG WKDW Kc � cL Ð � ; d ; � & LV D VHPL�LQQHU SURGXFW RQ ; � +HQFH

N[N
�
Ð  
�IN7

ª
[N

�
J�

IRU HYHU\ [ � ; ZKHUH N c N Ð � ; � 5 LV WKH VHPLQRUP LQGXFHG E\ WKH VHPL�LQQHU
SURGXFW Kc � cL Ð VR WKDW N[N Ð x VXS ª N7 ª

NN[N� �(YHQ LQ WKLV FDVH RI QRUPV RI D SRZHU
VHTXHQFH RI D SRZHU ERXQGHG RSHUDWRU� WKH VTXDUHV LQ WKH DERYH LGHQWLW\ FDQQRW EH
RPLWWHG GXH WR WKH QRQPXOWLSOLFDWLYLW\ RI %DQDFK OLPLWV�� )URP QRZ RQ WKH SURRI
GHYHORSV DV WKH SURRI IRU 7KHRUHP ���� ZKHUH WKH SUHYLRXV VHPLQRUP LV UHSODFHG E\
WKH DERYH RQH� ZKLFK EHFRPHV D QRUP XQGHU WKH VDPH DVVXPSWLRQ RI 7 EHLQJ RI
FODVV & � c� $V EHIRUH ZH ZRUN ZLWK WKH QRUPV N c N DQG N c N Ð RQ ; UHJDUGOHVV WKH
IDFW WKDW WKH\ PD\ KDYH EHHQ LQGXFHG E\ LQQHU SURGXFWV� DQG DJDLQ ZULWH ; IRU WKH
LQQHU SURGXFW VSDFH � ; � Kc� cL� DQG ; Ð IRU WKH LQQHU SURGXFW VSDFH �; � Kc� cL Ð ��

5HPDUN ���� /HW 7 EH D ZHDNO\ VWDEOH �WKXV SRZHU ERXQGHG� ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF RSHUDWRU RI FODVV & � c RQ DQ LQQHU SURGXFW VSDFH� &RQVLGHU 7KHRUHP ����
6LQFH E7 LV DQ LVRPHWU\� LW LV QRW VXSHUF\FOLF >�� 7KHRUHP ���@� 6LQFH E7 LV D ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF DQG ZHDNO\ VWDEOH XQLWDU\ RSHUDWRU� WKHQ LW LV VLQJXODU�
FRQWLQXRXV >��� 7KHRUHP ���@ DQG LWV VFDODU VSHFWUDO PHDVXUH LV 5DMFKPDQ� 5HFDOO� D
XQLWDU\ RSHUDWRU RQ D +LOEHUW VSDFH LV ZHDNO\ VWDEOH LI DQG RQO\ LI LWV VFDODU VSHFWUDO
PHDVXUH LV D 5DMFKPDQ PHDVXUH �L�H�� D PHDVXUH z RQ WKH ��DOJHEUD RI %RUHO VXEVHWV
RI WKH XQLW FLUFOH 7 IRU ZKLFK

5 ê
y
ß
Gz � � IRUMNM � �� >��� 3URSRVLWLRQ ���@�

,I 7 LV D ZHDNO\ VWDEOH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RS�

HUDWRU RI FODVV & � c RQ DQ LQQHU SURGXFW VSDFH� WKHQ LW KDV DQ H[WHQVLRQ E7
RQ D +LOEHUW VSDFH ZKLFK LV D ZHDNO\ VWDEOH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF

�EXW QRW VXSHUF\FOLF� VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU �WKXV RI FODVV & �R� �
ZKRVH VFDODU VSHFWUDO PHDVXUH LV D 5DMFKPDQ PHDVXUH�

�� 7 Z R $SSO LF DW LRQV

/HW �u � c � VWDQG IRU SRLQW VSHFWUXP� /HW WKH FRQWLQXRXV OLQHDU RSHUDWRU 7 v VWDQG
IRU WKH QRUPHG�VSDFH �RU WRSRORJLFDO�YHFWRU�VSDFH� DGMRLQW RI D FRQWLQXRXV OLQHDU
RSHUDWRU 7 �LI 7 LV D +LOEHUW�VSDFH RSHUDWRU� WKHQ 7 v LV LGHQWLpHG ZLWK WKH +LOEHUW�
VSDFH DGMRLQW RI 7�� ,I 7 LV VXSHUF\FOLF� WKHQ ��u �7 v � x � �L�H�� WKHQ WKH FDUGLQDOLW\
RI WKH SRLQW VSHFWUXP RI 7 v LV QRW JUHDWHU WKDQ RQH�� ,Q RWKHU ZRUGV� LI 7 LV VXSHU�
F\FOLF� WKHQ WKH DGMRLQW RI 7 KDV DW PRVW RQH HLJHQYDOXH� 7KLV KDV EHHQ YHULpHG IRU
VXSHUF\FOLF RSHUDWRUV LQ D +LOEHUW�VSDFH VHWWLQJ LQ >��� 3URSRVLWLRQ ���@� H[WHQGHG
WR RSHUDWRUV RQ D QRUPHG VSDFH LQ >�� 7KHRUHP ���@�� DQG IXUWKHU H[WHQGHG WR VX�
SHUF\FOLF RSHUDWRUV RQ D ORFDOO\ FRQYH[ VSDFH LQ >��� /HPPD �� 7KHRUHP �@� %XW
WKH ZHDN WRSRORJ\ RI D QRUPHG VSDFH LV D ORFDOO\ FRQYH[ VXEWRSRORJ\ RI WKH OR�
FDOO\ FRQYH[ QRUP WRSRORJ\ �VHH� H�J�� >��� 7KHRUHPV ����� DQG �����@�� 7KHQ WKH
ODWWHU H[WHQVLRQ KROGV LQ SDUWLFXODU RQ D QRUPHG VSDFH XQGHU WKH ZHDN WRSRORJ\�
WKXV LQFOXGLQJ ZHDNO\ VXSHUF\FOLF RSHUDWRUV DQG FRQVHTXHQWO\ ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF RSHUDWRUV RQ QRUPHG VSDFHV�

,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ ��u �7 v � x ��
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:H VKRZ QH[W WKDW ��u �7 v �  ��u �7 �  � LI WKH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
SRZHU ERXQGHG RSHUDWRU 7 LV RI FODVV & � c� 7KHUHIRUH ��u �7 v �  � RQO\ LI 7 ª

[ � �
IRU VRPH QRQ]HUR [ � ; �

&RUROODU\ ���� /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c RQ D +LOEHUW VSDFH

; � ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ

�u �7 �  �u �7 v �  "�

3URRI � /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c RQ D QRUPHG VSDFH ; �

&RQVLGHU WKH H[WHQVLRQ E7 �%> E; @ RI 7 �%> ; Ð @ RYHU WKH FRPSOHWLRQ E; RI ; Ð DV LQ
WKH SURRI RI 7KHRUHP ���� :H VSOLW WKLV SURRI LQWR WKUHH SDUWV�

3DU W � � &OHDUO\ �u �7 � LV WKH VDPH UHJDUGOHVV ZKHWKHU 7 DFWV RQ ;  �; � N c N� RU
LQ ; Ð  �; � N c N Ð � VLQFH SRLQW VSHFWUXP LV SXUHO\ DQ DOJHEUDLF QRWLRQ DQG LQ ERWK
FDVHV WKH OLQHDU 7 DFWV RQ WKH VDPH OLQHDU VSDFH ; � /HW 7 DFW RQ ; Ð � 7KXV 7  

- ¸ � E7 M ×Ò - � %> ; Ð @ ZKHUH - � %> ; Ð � H; @ LV DQ LVRPHWULF LVRPRUSKLVP DQG H; LV E7 �LQ�
YDULDQW �FI� SURRI RI 7KHRUHP ����� 6LQFH VLPLODULW\ SUHVHUYHV WKH VSHFWUXP DQG LWV

SDUWV� WKHQ �u �7 �  �u � E7 M ×Ò � v �u � E7 �� 7KHUHIRUH IRU 7 DFWLQJ RQ ; RU RQ ; Ð
�u �7 � � "  � �u � E7 � � "�

3DU W � � 7KH GHpQLWLRQ RI DGMRLQW LQYROYHV WRSRORJ\ DQG DOWKRXJK WKH GXDOV DUH
QHVWHG WKH\ PD\ QRW FRLQFLGH� /HW 7 v LQ %> ; v @ EH WKH DGMRLQW RI 7 DFWLQJ RQ
;  �; � N c N�� 8VH WKH VDPH QRWDWLRQ 7 v IRU WKH DGMRLQW LQ %> ; vÐ @ RI 7 DFWLQJ RQ
; Ð  �; � N c N Ð ��� )LUVW VXSSRVH WKHUH H[LWV y � �u �7 v � IRU 7 DFWLQJ RQ ; Ð ZKLFK
PHDQV yJ  7 v J IRU VRPH QRQ]HUR J � ; vÐ � 7KHQ J � ; v DQG VR y � �u �7 v � IRU 7
DFWLQJ RQ ; � 7KXV WKH LQFOXVLRQ ; vÐ v ; v �ZKLFK PD\ EH SURSHU� DOORZV XV WR LQIHU

�u �7 v � � " IRU 7 DFWLQJ RQ ; Ð  � �u �7 v � � " IRU 7 DFWLQJ RQ ; �

7KH FRQYHUVH UHTXLUHV D GLoHUHQW DUJXPHQW� 6XSSRVH ; LV D +LOEHUW VSDFH DQG OHW
7 v � %> ; @ EH WKH +LOEHUW�VSDFH DGMRLQW RI 7 � %> ; @�

&ODLP � � 7KHUH H[LVWV D SRVLWLYH RSHUDWRU $ � %> ; @ �L�H�� $ ! 2� IRU ZKLFK

K[ � ]L Ð  K$[ � ]L IRU HYHU\ [� ] � ; � ZLWK 5�$� ¸  ; � DQG 7 v $7  $�

3URRI � 6LQFH WKH LQQHU SURGXFW Kc � cL Ð � ; d ; � & LV D ERXQGHG VHVTXLOLQHDU IRUP
�L�H�� MK[ � ]L Ð M  M
�IK7

ª
[� 7

ª
]LJ�M x N
N VXS ª MK7 ª

[ �7
ª
]LM x p

�
N[N N]N ZKHUH

N
N  � DQG p  VXS ª N7 ª
N�� WKHQ D FODVVLFDO UHVXOW IURP >��� 7KHRUHP ����@ HQVXUHV

WKH H[LVWHQFH RI VXFK D SRVLWLYH RSHUDWRU $� 6LQFH $ ! 2 LV LQMHFWLYH DQG VHOI�DGMRLQW�
WKHQ WKH UDQJH 5�$� RI $ LV GHQVH LQ �; � Kc � cL�� 0RUHRYHU VLQFH N7[N Ð  N[N Ð �

K$[ �[L  K[ �[L Ð  K7[ �7[L Ð  K$7[ �7[L  K7 v $7[ �[L

IRU HYHU\ [ � ; DQG VR� DV $b 7 v $7 LV VHOI�DGMRLQW� $  7 v $7 �

7DNH I � ; v � 6LQFH ; LV D +LOEHUW VSDFH� I  K c � \L IRU VRPH \ � ; � 7DNH WKH UHVWULF�
WLRQ I M ì ä íkå � 5�$� v ; � &� 6LQFH I$  K$ c � \L  K c � \L Ð � ; vÐ ZH FDQ FRQFOXGH
WKDW I M ì ä í'å � ; vÐ � 1RZ WDNH DQ\ J � 5�$� v � 6LQFH 5�$� ¸  ; � WKHQ E\ FRQWLQX�
LW\ WKHUH H[LVWV EJ � ; v VXFK WKDW J  EJM ì ä í'å � ZKLFK LV LQ ; vÐ DV ZH VDZ DERYH�

6R 5�$� v v ; vÐ � 0RUHRYHU� VLQFH 5�$� ¸  ; � WKHQ ; v | 5�$� v ZKHUH | GHQRWHV
LVRPHWULFDOO\ LVRPRUSKLF �VHH� H�J�� >��� ([HUFLVH ������ S���@�� 7KHUHIRUH

5�$� ¸  ;  � ; v | 5�$� v v ; vÐ �
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7DNH DQ LVRPHWULF LVRPRUSKLVP: � ; v � : �; v �  5�$� v v ; vÐ � ,I y OLHV LQ �u �7 v �
IRU 7 DFWLQJ RQ ; � WKHQ WKHUH LV D QRQ]HUR I LQ ; v IRU ZKLFK yI  7 v I� 6HW J  :I

LQ ; vÐ � %\ GHpQLWLRQ RI DGMRLQW� y J  y:I  :yI  : 7 v I  :I 7  J 7  7 v J
�VDPH QRWDWLRQ IRU 7 v RQ ; v RU ; vÐ �� 7KHQ y � �u �7 v � IRU 7 DFWLQJ RQ ; Ð � +HQFH

�u �7 v � � " IRU 7 DFWLQJ RQ ;  � �u �7 v � � " IRU 7 DFWLQJ RQ ; Ð � �LLL�

1H[W OHW 7 DFW RQ ; Ð DQG WDNH LWV DGMRLQW 7 v RQ ; vÐ � 6LQFH 7  - ¸ � E7 ×Ò - � %> ; Ð @ ZH
JHW 7 v I  I 7  I- ¸ � E7 M ×Ò -  �- ¸ � E7 M ×Ò -� v I  - v � E7 M ×Ò � v - v ¸ �

I IRU HYHU\ I � ; vÐ �
7KXV 7 v  - v � E7 M ×Ò � v - v ¸ �

�L�H�� 7 v DQG � E7 M ×Ò � v DUH LVRPHWULFDOO\ LVRPRUSKLF� DQG
VR �u �7 v �  �u �� E7 M ×Ò � v �� $OVR� H; v | E; v DV H; ¸  E; �VHH� H�J�� >��� ([HUFLVH �����@

DJDLQ�� 7DNH DQ LVRPHWULF LVRPRUSKLVP . � H; v � E; v DQG DQ DUELWUDU\ HI LQ H; v � %\
FRQWLQXLW\ HI  EI M ×Ò  . ¸ � EI IRU D XQLTXH EI � E; v � 7KHQ .� E7 M ×Ò � v HI  . HI� E7 M ×Ò �  
EI E7  E7 v EI  E7 v . HI� +HQFH .� E7 M ×Ò � v  E7 v . �L�H�� � E7 M ×Ò � v DQG E7 v DUH LVRPHWULFDOO\
LVRPRUSKLF�� 6R �u �� E7 M ×Ò � v �  �u � E7 v �� 7KXV �u �7 v �  �u �� E7 M ×Ò � v �  �u � E7 v �� 7KHQ

�u �7 v � � " IRU 7 DFWLQJ RQ ; Ð  � �u � E7 v � � "� �LY�

$FFRUGLQJ WR �LLL� DQG �LY� ZH JHW

�u �7 v � � " IRU 7 DFWLQJ RQ ;  � �u � E7 v � � "�

3DU W � � %\ 7KHRUHP ��� E7 LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU
RQ WKH +LOEHUW VSDFH E; � 7KHQ E7 v DOVR LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\
RQ E; >��� 7KHRUHP ���@� %XW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV

DUH VLQJXODU�FRQWLQXRXV >��� 7KHRUHP ���@� DQG VR KDYH QR HLJHQYDOXHV� �u � E7 �  
�u � E7 v �  "� 7KHUHIRUH E\ 3DUWV � DQG �� IRU 7 DFWLQJ RQ WKH +LOEHUW VSDFH ; �

�u �7 �  �u �7 v �  �u � E7 �  �u � E7 v �  "�

&RUROODU\ ���� /HW 7 � %> ; @ EH D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c DFWLQJ RQ

D +LOEHUW VSDFH ; � /HW N c N EH WKH QRUP JHQHUDWHG E\ WKH LQQHU SURGXFW Kc � cL RQ ; �

&RQVLGHU WKH QHZ LQQHU SURGXFW VSDFH ; Ð ZKHUH N c N Ð LV WKH QHZ QRUP LQGXFHG E\

WKH QHZ LQQHU SURGXFW Kc � cL Ð RQ ; DV LQ 7KHRUHP ���� 7DNH WKH SRVLWLYH RSHUDWRU

$ � %> ; @ IRU ZKLFK Kc � cL Ð  K$ c � cL DV LQ &ODLP � �SURRI RI &RUROODU\ ��� �� 7KH
IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� $ LV LQYHUWLEOH �L�H�� KDV ERXQGHG LQYHUVH RQ ; ��

�E� 7KH QRUPV N c N DQG N c N Ð RQ ; DUH HTXLYDOHQW�

�F� 7 DFWLQJ RQ ; LV VLPLODU WR DQ LVRPHWU\�

�G� 7 DFWLQJ RQ ; LV SRZHU ERXQGHG EHORZ �L�H�� WKHUH LV D FRQVWDQW q ! � VXFK

WKDW qN[N x N7
ª
[N IRU DOO LQWHJHUV Q y � DQG HYHU\ [ � ; ��

,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ DQ\ RI WKH DERYH HTXLYDOHQW DVVHUWLRQV

LPSOLHV 7 LV XQLWDU\ ZKHQ DFWLQJ RQ ; Ð � ZKLFK LQ WXUQ LPSOLHV

�H� 7 DFWLQJ RQ ; LV VLPLODU WR D XQLWDU\ RSHUDWRU�

3URRI� �D��� �E�� 6LQFH $ LV VHOI�DGMRLQW DQG LQMHFWLYH LW KDV D GHQVH UDQJH� ,I LQ
DGGLWLRQ $ LV ERXQGHG EHORZ� WKHQ LW KDV D FORVHG UDQJH DQG VR LW LV VXUMHFWLYH�
7KXV WKH SRVLWLYH RSHUDWRU $ LV LQYHUWLEOH �L�H�� LW KDV D ERXQGHG LQYHUVH RQ ; �
HTXLYDOHQWO\� LW LV ERXQGHG EHORZ DQG VXUMHFWLYH� LI DQG RQO\ LI �FI� SURRI RI &ODLP
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�� qN[N x N$
¶î [N N[N Ð x pN[N IRU HYHU\ [ LQ ; IRU VRPH q ! � �DQG LQ WKLV FDVH

q  N$ ¸
¶î N ¸ �

�� ZKLFK PHDQV WKH QRUPV N c N DQG N c N Ð DUH HTXLYDOHQW�
�D�  ��F�  ��E�� ,Q IDFW� N$

¶î
7[N

�
 K$

¶î
7[ �$

¶î
7[L  K7 v $7[ �[L  K$[ �[L  

N$
¶î [N � IRU HYHU\ [ � ; VLQFH 7 v $7  $� 7KXV LI �D� KROGV� WKHQ N$

¶î 7$ ¸
¶î [N  

N[N IRU HYHU\ [ � ; � DQG VR 7 LV VLPLODU WR DQ LVRPHWU\ �L�H�� �F� KROGV�� &RQYHUVHO\
LI �F� KROGV� WKHQ WKHUH LV DQ RSHUDWRU 6 � %> ; @ IRU ZKLFK 6 ¸ �

7
ª
6 LV DQ LVRPHWU\

IRU HYHU\ Q y � VR WKDW WKH VHTXHQFH IN6 ¸ �
7

ª
6[N

�
J LV FRQVWDQWO\ HTXDO WR N[N

�
�

DQG KHQFH N[N
�
Ð x p

�
N[N

�
 p

�

�IN6 ¸ �

7
ª
6[N

�
J� x p

�
N6 ¸ �

N
�

�IN7

ª
6[N

�
J�  

p
�
N6 ¸ �

N
�
N6[N

�
Ð x p

�
N6 ¸ �

N
�
N6N

�
N[N

�
Ð IRU HYHU\ [ � ; � 7KXV �E� KROGV�

�F��� �G�� 7KLV LV D GLUHFW FRQVHTXHQFH RI >��� 7KHRUHP �@ ZKLFK UHDGV DV IROORZV�
$Q RSHUDWRU ) RQ D QRUPHG VSDFH = LV SRZHU ERXQGHG DQG SRZHU ERXQGHG EHORZ

�L�H�� WKHUH DUH FRQVWDQWV q� p ! � VXFK WKDW qN]N x N)
ª
]N x pN]N IRU DOO LQWHJHUV

Q y � DQG HYHU\ ] � =� LI DQG RQO\ LI ) LV VLPLODU WR DQ LVRPHWU\ �

0RUHRYHU LI �E� KROGV� WKHQ ; Ð LV D +LOEHUW VSDFH �EHFDXVH ; LV D +LOEHUW VSDFH��

7KHQ ; Ð  H;  E; DQG 7 RQ ; Ð FRLQFLGHV ZLWK E7 RQ E; DQG� VLQFH 7 RQ ; Ð LV ZHDN�
O\ O�VHTXHQWLDOO\ VXSHUF\FOLF ZKHQHYHU 7 RQ ; LV� 7 RQ ; Ð LV XQLWDU\ DFFRUGLQJ WR
7KHRUHP ���� 7KXV 7 RQ ; Ð LV VXUMHFWLYH� DQG VR LV 7 RQ ; � 7KXV VLQFH 7 LV VXUMHF�
WLYH DQG VLPLODU WR DQ LVRPHWU\ E\ �F�� WKHQ WKH LVRPHWU\ LV VXUMHFWLYH ZKLFK PHDQV
LW LV XQLWDU\� 7KLV VKRZV WKDW DQ\ RI WKH DERYH HTXLYDOHQW DVVHUWLRQV LPSO\ �H��

&RUROODU\ ���� (YHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU VLPLODU WR DQ LVRP�

HWU\ LV VLPLODU WR D XQLWDU\ RSHUDWRU�

3URRI� 7KLV KROGV IRU +LOEHUW�VSDFH RSHUDWRUV DFFRUGLQJ WR &RUROODU\ ����F�H� VLQFH
VLPLODULW\ WR DQ LVRPHWU\ WULYLDOO\ LPSOLHV SRZHU ERXQGHGQHVV RI FODVV & � c�

5HPDUN ���� $V ZH VDZ LQ &RUROODU\ ����F�G� �FI� >��� 7KHRUHP �@��

LI DQ RSHUDWRU RQ D +LOEHUW VSDFH LV SRZHU ERXQGHG DQG SRZHU ERXQGHG EHORZ�

WKHQ LW LV VLPLODU WR DQ LVRPHWU\�

0RUHRYHU� DFFRUGLQJ WR &RUROODU\ ����F�H��

LI D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D +LOEHUW VSDFH LV SRZHU

ERXQGHG DQG SRZHU ERXQGHG EHORZ� WKHQ LW LV VLPLODU WR D XQLWDU\ RSHUDWRU�

,QGHHG� LI 7 LV SRZHU ERXQGHG EHORZ� WKHQ LW LV RI FODVV & � c �L�H�� qN[N x N7
ª
[N

LPSOLHV 7
ª
[ �� �� DQG WKH FRQYHUVH IDLOV �VHH� H�J�� >��� S���@�� 'RHV WKH FRQYHUVH

KROGV XQGHU ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ DVVXPSWLRQ" 7KLV VXJJHVWV WKH IROORZ�
LQJ VWURQJHU IRUP RI TXHVWLRQ �)� �VHH 6HFWLRQ �� LQ WKH VHQVH WKDW DQ DrUPDWLYH
DQVZHU WR TXHVWLRQ �) ï � LPSOLHV DQ DrUPDWLYH DQVZHU WR TXHVWLRQ �)��
�) ï � LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU RI FODVV & � c SRZHU

ERXQGHG EHORZ "
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