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$EVW U DF W � 7 K H U HVLG X DO VS HFWU X P RI D S RZ HU E RX Q G HG RS HU DWRU OLHV LQ WK H

RS HQ X Q LW G LVN �

�� ,QW U RGXF W LRQ

$ ZHOO�NQRZQ RSHQ TXHVWLRQ RQ +LOEHUW�VSDFH RSHUDWRUV DVNV ZKHWKHU D SRZHU
ERXQGHG RSHUDWRU KDV WKH UHVLGXDO VSHFWUXP LQFOXGHG LQ WKH XQLW FLUFOH� 7KH SXUSRVH
RI WKLV SDSHU LV WR RoHU DQ DQVZHU WR WKLV VR IDU RSHQ TXHVWLRQ� 7KH DQVZHU IROORZV
IURP NQRZQ UHVXOWV DQG LV REWDLQHG E\ HOHPHQWDU\ DUJXPHQWV�

,W KDV EHHQ NQRZQ IRU D ORQJ WLPH WKDW WKH DERYH TXHVWLRQ KDV DQ DrUPDWLYH DQ�
VZHU LI SRZHU ERXQGHG LV UHVWULFWHG WR FRQWUDFWLRQV� $OO SURRIV IRU WKH FRQWUDFWLRQ
FDVH DUH HOHPHQWDU\� :H pUVW JLYH D QHZ EXW VWLOO HOHPHQWDU\ SURRI IRU WKH FRQWUDF�
WLRQ FDVH� ZKLFK VKRZV WKDW DWWHPSWV WR H[WHQG WKH FRQWUDFWLRQ FDVH WRZDUGV WKH
SRZHU ERXQGHG FDVH PLJKW OHDG WR D IDOVH VWDUW� 7KH SRZHU ERXQGHG FDVH UHTXLUHV
D GLoHUHQW �DOWKRXJK VWLOO HOHPHQWDU\ DQG EDVHG RQ D ZHOO�NQRZQ UHVXOW� VWDUW�

$ SRVVLEOH QHZ VWDUW WKDW OHDGV WR D SURRI IRU WKH SRZHU ERXQGHG FDVH LV WKH
(UJRGLF 7KHRUHP IRU SRZHU ERXQGHG RSHUDWRUV� $IWHU WKLV� WKHUH DUH FHUWDLQO\ D
IHZ GLoHUHQW �EXW VLPLODU� SDWKV WR SURFHHG� :H KDYH FKRVHQ ZKDW ZH FRQVLGHU WR
EH DQ HOHPHQWDU\ SDWK LQ WKH SURRI RI 7KHRUHP ���� $SSOLFDWLRQV DUH H[SORUHG LQ
6HFWLRQV � DQG ��

�� 1RW DW LRQ

7KURXJKRXW WKH SDSHU + ZLOO VWDQG IRU DQ LQpQLWH�GLPHQVLRQDO� FRPSOH[ �QRW
QHFHVVDULO\ VHSDUDEOH� +LOEHUW VSDFH� 7KH LQQHU SURGXFW LQ + ZLOO EH GHQRWHG E\
Kc� cL� %\ DQ RSHUDWRU RQ + ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR
LWVHOI� /HW %>+@ VWDQG IRU WKH &e�DOJHEUD RI DOO RSHUDWRUV RQ +� %RWK QRUPV LQ +
RU LQ %>+@ ZLOO EH GHQRWHG E\ WKH VDPH V\PERO N c N� $Q RSHUDWRU 7 � %>+@ LV DQ
LVRPHWU\ LI N7[N  N[N IRU HYHU\ [ � +� LW LV XQLWDU\ LI LW LV DQ LQYHUWLEOH LVRPHWU\�
D FRQWUDFWLRQ LI N7[N x N[N IRU HYHU\ [ � + �L�H�� N7N x ��� DQG SRZHU ERXQGHG LI

VXS
Q

N7QN � ��

(TXLYDOHQWO\ �E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP�� LI VXSQ N7
Q[N � � IRU HYHU\

[ � + �RWKHUZLVH LW LV FDOOHG SRZHU XQERXQGHG�� ,W LV FOHDU WKDW HYHU\ LVRPHWU\ LV
D FRQWUDFWLRQ� DQG HYHU\ FRQWUDFWLRQ LV SRZHU ERXQGHG� $ FRPSOHWHO\ QRQXQLWDU\
FRQWUDFWLRQ LV DQ RSHUDWRU RQ + IRU ZKLFK LWV UHVWULFWLRQ WR DQ\ UHGXFLQJ VXEVSDFH LV
QRW XQLWDU\� )RU DQ\ RSHUDWRU 7 � %>+@� OHW 1 �7 �  7b��I�J� GHQRWH LWV NHUQHO DQG
OHW , VWDQG IRU WKH LGHQWLW\ LQ %>+@� 7KH VHW �3 �7 �  

j
y � & � 1 �y, b 7 � � I�J

k
LV

WKH SRLQW VSHFWUXP RI 7 �L�H�� WKH VHW RI DOO HLJHQYDOXHV RI 7 �� /HW 7 e� %>+@ VWDQG
IRU WKH DGMRLQW RI 7 � %>+@� 7KH UHVLGXDO VSHFWUXP RI 7 LV WKH VHW >�� S��@

�5�7 �  �3 �7
e�eQ�3 �7 ��

' DW H� - X O\ �� �����

���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� + LOE HU W VS DFH� S RZ HU E RX Q G HG RS HU DWRU V� U HVLG X DO VS HFWU X P �
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+HUH ee  Iy � & � y � eJ LV WKH VHW RI DOO FRPSOH[ FRQMXJDWHV RI SRLQWV LQ D VHW
e v &� /HW ' EH WKH RSHQ XQLW GLVN �FHQWHUHG DW WKH RULJLQ RI WKH FRPSOH[ SODQH��
DQG OHW 7  #' EH WKH XQLW FLUFOH� ZKHUH 'b  ' > 7 LV WKH FORVHG XQLW GLVN�

�� 3U HO LP LQDU LHV

&RQVLGHU WKH DERYH VHW�XS� 7DNH DQ DUELWUDU\ RSHUDWRU 7 � %>+@�

3URSRVLWLRQ ���� ,I 7 LV D FRQWUDFWLRQ� WKHQ �5�7 � v '�

3URRI� 7DNH D FRQWUDFWLRQ 7 DFWLQJ RQ D +LOEHUW VSDFH� &RQVLGHU WKH 1DJ\^)RLD|V^
/DQJHU GHFRPSRVLWLRQ

7  & j 8

RI 7 �VHH H�J�� >�� 7KHRUHP ���@�� +HUH & LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ�
8 LV XQLWDU\� DQG j VWDQGV IRU RUWKRJRQDO GLUHFW VXP� 6LQFH & LV D FRPSOHWHO\
QRQXQLWDU\ FRQWUDFWLRQ�

�3 �&� > �5�&� v '
>�� &RUROODU\ ��� DQG 3URSRVLWLRQ ���@� 5HFDOO WKDW WKH SRLQW VSHFWUXP RI DQ RUWKRJ�
RQDO GLUHFW VXP RI RSHUDWRUV LV WKH XQLRQ RI WKH SRLQW VSHFWUD� 7KXV

�3 �& j 8�  �3 �&� > �3 �8� > DQG �3 ��& j 8�e�  �3 �&
e� > �3 �8

e� @�

6LQFH 8 LV QRUPDO� �5�8�  �5�8
e�  "� DQG VR

�3 �8
e�e  �3 �8��

7KHUHIRUH�

�5�7 �  >�3 �&
e�e > �3 �8�@Q>�3 �&� > �3 �8�@ v �5�&� v '�

)RU DQRWKHU SURRI� VWLOO PRUH HOHPHQWDU\ WKDQ WKH DERYH RQH VHH� IRU LQVWDQFH�
>�� 3URSRVLWLRQ ���@� 6LPLODULW\ WR D FRQWUDFWLRQ LPSOLHV SRZHU ERXQGHGQHVV DQG

VLPLODULW\ SUHVHUYHV WKH VSHFWUXP DQG LWV SDUWV� ,Q SDUWLFXODU� LI H7 LV VLPLODU WR 7 �

WKHQ �5�H7 �  �5�7 �� 7KHUHIRUH 3URSRVLWLRQ ��� VD\V

7 LV VLPLODU WR D FRQWUDFWLRQ  � �5�7 � v '�
7KXV LW KDV EHHQ DVNHG LQ >�� S����@ ZKHWKHU 3URSRVLWLRQ ��� �RU LWV HTXLYDOHQW IRUP
LQ WKH DERYH GLVSOD\HG LPSOLFDWLRQ� FDQ EH H[WHQGHG WR SRZHU ERXQGHG RSHUDWRUV�
GRHV SRZHU ERXQGHGQHVV LPSO\ LQFOXVLRQ RI WKH UHVLGXDO VSHFWUXP LQ WKH RSHQ XQLW

GLVN " ,Q RWKHU ZRUGV� LI VXSQ N7
QN � �� LV LW WUXH WKDW �5�7 � v '" 7KH SXUSRVH RI

WKH QRWH LV WR DQVZHU WKLV TXHVWLRQ�

�� $QVZ HU

&RQVLGHU WKH DERYH VHW�XS� 7DNH DQ DUELWUDU\ RSHUDWRU 7 � %>+@�

7KHRUHP ���� ,I 7 LV SRZHU ERXQGHG� WKHQ �5�7 � v '�

3URRI� &RQVLGHU WKH &HVvDUR PHDQV DVVRFLDWHG ZLWK WKH RSHUDWRU 7 � %>+@�

&Q  
�
Q

Qb�;

N  �

7 N � %>+@�

5HFDOO� ,I 7 LV SRZHU ERXQGHG� WKHQ WKH VHTXHQFH RI &HVvDUR PHDQV I&QJ FRQYHUJHV

VWURQJO\� >,Q RWKHU ZRUGV� HYHU\ SRZHU ERXQGHG RSHUDWRU LV �VWURQJO\� HUJRGLF@�
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7KLV LV WKH ZHOO�NQRZQ 0HDQ (UJRGLF 7KHRUHP IRU SRZHU ERXQGHG RSHUDWRUV �ZKLFK
KROGV RQ UHqH[LYH %DQDFK VSDFHV� VHH H�J�� >�� &RUROODU\ 9,,,����@�� 7KH %>+@�YDOXHG
VHTXHQFH I&QJ FRQYHUJHV VWURQJO\� ZKLFK PHDQV WKH +�YDOXHG VHTXHQFH I&Q[J FRQ�
YHUJHV LQ + IRU HYHU\ [ � +� 7KH %DQDFK^6WHLQKDXV 7KHRUHP HQVXUHV WKH H[LVWHQFH
RI DQ RSHUDWRU ( � %>+@ IRU ZKLFK &Q[ � ([ IRU HYHU\ [ � +� 1RWDWLRQ�

&Q
Vb� (�

6LQFH HDFK &Q LV D SRO\QRPLDO LQ 7 � &Q DQG 7 FRPPXWH� DQG VR ( DQG 7 FRPPXWH�
6LQFH &Q7  &Q �

�
Q
7Q b �

Q
, DQG 7 LV SRZHU ERXQGHG� (7  (� 7KHUHIRUH�

(7  7(  (�

,I 7 LV SRZHU ERXQGHG� WKHQ U�7 � x � ZKHUH U�7 � VWDQGV IRU WKH VSHFWUDO UDGLXV RI
7 �VHH H�J�� >�� S���@�� ZKLFK LPSOLHV �5�7 � v 'b� 6XSSRVH

�5�7 � ? 7 � "�

7DNH DQ\ y � �5�7 � ? 7� 7KXV MyM  ��
7 e[�  y[� IRU VRPH QRQ]HUR YHFWRU [� � + �L�H�� y � �3 �7

e�e��

7[ � y[ IRU HYHU\ QRQ]HUR YHFWRU [ � + �L�H�� y �� �3 �7 ���

6HW
7�  �

y
7 e � %>+@�

ZKLFK LV SRZHU ERXQGHG VLQFH 7 LV DQG MyM  �� 6R WKHUH LV DQ (�� %>+@ VXFK WKDW

&�
Q  

�
Q

Qb�;

N  �

7�N Vb� (�� (�7�  7�(�  (� DQG (�[�  &�
Q [�  [��

�,QGHHG� VLQFH 7 eN[�  y
N

[� ZH JHW &
�
Q [�  

�
Q

3Qb�
N  � 7

�N[�  [��� 0RUHRYHU� VHW

\�  (�e[� � +�

ZKLFK LV QRQ]HUR VLQFH [� LV� � � N[�N  K[� �[�L  K(�[� �[�L  K[� � \�L� +HQFH

K7\� �[L K7(�e[� �[L K[� �(
�7 e[L K[� �y(

�7�[L K[� �y(
�[L Ky\� �[L

IRU HYHU\ [ � +� DQG VR
7\�  y\��

6LQFH \� � � WKLV FRQWUDGLFWV WKH IDFW WKDW 7[ � y[ IRU HYHU\ � � [ � +� 7KHQ WKH
DVVXPSWLRQ �5�7 � ? 7 � " IDLOV� DQG FRQVHTXHQWO\ �5�7 � v '�

�� 5HP DU N V

/HW ��7 � EH WKH VSHFWUXP RI DQ RSHUDWRU 7 LQ %>+@ DQG FRQVLGHU LWV FRQWLQX�
RXV VSHFWUXP �&�7 �  ��7 �Q>�3 �7 � > �5�7 �@ VR WKDW I�3 �7 �� �5�7 �� �&�7 �J LV D
FODVVLFDO SDUWLWLRQ RI ��7 ��

5HFDOO� �L� VLPLODULW\ SUHVHUYHV WKH VSHFWUXP DQG LWV SDUWV �L�H�� LI : � %>+@ LV
LQYHUWLEOH ZLWK DQ LQYHUVH:b� LQ %>+@� WKHQ WKH SDUWV RI WKH VSHFWUXP RI:7:b�

FRLQFLGH ZLWK WKH UHVSHFWLYH SDUWV RI WKH VSHFWUXP RI 7 �� DQG �LL� VLPLODU WR D SRZHU
ERXQGHG LV DJDLQ SRZHU ERXQGHG� +HQFH 7KHRUHP ��� VD\V

�D� 7 LV VLPLODU WR D SRZHU ERXQGHG  � �5�7 � v '�
7KXV HYHU\WKLQJ WKDW KDV EHHQ VDLG DERYH �DQG EHORZ� DERXW SRZHU ERXQGHG RSHU�
DWRUV DSSOLHV ?LSVL OLWHULV� WR RSHUDWRUV VLPLODU WR D SRZHU ERXQGHG RSHUDWRU�
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7KHRUHP ��� DOVR FKDUDFWHUL]HV WKH SHULSKHUDO VSHFWUXP �L�H�� ��7 � ? 7� RI D
SRZHU ERXQGHG RSHUDWRU�

�E� 7 LV SRZHU ERXQGHG  � ��7 � ? 7 v �3 �7 � > �&�7 ��

+RZHYHU� WKH ERXQGDU\ #��7 � RI WKH VSHFWUXP ��7 � RI D SRZHU ERXQGHG RSHUDWRU
LV QRW QHFHVVDULO\ LQFOXGHG LQ �3 �7 �>�&�7 �� )RU LQVWDQFH WDNH D XQLODWHUDO ZHLJKWHG
VKLIW 7  VKLIWIZNJ LQ %>C�� @ ZLWK ZHLJKWLQJ VHTXHQFH IZNJ VXFK WKDW ZN  

�
N
IRU

HDFK SRVLWLYH LQWHJHU N� 7KLV LV D TXDVLQLOSRWHQW FRPSDFW FRQWUDFWLRQ �WKXV SRZHU
ERXQGHG� ZLWK N7N  � IRU ZKLFK

#��7 �  ��7 �  �5�7 �  I�J�

2Q WKH RWKHU KDQG 7KHRUHP ��� OHDGV WR D FRQMXJDWH V\PPHWU\ EHWZHHQ WKH
LQWHUVHFWLRQ RI WKH XQLW FLUFOH ZLWK WKH SRLQW VSHFWUD RI 7 DQG 7 e �VR WKDW HLJHQ�
YDOXHV LQ WKH XQLW FLUFOH RI D SRZHU ERXQGHG RSHUDWRU DUH QRUPDO HLJHQYDOXHV��
QDPHO\�

�F� 7 LV SRZHU ERXQGHG  � �3 �7
e�e ? 7  �3 �7 � ? 7�

,QGHHG� VHW $  �3 �7 � DQG %  �3 �7
e� VR WKDW �5�7 �  %eQ$ DQG �5�7

e�  
$eQ%� 6XSSRVH 7 LV SRZHU ERXQGHG� 7KXV 7 e LV DJDLQ SRZHU ERXQGHG� %\ 7KH�
RUHP ���� �%eQ$� ? 7  �$eQ%� ? 7  "� (TXLYDOHQWO\� �%eQ$� ? 7  " DQG
�$eQ%�e ? 7  "� �L�H�� �$Q%e� ? 7  "�� 7KHUHIRUH �%e ? 7�Q�$ ? 7�  " DQG
�$ ? 7�Q�%e ? 7�  "� ZKLFK PHDQV %e ? 7  $ ? 7�

�� $SSO LF DW LRQV

7DNH DQ DUELWUDU\ 7 � %>+@� /HW 5�y, b 7 �  �y, b 7 ��+� GHQRWH WKH UDQJH RI
y, b 7 IRU DQ DUELWUDU\ y � & DQG FRQVLGHU WKH VHW

0�7 �  
j
X � + � VXS

Q

qq3Q

N  �7
NX

qq � �
k
�

ZKLFK DUH OLQHDU PDQLIROGV RI + LQYDULDQW XQGHU 7� 7DNH \ � 5�, b 7 � DUELWUDU\ VR
WKDW \  7[b [ IRU VRPH [ � +� 7KHQ IRU HDFK QRQQHJDWLYH LQWHJHU Q

3Q

N  �7
N\  7Q� �[b [� �e�

3URSRVLWLRQ ���� 5�, b 7 � v 0�7 � LI DQG RQO\ LI 7 LV SRZHU ERXQGHG�

3URRI� 7DNH DQ\ [ � + DQG VHW \  7[b [ VR WKDW \ � 5�, b 7 �� ,I 5�, b 7 � v
0�7 �� WKHQ VXSQ N7

Q� �[b [N � � DFFRUGLQJ WR �e�� DQG KHQFH VXSQ N7
Q[N � ��

6LQFH WKLV KROGV IRU HYHU\ [ � +� 7 LV SRZHU ERXQGHG E\ WKH %DQDFK^6WHLQKDXV
7KHRUHP� &RQYHUVHO\� LI 7 LV SRZHU ERXQGHG� WKHQ 5�, b 7 � v 0�7 � E\ �e��

&RUROODU\ ���� ,I 5�, b 7 � v 0�7 �� WKHQ �5�7 � v '�

3URRI� 7KLV IROORZV E\ 3URSRVLWLRQ ��� DQG 7KHRUHP ����

%\ 3URSRVLWLRQ ��� 7 LV SRZHU XQERXQGHG LI DQG RQO\ LI 5�, b 7 � �v 0�7 ��

,Q SDUWLFXODU� LI D SRZHU XQERXQGHG RSHUDWRU LV VXFK WKDW VXSQ N7
Q[N  

� IRU HYHU\ QRQ]HUR [ � +� WKHQ 0�7 � ?5�, b 7 �  I�J�

,QGHHG� LI 0�7 � ?5�, b 7 � � I�J DQG � � \ � 0�7 � ?5�, b 7 �� WKHQ E\ �e�
WKHUH H[LVWV � � [ � + VXFK WKDW N7Q� �[b [N  N

3Q

N  � 7
N\N IRU HDFK QRQQHJDWLYH

LQWHJHU Q� DQG KHQFH VXSQ N7
Q[N � � EHFDXVH \ � 0�7 ��
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0RUH SDUWLFXODUO\� WKHUH DUH SRZHU XQERXQGHG RSHUDWRUV ZLWK VXSQ N7
Q[N

 � IRU HYHU\ QRQ]HUR [ � + IRU ZKLFK I�J  0�7 � ~ 5�, b 7 �  +�

�6HW 7  �,�� 2Q WKH RWKHU KDQG�

WKHUH H[LVW SRZHU ERXQGHG RSHUDWRUV IRU ZKLFK 5�, b 7 �  0�7 ��

�7ULYLDO H[DPSOHV� 7  2� ,� ��, _ OHVV WULYLDO� 7  �, j �
�,�� �2 j �

�,���

7KH QRQLQFOXVLRQ 0�7 � �v 5�, b 7 � FDQ EH FKDUDFWHUL]HG DV IROORZV�

3URSRVLWLRQ ���� 0�7 � �v 5�, b 7 � LI DQG RQO\ LI WKHUH H[LVWV D QRQ]HUR RSHUDWRU

/ � %>+@ IRU ZKLFK 5�/� ?5�, b 7 �  I�J DQG 5�/� v 0�7 ��

3URRI� ,I 7 � %>+@ LV VXFK WKDW0�7 � �v 5�, b 7 �� WKHQ WDNH DQ DUELWUDU\ QRQ]HUR
\ � 0�7 �Q5�, b 7 �� DQG FRQVLGHU WKH RUWKRQRUPDO SURMHFWLRQ ( � %>+@ IRU ZKLFK
5�(�  VSDQI\J VR WKDW 5�(� ?5�, b 7 �  I�J DQG 5�(� v 0�7 � �VLQFH 5�(��
5�, b 7 �� DQG 0�7 � DUH OLQHDU PDQLIROGV RI +�� &RQYHUVHO\� LI / DQG 7 LQ %>+@
DUH VXFK WKDW I�J � 5�/� v 0�7 � v 5�, b 7 �� WKHQ 5�/� ?5�, b 7 � � I�J�

$QG WKH LQFOXVLRQ 5�/� v 0�7 � LV FKDUDFWHUL]HG DV IROORZV�

3URSRVLWLRQ ���� 5�/� v 0�7 � LI DQG RQO\ LI VXSQ
qq3Q

N  � 7
N/

qq � ��

3URRI� 7DNH DUELWUDU\ RSHUDWRUV / DQG 7 LQ %>+@� %\ WKH %DQDFK^6WHLQKDXV 7KH�
RUHP� VXSQ

qq3Q

N  � 7
N/

qq � � LI DQG RQO\ LI VXSQ
qq3Q

N  � 7
N/[

qq � � IRU HYHU\

[ � +� (TXLYDOHQWO\� VXSQ
qq3Q

N  � 7
N\

qq � � IRU HYHU\ \ � 5�/�� ZKLFK PHDQV
5�/� v 0�7 ��

$V LW LV ZHOO NQRZQ� WKH VSHFWUDO UDGLXV U�7 �  PD[y � ��7 � MyM RI DQ RSHUDWRU 7
RQ D %DQDFK VSDFH LV OHVV WKDQ � LI DQG RQO\ LI WKH RSHUDWRU 7 LV XQLIRUPO\ VWDEOH
�QRWDWLRQ� 7Q Xb� 2�� ZKLFK FRPSOHWHO\ FKDUDFWHUL]HV XQLIRUP VWDELOLW\� WKDW LV�

N7QN � � LI DQG RQO\ LI U�7 � � ��

&OHDUO\� XQLIRUP VWDELOLW\ LPSOLHV SRZHU ERXQGHGQHVV� ZKLFK LPSOLHV U�7 � x �� 7KH
DERYH HTXLYDOHQFH KDV EHHQ H[WHQGHG LQ >�@ ZKHUH LW ZDV JLYHQ D FRPSOHWH FKDUDFWHU�
L]DWLRQ �LQ WHUPV RI DQ HUJRGLF FRQGLWLRQ DQG WKH SHULSKHUDO VSHFWUXP� IRU XQLIRUP
FRQYHUJHQFH WR ]HUR RI I7Q/J IRU RSHUDWRUV / LQ WKH FRPPXWDQW RI D SRZHU ERXQGHG
RSHUDWRU 7� :H VWDWH WKH UHVXOW IURP >�@ EHORZ� 7DNH DQ\ RSHUDWRU 7 � %>+@ DQG
OHW I7J� GHQRWH LWV FRPPXWDQW �WKH VXEDOJHEUD RI %>+@ FRQVLVWLQJ RI DOO RSHUDWRUV
/ � %>+@ WKDW FRPPXWH ZLWK 7 ��

3URSRVLWLRQ ���� >�@ ,I 7 � %>+@ LV D SRZHU ERXQGHG RSHUDWRU DQG / OLHV LQ I7J��

WKHQ N7Q/N � � LI DQG RQO\ LI �
Q� �

qq3Q

N  �

b
7

y

cN
/
qq � � IRU HYHU\ y � ��7 � ? 7�

7KH DERYH VWDWHPHQW LV YDFXRXV IRU WKH SDUWLFXODU FDVH RI / EHLQJ DQ LVRPHWU\
LQ I7J� �H�J�� IRU /  ,�� ,QGHHG� LI / LV DQ LVRPHWU\ WKHQ N7Q/N  N7QN� DQG
U�7 � � � PDNHV WKH SHULSKHUDO VSHFWUXP ��7 � ? 7 HPSW\� ,Q IDFW� U�7 � � � LI DQG
RQO\ LI N7QN � �� ZKLFK LPSOLHV N7Q/N � � IRU DOO / � %>+@� 7KXV ZH DVVXPH WKH
SRZHU ERXQGHG RSHUDWRU 7 LV QRW XQLIRUPO\ VWDEOH� HTXLYDOHQWO\� WKH SRZHU ERXQGHG
RSHUDWRU 7 LV VXFK WKDW U�7 �  �� $OVR� LI 7 LV DQ LVRPHWU\ DQG N7Q/N � �� WKHQ
/  2� $FWXDOO\� LI / LV QRW LQMHFWLYH �L�H�� LI 1 �/� � I�J�� WKHQ WKHUH H[LVWV � � [�
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&RUROODU\ ���� /HW 7 � %>+@ EH D SRZHU ERXQGHG RSHUDWRU ZLWK U�7 �  � DQG OHW

/ EH DQ LQMHFWLYH RSHUDWRU LQ I7J�� 7KHQ
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DQG ��7 � ? 7  �&�7 � ? 7 � " ZKHQHYHU DQ\ RI WKH DERYH OLPLWV KROG�

3URRI� ,I U�7 �  �� WKHQ ��7 � ? 7 � "� ,I 7 LV D SRZHU ERXQGHG� WKHQ �5�7 � ? 7 "
DFFRUGLQJ WR 7KHRUHP ���� ,I / � I7J� LV LQMHFWLYH DQG WKH FODLPHG HTXLYDOHQFH KROGV�
WKHQ �3 �7 � ? 7  "� ,QGHHG� LI / � I7J� DQG �3 �7 � ? 7 � "� WKHQ WKHUH LV DQ y � 7
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VR � � [� � 1 �/�� ZKLFK LPSOLHV / LV QRW LQMHFWLYH� 7KXV
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DQG WKH FODLPHG UHVXOW IROORZV IURP 3URSRVLWLRQ ����

$Q LPSRUWDQW SDUWLFXODU FDVH RI 3URSRVLWLRQ ��� LV WKDW RI /  , b 7 VR WKDW
7Q/  7Q b 7Q� � IRU HYHU\ LQWHJHU Q y �� 7KLV OHDGV WR D FODVVLFDO UHVXOW IURP >�@
�ZKLFK KROGV IRU FRQWUDFWLRQV DFWLQJ RQ %DQDFK VSDFHV��

3URSRVLWLRQ ���� >�@ /HW 7 � %>+@ EH D FRQWUDFWLRQ� 7KHQ N7Q b 7Q� �N � � LI

DQG RQO\ LI ��7 � ? 7 v I�J�

,I WKH FRQWUDFWLRQ 7 LV XQLIRUPO\ VWDEOH �L�H�� LI U�7 � � ��� WKHQ ��7 � ? 7  "�
2WKHUZLVH LW LV D QRUPDORLG FRQWUDFWLRQ RI XQLW QRUP� ZKLFK PHDQV U�7 �  N7N  ��

&RUROODU\ ���� ,I U�7 �  �� WKHQ WKH DERYH XQLTXH SRLQW y  � LQ WKH SHULSKHUDO

VSHFWUXP ��7 � ? 7 LV HLWKHU DQ HLJHQYDOXH �L�H�� OLHV LQ �3 �7 ��� RU OLHV LQ �&�7 ��

3URRI� ,I 1 �, b 7 � � I�J �L�H�� LI , b 7 LV QRW LQMHFWLYH�� WKHQ � � �3 �7 �� 2WKHUZLVH
� � �&�7 � EHFDXVH �5�7 � ? 7  " E\ 3URSRVLWLRQ ��� VLQFH 7 LV D FRQWUDFWLRQ �RU
E\ 7KHRUHP ��� VLQFH FRQWUDFWLRQV DUH SRZHU ERXQGHG��

$F N QRZ O HGJP HQW

:H WKDQN DQ DQRQ\PRXV UHIHUHH ZKR PDGH VHQVLEOH REVHUYDWLRQV WKURXJKRXW WKH
WH[W FRQWULEXWLQJ WR WKH LPSURYHPHQW RI WKH SDSHU� :H DOVR WKDQN DQ DQRQ\PRXV
SHUVRQ ZKR SRVWHG WKH LGHD EHKLQG WKH DUJXPHQW LQ WKH SURRI RI 7KHRUHP ��� DW
KWWSV���PDWKRYHUqRZ�QHW�TXHVWLRQV��������

5HI HU HQF HV
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< RU N � �����
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