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$ ZHOO NQRZQ UHVXOW RI ,�+� 6KHWK >��@� VHH DOVR >��@� VD\V WKDW LI $ LV D K\SRQRUPDO +LOEHUW
VSDFH RSHUDWRU VXFK WKDW r ��� � 
 �6�  �� �  � : �6�� WKHQ $  $
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� +\SRQRUPDO RSHUDWRUV

DUH QRUPDORLG �DOVR� FRQYH[RLG�� ZLWK WKH SURSHUW\ WKDW WKH LQYHUVH RSHUDWRU �ZKHQHYHU LW
H[LVWV� LV DJDLQ K\SRQRUPDO� +\SRQRUPDO RSHUDWRUV KDYH 69(3 �WKH VLQJOH�YDOXHG H[WHQVLRQ
SURSHUW\� DQG VDWLVI\ WKH SURSHUW\ WKDW LI � ��� ��
 �6�  �� �  � : �6�� WKHQ $ LV XQLWDU\� 7KLV
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$� $ k�l DUH QRUPDORLG RU FRQYH[RLG �DOO FRPELQDWLRQV DOORZHG�� WKHQ $ LV XQLWDU\� 6KHWK
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UHVXOW KDV UHFHQWO\ EHHQ H[WHQGHG WR FODVVHV RI +LOEHUW VSDFH RSHUDWRUV PRUH JHQHUDO WKDQ
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VWDQGDUG� KRZHYHU� DOO RXU FXUUHQWO\ XQGHpQHG QRWDWLRQ LV GHpQHG LQ WKH IROORZLQJ VHFWLRQ��
,I WKH RSHUDWRU $ LQ � ��� � 
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DGMRLQW� LV WKDW �  � : �;�� IXUWKHUPRUH� RQH PD\ GURS WKH K\SRWKHVLV $ k%l ��� v $
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:H VWDUW E\ LQWURGXFLQJ IXUWKHU QRWDWLRQ DQG H[SODLQLQJ VRPH RI RXU WHUPLQRORJ\� $Q
RSHUDWRU $ � %�+� LV QRUPDORLG LI MM$MM HTXDOV U�$� � WKH VSHFWUDO UDGLXV RI $�� $ LV FRQ�
YH[RLG LI : �$�  FRQ��$� � WKH FRQYH[ KXOO RI WKH VSHFWUXP RI $� DQG $ LV VSHFWUDORLG
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VSHFWUXP RI $ E\ � n �$�� WKH SHULSKHUDO VSHFWUXP Iy � ��$� � MyM  U�$�J E\ � t �$�� WKH
ERXQGDU\ RI WKH XQLW GLVF LQ WKH FRPSOH[ SODQH & E\ #' DQG WKH FRPPXWDWRU $%b$% RI
$�% � %�+� E\ >$�%@� 5HFDOO WKDW HYHU\ FRQWUDFWLRQ $ � %�+�� L�H�� RSHUDWRUV $ � %�+�
VXFK WKDW MM$MM x �� KDV D GLUHFW VXP GHFRPSRVLWLRQ $  $ u j$ v � ZKHUH $ u LV XQLWDU\ DQG
$ v LV FRPSOHWHO\ QRQ�XQLWDU\ �KHQFHIRUWK DEEUHYLDWHG WR FQXW ^ WKXV $ v LV WKH FQXW�SDUW
RI $�� $Q RSHUDWRU $ � %�+� LV RI WKH FODVV & wBx �UHVS�� & l x � LI WKH VHTXHQFH IMM$ y L[MMJ
FRQYHUJHV WR � IRU DOO [ � + �UHVS�� WKH VHTXHQFH IMM$ y L[MMJ GRHV QRW FRQYHUJHV WR � IRU DOO
QRQ�]HUR [ � +�� $ LV RI FODVV & x w �UHVS�� & x l � LI $
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$Q RSHUDWRU $ � %�+� KDV 69(3� WKH VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\� DW D SRLQW y w � &

LI IRU HYHU\ RSHQ GLVF ' p3z FHQWHUHG DW y w WKH RQO\ DQDO\WLF IXQFWLRQ I � ' p�z b� + VDWLVI\LQJ
�$b y�I�y�  � LV WKH IXQFWLRQ I u �� �+HUH� DQG LQ WKH VHTXHO� ZH KDYH VKRUWHQHG $b y,
WR $ b y�� (YLGHQWO\� HYHU\ $ KDV 69(3 DW SRLQWV LQ WKH UHVROYHQW VHW ~�$�  & Q ��$�
DQG WKH ERXQGDU\ #��$� RI WKH VSHFWUXP ��$�� :H VD\ WKDW $ KDV 69(3 RQ D VHW 6 LI
LW KDV 69(3 DW HYHU\ y � 6� 7KH DVFHQW RI $ DW y � &� DVF�$ b y�� LV WKH OHDVW QRQ�
QHJDWLYH LQWHJHU Q VXFK WKDW �$ b y� k�y ���  �$ b y� k o y�{�l"q ���� LI QR VXFK ODPEGD H[LVWV�
WKHQ DVF�$by�  �� ,W LV ZHOO NQRZQ >�@ WKDW pQLWH DVFHQW DW D SRLQW LPSOLHV 69(3 DW WKH
SRLQW� 7KH GHpFLHQF\ LQGLFHV RI $ � %�+� DW D SRLQW y � & DUH WKH QRQ�QHJDWLYH LQWHJHUV
o�$b y�  GLP�$b y� k�l ��� DQG p�$b y�  GLP�+ Q �$b y�+��
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GRPDLQV GRP�$� DQG GRP�%�� DQG DQ RSHUDWRU ; � %�+�� WKH UHODWLRQ $ ~ % PHDQV %
LV DQ H[WHQVLRQ RI $ �7KXV� GRP�$� ~ GRP�%� DQG %[  $[ IRU DOO [ � GRP�$��� DQG
WKH UHODWLRQ ;$ ~ %; PHDQV ; PDSV GRP�$� LQWR GRP�%� DQG ;$[  %;[ IRU DOO
[ � GRP�$�� 7KH OLQHDU WUDQVIRUPDWLRQ $ LV ERXQGHGO\ LQYHUWLEOH LI WKHUH LV D ERXQGHG
OLQHDU RSHUDWRU $ k%l � %�+� VXFK WKDW $$ k%l  , DQG $ k�l $ ~ ,� ,W LV HDVLO\ VHHQ WKDW LI
$�% DUH ERXQGHGO\ LQYHUWLEOH OLQHDU WUDQVIRUPDWLRQV VXFK WKDW ;$ ~ %; IRU DQ RSHUDWRU
; � %�+�� WKHQ % k�l ;  ;$ k�l �
7KH IROORZLQJ UHVXOW IURP >�@ LV HVVHQWLDO WR VRPH RI RXU DUJXPHQW EHORZ�
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�� 5HVXOWV

:H VWDUW E\ FRQVLGHULQJ WKH HTXDWLRQ � ��� � 
 �6�  �� ZKHUH �  � : �6�� $ORQJ ZLWK
SURYLQJ VRPH ZHOO NQRZQ UHVXOWV �DOEHLW XVLQJ D VRPHZKDW GLoHUHQW DUJXPHQW�� ZH SURYH
WKDW WKH RQO\ ZD\ DQ LQYHUWLEOH QRUPDORLG $ FDQ IDLO WR EH XQLWDU\ LV LI LW KDV DQ HPSW\
SRLQW VSHFWUXP�

/HW $�6 � %�+� EH VXFK WKDW � ��� ��
 �6�  �� $ KDV 69(3 DW � DQG �  � : �6�� 7KHQ�
WKH RSHUDWRU 6 EHLQJ LQYHUWLEOH� � ��� � 
 �6�  � LPSOLHV WKH ULJKW LQYHUWLELOLW\ RI $� DQG WKLV
VLQFH $ KDV 69(3 DW � LPSOLHV WKDW $ LV LQYHUWLEOH >�� &RUROODU\ ����@� 6LQFH : �6� LV D
FRQYH[ VHW� WKH K\SRWKHVLV �  � : �6� LPSOLHV� XSRQ UHSODFLQJ 6 E\ H ��� 6 LI QHHG EH� WKDW ZH
PD\ VHSDUDWH � IURP : �6� E\ D KDOI SODQH 5H] y s IRU VRPH s ! �� 7KHQ 3  � { � 
m ! ��
DQG
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IRU HYHU\ VFDODU o VXFK WKDW MoM  �� 7KLV� VHH 7KHRUHP ���� LPSOLHV WKH H[LVWHQFH RI DQ
LVRPHWU\ 9 � LQGHHG D XQLWDU\ VLQFH $ LV LQYHUWLEOH� VXFK WKDW

$3 l$�4m  3 l$�4m �o9 �
��� r ��� �R� 
 �3 l$�4m �  �

IRU HYHU\ FKRLFH RI o VXFK WKDW MoM  �� &RQVHTXHQWO\� WKH RSHUDWRU $ VDWLVpHV

MM$ y MM x MM3 l$�4m MMMM3 k�l$�4m MM
IRU DOO LQWHJHUV Q� DQG KHQFH LV D SRZHU ERXQGHG & l(l RSHUDWRU� (YLGHQWO\� D QHFHVVDU\ DQG
VXrFLHQW FRQGLWLRQ IRU $ WR EH XQLWDU\ LV WKDW >$�3 l$�4m @  �� (TXLYDOHQWO\� D QHFHVVDU\ DQG
VXrFLHQW FRQGLWLRQ IRU $ WR EH XQLWDU\ LV WKDW r ��� �T� 
 �3 l"�4m �  �  � r � 
 � �T� �3 l$�4m �  ��
7KH IROORZLQJ WKHRUHP JLYHV VRPH IXUWKHU QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU $ WR EH
XQLWDU\� �:H UHPDUN KHUH WKDW FRQGLWLRQ �L� DSSHDUV LQ >�@ DQG FRQGLWLRQ �LL� DSSHDUV LQ >�@��

7KHRUHP ���� ,I $�6 DUH RSHUDWRUV LQ %�+� VXFK WKDW $ KDV 69(3 DW �� �  � : �6� DQG
� ��� ��
 �6�  �� WKHQ HLWKHU RI WKH IROORZLQJ FRQGLWLRQV LV ERWK QHFHVVDU\ DQG VXrFLHQW IRU $
WR EH XQLWDU\�

�L� $ DQG $ k%l DUH QRUPDORLG RU FRQYH[RLG RU VSHFWUDORLG �DOO FRPELQDWLRQV DOORZHG��

�LL� >$� M6M@  ��

�LLL� $ VDWLVpHV WKH SRVLWLYLW\ FRQGLWLRQ � x M$ m M m b �M$M m � �� �2SHUDWRUV $ VDWLVI\LQJ WKLV
SRVLWLYLW\ FRQGLWLRQ KDYH EHHQ GHVFULEHG LQ WKH OLWHUDWXUH� >��@� DV FODVV 4 RSHUDWRUV��

3URRI� �L� $V VHHQ DERYH� WKH K\SRWKHVHV LPSO\ WKH H[LVWHQFH RI D SRVLWLYH LQYHUWLEOH RSHUDWRU
3 DQG D XQLWDU\ RSHUDWRU 9 VXFK WKDW $3 l$�4m  3 l$�4m �o9 �

�� (YLGHQWO\� ��$� DQG ��$ k�l �
OLH LQ WKH XQLW FLUFOH #'� 6LQFH HLWKHU RI WKH K\SRWKHVHV $ �UHVS�� $ k�l � LV QRUPDORLG RU
FRQYH[RLG RU VSHFWUDORLG LPSOLHV U�$�  Z�$�  � �UHVS�� U�$ k�l �  Z�$ k�l �  ��� LW IROORZV
WKDW LI �DQ\ RI WKH FRPELQDWLRQV RI K\SRWKHVLV� �L� KROGV WKHQ

: �$ � l � v FRQ��$ � l ��
7KLV� VHH >��@� LPSOLHV WKDW $ LV QRUPDO� DQG KHQFH LW IROORZV IURP DQ DSSOLFDWLRQ RI WKH
3XWQDP�)XJOHGH FRPPXWDWLYLW\ WKHRUHP >��@ IRU QRUPDO RSHUDWRUV WKDW

$3 l$�4m  3 l$�4m �o9 �
��� $

�
3 l$�4m  3 l$�4m �o9 �

�
�
�
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�LL� $VVXPH QRZ WKDW >$� M6M@  �� 7KHQ >$�6
�
6@  �  >$

�
� 6

�
6@� DQG

$6$
�
 6 �� $

�
6
�
$6$

�
 $

�
6
�
6  6

�
6$

�
�� $

�
6
�
$  6

�
�� $

�
6$  6�

%XW WKHQ
$6$

�
 6 DQG $

�
6$  6  � $3$

�
 3  $

�
3$�

DQG KHQFH

$
�
3 m  $

�
3$3$

�
 3 m $ � �� >$

�
� 3 @  ��� >$�3 l$�4m @  ��

2QFH DJDLQ� $ LV XQLWDU\�

�LLL� 5HFDOO WKH �HDVLO\ SURYHG� IDFW WKDW DQ RSHUDWRU $ � %�+� LV XQLWDU\ LI DQG RQO\ LI $
DQG $ k�l DUH FRQWUDFWLRQV� :H SURYH LQ WKH IROORZLQJ WKDW LI WKH RSHUDWRU $ �RI WKH VWDWHPHQW
RI WKH WKHRUHP� LV D FODVV 4 RSHUDWRU� WKHQ $ DQG $ k�l DUH FRQWUDFWLRQV� 6WDUW E\ UHFDOOLQJ
IURP >��@ WKDW DQ RSHUDWRU $ � 4 LI DQG RQO\ LI $ k�l � 4 �ZKHQHYHU $ k%l H[LVWV�� ,W LV
FOHDU IURP $3 l$�4m  3 l$�4m 9 �

WKDW MM$ y MM x MM3 l$�4m MMMM3 k�l$�4m MM IRU DOO LQWHJHUV Q� L�H�� $ LV SRZHU
ERXQGHG� $VVXPH WKDW WKHUH H[LVWV DQ [ � + VXFK WKDW � � D � MM$[MM m b MM[MM m � L�H�� $ LV
QRW D FRQWUDFWLRQ� 7KHQ� VLQFH $ � 4�

� � D � MM$[MM m b MM[MM m x MM$ m [MM m b MM$[MM m �
:H XVH LQGXFWLRQ WR SURYH WKH K\SRWKHVLV $ LV QRW D FRQWUDFWLRQ OHDGV WR D FRQWUDGLFWLRQ�
$VVXPH WKHQ WKDW � � D � MM$ � [MM m b MM$ �[k�l [MM m IRU VRPH LQWHJHU P ! �� 7KHQ

$ � 4 �� � x M$ m M m b �M$M m � �  � � x M$ �d{�l M m b �M$ � M m � M$ �[k�l M m
 � � � D � MM$ � [MM m b MM$ �[k�l [MM m x MM$ �d{�l [MM m b MM$ � [MM m �

7KXV
� � D � MM$ y L[MM m b MM$ yTk�l [MM m

IRU DOO LQWHJHUV Q y �� %XW WKHQ

� � QD � MM$ y L[MM m b MM[MM m �
ZKLFK LPSOLHV WKDW $ LV QRW SRZHU ERXQGHG ^ D FRQWUDGLFWLRQ� +HQFH $ LV D FRQWUDFWLRQ�
(YLGHQWO\� $ k�l � 4 LV SRZHU ERXQGHG� DQG WKH SUHFHGLQJ DUJXPHQW DSSOLHV HTXDOO\ WR $ k�l �
+HQFH $ k�l DOVR LV D FRQWUDFWLRQ�
7KH K\SRWKHVLV $ LV QRUPDORLG RQ LWV RZQ LV QRW HQRXJK WR JXDUDQWHH WKH XQLWDULO\ RI

$ �DV REVHUYHG E\ 'H3ULPD ^ VHH >�@� DOVR >�@� IRU DQ H[DPSOH GHPRQVWUDWLQJ WKLV�� 7KH
IROORZLQJ WKHRUHP JRHV VRPH ZD\ WRZDUGV H[SODLQLQJ ZK\�

7KHRUHP ���� 6XSSRVH WKDW � ��� � 
 �6�  � IRU RSHUDWRUV $�6 � %�+�� ZKHUH �  � : �6�� ,I
$ LV QRUPDORLG DQG KDV 69(3 DW �� WKHQ HLWKHU y  � � n �$� IRU DOO y � ��$� �L�H�� � n �$�  ���
RU� $ LV XQLWDU\�

3URRI� $VVXPH WKDW $ KDV 69(3 DW � DQG LV QRUPDORLG� 7KHQ� DV VHHQ DERYH� WKH K\SRWKHVHV
� ��� ��
 �6�  �� �  � : �6� DQG $ KDV 69(3 DW � LPSO\ �$ LV LQYHUWLEOH DQG WKDW� WKHUH
H[LVW D SRVLWLYH LQYHUWLEOH RSHUDWRU 3 DQG D XQLWDU\ 9 VXFK WKDW $3 l$�4m  3 l$�4m �o9 �

� IRU DOO
FRPSOH[ o VXFK WKDW MoM  �� �7KXV $ LV VLPLODU WR D XQLWDU\ RSHUDWRU�� 6LQFH WKH SHULSKHUDO
VSHFWUXP � t �$� RI $ HTXDOV WKH VSHFWUXP ��$� v #'� LW IROORZV IURP DQ DSSOLFDWLRQ RI >���
3URSRVLWLRQ ����@ WKDW

DVF�$b y� x � DQG p�$b y�  GLP�+ Q �$b y�+� ! �
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IRU DOO y � ��$�� $JDLQ� VLQFH

o�$b y�
�
 GLP�+ Q �$b y�+� x p�$b y��

ZH KDYH RQH RI WZR SRVVLELOLWLHV�

(LWKHU o�$b y�
�
 o�$

�
b y�  �� RU� o�$

�
b y� ! ��

6LQFH WKH K\SRWKHVLV $ LV QRUPDORLG LPSOLHV MM$MM  �� LI [ � �$b y� k�l ���� WKHQ
MM�$

�
b y�[MM m  MM$

�
[MM m b �$ �

[� y[�b �y[�$
�
[� � MMy[MM m x ��

7KXV
[ � �$b y� k�l ����� [ � �$

�
b y� k�l ����

+HQFH $ KDV QRUPDO HLJHQYDOXHV �L�H�� WKH HLJHQVSDFHV FRUUHVSRQGLQJ WR WKH HLJHQYDOXHV RI
WKH RSHUDWRU UHGXFH WKH RSHUDWRU�� DQG

o�$b y�  ��� o�$
�
b y�  ��

&RQVHTXHQWO\� o�$
�
b y�  � LPSOLHV �y  � ��$�� LQ SDUWLFXODU� y  � � n �$�� &RQVLGHU WKXV

WKH FDVH LQ ZKLFK o�$
�
b y� ! �� 7KHQ

y[  $[  3 l$�4m �o9 �
�3 k�l$�4m [

 � �yo�3 k�l$�4m [  9
�
3 k�l$�4m [

�� 9 3 k�l$�4m [  �yo�3 k�l$�4m [
IRU HYHU\ o VXFK WKDW MoM  �� %XW WKHQ

yo � � n �9 � IRU HYHU\ o � #'�

DQG KHQFH
z � � n �$� IRU DOO z � ��$��

&RQVHTXHQWO\� $ �DOVR $ k�l � LV D QRUPDO RSHUDWRU VXFK WKDW
$3 l$�4m  3 l$�4m �o9 �

��� $
�
3 l$�4m  3 l$�4m �o9 �

 � >$�3 @  �  >$
�
� 3 l"�4m @� 3 k�l$�4m $  3 k�l$�4m $ � k�l �

L�H�� $ LV XQLWDU\�

5HPDUN ���� �L� $Q LPSRUWDQW FODVV RI RSHUDWRUV� ZKLFK VXEVXPHV WKH FODVV RI K\SRQRUPDO
RSHUDWRUV� IRU ZKLFK ERWK WKH RSHUDWRU DQG LWV LQYHUVH �ZKHQHYHU LW H[LVWV� DUH QRUPDORLG LV
WKDW RI SDUDQRUPDO RSHUDWRUV �L�H�� RSHUDWRUV $ � %�+� IRU ZKLFK MM$[MM m x MM$ m [MM IRU DOO
XQLW YHFWRUV [ � +�� 7KXV� ,I D SDUDQRUPDO RSHUDWRU $ � %�+� VDWLVpHV � ��� ��
 �6� IRU DQ

RSHUDWRU 6 � %�+� VXFK WKDW �  � : �6�� WKHQ $ LV XQLWDU\� 3DUDQRUPDO RSHUDWRUV DUH FODVV
4 RSHUDWRUV� +RZHYHU� WKHUH H[LVW FODVV 4 RSHUDWRUV ZKLFK DUH QRW QRUPDORLG >��@� $V ZH
KDYH REVHUYHG DERYH� D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU WKH RSHUDWRU $ RI 7KHRUHP
��� WR EH XQLWDU\ LV WKDW r ��� �T� 
 �3 l$�4m �  �  � r � 
 � �T� �3 l$�4m �  �� ,QGHHG� LI DQ RSHUDWRU
$ � %�+� LV VXFK WKDW r k�l��� 	 ��� v r k�l��
;� 	W
 ��� IRU LVRPHWULHV % � %�+�� WKHQ � ��� ��
 �6�  ��
�  � : �6�� LPSOLHV

r ��� �R� 
 �3 s� �  �  � r � 
 � �T� �3 s� �  �  � $ LV XQLWDU\�
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([DPSOH RI QRQ�QRUPDORLG RSHUDWRUV $ � %�+� ZKLFK VDWLVI\ WKH SURSHUW\ WKDW r k�l��� 	 ��� v
r k�l� 
 � 	 
 ��� IRU QRUPDO % �

� %�+� �LQGHHG� K\SRQRUPDO� HYHQ 0 �K\SRQRUPDO� %
�
� DUH SUR�

YLGHG E\

s 0�K\SRQRUPDO RSHUDWRUV� WKHUH H[LVWV D VFDODU 0 ! � VXFK WKDW M�$ b y�
�
M m x

0 M$b yM m IRU DOO FRPSOH[ y�

s GRPLQDQW RSHUDWRUV� WKHUH H[LVWV D VFDODU0�y� ! � VXFK WKDW M�$by�
�
M m x 0�y�M$b

yM m IRU HYHU\ FRPSOH[ y�

s FODVV <  
6 ��� l < � RSHUDWRUV� $ � < � LI WKHUH H[LVWV D VFDODU 0 � ! � VXFK WKDW

M$
�
$b$$

�
M � x 0 m� M$b yM m IRU HYHU\ FRPSOH[ y >��� ��� ��� ��@�

/HWWLQJ ' w GHQRWH WKH RSHUDWRUV EHORQJLQJ WR WKHVH FODVVHV� ZH QRWH WKDW RSHUDWRUV $ � ' w
KDYH 69(3 DQG � ��� ��
 �6�  �� 6 � %�+� VXFK WKDW �  � : �6�� IRU 0 �K\SRQRUPDO RU FODVV
<� � RSHUDWRUV $ � ' w LPSOLHV $ LV XQLWDU\ �
�LL� ,QYHUWLEOH RSHUDWRUV $ � %�+� VXFK WKDW � ��� ��
 �6�  � IRU DQ RSHUDWRU 6 � %�+��

�  � : �6�� RI 7KHRUHP ��� EHLQJ SRZHU ERXQGHG DUH JHQHUDOL]HG VFDODU >��� 7KHRUHP ������@�
/HWWLQJ / � DQG 5 � � %�%�+�� GHQRWH WKH RSHUDWRUV / � �;�  $; DQG 5 � �;�  ;$ �RI
OHIW DQG ULJKW PXOWLSOLFDWLRQ E\ $� UHVSHFWLYHO\�� LW LV VHHQ WKDW WKH RSHUDWRU / � 5 ��
 LV D
GRXEO\ ERXQGHG LQYHUWLEOH RSHUDWRU ZLWK VSHFWUXP LQ WKH XQLW FLUFOH� (YLGHQWO\� / � 5 � 
 LV
D JHQHUDOL]HG VFDODU RSHUDWRU ZLWK VSHFWUXP LQ WKH XQLW FLUFOH VXFK WKDW � � � n �/ � 5 ��
 ��
,W LV FOHDU WKDW LI WKH LQYHUWLEOH RSHUDWRU $ DQG LWV LQYHUVH $ k�l DUH QRUPDORLG� WKHQ WKH
%DQDFK VSDFH RSHUDWRUV / � 5 � 
 DQG �/ � 5 � 
 � k�l  / � rRs 5 ��
 rRs DUH QRUPDORLG� KHQFH LQ�
YHUWLEOH FRQWUDFWLRQV� &RQVHTXHQWO\� WKH RSHUDWRU / � 5 ��
 LV �WKHQ� DQ LQYHUWLEOH %DQDFK
VSDFH LVRPHWU\�

(YHU\ SDUW RI D FRQWUDFWLRQ $ � %�+� �L�H�� HYHU\ UHVWULFWLRQ RI $ WR D FORVHG LQYDULDQW
VXEVSDFH� LV D FRQWUDFWLRQ� ,I VXFK D FRQWUDFWLRQ LV VLPLODU WR D XQLWDU\ RSHUDWRU �KHQFH
D & l4l �FRQWUDFWLRQ�� WKHQ HYHU\ RI LWV SDUWV LV QRUPDORLG� L�H�� �LQ WKH WHUPLQRORJ\ RI >���
3URSRVLWLRQ �@� $ LV KHUHGLWDULO\ QRUPDORLG� RU� $ � �+1 � � $Q RSHUDWRU $ � %�+� LV
WRWDOO\ KHUHGLWDULO\ QRUPDORLG� RU $ � �7 +1 �� LI� DORQJ ZLWK $ � +1 � HYHU\ LQYHUWLEOH
SDUW RI $ LV QRUPDORLG >��@� 7KH IROORZLQJ FRUROODU\ VD\V WKDW LI D QRUPDORLG RSHUDWRUV $
VDWLVI\LQJ � ��� � 
 �6�  � IRU VRPH RSHUDWRU 6 ZLWK �  � : �6� IDLOV WR EH XQLWDU\� WKHQ LW LV
DQ RSHUDWRU LQ �+1 � Q �7 +1 � �FI� >��� &RUROODU\ �@��

&RUROODU\ ���� ,I DQ LQYHUWLEOH QRUPDORLG RSHUDWRU $ � %�+� VDWLVI\LQJ � ��� ��
 �6�  � IRU
DQ RSHUDWRU 6 � %�+� ZLWK �  � : �6� LV QRW XQLWDU\� WKHQ $ � �+1 � Q �7 +1 ��

3URRI� 7KH K\SRWKHVHV LPSO\ WKH H[LVWHQFH RI DQ RSHUDWRU 3 ! � DQG D XQLWDU\ 9 VXFK
WKDW $3 l$�4m  3 l$�4m 9 �

� KHQFH $ LV D SRZHU ERXQGHG & l4l �RSHUDWRU �ZLWK VSHFWUXP LQ #'��
&RQVHTXHQWO\� LI $ LV QRUPDORLG� WKHQ $ LV D & l(l �FRQWUDFWLRQ ZLWK ��$� v #'� 7KLV� E\
>��� 3URSRVLWLRQ �@� LPSOLHV $ � �+1 �� $VVXPH QRZ WKDW $ LV QRW XQLWDU\� DQG WKDW WKHUH
H[LVWV D FORVHG LQYDULDQW VXEVSDFH 0 �� I�J� RI $ VXFK WKDW $ l LV DQ LQYHUWLEOH FQX & l x �
FRQWUDFWLRQ� :H DVVHUW WKDW $ k�ll LV QRW QRUPDORLG� )RU VXSSRVH $ k�ll LV QRUPDORLG� 7KHQ�
VLQFH $3$

�
 3 LV HTXLYDOHQW WR $

�
3 k�l $  3 k�l � LW IROORZV XSRQ OHWWLQJ 3 k�l M �  3 k�ll

WKDW $
�
l 3 k�ll $ l  3 k�ll � (TXLYDOHQWO\� $ l 3 l $

�
l  3 l � 3 l ! �� ZKHUH ERWK $ l DQG $ k�ll DUH

QRUPDORLG� 7KLV� E\ 7KHRUHP ���� LPSOLHV WKDW $ l LV XQLWDU\ ^ D FRQWUDGLFWLRQ� +HQFH
$  � �7 +1 ��

5HFDOO IURP >�� 7KHRUHP �@ WKDW LI DQ $ � %�+� LV DQ LQYHUWLEOH QRUPDO RSHUDWRU ZKLFK
VDWLVpHV � ��� � 
 �6�  � IRU DQ LQYHUWLEOH RSHUDWRU 6 � %�+� VXFK WKDW �  � : �6�� WKHQ
$ LV XQLWDU\� �2EVHUYH WKH ZHDNHQHG FRQGLWLRQ �  � : �6�� :H UHPDUN KHUH WKDW WKH
K\SRWKHVLV $ LV LQYHUWLEOH LV VXSHUqXRXV� 7KH LQYHUWLELOLW\ RI 6 LPSOLHV WKH OHIW LQYHUWLELOLW\
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RI $
�
� KHQFH $ LV VXUMHFWLYH� DQG QRUPDO RSHUDWRUV KDYH 69(3� KHQFH $ LV LQYHUWLEOH�� 7KLV

UHVXOW LV WKH QRUPDO RSHUDWRUV YHUVLRQ RI D PRUH JHQHUDO UHVXOW� &RQVLGHU RSHUDWRUV $�%
DQG 6 � %�+� VXFK WKDW 6 LV D TXDVL�DrQLW\ �L�H�� 6 LV LQMHFWLYH ZLWK D GHQVH UDQJH� DQG
� k%l��� 	 
 ��� v � k�l� 
 � 	 ���� 7KHQ

� ��� 	W
 �6�  $6%
�
b 6  �  � $

�
6% b 6  ��

DQG LW IROORZV IURP /HPPD ��� WKDW LI 6 KDV WKH SRODU GHFRPSRVLWLRQ 6  8 M6M� 8 XQLWDU\�
WKHQ

$8%
�
8
�
 ,  8%

�
8
�
$� >$� M6

�
M@  �  >%� M6M@

DQG $� %
� k%l DUH XQLWDULO\ HTXLYDOHQW QRUPDO RSHUDWRU� 7KXV LI ZH OHW %  $� OHW 6 EH

DQ LQYHUWLEOH RSHUDWRU DQG VHW $6$ k�l 6 k�l  7 � WKHQ $6 b 6$
� k�l  �  $

�
6 b 6$ k�l

LPSOLHV 7  $�6$ k�l �6 k�l  $�$
�
6�6 k�l  $$

�
 $

�
$ LV D QRUPDO RSHUDWRU ZKLFK VDWLV�

pHV >7�$@  �� +HQFH� VHH >�� 7KHRUHP �@� WKDW HLWKHU >$�6@  � �ZKLFK WKHQ LPSOLHV $ LV
XQLWDU\� RU � � : �6��

7KH LQFOXVLRQ � k�l��� 	 
 ��� v � k%l� 
 � 	 ��� LV VDWLVpHG E\ D QXPEHU RI FODVVHV RI RSHUDWRUV
PRUH JHQHUDO WKDQ WKH FODVV RI QRUPDO RSHUDWRUV� /HW ( w GHQRWH WKH FODVV RI RSHUDWRUV
$  8 M$M � %�+� ZKLFK DUH HLWKHU

s K\SRQRUPDO� M$
�
M m x M$M m � RU�

s S�K\SRQRUPDO� � � S x �� M$
�
M m n x M$M m n �

OHW ( l GHQRWH RSHUDWRUV $  8 M$M � %�+� ZKLFK DUH HLWKHU

s Z�K\SRQRUPDO� �M$M s� 8 M$M8
�
M$M s� � s� x M$M x �M$M s� 8 �

M$M8 M$M s� � s� � RU�
s $�V� W�� � � V� W x �� M$

�
M m"� x �M$ � M � M$M m(� M$ � M � � ��M� � �

,W LV ZHOO NQRZQ >��@ WKDW $�V� W� RSHUDWRUV� LQGHHG RSHUDWRUV LQ ( w > ( l � DUH $��� �� RS�
HUDWRUV� $ � $��� �� LPSOLHV $ m LV Z�K\SRQRUPDO� $��� �� RSHUDWRUV DUH SDUDQRUPDO DQG
$ � $��� ��  � $ k�l � $��� �� �ZKHQHYHU $ k�l H[LVWV�� /HW ' l GHQRWH RSHUDWRUV $ � ' w
VXFK WKDW $ m � ' w �
7KHRUHP ���� *LYHQ RSHUDWRUV $�% DQG 6 � %�+� VXFK WKDW 6 LV LQYHUWLEOH DQG � ��� 	 
 �6�
 �� HLWKHU RI WKH FRQGLWLRQV �L�� �LL� DQG �LLL� EHORZ LPSOLHV �� ��
;� 	 �6�  �� KHQFH� $ DQG
%
� k�l DUH XQLWDULO\ HTXLYDOHQW QRUPDO RSHUDWRUV�

�L� $�% � ( w > ( l �
�LL� $ � ' w DQG % � ( w � RU % LV Z�K\SRQRUPDO�RU % LV 0�K\SRQRUPDO�

�LLL� $ � ' l DQG % � $��� ���

)XUWKHUPRUH�

�D� ,I� LQ WKH DERYH� 6 ! �� WKHQ $ DQG % DUH QRUPDO RSHUDWRUV VXFK WKDW $%
�
 %

�
$  ,�

�E� LI � ��� � 
 �6�  �� ZKHUH $ � ( w > ( l �RU $ LV 0 �K\SRQRUPDO� DQG 6 LV LQYHUWLEOH ZLWK
�  � : �6�� WKHQ $ LV XQLWDU\�

3URRI� 7KH K\SRWKHVHV 6 LV LQYHUWLEOH DQG � ��� 	W
 �6�  � LPSO\ % LV VXUMHFWLYH� 6LQFH %
KDV 69(3� % LV LQYHUWLEOH �DQG WKLV WKHQ LPSOLHV WKDW $ LV DOVR LQYHUWLEOH�� +HQFH

� ��� 	 
 �6�  ��� r ��� 	W
 rRs �6�  ��
5HFDOO QRZ WKDW % k�l � ( w > ( l IRU RSHUDWRUV % � ( w > ( l >��@� % k%l LV 0�K\SRQRUPDO IRU
0�K\SRQRUPDO % DQG 0�K\SRQRUPDO RSHUDWRUV DUH < m RSHUDWRUV� +HQFH >��� 3URSRVLWLRQ
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���@ DQG >��� 7KHRUHPV � DQG �@ DSSO\� DQG ZH KDYH

r ��� 	 
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