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$EVW U DF W � 7 K H VHWV RI VWU RQ JO\ VX S HU F\ FOLF� Z HDN O\ O�VHT X HQ WLDOO\ VX S HU F\ FOLF�
Z HDN O\ VHT X HQ WLDOO\ VX S HU F\ FOLF� DQ G Z HDN O\ VX S HU F\ FOLF Y HFWRU V IRU DQ DU E LWU DU \
Q RU P HG �VS DFH RS HU DWRU DU H DOO G HQ VH LQ WK H Q RU P HG VS DFH� U HJDU G OHVV WK H Q RWLRQ
RI G HQ VHQ HVV RQ H LV FRQ VLG HU LQ J� S U RY LG HG WK H\ DU H Q RQ HP S W\ �

�� ,QW U RGXF W LRQ

6WURQJ VXSHUF\FOLFLW\ LV DQ LPSRUWDQW WRSLF LQ RSHUDWRU WKHRU\ IRU VRPH GHFDGHV
DOUHDG\ �VHH� H�J�� >�� �� �� �� ��� ��@�� 6HYHUDO IRUPV RI ZHDN VXSHUF\FOLFLW\ KDYH
UHFHQWO\ EHHQ LQYHVWLJDWHG DV ZHOO �VHH� H�J�� >�� �� �� ��� ��� ��� ��� ��� ��� ��@��

6XSHUF\FOLFLW\ IRU QRUPHG�VSDFH RSHUDWRUV PHDQV GHQVHQHVV RI D SURMHFWLYH RUELW�
$VVRFLDWHG ZLWK WKH QRWLRQ RI GHQVHQHVV RQH LV FRQVLGHULQJ WKHUH FRUUHVSRQGV WKH
FRQFHSWV RI VWURQJO\ VXSHUF\FOLF� ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� ZHDNO\ VHTXHQ�
WLDOO\ VXSHUF\FOLF� DQG ZHDNO\ VXSHUF\FOLF YHFWRUV�

7KLV SDSHU IRFXV RQ DQRWKHU TXHVWLRQ RQ GHQVHQHVV� YL]�� GHQVHQHVV RI VHWV RI
VXSHUF\FOLF YHFWRUV� %HVLGHV FRPPRQ QRWLRQV RI GHQVHQHVV LQ WKH ZHDN DQG QRUP
WRSRORJLHV� LQWHUPHGLDWH QRWLRQV RI ZHDN VHTXHQWLDO DQG ZHDN O�VHTXHQWLDO GHQVHQHVV
DUH FRQVLGHUHG� 7KH PDLQ UHVXOW DSSHDUV LQ 7KHRUHP ��� ZKLFK OHDGV LQ &RUROODU\
��� WR WKH IROORZLQJ FRQVHTXHQFH� LI DQ\ RI WKH DERYH VHWV RI VXSHUF\FOLF YHFWRUV LV
QRQHPSW\� WKHQ LW LV GHQVH ZLWK UHVSHFW WR DQ\ QRWLRQ RI GHQVHQHVV� ,Q SDUWLFXODU� WKH
VHW RI ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV LV QRUP GHQVH �L�H�� VWURQJO\ GHQVH��
ZKLFK LV D XVHIXO LPSURYHPHQW RYHU SUHYLRXVO\ NQRZQ UHVXOWV DORQJ WKLV OLQH�

7KH SDSHU JDWKHU UHVXOWV RQ WKH DERYH PHQWLRQHG IRXU IRUPV RI GHQVHQHVV IRU
VHWV RI VXSHUF\FOLF YHFWRUV �UHJDUGLQJ DOO IRXU IRUPV RI VXSHUF\FOLFLW\� LQWR D FRQFLVH
VWDWHPHQW� ZLWK HPSKDVLV RQ WKH VHW RI ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV�

�� 3U HO LP LQDU \ 1RW LRQV

/HW ) VWDQG HLWKHU IRU WKH FRPSOH[ pHOG & RU IRU WKH UHDO pHOG 5� DQG OHW ; EH DQ
LQpQLWH�GLPHQVLRQDO QRUPHG VSDFH RYHU )� $Q ; �YDOXHG VHTXHQFH I[QJ LV VWURQJO\
FRQYHUJHQW LI WKHUH LV DQ [ � ; VXFK WKDW N[Q b [N � � �QRWDWLRQ� [Q

Vb� [ RU [  
V � OLP[Q�� DQG LW LV ZHDNO\ FRQYHUJHQW LI WKHUH LV DQ [ � ; VXFK WKDW MI�[Q b [�M � �
IRU HYHU\ I LQ WKH GXDO VSDFH ; e RI ; �QRWDWLRQ� [Q

Zb� [ RU [  Z � OLP[Q�� 6WURQJ
FRQYHUJHQFH WULYLDOO\ LPSOLHV ZHDN FRQYHUJHQFH �WR WKH VDPH OLPLW��

6XEVHWV RI ; DUH VWURQJO\ FORVHG RU ZHDNO\ FORVHG LI WKH\ DUH FORVHG LQ WKH QRUP
RU ZHDN WRSRORJLHV RI ; � 6WURQJ FORVXUH RU ZHDN FORVXUH RI D VHW $ LV WKH VPDOOHVW
VWURQJO\ RU ZHDNO\ FORVHG VHW WKDW LQFOXGHV $ �L�H�� WKH LQWHUVHFWLRQ RI DOO VWURQJO\ RU
ZHDNO\ FORVHG VHWV LQFOXGLQJ $ _ QRWDWLRQ� $b RU $bZ�� 7KXV $ LV VWURQJO\ FORVHG
RU ZHDNO\ FORVHG LI DQG RQO\ LI $  $b RU $  $bZ� $ VHW $ LV VWURQJO\ GHQVH RU
ZHDNO\ GHQVH LQ ; LI $b ; RU $bZ ; �

'HpQLWLRQ ���� /HW $ EH D VXEVHW RI ; �

�D� 7KH VHW $ LV ZHDNO\ VHTXHQWLDOO\ FORVHG LI HYHU\ $�YDOXHG ZHDNO\ FRQYHUJHQW
VHTXHQFH KDV LWV OLPLW LQ $ �L�H�� LI I[  Z � OLP[Q ZLWK [Q � $  � [ � $J��

' DW H� 1 RY HP E HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 6 X S HU F\ FOLF RS HU DWRU V� Z HDN G \ Q DP LFV� Z HDN VWDE LOLW\ � Z HDN VX S HU F\ FOLFLW\ �
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�E� 7KH ZHDN VHTXHQWLDO FORVXUH RI $ LV WKH VPDOOHVW ZHDNO\ VHTXHQWLDOO\ FORVHG VHW
WKDW LQFXGHV $ �L�H�� LV WKH LQWHUVHFWLRQ RI DOO ZHDNO\ VHTXHQWLDOO\ FORVHG VHWV
LQFOXGLQJ $� _ QRWDWLRQ� $bZV�

�F� 7KH VHW $ LV ZHDNO\ VHTXHQWLDOO\ GHQVH LQ ; LI $bZV ; �

�G� 7KH ZHDN OLPLW VHW $bZO RI $ LV WKH VHW RI DOO ZHDN OLPLWV RI ZHDNO\ FRQYHUJHQW
$�YDOXHG VHTXHQFHV �L�H�� $bZO  I[ � ; � [  Z � OLP[Q ZLWK [Q � $J�

�H� 7KH VHW $ LV ZHDNO\ O�VHTXHQWLDOO\ GHQVH LQ ; LI $bZO ; �

$ FROOHFWLRQ RI EDVLF UHVXOWV UHTXLUHG LQ WKH VHTXHO LV JLYHQ EHORZ� 0RVW DUH HLWKHU
VWUDLJKWIRUZDUG RU ZHOO�NQRZQ DQG VWDQGDUG� :H SURYH LWHP �H� RQO\�

3URSRVLWLRQ ���� &RQVLGHU WKH VHWXS RI 'HpQLWLRQ ����

�D� $ LV ZHDNO\ FORVHG  �$ LV ZHDNO\ VHTXHQWLDOO\ FORVHG  �$ LV VWURQJO\ FORVHG�

�E� $ v $b v $bZO v $bZV v $bZ v ; �

�F� 1RZ FRQVLGHU WKH IROORZLQJ DVVHUWLRQV �

�F�� $ LV VWURQJO\ GHQVH �HTXLYDOHQWO\� IRU HYHU\ [ � ; WKHUH H[LVWV DQ $�YDOXHG

VHTXHQFH I[QJ VXFK WKDW [Q
Vb� [��

�F�� $ LV ZHDNO\ O�VHTXHQWLDOO\ GHQVH �HTXLYDOHQWO\� IRU HYHU\ [ � ; WKHUH H[LVWV

DQ $�YDOXHG VHTXHQFH I[QJ VXFK WKDW [Q
Zb� [��

�F�� $ LV ZHDNO\ VHTXHQWLDOO\ GHQVH�

�F�� $ LV ZHDNO\ GHQVH�

7KH\ DUH UHODWHG E\ WKLV FKDLQ RI LPSOLFDWLRQV�

�F��  � �F��  � �F��  � �F���

�G� $ LV FRQYH[  � $b  $bZO  $bZV  $bZ�

�H� 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�H�� $ LV ZHDNO\ VHTXHQWLDOO\ FORVHG�

�H�� $  $bZV�

�H�� $  $bZO�

3URRI� �H� $VVHUWLRQV �H�� DQG �H�� DUH WULYLDOO\ HTXLYDOHQW E\ 'HpQLWLRQ ����E�� ,I
$ LV ZHDNO\ VHTXHQWLDOO\ FORVHG� WKHQ $bZO  $ E\ 'HpQLWLRQV ����D�G� DQG VR �H��
LPSOLHV �H��� &RQYHUVHO\� LI$

bZO $� HTXLYDOHQWO\� LI $bZO  I[ � ; � [  Z � OLP[Q

ZLWK [Q � $J v $� WKHQ I[  Z � OLP[Q ZLWK [Q � $  � [ � $J� DQG KHQFH $ LV
ZHDNO\ VHTXHQWLDOO\ FORVHG E\ 'HpQLWLRQ ����D�� 7KXV �H�� LPSOLHV �H���

$OWKRXJK LW PD\ KDSSHQ $bZO ~ $bZV �SURSHU LQFOXVLRQ� LQ 3URSRVLWLRQ ����E��
WKLV LV QRW WKH FDVH LI $ LV ZHDNO\ VHTXHQWLDOO\ FORVHG E\ 3URSRVLWLRQ ����H��

�� 6XSHU F \F O LF 9HF W RU V

/HW %> ; @ EH WKH QRUPHG DOJHEUD RI DOO ERXQGHG OLQHDU RSHUDWRUV RI D QRUPHG VSDFH
; LQWR LWVHOI� *LYHQ DQ RSHUDWRU 7 �%> ; @ FRQVLGHU LWV SRZHU VHTXHQFH I7QJQy�� 7KH
RUELW 27 �\� RU 2UE�7� \� RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 �%> ; @ LV WKH VHW

27 �\�  
>

Qy�
7Q\  

j

7Q\ � ; � Q � 1�

k
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ZKHUH 1� GHQRWHV WKH VHW RI QRQQHJDWLYH LQWHJHUV� DQG ZH ZULWH
6

Qy�7
Q\ IRU WKH VHW

6

Qy�7
Q�I\J�  

6

Qy�I7
Q\J� 7KH RUELW 27 �$� RI D VHW $ v ; XQGHU 7 LV OLNHZLVH

GHpQHG� 27 �$�  
6

Qy� 7
Q�$� 

6

] � $27 �]�� /HW >[@  VSDQI[J VWDQG IRU WKH VXE�

VSDFH RI ; VSDQQHG E\ D VLQJOHWRQ I[J DW D YHFWRU [ � ; � ZKLFK LV D RQH�GLPHQVLRQDO
VXEVSDFH RI ; ZKHQHYHU [ LV QRQ]HUR� 7KH SURMHFWLYH RUELW RI D YHFWRU \ � ; XQGHU
DQ RSHUDWRU 7 � %> ; @ LV WKH RUELW RI VSDQ RI I\J� WKDW LV� WKH RUELW 27 �>\@� RI >\@�

27 �>\@�  27 �VSDQI\J�  
>

] � >\@
27 �]�  

j

o7Q\ � ; � o � )� Q � 1�

k

�

6XSHUF\FOLFLW\ PHDQV GHQVHQHVV RI SURMHFWLYH RUELWV �LI GHQVHQHVV KROGV��

1RWH� &OHDUO\� 27 �VSDQI\J� DQG VSDQ27 �\� DUH GLoHUHQW VHWV� 'HQVHQHVV RI WKH
ODWWHU LV UHIHUUHG WR DV F\FOLFLW\� DQG GHQVHQHVV RI WKH RUELW LWVHOI LV UHIHUUHG WR DV
K\SHUF\FOLFLW\� 7KHVH ZLOO QRW EH DGGUHVVHG LQ WKLV SDSHU� �)RU D EULHI GLVFXVVLRQ RQ
WKHP VHH� H�J�� >��� 6HFWLRQV � DQG �@� IRU D WKRURXJK YLHZ VHH� H�J�� >�@ DQG >�@��

'HpQLWLRQ ���� /HW 7 � %> ; @ EH DQ RSHUDWRU RQ D QRUPHG VSDFH ; �

�D� $ YHFWRU \ � ; LV VWURQJO\ VXSHUF\FOLF �RU VXSHUF\FOLF� IRU 7 LI 27 �>\@�
b ; �

�E� $ YHFWRU \ � ; LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU 7 LI 27 �>\@�
bZO ; �

�F� $ YHFWRU \ � ; LV ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF IRU 7 LI 27 �>\@�
bZV ; �

�G� $ YHFWRU \ � ; LV ZHDNO\ VXSHUF\FOLF IRU 7 LI 27 �>\@�
bZ ; �

$Q RSHUDWRU 7 LV VWURQJO\ VXSHUF\FOLF �RU VLPSO\ VXSHUF\FOLF�� ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF� ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF� RU ZHDNO\ VXSHUF\FOLF LI WKHUH H[LVWV D
VWURQJO\� ZHDNO\ O�VHTXHQWLDOO\� ZHDNO\ VHTXHQWLDOO\� RU ZHDNO\ VXSHUF\FOLF YHFWRU \
IRU LW� $Q\ IRUP RI F\FOLFLW\ IRU DQ RSHUDWRU 7 LPSOLHV LW DFWV RQ D VHSDUDEOH VSDFH
; � $FFRUGLQJ WR 3URSRVLWLRQ ����F� DQG 'HpQLWLRQ ����

VW U RQJ  � Z HDN O �VHTXHQW LDO  � Z HDN VHTXHQW LDO  � Z HDN �
VXSHU F \F O LF LW \ VXSHU F \F O LF LW \ VXSHU F \F O LF LW \ VXSHU F \F O LF LW \

7KH DERYH LPSOLFDWLRQV DUH QRQUHYHUVLEOH �VHH� H�J�� >��� SS������@� >�� SS��������@��

$ ZRUG RQ WHUPLQRORJ\� :HDN O�VHTXHQWLDO VXSHUF\FOLFLW\ ZDV FRQVLGHUHG LQ >�@
�DQG LPSOLFLWO\ LQ >�@�� DQG LW ZDV UHIHUUHG WR DV ZHDN ��VHTXHQWLDO VXSHUF\FOLFLW\ LQ
>��@� $OWKRXJK WKHUH DUH UHDVRQV IRU VXFK D WHUPLQRORJ\ ZH KDYH FKDQJHG LW KHUH WR
ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� UHSODFLQJ WKH QXPHUDO ?�� ZLWK WKH OHWWHU ?O� IRU
?OLPLW� ZKLFK EHWWHU GHVFULEHV WKH ZD\ WKLV QRWLRQ KDV EHHQ LQWURGXFHG KHUH VR IDU�

�� $X[LO LDU \ 1RW DW LRQ� 7 HU P LQRO RJ\� DQG $X[LO LDU \ 5HVXO W V

7DNH DQ DUELWUDU\ VXEVHW $ RI WKH QRUPHG VSDFH ; DQG VHW

$b�  $b� WKH VWURQJ FORVXUH RI $ �RU WKH ��FORVXUH RI $��

$b�  $bZO� WKH ZHDN OLPLW VHW RI $ �RU WKH ��FORVXUH RI $��

$b�  $bZV� WKH ZHDN VHTXHQWLDO FORVXUH RI $ �RU WKH ��FORVXUH RI $��

$b�  $bZ� WKH ZHDN FORVXUH RI $ �RU WKH ��FORVXUH RI $��

7KXV� DFFRUGLQJ WR 3URSRVLWLRQ ����E��

$ v $b� v $b� v $b� v $b� v ; �
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DQG KHQFH� IROORZLQJ WKH GHQVHQHVV FKDLQ RI 3URSRVLWLRQ ����F��

$b� ;  � $b� ;  � $b� ;  � $b� ; �

ZKHUH WKH QRWLRQV RI N�GHQVHQHVV �$bN  ; � DUH LQ JHQHUDO GLVWLQFW IRU HDFK N  
�� �� �� �� $FFRUGLQJO\� D VHW $ LV ��FORVHG � ��FORVHG RU ��FORVHG LI LW LV VWURQJO\ FORVHG�
ZHDNO\ VHTXHQWLDOO\ FORVHG RU ZHDNO\ FORVHG� UHVSHFWLYHO\� )URP 3URSRVLWLRQ ����D�

$ LV ��FORVHG  � $ LV ��FORVHG  � $ LV ��FORVHG�

DQG IURP 3URSRVLWLRQ ����H�

$ LV ��FORVHG �� $  $b� �� $  $b��

6WURQJO\ RSHQ �RU ��RSHQ� DQG ZHDNO\ RSHQ �RU ��RSHQ� DUH VHWV ZKLFK DUH RSHQ LQ
WKH QRUP RU LQ WKH ZHDN WRSRORJLHV RI ; �FRPSOHPHQWV RI VWURQJO\ DQG ZHDNO\ FORVHG
VHWV�� $ VHW $ LV ZHDNO\ VHTXHQWLDOO\ RSHQ �RU ��RSHQ� LI LWV FRPSOHPHQW LV ZHDNO\
VHTXHQWLDOO\ FORVHG �L�H�� $ v ; LV ��RSHQ LI ; Q$ LV ��FORVHG�� %\ 3URSRVLWLRQ ����D�

$ LV ��RSHQ  � $ LV ��RSHQ  � $ LV ��RSHQ�

7KH QRUP WRSRORJ\ DQG WKH ZHDN WRSRORJ\ DUH SUHFLVHO\ WKH FROOHFWLRQV RI DOO ��RSHQ
DQG ��RSHQ VHWV� UHVSHFWLYHO\� &RQVLGHU WKH FROOHFWLRQ RI DOO ��RSHQ �L�H�� RI DOO ZHDNO\
VHTXHQWLDOO\ RSHQ� VXEVHWV RI ; � 7KLV LV D WRSRORJ\ RQ ; DV ZHOO�

3URSRVLWLRQ ���� 7KH FROOHFWLRQ RI DOO ��RSHQ VHWV LV D WRSRORJ\ RQ ; �

3URRI� )URP 'HpQLWLRQ ����D�

$ LV ��FORVHG ��
j

[  Z � OLP[Q ZLWK [Q � $  � [ � $
k

�

�D� 7KH HPSW\ VHW DQG WKH ZKROH VHW DUH ��RSHQ �VLQFH WKH\ DUH WULYLDOO\ ��FORVHG��

�E� 7DNH D QRQHPSW\ LQWHUVHFWLRQ
7

q $q RI ��FORVHG VXEVHWV $q RI ; � 7DNH DQ\
7

q $q�YDOXHG ZHDNO\ FRQYHUJHQW VHTXHQFH IFQJ� 6LQFH $q DUH DOO ��FORVHG� WKH ZHDN

OLPLW RI IFQJ OLHV LQ HDFK $q � DQG VR LQ
7

q $q � 6R
7

q $q LV ��FORVHG� 7KXV
6

q $q  

; Q
7

q $q LV ��RSHQ� 2XWFRPH� DQ DUELWUDU\ XQLRQ RI ��RSHQ VHWV LV ��RSHQ�

�F� &RQVLGHU WKH XQLRQ $ >% RI WZR QRQHPSW\ ��FORVHG VXEVHWV $ DQG % RI ; �

7DNH DQ\ $ >%�YDOXHG ZHDNO\ FRQYHUJHQW �LQpQLWH� VHTXHQFH IFQJ� VD\

FQ
Zb� F � ;

�L�H�� WKH )�YDOXHG VHTXHQFH II�FQ�J FRQYHUJHV LQ WKH PHWULF VSDFH �)� M c M� WR I�F�
LQ ) IRU HYHU\ I � ; e�� ,I IFQJ LV HYHQWXDOO\ LQ RQH RI WKH VHWV $ RU %� WKHQ F

OLHV LQ VXFK D VHW �EHFDXVH ERWK VHWV DUH ��FORVHG� DQG VR F � $ >%� ,I IFQJ LV QRW
HYHQWXDOO\ LQ RQH RI WKH VHWV� WKHQ LW KDV LQpQLWHO\ PDQ\ HQWULHV LQ $ DQG LQpQLWHO\
PDQ\ HQWULHV LQ %� /HW IDPJ DQG IEPJ EH VXEVHTXHQFHV RI IFQJ ZKRVH HQWULHV DUH
DOO LQ $ DQG DOO LQ %� UHVSHFWLYHO\� 6LQFH WKH DERYH GLVSOD\HG FRQYHUJHQFH WDNHV
SODFH LQ WKH PHWULF VSDFH �)� M c M�� HYHU\ VXEVHTXHQFH RI II�FQ�J FRQYHUJHV WR WKH
VDPH OLPLW I�F� IRU HYHU\ I � ; e� 7KHQ IDPJ DQG IEPJ FRQYHUJH ZHDNO\ WR F�

DP
Zb� F � ; DQG EP

Zb� F � ; �

%HFDXVH $ DQG % DUH ��FORVHG� ZH JHW F � $ ?%� +HQFH F � $ >% DJDLQ� 2XWFRPH�
WKH XQLRQ RI D SDLU RI ��FORVHG VHWV LV ��FORVHG� 7KXV �E\ LQGXFWLRQ� D pQLWH XQLRQ
RI ��FORVHG VHWV LV ��FORVHG� DQG VR D pQLWH LQWHUVHFWLRQ RI ��RSHQ VHWV LV ��RSHQ�
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6LQFH D VHW $ LV ��FORVHG� ��FORVHG� RU ��FORVHG LI DQG RQO\ LI $  $b�� $  $b��
RU $  $b�� ZH VD\ D VHW $ LV ��FORVHG LI $  $b� �DQG ��RSHQ LI LWV FRPSOHPHQW LV
��FORVHG�� 6XFK D GHpQLWLRQ RI ��FORVHGQHVV FROODSVHV WR WKH GHpQLWLRQ RI ��FORVHGQHVV
VLQFH $ $b� ��$ $b� �3URSRVLWLRQ ����H��� (YHQ WKRXJK $b�v$b�� LI $ LV QRW
� RU QRW ��FORVHG� WKHQ $b� PD\ EH SURSHUO\ LQFOXGHG LQ $b�� DQG WKH QRWLRQ RI ��
GHQVHQHVV LPSOLHV �EXW LV QRW LPSOLHG E\� WKH QRWLRQ RI ��GHQVHQHVV�:H UHIHU WR WKH
ZHDN OLPLW VHW $b� RI $ DV WKH ��FORVXUH RI $� 7KLV LV DQ DEXVH RI WHUPLQRORJ\ VLQFH
WKH PDS $ ��$b� LV QRW D WRSRORJLFDO FORVXUH RSHUDWLRQ� 6WURQJ� ZHDN VHTXHQWLDO�
DQG ZHDN WRSRORJLHV DUH UHIHUUHG WR DV �� �� DQG ��WRSRORJLHV� UHVSHFWLYHO\� 7KHUH LV
QR ��WRSRORJ\ �DQG VR ��FORVXUH DQG ��GHQVHQHVV DUH QRW WRSRORJLFDO WHUPLQRORJLHV��

7KH N�LQWHULRU RI D VHW$� GHQRWHG$rN� LV WKH LQWHULRU RI LW UHJDUGLQJ WKH UHVSHFWLYH
QRWLRQ RI N�RSHQQHVV� WKH ODUJHVW N�RSHQ VHW LQFOXGHG LQ $ �L�H�� WKH XQLRQ RI DOO N�
RSHQ VXEVHWV RI $�� 6LQFH ��FORVHGQHVV FRLQFLGHV ZLWK ��FORVHGQHVV� WKH QRWLRQV RI

��LQWHULRU DQG ��LQWHULRU FRLQFLGH DV ZHOO� $r�  $r�� $OVR� � ; Q$�bN  ; Q$rN

DQG � ; Q$�rN ; Q$bN IRU N  �� �� � VLQFH WKHVH DUH ERQD pGH FORVXUHV RQ GLoHUHQW
WRSRORJLHV� )RU N  � WKHVH LGHQWLWLHV VXUYLYH DV LQFOXVLRQV RQO\� ,QGHHG� �; Q$�b� v

� ; Q$�b�  ; Q$r�  ; Q$r� DQG �; Q$�r�  �; Q$�r�  ; Q$b� v ; Q$b�
� $ VHW

LV N�QRZKHUH GHQVH LI LWV N�FORVXUH KDV HPSW\ N�LQWHULRU �L�H�� �$bN�rN  "�� 7KH
QRWLRQV RI ��RSHQ DQG ��RSHQ FRLQFLGH� EXW VLQFH $b� PD\ EH SURSHUO\ LQFOXGHG LQ
$b�� LW PD\ KDSSHQ "  �$b��r� ~ �$b��r�� 7KH QH[W UHVXOWV ZLOO EH UHTXLUHG ODWHU�

3URSRVLWLRQ ���� 6XSSRVH %v$ DUH QRQHPSW\ VXEVHWV RI D QRUPHG VSDFH ; � ,I

WKH GLoHUHQFH $Q% OLHV LQ D pQLWH XQLRQ RI RQH�GLPHQVLRQDO VXEVSDFHV RI ; � WKHQ

$bN  ;  � %bN  ; IRU HYHU\ N  �� �� �� ��

3URRI� ,I %  $ WKH UHVXOW LV WDXWRORJLFDO� )LUVW VXSSRVH " � % ~ $ v ; DUH VXFK
WKDW $Q% v >X@� ZKHUH >X@ LV DQ DUELWUDU\ RQH�GLPHQVLRQDO VXEVSDFH RI ; �VSDQQHG
E\ D VLQJOHWRQ IXJ DW D QRQ]HUR YHFWRU X � ; �� :H VSOLW WKH SURRI LQWR WZR SDUWV�

�D� &RQVLGHU WKH N�WRSRORJLHV IRU N  �� �� �� 7KH LGHQWLW\ %bN $bN KROGV LI DQG
RQO\ LI WKH GLoHUHQFH $Q% LV N�QRZKHUH GHQVH� WKDW LV� LI DQG RQO\ LI ��$Q%�bN�rN  
"� 6LQFH ��$Q%�bN�rN v �>X@bN�rN� WKHQ �>X@bN�rN  " LPSOLHV %bN  $bN� ,I N  �
�QRUP WRSRORJ\�� WKHQ �>X@b��r�  " EHFDXVH >X@ LV ��FORVHG DQG >X@r�  "� ,I N  
�� �� WKHQ �>X@bN�rN  " DV ZHOO� VLQFH LQ D pQLWH�GLPHQVLRQDO VXEVSDFH ZHDN DQG
VWURQJ �DQG WKH LQWHUPHGLDWH ZHDN VHTXHQWLDO� WRSRORJLHV FRLQFLGH �VHH� H�J�� >���
3URSRVLWLRQ ������� ������@�� DQG VR >X@ ��FORVHG PHDQV >X@ N�FORVHG DQG >X@rN  >X@r�

IRU N  �� � RQ WKH RQH�GLPHQVLRQDO VXEVSDFH >X@� 7KHQ %bN  $bN� +HQFH $bN  ;
LPSOLHV %bN  ; IRU N  �� �� � ZKHQHYHU $Q% OLHV LQ D RQH�GLPHQVLRQDO VSDFH�

�E� )RU N  � SURFHHG DV IROORZV� 6XSSRVH $b� ; � 7DNH DQ DUELWUDU\ [ � ; � 7KXV
WKHUH LV DQ $�YDOXHG VHTXHQFH IDQJ VXFK WKDW DQ

Zb� [� ,I DQ
Vb� [� WKHQ [ � $b��

%XW %b� $b� E\ LWHP �D�� +HQFH [ � %b� DQG VR [ � %b� �VLQFH %b� v %b���
7KHUHIRUH %b� ; �L�H�� ; v %b��� 2Q WKH RWKHU KDQG� LI DQ

Vb�� [� WKHQ IDQJ LV
QRW HYHQWXDOO\ LQ $Q% v >X@ �ZKHUH ZHDN DQG VWURQJ FRQYHUJHQFH FRLQFLGH DV ZH
VDZ DERYH�� 7KHQ WKHUH LV D VXEVHTXHQFH IEQJ RI IDQJ IRU ZKLFK EQ �� $Q% v >X@ IRU
HYHU\ Q� DQG VR IEQJ LV D %�YDOXHG VHTXHQFH VXFK WKDW EQ

Zb� [� 7KHUHIRUH %b� ; �

7KXV " � % ~$ v ; DQG $bN ; LPSO\ %bN ; IRU HYHU\ N  �� �� �� � LI $Q%
OLHV LQ D RQH�GLPHQVLRQDO VSDFH� DQG WKH VDPH OLQH RI UHDVRQLQJ KROGV LI $Q% OLHV LQ
D pQLWH XQLRQ RI RQH�GLPHQVLRQDO VSDFHV �SURSHUO\ LQFOXGHG LQ ; ��
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5HPDUN � 3URSRVLWLRQ ��� VWLOO KROGV LI WKH GLoHUHQFH $Q% OLHV LQ D pQLWH XQLRQ RI
SURSHU pQLWH�GLPHQVLRQDO VXEVSDFHV RI ; �

3URSRVLWLRQ ���� ,I $ LV D VHW LQ D QRUPHG VSDFH ; DQG / � %> ; @� WKHQ

/�$bN� v /�$�bN IRU HYHU\ N  �� �� �� ��

3URRI� 7KH LQFOXVLRQ KROGV IRU D FRQWLQXRXV PDS / EHWZHHQ WRSRORJLFDO VSDFHV �VHH�
H�J�� >��� 3UREOHP ����@�� ,I / LV D OLQHDU FRQWLQXRXV PDS EHWZHHQ QRUPHG VSDFHV�
WKHQ ZHDN DQG VWURQJ �DQG WKH LQWHUPHGLDWH ZHDN VHTXHQWLDO� FRQWLQXLWLHV FRLQFLGH
�VHH� H�J�� >��� 7KHRUHP ������@�� 7KXV WKH LQFOXVLRQ KROGV IRU N  �� �� � ZKHQHYHU
/ � %> ; @ �L�H�� / LV FRQWLQXRXV LQ WKH �QRUP� ��WRSRORJ\�� 7KH FDVH RI N  � UHTXLUHV
D VHSDUDWH SURRI� ,I [ � /�$b��� WKHQ [  /D IRU VRPH D � $b�� %XW D � $b� LI DQG
RQO\ LI I�D�  OLPM I�DM� ZLWK DM � $ IRU HYHU\ I � ; e� 6LQFH I r /  /eI � ; e IRU
WKH QRUPHG�VSDFH DGMRLQW /e �VHH� H�J�� >��� 6HFWLRQ ���@ � ZH JHW ZLWK J  /eI � ; e

I�[�  I�/D�  �/eI��D�  J�D�  OLPMJ�DM�  OLPM�/
eI��DM�  OLPMI�/DM�

IRU HYHU\ I � ; e� 6LQFH /�DM� � /�$�� WKHQ [�/�$�b�� 7KXV /�$b�� v /�$�b��

)RU HDFK N D YHFWRU \ � ; LV N�VXSHUF\FOLF IRU DQ RSHUDWRU 7 � %> ; @ �DQG 7 LV D
N�VXSHUF\FOLF RSHUDWRU� LI WKH SURMHFWLYH RUELW 27 �>\@� LV N�GHQVH LQ ; � 7KXV OHW

<� EH WKH FROOHFWLRQ RI DOO VWURQJO\ VXSHUF\FOLF YHFWRUV IRU 7 �

<� EH WKH FROOHFWLRQ RI DOO ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV IRU 7 �

<� EH WKH FROOHFWLRQ RI DOO ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV IRU 7 �

<� EH WKH FROOHFWLRQ RI DOO ZHDNO\ VXSHUF\FOLF YHFWRUV RI 7 �

6R 7 LV N�VXSHUF\FOLF LI DQG RQO\ LI <N � "� $FFRUGLQJ WR 3URSRVLWLRQ ����E�F��

<� v <� v <� v <�� ���

< b�
N v < b�

N v < b�
N v < b�

N IRU HYHU\ N  �� �� �� �� ���

�� 'HQVHQHVV RI 6XSHU F \F O LF 9HF W RU V

7KH SXQFWXUHG SURMHFWLYH RUELW RI D YHFWRU \ LQ D QRUPHG VSDFH ; XQGHU DQ
RSHUDWRU 7 � %> ; @ LV WKH SURMHFWLYH RUELW RI \ H[FOXGLQJ WKH RULJLQ�

27 �>\@�QI�J  
j

o7Q\ � ; � o � )QI�J� Q � 1�

k

QI�J�

%\ GHpQLWLRQ RI N�VXSHUF\FOLFLW\� IRU HDFK N  �� �� �� �

\ � <N �� �27 �>\@�QI�J�
bN  ; � ���

/HPPD ���� )RU HYHU\ N  �� �� �� �

\ � <N  � �27 �>\@�QI�J� v <N�

3URRI� 7DNH DQ RSHUDWRU 7 � %> ; @ DQG DQ DUELWUDU\ N  �� �� �� �� 6XSSRVH \ � <N

�L�H�� 27 �>\@�
bN ; � DQG WDNH DQ DUELWUDU\ ] � 27 �>\@�QI�J� 7KXV ]  q 7P\ IRU

VRPH QRQ]HUR VFDODU q � ) DQG VRPH QRQQHJDWLYH LQWHJHU P � 1�� DQG KHQFH

27 �>]@�  27 �>7
P\@�  

>

Qy�
>7Q7P\@  

>

Qy�
>7Q� P\@  

>

QyP
>7Q\@�

6R " � 27 �>]@� v 27 �>\@� DQG WKH GLoHUHQFH 27 �>\@�Q27 �>]@� OLHV LQ D pQLWH XQLRQ
6

Q� >��Pb�@ >7
Q\@ RI RQH�GLPHQVLRQDO VXEVSDFHV RI ; � 6LQFH 27 �>\@�

bN ; � WKHQ

27 �>]@�
bN ; E\ 3URSRVLWLRQ ���� 7KXV ] � <N� 7KHUHIRUH �27 �>\@�QI�J� v <N�
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5HPDUN ���� 7DNH DQ DUELWUDU\ LQGH[ N  �� �� �� �� %\ /HPPD ��� DQG ����

<N � "  � < bN
N  ; �

0RUHRYHU� XVLQJ ��� DQG ��� WKLV FDQ EH UHDGLO\ H[WHQGHG WR

<N � "  � <
bM
L  ; IRU HYHU\ L� M � >N� �@�

,Q SDUWLFXODU �IRU N  ��� <� � " LPSOLHV < b�
�  ; � 7KLV� KRZHYHU� LV QRW HQRXJK

WR DQVZHU WKH TXHVWLRQ ZKHWKHU� IRU LQVWDQFH�

"  <� ~ <� � " "
 � < b�

�  ; �

$ORQJ WKLV OLQH LW ZDV SURYHG LQ >��� 3URSRVLWLRQ ���@ WKDW <� � " �< b�
�  ; � 6R

<� � "  � <
bM
�  ; IRU DOO M

E\ ���� ZKLFK VWLOO GRHV QRW DQVZHU WKH DERYH TXHVWLRQ� 7KLV LV H[WHQGHG LQ WKH QH[W
WKHRUHP �XVLQJ DQ DUJXPHQW VLPLODU WR WKH RQH LQ >��� 3URSRVLWLRQ ���@� WR VKRZ WKDW

<N � "  � < b�
N  ; IRU HYHU\ N  �� �� �� ��

,Q SDUWLFXODU� IRU N  � WKLV UHSUHVHQWV D UHDO DQG XVHIXO JDLQ RYHU WKH SUHYLRXVO\
NQRZQ UHVXOWV DORQJ WKLV OLQH� DQVZHULQJ WKH DERYH TXHVWLRQ� DQG OHDGLQJ WR D JHQHUDO
FDVH IRU DQ\ QRQHPSW\ VHW RI VXSHUF\FOLF YHFWRUV ZLWK UHVSHFW WR DQ\ QRWLRQ RI
GHQVHQHVV �LQFOXGLQJ WKH QRQWRSRORJLFDO ��GHQVHQHVV��

5HJDUGLQJ WKH DERYH UHPDUN DQG WKH QH[W WKHRUHP� WKH FRQGLWLRQ <N � " LV
IXOpOOHG ZKHQHYHU <C � " IRU VRPH C � >�� N@ E\ ����

7KHRUHP ���� 7DNH DQ RSHUDWRU 7 RQ D FRPSOH[ QRUPHG VSDFH ; � )RU N  �� �� �� �

<N � "  � <
bM
L  ; IRU HYHU\ L � >N� �@ DQG DOO M  �� �� �� ��

3URRI� 7DNH 7 � %> ; @�

&ODLP� <N � "  � < b�
N  ; IRU HYHU\ N  �� �� �� ��

3URRI � /HW N EH DQ DUELWUDU\ LQGH[ LQ >�� �@� 6XSSRVH <N � " DQG WDNH DQ\ \ � <N�

/HW S EH DQ DUELWUDU\ QRQ]HUR SRO\QRPLDO� 7KHQ

S�7 �� ; �  S�7 ��27 �>\@�
bN� v

b

S�7 ��27 �>\@��
cbN

 27 �>S�7 �\@�
bN�

ZKHUH WKH DERYH LQFOXVLRQ KROGV IRU HDFK N E\ 3URSRVLWLRQ ���� 7KXV LI S�7 ��; �bN 
; � WKHQ 27 �>S�7 �\@�

bN ; DQG VR S�7 �\ � <N E\ ���� ,Q RWKHU ZRUGV� LI WKH UDQJH
RI S�7 � LV N�GHQVH LQ ; � WKHQ WKH YHFWRU S�7 �\ LV N�VXSHUF\FOLF ZKHQHYHU \ LV�

\ � <N DQG S�7 �� ; �bN  ;  � S�7 �\ � <N� �e�

1RZ WDNH WKH GXDO ; e RI WKH FRPSOH[ QRUPHG VSDFH ; � OHW 7 e� %> ; e@ VWDQG IRU
WKH QRUPHG�VSDFH DGMRLQW RI 7 � %> ; @� DQG OHW �3 �7

e� EH WKH SRLQW VSHFWUXP �L�H��
WKH VHW RI DOO HLJHQYDOXHV� RI 7 e� $FFRUGLQJ WR >��� /HPPD �@ WKH UDQJH RI S�7 � LV
GHQVH LQ D FRPSOH[ ORFDOO\ FRQYH[ VSDFH LI DQG RQO\ LI DOO HLJHQYDOXHV RI 7 e DUH QRW
]HURV RI S� 7KH VWURQJ �QRUP� WRSRORJ\ RI D QRUPHG VSDFH \LHOGV D ORFDOO\ FRQYH[
VSDFH� 7KXV WKH UDQJH RI S�7 � LV VWURQJO\ GHQVH LI DQG RQO\ LI DOO HLJHQYDOXHV RI 7 e

DUH QRW ]HURV RI S� %XW UDQJH LV D OLQHDU PDQLIROG� WKXV D FRQYH[ VHW� DQG KHQFH DOO
N�FORVXUHV FRLQFLGH �FI� 3URSRVLWLRQ ����G�� VR WKDW

S�7 ��; �bN ; �� S�y� � I�J IRU DOO y � �3 �7
e�� �ee�
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1H[W IRU DQ\ \ � ; FRQVLGHU WKH VHWV

37 �\�  
j

S�7 �\ � ; � S LV D SRO\QRPLDO
k

 VSDQ27 �\��

3 �
7 �\�  

j

S�7 �\ � 37 �\� � S�y� � � IRU DOO y � �3 �7
e�
k

�

$FFRUGLQJ WR �ee� DQG �e��

\ � <N  � 3 �
7 �\�  

j

S�7 �\ � 37 �\� � S�7 �� ; �bN ;
k

v <N� �L�

:H ZLOO VKRZ WKDW 3 �
7 �\� LV VWURQJO\ GHQVH LQ ; � DQG FRQVHTXHQWO\ <N LV VWURQJO\

GHQVH LQ ; � )LUVW FRQVLGHU WKH IROORZLQJ DX[LOLDU\ UHVXOW�

,I 7 LV ��VXSHUF\FOLF� WKHQ ��3 �7
e� x �

ZKHUH � VWDQGV IRU FDUGLQDOLW\� 7KLV ZDV YHULpHG IRU VXSHUF\FOLF RSHUDWRUV RQ D
+LOEHUW VSDFH LQ >�� 3URSRVLWLRQ ���@� H[WHQGHG WR VXSHUF\FOLF RSHUDWRUV RQ D QRUPHG
VSDFH LQ >�� 7KHRUHP ���@� DQG IXUWKHU H[WHQGHG WR VXSHUF\FOLF RSHUDWRUV RQ D ORFDOO\
FRQYH[ VSDFH LQ >��� /HPPD �� 7KHRUHP �@� %XW WKH ZHDN WRSRORJ\ RI D QRUPHG
VSDFH LV D ORFDOO\ FRQYH[ VXEWRSRORJ\ RI WKH ORFDOO\ FRQYH[ QRUP WRSRORJ\ _ VHH
H�J�� >��� 7KHRUHPV ����� DQG �����@� 7KHQ WKH ODWWHU H[WHQVLRQ KROGV LQ SDUWLFXODU
RQ D QRUPHG VSDFH XQGHU WKH ZHDN WRSRORJ\� WKXV LQFOXGLQJ ZHDNO\ VXSHUF\FOLF
RSHUDWRUV RQ D QRUPHG VSDFH� 6LQFH <N � "  � <� � " IRU DQ\ N E\ ��� ZH JHW

<N � "  � ��3 �7
e� x �� �LL�

0RUHRYHU� 27 �>\@�  27 �VSDQI\J�v VSDQ27 �\�  37 �\�� 6R
b

VSDQ27 �\�
c

b�  ;

ZKHQHYHU 27 �>\@�
bN ; �L�H�� ZKHQHYHU \ � <N� IRU DQ DUELWUDU\ N VLQFH VSDQ27 �\�

LV FRQYH[ �FI� 3URSRVLWLRQ ����G��� +HQFH

\ � <N  � 37 �\�
b�  ; � �LLL�

,I ��3 �7
e�  � DQG \ � <N� WKHQ 3 �

7 �\�  37 �\� DQG VR E\ �LLL�

\ � <N DQG ��3 �7
e�  �  � 3 �

7 �\�
b�  ; �

2Q WKH RWKHU KDQG� LI ��3 �7
e�  � �L�H�� LI �3 �7

e�  Iy�J IRU VRPH y� � &�� WKHQ
3 �
7 �\�  IS�7 �\ � 37 �\� � S�y�� � �J LV GHQVH LQ 37 �\� LQ WKH QRUP WRSRORJ\� DQG

37 �\� LV GHQVH LQ ; LQ WKH QRUP WRSRORJ\ E\ �LLL� ZKHQHYHU \ � <N� 7KXV

\ � <N DQG ��3 �7
e�  �  � 3 �

7 �\�
b�  ; �

+HQFH E\ �L�� �LL�� DQG WKH SUHFHGLQJ WZR LPSOLFDWLRQV ZH JHW WKH FODLPHG UHVXOW�

\ � <N  � 3 �
7 �\�

b�  ;  � < b�
N  ; �

,I < b�
N  ; � WKHQ < bM

N  ; IRU M �� �� �� � E\ ���� 6R < bM
L  ; IRU Ly N E\ ����

5HPDUN ���� 3URSRVLWLRQV ��� WR ���� EHVLGHV EHLQJ UHTXLUHG IRU SURYLQJ 7KHRUHP
���� PD\ EH VHHQ DV UHOHYDQW E\ WKHPVHOYHV LQ WKH IROORZLQJ VHQVH� 3URSRVLWLRQ ���
DSSOLHV VWDQGDUG FRQYHUJHQFH WHFKQLTXHV IRU EXLOGLQJ VHTXHQWLDO WRSRORJLFDO VSDFHV
IURP WRSRORJLFDO VSDFHV� ZKLFK LV QHHGHG WR VXSSRUW WKH WRSRORJLFDO FDVH RI N ��
3URSRVLWLRQV ��� DQG ��� DUH DOVR VWDQGDUG IRU WKH WRSRORJLFDO FDVHV RI N �� �� ��
EXW WKH\ VHHP QHZ� QRQWULYLDO� DQG UHOHYDQW IRU WKH QRQWRSRORJLFDO FDVH RI N �� ,Q
IDFW� WKH HPSKDVLV RI WKH ZKROH SDSHU� HVSHFLDOO\ WKH HPSKDVLV RI WKH PDLQ UHVXOW LQ
7KHRUHP ���� LV RQ WKH QRQWRSRORJLFDO FDVH RI N �� ZKLFK LV KHUH EURXJKW WRJHWKHU
ZLWK WKH RWKHU WRSRORJLFDO FDVHV� ,Q SDUWLFXODU� 7KHRUHP ��� DQVZHUV WKH TXHVWLRQ
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SRVHG LQ 5HPDUN ���� WKH VHW RI ZHDNO\ O�HVVHQWLDOO\ VXSHUF\FOLF YHFWRUV LV GHQVH LQ

WKH QRUP WRSRORJ\ LI LW LV QRW HPSW\� HYHQ LI WKHUH LV QR VXSHUF\FOLF YHFWRU �

"  <� ~ <� � "  � < b�
�  ; �

�� : HDN 6XSHU F \F O LF LW \ DQG 6W DELO LW \

$Q LPPHGLDWH FRQVHTXHQFH RI 7KHRUHP ��� VD\V� URXJKO\ VSHDNLQJ� WKDW LI DQ
DUELWUDU\ VHW RI VXSHUF\FOLF YHFWRUV LV QRW HPSW\� WKHQ LW LV GHQVH ZLWK UHVSHFW WR DQ\

QRWLRQ RI GHQVHQHVV� 7KLV LV SURSHUO\ VWDWHG DV IROORZV�

&RUROODU\ ���� &RQVLGHU WKH VHWV RI VWURQJO\ VXSHUF\FOLF� ZHDNO\ O�VHTXHQWLDOO\ VX�

SHUF\FOLF� ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF� DQG ZHDNO\ VXSHUF\FOLF YHFWRUV IRU DQ DUEL�

WUDU\ QRUPHG�VSDFH RSHUDWRU� $OO WKHVH VHWV DUH GHQVH LQ WKH QRUPHG VSDFH� UHJDUGOHVV

WKH QRWLRQ RI GHQVHQHVV RQH LV FRQVLGHULQJ� SURYLGHG WKH\ DUH QRQHPSW\�

$Q RSHUDWRU 7 �%> ; @ LV SRZHU ERXQGHG LI VXSQy� N7
QN��� ,W LV VWURQJO\ VWDEOH

LI 7Q[
Vb� � IRU HYHU\ [ � ; � DQG ZHDNO\ VWDEOH LI 7Q[

Zb� � IRU HYHU\ [ � ; �

5HPDUN ���� ,I I7QJ LV D ERXQGHG VHTXHQFH RI RSHUDWRUV RQ D QRUPHG VSDFH ; DQG
I7Q\J FRQYHUJHV VWURQJO\ WR 7\ IRU VRPH 7 �%> ; @ IRU HYHU\ \ LQ D VWURQJO\ GHQVH
VXEVHW < RI ; � WKHQ I7Q[J FRQYHUJHV VWURQJO\ WR 7[ IRU HYHU\ [ � ; � ,Q SDUWLFXODU�
VLQFH < b�

N  ; IRU HDFK N  �� �� �� � ZKHQHYHU <N � " E\ 7KHRUHP ���� ZH JHW�

,I 7 �%> ; @ LV D SRZHU ERXQGHG N�VXSHUF\FOLF RSHUDWRU IRU DQ DUELWUDU\

N  �������� DQG LI 7Q\
Vb� � IRU HYHU\ \ �<N� WKHQ 7 LV VWURQJO\ VWDEOH�

,W ZDV SURYHG LQ >�� 7KHRUHP ���@ WKDW LI D SRZHU ERXQGHG RSHUDWRU LV VWURQJO\

VXSHUF\FOLF� WKHQ LW LV VWURQJO\ VWDEOH� 7KXV WKH DERYH VWURQJ VWDELOLW\ UHVXOW KROGV IRU
N � ZLWKRXW DQ\ DGGLWLRQDO DVVXPSWLRQ� 'RHV DQ\ IRUP RI ZHDN VXSHUF\FOLFLW\ �L�H��
N�VXSHUF\FOLFLW\ IRU N  �� �� �� LPSO\ ZHDN VWDELOLW\ IRU SRZHU ERXQGHG RSHUDWRUV"
7KH TXHVWLRQ ZDV SRVHG DQG LQYHVWLJDWHG LQ >��@ DQG UHPDLQV XQDQVZHUHG HYHQ LI
%DQDFK�VSDFH SRZHU ERXQGHG RSHUDWRUV DUH UHVWULFWHG WR +LOEHUW�VSDFH FRQWUDFWLRQV�

+HUH LV WKH ZHDN YHUVLRQ RI WKH DERYH LWDOLFL]HG GLVSOD\HG VWDWHPHQW�

&RUROODU\ ���� ,I 7 � %> ; @ LV D SRZHU ERXQGHG N�VXSHUF\FOLF RSHUDWRU IRU DQ DU�

ELWUDU\ N  �� �� �� �� DQG LI 7Q\
Zb� � IRU HYHU\ \ � <N� WKHQ 7 LV ZHDNO\ VWDEOH�

3URRI� 7KLV LV D FRQVHTXHQFH RI 7KHRUHP ��� DQG WKH IROORZLQJ UHVXOW�

&ODLP� ,I I7QJ LV D ERXQGHG VHTXHQFH RI RSHUDWRUV RQ D QRUPHG VSDFH ; DQG I7Q\J
FRQYHUJHV ZHDNO\ WR 7\ IRU VRPH 7 �%> ; @ IRU HYHU\ \ LQ D VWURQJO\ GHQVH VXEVHW <
RI ; � WKHQ I7Q[J FRQYHUJHV ZHDNO\ WR 7[ IRU HYHU\ [ � ; �
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