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$EVW U DF W � ,I D % DQ DFK �VS DFH RS HU DWRU K DV D FRP S OHP HQ WHG U DQ JH� WK HQ LWV
Q RU P HG �VS DFH DG MRLQ W K DV D FRP S OHP HQ WHG N HU Q HO DQ G WK H FRQ Y HU VH K ROG V RQ D
U Hq H[ LY H % DQ DFK VS DFH� ,W LV DOVR VK RZ Q Z K HQ FRP S OHP HQ WHG N HU Q HO IRU DQ RS �
HU DWRU LV HT X LY DOHQ W WR FRP S OHP HQ WHG U DQ JH IRU LWV Q RU P HG �VS DFH DG MRLQ W� 7 K LV
LV DS S OLHG WR FRP S DFW RS HU DWRU V DQ G WR FRP S DFW S HU WX U E DWLRQ V� ,Q S DU WLFX ODU �
FRP S DFW S HU WX U E DWLRQ V RI VHP L�)U HG K ROP RS HU DWRU V K DY H FRP S OHP HQ WHG U DQ JH
DQ G N HU Q HO IRU E RWK WK H S HU WX U E HG RS HU DWRU DQ G LWV Q RU P HG �VS DFH DG MRLQ W�

�� ,QW U RGXF W LRQ

$ VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� RI D QRUPHG VSDFH LV FRPSOHPHQWHG
LI LW KDV D VXEVSDFH DV DQ DOJHEUDLF FRPSOHPHQW� ,Q D +LOEHUW VSDFH HYHU\ VXEVSDFH
LV FRPSOHPHQWHG� ZKLFK LV QRW WKH FDVH LQ D %DQDFK VSDFH� %DQDFK�VSDFH RSHUDWRUV
ZLWK FRPSOHPHQWHG UDQJH DQG NHUQHO SOD\ D FUXFLDO UROH LQ PDQ\ DVSHFWV RI RSHU�
DWRU WKHRU\� HVSHFLDOO\ LQ )UHGKROP WKHRU\� ,Q IDFW� UDQJH�NHUQHO FRPSOHPHQWDWLRQ
LV WKH PDLQ LVVXH EHKLQG WKH GLoHUHQFH EHWZHHQ WKH +LOEHUW�VSDFH DQG WKH %DQDFK�
VSDFH DSSURDFKHV IRU GHDOLQJ ZLWK )UHGKROP RSHUDWRUV >��@� 3UHFLVHO\� UDQJH�NHUQHO
FRPSOHPHQWDWLRQ LV ZKDW GLoHUHQWLDWHV WKH XSSHU�ORZHU DSSURDFK DQG WKH OHIW�ULJKW
DSSURDFK IRU LQYHVWLJDWLQJ VHPL�)UHGKROP RSHUDWRUV� ,Q SDUWLFXODU� LW KDV UHFHQWO\
EHHQ VKRZQ KRZ VXFK D GLoHUHQFH� EDVHG RQ WKH QRWLRQ RI UDQJH�NHUQHO FRPSOHPHQ�
WDWLRQ� OHDGV WR WKH FKDUDFWHUL]DWLRQ RI ELTXDVLWULDQJXODU RSHUDWRUV RQ D %DQDFK
VSDFH >��� 6HFWLRQ �@� >��� 6HFWLRQ �@�

7KH PDLQ UHVXOW RI WKLV SDSHU LV VWDWHG LQ 7KHRUHP ��� ZKLFK DGGUHVVHV WR WKH
TXHVWLRQ RQ KRZ FRPSOHPHQWHGQHVV IRU UDQJH DQG NHUQHO WUDYHOV IURP DQ RSHUDWRU WR
LWV DGMRLQW DQG EDFN� ZLWKRXW DVVXPLQJ D SULRU\ WKDW WKH RSHUDWRU KDV FORVHG UDQJH�
7KLV LV DSSOLHG LQ &RUROODULHV ��� WR ��� WRZDUGV FRPSDFW RSHUDWRUV DQG FRPSDFW
SHUWXUEDWLRQV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � VHWV XS QRWDWLRQ DQG WHUPLQRORJ\�
LQFOXGLQJ WKH FRQFHSWV RI XSSHU�ORZHU DQG OHIW�ULJKW VHPL�)UHGKROPQHVV� 6HFWLRQ �
UHSRUWV RQ WKH GLoHUHQFH EHWZHHQ WKH XSSHU�ORZHU DQG WKH OHIW�ULJKW DSSURDFKHV WR
VHPL�)UHGKROP RSHUDWRUV LQ WHUPV RI UDQJH�NHUQHO FRPSOHPHQWDWLRQ� ZKLFK LV VWDWHG
LQ 3URSRVLWLRQ ���� $OO SURSRVLWLRQV LQ 6HFWLRQV �� � DQG � DUH ZHOO�NQRZQ UHVXOWV
ZKLFK DUH DSSOLHG WKURXJKRXW WKH WH[W� VRPH RI WKHP DUH XVHG TXLWH IUHTXHQWO\ DQG
VR WKH\ DUH VWDWHG LQ IXOO �ZKRVH SURRIV DUH DOZD\V DGGUHVVHG WR FXUUHQW OLWHUDWXUH��
6HFWLRQ � FORVHV ZLWK WKH VWDWHPHQW RI 7KHRUHP ��� ZKLFK UHDGV DV IROORZV� ,I DQ
RSHUDWRU KDV D FRPSOHPHQWHG UDQJH WKHQ LWV QRUPHG�VSDFH DGMRLQW KDV D FRPSOH�
PHQWHG NHUQHO DQG WKH FRQYHUVH KROGV RQ D UHqH[LYH %DQDFK VSDFH� GXDOO\� LW DOVR
VKRZV ZKHQ FRPSOHPHQWHG NHUQHO IRU DQ RSHUDWRU LV HTXLYDOHQW WR FRPSOHPHQWHG
UDQJH IRU LWV QRUPHG�VSDFH DGMRLQW� 6HFWLRQ � GHDOV ZLWK WKH SURRI RI 7KHRUHP ���
ZKLFK LV EDVHG RQ /HPPDV ��� DQG ���� $SSOLFDWLRQV DUH FRQVLGHUHG LQ 6HFWLRQ �

' DW H� - X O\ ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� % DQ DFK �VS DFH RS HU DWRU V� FRP S OHP HQ WDWLRQ � FORVHG U DQ JH� )U HG K ROP RS HU DWRU V�

�



� &�6 � . 8%586 / <

ZKHUH &RUROODU\ ��� VKRZV ZKHQ FRPSDFW RSHUDWRUV DQG WKHLU QRUPHG�VSDFH DG�
MRLQWV KDYH FRPSOHPHQWHG UDQJH DQG NHUQHO� &RUROODU\ ��� LV VSOLW LQWR WZR SDUWV�
ZKHUH 3DUW � SUHVHQWV D UDWKHU VLPSOLpHG SURRI RI D SUHYLRXV UHVXOW IURP >��@ RQ FRP�
SDFW SHUWXUEDWLRQV RI ERXQGHG EHORZ RSHUDWRUV� ,Q DGGLWLRQ LWV LV VKRZQ WKDW WKHVH
�DQG WKH\ QRUPHG�VSDFH DGMRLQWV� KDYH FRPSOHPHQWHG UDQJH DQG NHUQHO� ZKLFK LV
WUDQVODWHG WR VHPL�)UHGKROP RSHUDWRUV LQ &RUROODULHV ��� DQG ����

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

/HW ; EH D OLQHDU VSDFH DQG OHW 0 EH DQ\ OLQHDU PDQLIROG RI ; � (YHU\ OLQHDU
PDQLIROG LV FRPSOHPHQWHG LQ WKH VHQVH WKDW LW KDV D OLQHDU PDQLIROG DV DQ DOJHEUDLF
FRPSOHPHQW� 7KDW LV� IRU HYHU\ OLQHDU PDQLIROG 0 WKHUH LV DQRWKHU OLQHDU PDQLIROG
1 IRU ZKLFK ;  0� 1 DQG0? 1  I�J� ZKHUH 1 LV UHIHUUHG WR DV DQ DOJHEUDLF
FRPSOHPHQW RI 0 �DQG YLFH YHUVD�� /HW ;  0 VWDQG IRU WKH TXRWLHQW VSDFH RI ;
PRGXOR0 �L�H�� WKH OLQHDU VSDFH RI DOO FRVHWV >[@  [�0 RI [ PRGXOR0�� 5HFDOO�
FRGLP0  GLP ;  0� ZKHUH FRGLPHQVLRQ RI0 PHDQV GLPHQVLRQ RI DQ\ DOJHEUDLF
FRPSOHPHQW RI 0� ,I / � ; � ; LV D OLQHDU WUDQVIRUPDWLRQ RI D OLQHDU VSDFH ; LQWR
LWVHOI� WKHQ OHW 1 �/�  /b��I�J� DQG 5�/�  /�; � GHQRWH WKH NHUQHO DQG UDQJH
RI /� UHVSHFWLYHO\� ZKLFK DUH OLQHDU PDQLIROGV RI ; � $ SURMHFWLRQ LV DQ LGHPSRWHQW
�L�H�� (  (�� OLQHDU WUDQVIRUPDWLRQ ( � ; � ; RI D OLQHDU VSDFH ; LQWR LWVHOI� DQG
, b( � ; � ; LV WKH FRPSOHPHQWDU\ SURMHFWLRQ RI (� ZKHUH 1 �, b(�  5�(� DQG
5�, b(�  1 �(�� ZLWK , � ; � ; VWDQGLQJ IRU WKH LGHQWLW\ WUDQVIRUPDWLRQ�

6XSSRVH ; LV D QRUPHG VSDFH� %\ D VXEVSDFH RI ; ZH PHDQ D FORVHG �LQ WKH
QRUP WRSRORJ\ RI ; � OLQHDU PDQLIROG RI ; � /HW0b GHQRWH WKH FORVXUH �LQ WKH QRUP
WRSRORJ\ RI ; � RI D OLQHDU PDQLIROG 0 RI ; � ZKLFK LV D VXEVSDFH RI ; � /HW %> ; @
VWDQG IRU WKH QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ ; � ZKLFK PHDQV RI DOO ERXQGHG
OLQHDU �L�H�� FRQWLQXRXV OLQHDU� WUDQVIRUPDWLRQV RI ; LQWR LWVHOI� 7KH NHUQHO 1 �7 � RI
DQ\ RSHUDWRU 7 � %> ; @ LV D VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� RI ; �

'HpQLWLRQ ���� �6HH� H�J�� >��� 'HpQLWLRQ ����@�� /HW ; EH D %DQDFK VSDFH DQG
FRQVLGHU WKH IROORZLQJ FODVVHV RI RSHUDWRUV RQ ; �

j� > ; @  
j

7 � %> ; @ � 5�7 � LV FORVHG DQG GLP 1 �7 � � �
k

�

WKH FODVV RI XSSHU VHPL�)UHGKROP RSHUDWRUV IURP %> ; @� DQG

jb> ; @  
j

7 � %> ; @ � 5�7 � LV FORVHG DQG GLP ;  5�7 � � �
k

�

WKH FODVV RI ORZHU VHPL�)UHGKROP RSHUDWRUV IURP %> ; @� 6HW

j> ; @  j� > ; @ ?jb> ; @�

ZKLFK LV WKH FODVV RI )UHGKROP RSHUDWRUV IURP %> ; @�

'HpQLWLRQ ���� �6HH� H�J�� >��� 6HFWLRQ ���@�� /HW ; EH D %DQDFK VSDFH DQG FRQVLGHU
WKH IROORZLQJ FODVVHV RI RSHUDWRUV RQ ; �

)C> ; @  
j

7 �%> ; @ � 7 LV OHIW HVVHQWLDOO\ LQYHUWLEOH
k

 
j

7 �%> ; @ � 67  , �. IRU VRPH 6 � %> ; @ DQG VRPH FRPSDFW . � %> ; @
k

LV WKH FODVV RI OHIW VHPL�)UHGKROP RSHUDWRUV IURP %> ; @� DQG

)U> ; @  
j

7 �%> ; @ � 7 LV ULJKW HVVHQWLDOO\ LQYHUWLEOH
k

 
j

7 �%> ; @ � 76  , �. IRU VRPH 6 � %> ; @ DQG VRPH FRPSDFW . � %> ; @
k
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LV WKH FODVV RI ULJKW VHPL�)UHGKROP RSHUDWRUV IURP %> ; @� 6HW

) > ; @  )C> ; @ ? )U> ; @  
j

7 � %> ; @ � 7 LV HVVHQWLDOO\ LQYHUWLEOH
k

�

ZKLFK WKH FODVV RI )UHGKROP RSHUDWRUV IURP %> ; @�

)RU D FROOHFWLRQ RI UHODWLRQV DPRQJ j� > ; @� jb> ; @� )C> ; @� DQG )U> ; @ VHH� H�J��
>��� 6HFWLRQ �@� ,Q SDUWLFXODU�

j> ; @  ) > ; @�

7KH FODVVHV j� > ; @ DQG jb> ; @ DUH RSHQ LQ %> ; @ �VHH� H�J�� >��� 3URSRVLWLRQ �����@��
DQG VR DUH WKH FODVVHV )C> ; @ DQG )U> ; @ �VHH H�J�� >�� 3URSRVLWLRQ ;,����@��

�� 5DQJH�. HU QHO & RP SO HP HQW DW LRQ

)RU VXEVSDFHV� WKH GHpQLWLRQ RI FRPSOHPHQWDWLRQ UHDGV DV IROORZV� $ VXEVSDFH
0 RI D QRUPHG VSDFH < LV FRPSOHPHQWHG LI LW KDV D VXEVSDFH DV DQ DOJHEUDLF
FRPSOHPHQW� ,Q RWKHU ZRUGV� D FORVHG OLQHDU PDQLIROG 0 RI D QRUPHG VSDFH < LV
FRPSOHPHQWHG LI WKHUH LV D FORVHG OLQHDU PDQLIROG 1 RI < VXFK WKDW 0 DQG 1 DUH
DOJHEUDLF FRPSOHPHQWV� ,Q RWKHU ZRUGV�

0� 1  < DQG 0? 1  I�J�

,Q WKLV FDVH 0 DQG 1 DUH FRPSOHPHQWDU\ VXEVSDFHV _ RQH LV WKH FRPSOHPHQW RI
WKH RWKHU� �&ORVHGQHVV KHUH UHIHUV WR WKH QRUP WRSRORJ\ RI <�� $ QRUPHG VSDFH
LV FRPSOHPHQWHG LI HYHU\ VXEVSDFH RI LW LV FRPSOHPHQWHG� ,I D %DQDFK VSDFH LV
FRPSOHPHQWHG� WKHQ LW LV LVRPRUSKLF �L�H�� WRSRORJLFDOO\ LVRPRUSKLF� WR D +LOEHUW
VSDFH >��@ �VHH DOVR >��@�� 7KXV FRPSOHPHQWHG %DQDFK VSDFHV DUH LGHQWLpHG ZLWK
+LOEHUW VSDFHV _ RQO\ +LOEHUW VSDFHV �XS WR DQ LVRPRUSKLVP� DUH FRPSOHPHQWHG�

'HpQLWLRQ ���� /HW < EH D QRUPHG VSDFH� 'HpQH WKH IROORZLQJ FODVVHV RI RSHUDWRUV
RQ <�

b5><@  
j

6 � %>< @ � 5�6�b LV D FRPSOHPHQWHG VXEVSDFH RI <
k

�

b1 ><@  
j

6 � %>< @ � 1 �6� LV D FRPSOHPHQWHG VXEVSDFH RI <
k

�

ZKHUH 5�6�b VWDQGV IRU WKH FORVXUH RI 5�6� LQ WKH QRUP WRSRORJ\ RI <�

/HIW DQG ULJKW DQG XSSHU DQG ORZHU VHPL�)UHGKROP RSHUDWRUV DUH OLQNHG E\ UDQJH
DQG NHUQHO FRPSOHPHQWDWLRQ� 7 � )C> ; @ LI DQG RQO\ LI 7 � j� > ; @ DQG 5�7 � LV FRP�
SOHPHQWHG� DQG 7 � )U> ; @ LI DQG RQO\ LI 7 � jb> ; @ DQG 1 �7 � LV FRPSOHPHQWHG�

3URSRVLWLRQ ���� /HW ; EH D %DQDFK VSDFH ; �

)C> ; @  j� > ; @ ? b5> ; @

 
j

7 � j� > ; @ � 5�7 � LV D FRPSOHPHQWHG VXEVSDFH RI ;
k

�

)U> ; @  jb> ; @ ? b1 > ; @

 
j

7 � jb> ; @ � 1 �7 � LV D FRPSOHPHQWHG VXEVSDFH RI ;
k

�

3URRI� >��� 7KHRUHPV ������ �����@ �VLQFH5�7 �b 5�7 � LI 7 �j� > ; @ > jb> ; @��

,Q SDUWLFXODU� LI D %DQDFK VSDFH ; LV FRPSOHPHQWHG �L�H�� LI ; LV LVRPRUSKLF WR D
+LOEHUW VSDFH�� WKHQ 3URSRVLWLRQ ��� VD\V

j� > ; @  )C> ; @ DQG jb> ; @  )U> ; @�

&RQGLWLRQV OHDGLQJ WR WKH DERYH LGHQWLWLHV KDYH EHHQ FRQVLGHUHG LQ >��� /HPPD
��� DQG 5HPDUN ���@� ,Q VXFK D SDUWLFXODU FDVH WKH XSSHU�ORZHU DQG WKH OHIW�ULJKW
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DSSURDFKHV IRU GHDOLQJ ZLWK VHPL�)UHGKROP RSHUDWRUV FRLQFLGH �DV LW LV DOZD\V FDVH
LQ D +LOEHUW VSDFH VHWWLQJ��

7KURXJKRXW WKH WH[W OHW ; e GHQRWH IRU WKH GXDO VSDFH RI D QRUPHG VSDFH ; �DQG
VR ; e LV D %DQDFK VSDFH�� DQG OHW 7 e � %> ; e@ VWDQG IRU WKH QRUPHG�VSDFH DGMRLQW
RI DQ RSHUDWRU 7 � %> ; @ �VHH� H�J�� >��� 6HFWLRQ ���@ RU >��� 6HFWLRQ ���@��

5HPDUN ���� $V LW LV NQRZQ

7 � j� > ; @ �� 7 e � jb> ;
e@�

7 � jb> ; @ �� 7 e � j� > ;
e@�

�6HH� H�J�� >��� 7KHRUHP ����@�� 0RUHRYHU�

7 � )C> ; @ �� 7 e � )U> ;
e@�

7 � )U> ; @ �� 7 e � )C> ;
e@�

$FWXDOO\� DV LW LV UHDGLO\ YHULpHG WKH DERYH HTXLYDOHQFHV KROG LQ D +LOEHUW VSDFH
_ VHH� H�J�� >��� 6HFWLRQ �@ RU >��� 6HFWLRQ ���@ _ ZKRVH SURRI H[WHQGV QDWXUDOO\
IURP +LOEHUW VSDFHV WR UHqH[LYH %DQDFK VSDFHV E\ XVLQJ VWDQGDUG SURSHUWLHV RI
QRUPHG�VSDFH DGMRLQWV �VHH� H�J�� >��� 3URSRVLWLRQV ������ ������� DQG ������@� DV
ZHOO DV 6FKDXGHU 7KHRUHP RQ FRPSDFWQHVV IRU QRUPHG�VSDFH DGMRLQWV RI FRPSDFW
RSHUDWRUV RQ D %DQDFK VSDFH _ VHH H�J�� >��� 7KHRUHP ������@��

5HPDUN ��� PRWLYDWHV WKH TXHVWLRQ RQ KRZ FRPSOHPHQWHGQHVV IRU UDQJH DQG
NHUQHO WUDYHOV IURP DQ RSHUDWRU WR LWV QRUPHG�VSDFH DGMRLQW� ,Q OLJKW RI 3URSRVLWLRQ
��� DQG 5HPDUN ��� ZH PLJKW H[SHFW

�D� 7 � b5> ; @ LI DQG RQO\ LI 7 e � b1 > ; e@�

�E� 7 � b1 > ; @ LI DQG RQO\ LI 7 e � b5> ; e@�

,QGHHG� 3URSRVLWLRQ ��� DQG 5HPDUN ��� PLJKW VXJJHVW WKH DERYH HTXLYDOHQFH� DO�
WKRXJK ZKHQ XVLQJ WKHP RQH LV ERXQG WR DVVXPH D SULRU\ VHPL�)UHGKROPQHVV� WKXV
RQH LV ERXQG WR DVVXPH D SULRUL RSHUDWRUV ZLWK FORVHG UDQJH� ,Q IDFW� ZH VKRZ WKDW
�D� KROGV WUXH ZLWKRXW WKH FORVHGQHVV DVVXPSWLRQ �XS WR UHqH[LYLW\ LQ RQH GLUHFWLRQ��
DQG �E� DOVR KROGV ZLWKRXW WKH FORVHGQHVV DVVXPSWLRQ �XS WR UHqH[LYLW\ LQ RQH GLUHF�
WLRQ� DQG� LQ WKH RSSRVLWH GLUHFWLRQ� LW KROGV LI 5�7 � LV FORVHG� 7KLV LV VWDWHG EHORZ
�7KHRUHP ���� DQG LV SURYHG LQ 6HFWLRQ � LQGHSHQGHQWO\ RI LWV UHODWLRQVKLS ZLWK
VHPL�)UHGKROP RSHUDWRUV� 7KDW LV� ZLWKRXW XVLQJ DQ\ SURSHUWLHV RI WKH FODVVHV RI
XSSHU�ORZHU RU OHIW�ULJKW VHPL�)UHGKROP RSHUDWRUV �ZKHUH UDQJHV QHFHVVDULO\ VDWLVI\
WKH SDUWLFXODU DVVXPSWLRQ RI FORVHGQHVV��

7KHRUHP ���� /HW ; EH D %DQDFK VSDFH DQG WDNH DQ\ RSHUDWRU 7 � %> ; @�

�D�� ,I 5�7 �b LV FRPSOHPHQWHG� WKHQ 1 �7 e� LV FRPSOHPHQWHG�

7 � b5> ; @  � 7 e � b1 > ;
e@�

�D�� ,I ; LV UHqH[LYH DQG 1 �7 e� LV FRPSOHPHQWHG� WKHQ 5�7 �b LV FRPSOHPHQWHG�

; UHqH[LYH DQG 7 e � b1 > ;
e@  � 7 � b5> ; @�

�E�� ,I ; LV UHqH[LYH DQG 5�7 e�b LV FRPSOHPHQWHG� WKHQ 1 �7 � LV FRPSOHPHQWHG�

; UHqH[LYH DQG 7 e � b5> ;
e@  � 7 � b1 > ; @�

�E�� ,I 5�7 � LV FORVHG DQG 1 �7 � LV FRPSOHPHQWHG WKHQ 5�7 e� LV FRPSOHPHQWHG�

5�7 �  5�7 �b DQG 7 � b1 > ; @  � 5�7 e�  5�7 e�b DQG 7 e � b5> ;
e@�
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�� 3U RRI RI 7 KHRU HP � ��

$ VXEVSDFH0 RI D QRUPHG VSDFH < LV ZHDNO\ FRPSOHPHQWHG LI LW LV ZHDNO\ FORVHG
�L�H�� FORVHG LQ WKH ZHDN WRSRORJ\ RI <� DQG WKHUH H[LVWV D ZHDNO\ FORVHG OLQHDU
PDQLIROG 1 RI < �VR WKDW 1 LV FORVHG LQ WKH QRUP WRSRORJ\ RI <� DQG KHQFH 1 LV D
VXEVSDFH RI <� IRU ZKLFK

0� 1  < DQG 0? 1  I�J�

6LPLODUO\� LI ; LV D QRUPHG VSDFH� WKHQ D VXEVSDFH 8 RI WKH %DQDFK VSDFH ; e �WKH
GXDO RI ; � LV ZHDNO\ FRPSOHPHQWHG LI LW LV ZHDNO\ FORVHG �L�H�� FORVHG LQ WKH ZHDN
WRSRORJ\ RI ; e� DQG WKHUH H[LVWV D ZHDNO\ FORVHG OLQHDU PDQLIROG 9 RI ; e �VR WKDW
9 LV FORVHG LQ WKH QRUP WRSRORJ\ RI ; e� DQG KHQFH 9 LV D VXEVSDFH RI ; e� IRU ZKLFK

8 � 9  ; e DQG 8 ? 9  I�J�

7KXV ZHDN FRPSOHPHQWDWLRQ LQ < �RU ZHDN FRPSOHPHQWDWLRQ LQ ; e� LV REWDLQHG
IURP �SODLQ� FRPSOHPHQWDWLRQ LQ < �RU LQ ; e� LI FORVHQHVV LQ WKH QRUP WRSRORJ\ RI
< �RU LQ WKH QRUP WRSRORJ\ RI ; e� LV UHSODFHG ZLWK FORVHQHVV LQ WKH ZHDN WRSRORJ\ RI
< �RU ZLWK FORVHQHVV LQ WKH ZHDN WRSRORJ\ RI ; e� IRU ERWK FRPSOHPHQWHG VXEVSDFHV
0 DQG 1 �RU 8 DQG 9 ��

'HpQLWLRQ ���� /HW < EH D QRUPHG VSDFH� 'HpQH WKH IROORZLQJ FODVVHV RI RSHUDWRUV
RQ <�

Z�b5><@  
j

6� %><@ � 5�6�b LV ZHDN FRPSOHPHQWHG LQ <
k

�

Z�b1 ><@  
j

6� %><@ � 1 �6� LV ZHDN FRPSOHPHQWHG LQ <
k

�

'HpQLWLRQ ���� /HW ; EH D QRUPHG VSDFH� 'HpQH WKH IROORZLQJ FODVVHV RI RSHUDWRUV
RQ LWV GXDO ; e�

Ze�b5> ;
e@  

j

) � %> ; e@ � 5�) �b LV ZHDN FRPSOHPHQWHG LQ ; e
k

�

Ze�b1 > ;
e@  

j

) � %> ; e@ � 1 �) � LV ZHDN FRPSOHPHQWHG LQ ; e
k

�

+HUH 5�6�b DQG 5�) �b DUH WKH FORVXUHV RI WKH UDQJHV LQ WKH QRUP WRSRORJ\ RI
< RU ; e� ZKLFK DUH QRZ VXSSRVHG WR EH� LQ DGGLWLRQ� FORVHG LQ WKH ZHDN WRSRORJ\
RI < �'HpQLWLRQ ���� RU FORVHG LQ WKH ZHDN WRSRORJ\ RI ; e �'HpQLWLRQ ����� DV DOVR
DUH 1 �6� DQG 1 �) �� WR PHHW WKH GHpQLWLRQV RI ZHDN DQG ZHDN FRPSOHPHQWDWLRQ�

3URSRVLWLRQ ���� $ FRQYH[ VHW LQ D QRUPHG VSDFH LV FORVHG �LQ WKH QRUP WRSRORJ\�
LI DQG RQO\ LI LW LV ZHDNO\ FORVHG �L�H�� FORVHG LQ WKH ZHDN WRSRORJ\�� ,Q SDUWLFXODU� D
OLQHDU PDQLIROG RI D QRUPHG VSDFH LV FORVHG LI DQG RQO\ LI LW LV ZHDNO\ FORVHG�

3URRI� 6HH� H�J�� >�� 7KHRUHP 9����� &RUROODU\ 9����@ RU >��� 7KHRUHP ������� &RURO�
ODU\ ������@�

&RUROODU\ ���� ,I ; LV D QRUPHG VSDFH� WKHQ

Z�b5> ; @  b5> ; @� Z�b5> ;
e@  b5> ;

e@�

Z�b1 > ; @  b1 > ; @� Z�b1 > ;
e@  b1 > ;

e@�

3URRI� 6WUDLJKWIRUZDUG IURP 'HpQLWLRQV ��� DQG ���� DQG 3URSRVLWLRQ ����
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3URSRVLWLRQ ���� �D� ,I < LV D QRUPHG VSDFH DQG ( � < � < LV D FRQWLQXRXV SUR�

MHFWLRQ� WKHQ 5�(� DQG 1 �(� DUH FRPSOHPHQWDU\ VXEVSDFHV RI <� &RQYHUVHO\� �E�
LI 0 DQG 1 DUH FRPSOHPHQWDU\ VXEVSDFHV RI D %DQDFK VSDFH <� WKHQ WKH �XQLTXH�
SURMHFWLRQ ( � < � < ZLWK 5�(�  0 DQG 1 �(�  1 LV FRQWLQXRXV �DQG VR HYHU\

FRPSOHPHQWHG VXEVSDFH RI D %DQDFK VSDFH LV WKH UDQJH RI D ERXQGHG OLQHDU RSHUDWRU��

3URRI� 6HH� H�J�� >��� 7KHRUHP ������ DQG &RUROODU\ ������@ RU >��� 3UREOHP ����@�

3URSRVLWLRQ ���� /HW ; EH D QRUPHG VSDFH� 6XSSRVH 7 � ; � ; LV OLQHDU�

�D� 7 LV FRQWLQXRXV �LQ WKH QRUP WRSRORJ\ RI ; � LI DQG RQO\ LI LW LV ZHDNO\ FRQ�

WLQXRXV �L�H�� FRQWLQXRXV LQ WKH ZHDN WRSRORJ\ RI ; �� WKDW LV�

7 � %> ; @ �� 7 LV ZHDNO\ FRQWLQXRXV�

�E� ,I 7 LV FRQWLQXRXV LQ WKH QRUP WRSRORJ\ RI ; � WKHQ 7 e LV FRQWLQXRXV LQ WKH

ZHDN WRSRORJ\ RI ; e� WKDW LV�

7 � %> ; @  � 7 e � %> ; e@ LV ZHDNO\ FRQWLQXRXV�

&RQYHUVHO\� LI

�F�� ) � ; e � ; e LV OLQHDU DQG FRQWLQXRXV LQ WKH ZHDN WRSRORJ\ RI ; e�

WKHQ

�F�� )  6e IRU VRPH RSHUDWRU 6 � %> ; @�

ZKLFK LPSOLHV

�F�� ) � %> ; e@ �L�H�� ) LV OLQHDU DQG FRQWLQXRXV LQ WKH QRUP WRSRORJ\ RI ; e��

3URRI� 6HH� H�J�� >��� 7KHRUHP ������� 7KHRUHP ������ DQG &RUROODU\ ������@�

3URSRVLWLRQ ���� /HW ; EH D %DQDFK VSDFH� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D� ; LV UHqH[LYH�

�E� ; e LV UHqH[LYH�

�F� 7KH ZHDN DQG WKH ZHDN WRSRORJLHV LQ ; e FRLQFLGH

�L�H�� ��; e� ; �  �� ; e� ; ee� ��

3URRI� 6HH� H�J�� >�� S����� 3UREOHP ���1@ RU >�� 7KHRUHP 9����@�

3URSRVLWLRQ ���� ,I 5�6� LV WKH UDQJH RI DQ RSHUDWRU 6 � %> ; @ RQ D %DQDFK VSDFH

; � WKHQ WKH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D� 5�6� LV FORVHG LQ WKH QRUP WRSRORJ\ RI ; �

�E� 5�6e� LV FORVHG LQ WKH QRUP WRSRORJ\ RI ; e�

�F� 5�6e� LV FORVHG LQ WKH ZHDN WRSRORJ\ RI ; e�

3URRI� 6HH� H�J��>�� 7KHRUHP 9,�����@ RU >��� 7KHRUHP ������@�

/HPPD ���� )RU HYHU\ QRUPHG VSDFH ; �

�L� Ze�b5> ; e@ v b5> ; e@ DQG Ze�b1 > ; e@ v b1 > ; e@�

�LL� ,I ; LV D UHqH[LYH %DQDFK VSDFH� WKHQ UHYHUVH LQFOXVLRQV KROG�

�D� b5> ; e@ v Ze�b5> ; e@�

�E� b1 > ;
e@ v Ze�b1 > ;

e@�
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3URRI� �L� 7KH LQFOXVLRQV

Ze�b5> ;
e@ v b5> ;

e@ DQG Ze�b1 > ;
e@ v b1 > ;

e@

KROG VLQFH ZHDN FRPSOHPHQWDWLRQ LPSOLHV FRPSOHPHQWDWLRQ LQ WKH QRUP WRSRORJ\�
,Q IDFW� ZHDN FORVHGQHVV LPSOLHV FORVHGQHVV LQ WKH QRUP WRSRORJ\ _ UHDVRQ� ZHDN
WRSRORJ\ LQ ; e LV ZHDNHU WKDQ WKH ZHDN WRSRORJ\ LQ ; e� ZKLFK LQ WXUQ LV ZHDNHU
WKDQ WKH QRUP WRSRORJ\ LQ ; e� ,Q RWKHU ZRUGV� �� ; e� ; � v ��; e� ; ee� v �� ; e� ; e��

�LL� 7R SURYH WKH UHYHUVH LQFOXVLRQV� SURFHHG DV IROORZV�

�D� b5> ; e@ v Ze�b5> ; e@� ,QGHHG� VXSSRVH ) � b5> ; e@� 6R WKH VXEVSDFH 5�) �b LV
FRPSOHPHQWHG LQ ; e� 7KDW LV� WKHUH LV D VXEVSDFH 9 �D OLQHDU PDQLIROG RI ; e FORVHG
LQ WKH QRUP WRSRORJ\ RI ; e� IRU ZKLFK ; e  5�) �b� 9 DQG 5�) �b? 9  I�J�
7KXV ERWK VXEVSDFHV 5�) �b DQG 9 DUH FRPSOHPHQWHG LQ WKH %DQDFK VSDFH ; e�
DQG WKLV LPSOLHV ERWK 5�) �b DQG 9 DUH UDQJHV RI RSHUDWRUV LQ %> ; e@� SUHFLVHO\�
WKHUH DUH RSHUDWRUV 3 DQG 3 �  , b 3 LQ %> ; e@ �ZLWK FORVHG UDQJH� IRU ZKLFK
5�) �b 5�3 � DQG 9  5�3 �� _ FI� 3URSRVLWLRQ ����E�� 6LQFH 3� 3 � � %> ; e@ DUH
FRQWLQXRXV LQ WKH QRUP WRSRORJ\ RI ; e� WKH\ DUH FRQWLQXRXV LQ WKH ZHDN WRSRORJ\
RI ; e E\ 3URSRVLWLRQ ����D�� 7KXV LI ; LV UHqH[LYH� WKHQ E\ 3URSRVLWLRQ ����D�F� 3
DQG 3 � RQ ; e DUH ZHDNO\ FRQWLQXRXV� DQG WKHUHIRUH 3 DQG 3 � DUH QRUPHG�VSDFH
DGMRLQWV RI VRPH RSHUDWRUV 6� 6� � %> ; @ DFFRUGLQJ WR 3URSRVLWLRQ ����F�� WKDW LV�
3  6e DQG 3 �  6�e� 5HFDOO� 5�3 � DQG 5�3 �� DUH FORVHG LQ WKH QRUP WRSRORJ\
RI ; e� DQG VR 5�6e� DQG 5�6�e� DUH FORVHG LQ WKH QRUP WRSRORJ\ RI ; e� 6LQFH
5�) �b  5�3 �  5�6e� DQG 9  5�3 ��  5�6�e�� WKH VXEVSDFHV 5�) �b DQG 9
DUH FORVHG UDQJHV RI WKH QRUPHG�VSDFH DGMRLQWV 6e DQG 6�e RI RSHUDWRUV 6 DQG 6�

�FORVHG LQ WKH QRUP WRSRORJ\ RI ; e�� DQG WKHUHIRUH WKH\ DUH FORVHG LQ WKH ZHDN
WRSRORJ\ RI ; e DFFRUGLQJ WR 3URSRVLWLRQ ����E�F�� 7KHQ ) � Ze�b5> ; e@� 7KHUHIRUH
b5> ; e@ v Ze�b5> ; e@�

�E� b1 > ; e@ v Ze�b1 > ; e@� ,Q IDFW� VXSSRVH ) � b1 > ; e@� 7KXV WKH VXEVSDFH 1 �) � LV
FRPSOHPHQWHG LQ ; e� 7KDW LV� WKHUH H[LVWV DQRWKHU VXEVSDFH 9 RI ; e IRU ZKLFK ;  
1 �) � � 9 DQG 1 �) � ? 9  I�J� +HQFH 1 �) � DQG 9 DUH FRPSOHPHQWHG VXEVSDFHV
RI WKH %DQDFK VSDFH ; e� DQG VR WKH\ DUH �FORVHG� UDQJHV RI QRUPHG�VSDFH DGMRLQWV
RI VRPH RSHUDWRUV LQ %> ; @� DQG WKHUHIRUH WKH VXEVSDFHV 1 �) � DQG 9 DUH ZHDNO\
FORVHG E\ XVLQJ WKH VDPH DUJXPHQW DV LQ LWHP �D�� 7KHQ 7 e � Ze�b1 > ;

e@� 7KHUHIRUH
b1 > ; e@ v Ze�b1 > ; e@�

/HW ; EH D QRUPHG VSDFH� 7KH DQQLKLODWRU RI D QRQHPSW\ VHW $ � ; LV WKH VHW
$" � ; e JLYHQ E\

$"  
j

I � ; e � $ v 1 �I�
k

 
j

I � ; e � I�[�  � IRU HYHU\ [ � $
k

 
?

[� $

II � ; e � [ � 1 �I�J  
?

[� $

I[J"  
j

I � ; e � I�$�  I�J
k

�

ZKLFK LV D VXEVSDFH RI ; e� ZKHUH I[J" II � ; e � [ � 1 �I�Jv ; e IRU HYHU\ [ � ; �
7KH SUH�DQQLKLODWRU RI D QRQHPSW\ VHW % � ; e LV WKH VHW "% � ; JLYHQ E\

"%  
?

I � %

1 �I�  
j

[ � ; � I�[�  � IRU HYHU\ I � %
k

 
?

I � %

"IIJ�

ZKLFK LV D VXEVSDFH RI ; � ZKHUH "IIJ  1 �I� v ; IRU HYHU\ I � ; e� 7KH IROORZLQJ
LGHQWLWLHV DUH WULYLDOO\ YHULpHG� I�J" ; e� ; " I�J� "I�J  ; � "; e I�J�



� &�6 � . 8%586 / <

,I 0 LV D OLQHDU PDQLIROG RI D QRUPHG VSDFH ; � WKHQ �VHH� H�J�� >��� 7KHRUHP
����$@� >��� 3UREOHP ����@�

"�0"�  0b �FORVXUH LQ ; ��

,I 8 LV D OLQHDU PDQLIROG RI ; e� WKHQ �VHH� H�J�� >��� 7KHRUHP ����%@��

��� 8 b v �" 8 �" �FORVXUH LQ ; e��

$ OLQHDU PDQLIROG 8 RI ; eZDV FDOOHG VDWXUDWHG LQ >��@ LI 8  �" 8 �"� ,I 8 LV VDWXUDWHG�
WKHQ 8 LV FORVHG LQ ; e � 8  8 b�� DQG WKH FRQYHUVH IDLOV� D FORVHG OLQHDU PDQLIROG
RI ; e �L�H�� D VXEVSDFH RI ; e� PD\ QRW EH VDWXUDWHG >��� S����@� %XW 8 LV VDWXUDWHG
LI DQG RQO\ LI LW LV ZHDNO\ FORVHG >��� 7KHRUHP �����$@� WKDW LV� FORVHG LQ WKH ZHDN
WRSRORJ\ ��; e� ; � RI ; e >��� S����@�� ,Q JHQHUDO WKLV FDQQRW EH VWUDLJKWHQHG WR
FORVHGQHVV LQ WKH ZHDN WRSRORJ\ ��; e� ; ee� RI ; e �ZKLFK LV VWURQJHU WKDQ �� ; e� ; ���
VLQFH FORVHGQHVV RI 8 LQ WKH ZHDN WRSRORJ\ ��; e� ; ee� RI ; e FRLQFLGHV ZLWK FORVHG�
QHVV RI 8 LQ WKH QRUP WRSRORJ\ RI ; e �3URSRVLWLRQ ����� 6XPPLQJ XS �VHH DOVR >��
&RUROODU\ ����@��

��� 8  �" 8 �" �� 8 LV ZHDN FORVHG LQ ; e�

,I 0 DQG 1 DUH VXEVSDFHV RI D %DQDFK VSDFH ; � WKHQ >��� 7KHRUHP ,9����@

��� �0� 1 �"  0"? 1 "�

��� 0"� 1 " LV FORVHG LQ ; e �� 0� 1 LV FORVHG LQ ; �

DQG LI 0� 1 LV FORVHG LQ ; � WKHQ

��� 0"� 1 "  �0? 1 �"�

/HPPD ���� /HW ; EH D %DQDFK VSDFH�

�D� ,I 0 LV D FRPSOHPHQWHG VXEVSDFH RI ; � WKHQ 0" LV D FRPSOHPHQWHG VXEVSDFH

RI ; e� 0RUHRYHU� LI 1 v ; LV D FRPSOHPHQW RI 0 v ; � WKHQ 1 " v ; e LV

D FRPSOHPHQW RI 0" v ; e�

�E� ,I 8 LV DQ ZHDN FRPSOHPHQWHG VXEVSDFH RI ; e� WKHQ " 8 LV D FRPSOHPHQWHG

VXEVSDFH RI ; � $OVR� LI 9 v ; e LV D FRPSOHPHQW RI 8 v ; e� WKHQ " 9 v ;
LV D FRPSOHPHQW RI " 8 v ; �

3URRI� �D� ,I 0 LV FRPSOHPHQWHG VXEVSDFH RI D QRUPHG VSDFH ; � WKHQ WKHUH LV D
VXEVSDFH 1 RI ; IRU ZKLFK

0� 1  ; DQG 0? 1  I�J�

7KXV 0� 1 LV FORVHG LQ ; � ,I ; LV D %DQDFK VSDFH� WKHQ 0"� 1 " LV FORVHG LQ
; e E\ ���� DQG E\ �����

0"� 1 "  �0? 1 �"  I�J"  ; e�

0"? 1 "  �0� 1 �"  ; "  I�J�

7KHUHIRUH WKH VXEVSDFH 1 " LV D FRPSOHPHQW RI 0"� DQG VR WKH VXEVSDFH 0" LV
FRPSOHPHQWHG LQ ; e�

�E� /HW ; e EH WKH GXDO VSDFH RI WKH QRUPHG VSDFH ; � ZKLFK LV LWVHOI D %DQDFK VSDFH�
6XSSRVH 8 LV FRPSOHPHQWHG LQ ; e� 7KXV WKHUH LV D VXEVSDFH 9 RI ; e IRU ZKLFK

8 � 9  ; e DQG 8 ? 9  I�J�
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6R DFFRUGLQJ WR ��� DQG ��� ZH JHW

; e  8 � 9 v �" 8 �" � �" 9 �"  �" 8 ? " 9 �"�

+HQFH
" 8 ? " 9  I�J�

1RZ VXSSRVH 8 LV ZHDN FRPSOHPHQWHG� 7KHQ 8 LV ZHDNO\ FORVHG LQ ; e DQG ZH
FDQ WDNH WKH VXEVSDFH 9 ZHDNO\ FORVHG LQ ; e DV ZHOO� )URP ��� ZH JHW

�" 8 �"  8 DQG �" 9 �"  9 �

DQG IURP DQG ����

I�J  8 ? 9  �" 8 �" ? �" 9 �"  �" 8 � " 9 �"�

+HQFH " 8 � " 9  ; �

ZKLFK FRQFOXGHV WKH SURRI� WKH VXEVSDFH " 8 LV FRPSOHPHQWHG LQ ; � ZKHUH " 9 LV D
FRPSOHPHQW RI LW�

$V LW LV ZHOO NQRZQ �VHH� H�J� >�� S��@� >�� S����@� >��� 7KHRUHPV ����&�'�)�*@�

��� 5�7 �b
"
 1 �7 e��

��� 5�7 �b " 1 �7 e��

��� "5�7 e�b 1 �7 ��

5�7 e�bv 1 �7 �"�

ZKHUH WKH DERYH LQFOXVLRQ EHFRPHV DQ LGHQWLW\ LI 5�7 � LV FORVHG LQ ; �HTXLYDOHQWO\�
LI 5�7 e� LV FORVHG LQ ; e� >��� 7KHRUHP ,9�����@�

��� 5�7 e�b 1 �7 �" LI 5�7 e� LV FORVHG�

3URRI RI 7KHRUHP ���� /HW 7 EH DQ RSHUDWRU RQ D %DQDFK VSDFH ; �

,I 7 � b5> ; @ �L�H�� LI 5�7 �b LV FRPSOHPHQWHG LQ ; �� WKHQ E\ /HPPD ����D� 5�7 �b"

LV FRPSOHPHQWHG LQ ; e� 6LQFH 5�7 �b" 1 �7 e� E\ ���� LW IROORZV WKDW 1 �7 e� LV
FRPSOHPHQWHG LQ ; e� ZKLFK PHDQV 7 � b1 > ; e@� 7KHUHIRUH

7 � b5> ; @  � 7 e � b1 > ;
e@� �D��

2Q WKH RWKHU KDQG� LI ; LV UHqH[LYH� WKHQ E\ /HPPD ����E�

7 e � b1 > ;
e@  � 7 e � Ze�b1 > ;

e@�

%XW LI 7 e � Ze�b1 > ;
e@ �L�H�� LI 1 �7 e� LV ZHDN FRPSOHPHQWHG LQ ; e�� WKHQ "1 �7 e�

LV FRPSOHPHQWHG LQ ; DFFRUGLQJ WR /HPPD ����E�� 6LQFH 5�7 �b "1 �7 e� E\ ����
WKHQ 5�7 �b LV FRPSOHPHQWHG LQ ; � ZKLFK PHDQV 7 � b5> ; @� 7KHUHIRUH

7 e � Ze�b1 > ;
e@  � 7 � b5> ; @�

+HQFH LI ; LV UHqH[LYH

7 e � b1 > ;
e@  � 7 � b5> ; @� �D��

:LWK WKH DVVXPSWLRQ WKDW ; LV UHqH[LYH VWLOO LQ IRUFH ZH JHW E\ /HPPD ����D�

7 e � b5> ;
e@  � 7 e � Ze�b5> ;

e@�
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+RZHYHU� LI 7 e� Ze�b5> ; e@ �L�H�� LI 5�7 e�b LV ZHDN FRPSOHPHQWHG LQ ; e�� WKHQ
"5�7 e�b LV FRPSOHPHQWHG LQ ; E\ /HPPD ����E�� %XW 1 �7 �  "5�7 e�b DFFRUGLQJ
WR ���� DQG VR 1 �7 � LV FRPSOHPHQWHG LQ ; � ZKLFK PHDQV 7 � b1 > ; @� 7KXV

7 e � Ze�b5> ;
e@  � 7 � b1 > ; @�

+HQFH LI ; LV UHqH[LYH

7 e � b5> ;
e@  � 7 � b1 > ; @� �E��

2Q WKH RWKHU KDQG� LI 7 � b1 > ; @ �L�H�� LI 1 �7 � LV FRPSOHPHQWHG LQ ; �� WKHQ 1 �7 �"

LV FRPSOHPHQWHG LQ ; eE\ /HPPD ����D�� ,I5�7 � LV FORVHG� WKHQ5�7 e�  5�7 e�b 
1 �7 �" E\ 3URSRVLWLRQ ����D�E� DQG ���� 7KHUHIRUH 5�7 e� LV FORVHG DQG FRPSOH�
PHQWHG LQ ; e �L�H�� 5�7 e�  5�7 e�b DQG 7 e � b5> ;

e@ �� 7KXV

5�7 �  5�7 �b DQG 7 � b1 > ; @  � 5�7 e�  5�7 e�b DQG 7 e � b5> ;
e@� �E��

7KH FRQYHUVH IROORZV IURP LWHP �E��� LI ; LV UHqH[LYH� DQG 3URSRVLWLRQ ����D�E�� e

�� $SSO LF DW LRQV

7KLV VHFWLRQ GHDOV ZLWK WKH FODVV b5> ; @ ? b1 > ; @ RI DOO RSHUDWRUV 7 RQ D QRUPHG
VSDFH ; IRU ZKLFK 5�7 �b DQG 1 �7 � DUH FRPSOHPHQWHG� �2SHUDWRUV ZLWK WKLV SURS�
HUW\ DUH VRPHWLPHV FDOOHG LQQHU UHJXODU >�� 6HFWLRQ �@ _ VHH DOVR >�� 7KHRUHP �����@��

8QGHU UHDVRQDEOH FRQGLWLRQV� FRPSDFW RSHUDWRUV DQG WKHLU QRUPHG�VSDFH DGMRLQWV
KDYH FRPSOHPHQWHG �FORVXUH RI� UDQJH DQG FRPSOHPHQWHG NHUQHO �&RUROODU\ ����� DV
LW LV WKH FDVH IRU FRPSDFW SHUWXUEDWLRQV RI ERXQGHG EHORZ RSHUDWRUV �&RUROODU\ �����
ZKLFK DOVR KROGV IRU VHPL�)UHGKROP RSHUDWRUV �&RUROODULHV ��� DQG �����

&RUROODU\ ���� ,I 7 � %> ; @ LV D FRPSDFW RSHUDWRU RQ D UHqH[LYH %DQDFK VSDFH ;
ZLWK D 6FKDXGHU EDVLV� WKHQ

7 � b5> ; @ ? b1 > ; @ DQG 7 e� b5> ;
e@ ? b1 > ;

e@�

3URRI� 6XSSRVH 7 � %> ; @ LV FRPSDFW DQG ; KDV D 6FKDXGHU EDVLV� 7KXV WKHUH LV
D VHTXHQFH I7QJ RI pQLWH�UDQN RSHUDWRUV 7Q � %> ; @ VXFK WKDW 7Q

Xb� 7 �L�H�� I7QJ
FRQYHUJHV XQLIRUPO\� ZKLFK PHDQV LQ WKH RSHUDWRU QRUP WRSRORJ\ RI %> ; @� WR 7 � DQG
5�7Q� v 5�7Q� �� v 5�7 �b �VHH� H�J�� >��� 3UREOHP ����@�� 6LQFH HDFK 7Q LV pQLWH�
UDQN �L�H�� GLP�5�7Q������ ZH JHW5�7Q�  5�7Q�

b� 0RUHRYHU� pQLWH�GLPHQVLRQDO
VXEVSDFHV RI D %DQDFK VSDFH DUH FRPSOHPHQWHG �VHH� H�J�� >��� 7KHRUHP $������L�@��
7KHQ 7Q � b5> ; @� HTXLYDOHQWO\� WKHUH H[LVW FRQWLQXRXV SURMHFWLRQV (Q � %> ; @ DQG
,b(Q � %> ; @ �DQG VR ZLWK FORVHG UDQJHV� IRU ZKLFK 5�(Q�  5�7Q� _ FI� 3URSRVL�
WLRQ ����E�� ZKHUH I5�(Q�J LV DQ LQFUHDVLQJ VHTXHQFH RI VXEVSDFHV� 6LQFH I5�(Q�J
LV D PRQRWRQH VHTXHQFH RI VXEVSDFHV� OLPQ5�(Q� H[LVWV LQ WKH IROORZLQJ VHQVH�

OLP
Q

5�(Q�  
?

Qy�

B

NyQ

5�(N�  
t

>

Qy�

?

NyQ

5�(N�
u

�

�

ZKHUH
:

NyQ5�(N� LV WKH FORVXUH RI WKH VSDQ RI I
6

NyQ5�(N�J �FI� >�� 'HpQLWLRQ �@��
7KXV FRQFHUQLQJ WKH FRPSOHPHQWDU\ SURMHFWLRQV ,b(Q� OLPQ5�,b(Q� DOVR H[LVWV�
0RUHRYHU� OLPQ 5�(Q� LV D VXEVSDFH RI ; LQFOXGHG LQ 5�7 �b �OLPQ5�(Q� v 5�7 �b

EHFDXVH 5�7Q� v 5�7 �b�� 6LQFH ; KDV D 6FKDXGHU EDVLV DQG 7 LV FRPSDFW� WKH
VHTXHQFH RI RSHUDWRUV I(QJ FRQYHUJHV VWURQJO\ �VHH� H�J�� >��� +LQW WR 3UREOHP ����@�
DQG VR I(QJ LV D ERXQGHG VHTXHQFH� 7KXV VLQFH �L� ; LV UHqH[LYH� �LL� 7Q

Vb� 7
�L�H�� I7QJ FRQYHUJHV VWURQJO\ EHFDXVH LW FRQYHUJHV XQLIRUPO\�� �LLL� 7Q � b5> ; @�
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�LY� 5�(Q�  5�7Q�� �Y� IN(QNJ LV ERXQGHG� �YL� OLPQ5�7Q� v 5�7 �b� DQG �YLL�
OLPQ5�,b(Q� H[LVWV� WKHQ

7 � b5> ; @

>�� 7KHRUHP �@� +HQFH 5�7 �b LV FRPSOHPHQWHG LI 7 LV FRPSDFW DQG ; LV UHqH[LYH
ZLWK D 6FKDXGHU EDVLV� 6LQFH UHqH[LYLW\ IRU ; LV HTXLYDOHQW WR UHqH[LYLW\ IRU ; e

�3URSRVLWLRQ ����D�E��� VLQFH ; e KDV D 6FKDXGHU EDVLV ZKHQHYHU ; KDV �VHH� H�J��
>��� 7KHRUHP �����@�� DQG VLQFH 7 LV FRPSDFW LI DQG RQO\ LI 7 e LV FRPSDFW �VHH� H�J��
>��� 7KHRUHP ������@�� WKHQ WKH FORVXUH RI WKH UDQJH RI WKH FRPSDFW 7 e RQ ; e� YL]��
5�7 e�b� LV DOVR FRPSOHPHQWHG�

7 e � b5> ;
e@�

7KHUHIRUH� VLQFH ; LV UHqH[LYH� 7KHRUHP ����D��E�� HQVXUHV

7 � b5> ; @  � 7 e � b1 > ;
e@ DQG 7 e � b5> ;

e@  � 7 � b1 > ; @�

3URSRVLWLRQ ���� /HW ; EH %DQDFK VSDFHV DQG WDNH 7 � %> ; @� 7KH IROORZLQJ DV�

VHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� 7KHUH H[LVWV 7b�� %>5�7 �� ; @ �7 KDV D ERXQGHG LQYHUVH RQ LWV UDQJH��

�E� 7 LV ERXQGHG EHORZ �WKHUH LV DQ o! � VXFK WKDW oN[N x N7[N IRU DOO [ � ; ��

�F� 1 �7 �  I�J DQG 5�7 �b 5�7 � �7 LV LQMHFWLYH DQG KDV D FORVHG UDQJH��

3URRI� 6HH� H�J�� >��� &RUROODU\ ����@ RU >��� 7KHRUHP ���@�

&RUROODU\ ���� /HW 7�.� %> ; @ EH RSHUDWRUV RQ D %DQDFK VSDFH ; � ,I 7 � b5> ; @
LV ERXQGHG EHORZ DQG . LV FRPSDFW� WKHQ

7 �. � b5> ; @ ? b1 > ; @ DQG 7 e �.e� b5> ;
e@ ? b1 > ;

e@�

DQG 5�7 �.� LV FORVHG LQ ; � DQG VR LV 5�7 e �.e� LQ ; e�

3URRI� :H VSOLW WKH SURRI LQWR WZR SDUWV�

3DUW �� 6XSSRVH 7 � %> ; @ LV ERXQGHG EHORZ� (TXLYDOHQWO\� VXSSRVH 7 � %> ; @ LV
LQMHFWLYH DQG KDV FORVHG UDQJH �3URSRVLWLRQ ����� +HQFH 7 � j� > ; @ �'HpQLWLRQ ����
_ DV GLP 1 �7 �  � ZKHQHYHU 7 LV LQMHFWLYH� ,Q DGGLWLRQ VXSSRVH 7 � b5> ; @� 7KXV
7 � j� > ; @ ? b5> ; @  )C> ; @ �3URSRVLWLRQ ����� %XW )C> ; @ LV LQYDULDQW XQGHU FRP�
SDFW SHUWXUEDWLRQ E\ LWV YHU\ GHpQLWLRQ� �,Q IDFW� WKH FROOHFWLRQ RI DOO FRPSDFW RS�
HUDWRUV FRPSULVHV DQ LGHDO RI %> ; @ VR WKDW 7 �. � )C> ; @ ZKHQHYHU 7 � )C> ; @ DQG
. � %> ; @ LV FRPSDFW E\ 'HpQLWLRQ ����� +HQFH 7 �. � j� > ; @ ? b5> ; @  )C> ; @
�3URSRVLWLRQ ����� DQG VR 5�7 �.� LV FORVHG �E\ 'HpQLWLRQ ����� 7KHUHIRUH

7 � b5> ; @ ERXQGHG EHORZ DQG . LV FRPSDFW  �

7 �. � b5> ; @ DQG 5�7 �.� LV FORVHG LQ WKH QRUP WRSRORJ\ RI ; �

)RU D PRUH HODERUDWHG SURRI XQGHU WKH VDPH K\SRWKHVLV� ZLWKRXW XVLQJ 3URSRVLWLRQ
���� VHH >��� 7KHRUHP �@ �DOVR VHH >�� 7KHRUHP �@ DQG >�� /HPPD ���@��

3DUW �� $FWXDOO\� PRUH LV WUXH� 6LQFH pQLWH�GLPHQVLRQDO VXEVSDFHV RI D %DQDFK VSDFH
DUH FRPSOHPHQWHG �VHH� H�J�� >��� 7KHRUHP $������L�@��

j� > ; @ v b1 > ; @



�� &�6 � . 8%586 / <

E\ 'HpQLWLRQ ���� 7KXV )C> ; @  j� > ; @ ? b5> ; @ v b1 > ; @ ? b5> ; @ DFFRUGLQJ WR
3URSRVLWLRQ ���� 6LQFH �DV ZH VDZ DERYH� 7 �. � )C> ; @� ZH JHW

7 �. � b1 > ; @ ? b5> ; @�

DQG VR �VLQFH 5�7 �.� LV FORVHG� 7KHRUHP ����D��E�� HQVXUHV

�7 �.�e � b5> ;
e@ ? b1 > ;

e@�

0RUHRYHU� VLQFH 5�7 �.� LV FORVHG�

5��7 �.�e� LV FORVHG LQ WKH QRUP WRSRORJ\ RI ; e

E\ 3URSRVLWLRQ ���� )LQDOO\ UHFDOO� �7 �.�e  7 e �.e�

&RUROODU\ ���� /HW 7�.� %> ; @ EH RSHUDWRUV RQ D %DQDFK VSDFH ; � ,I 7 LV D OHIW

VHPL�)UHGKROP DQG . LV D FRPSDFW� WKHQ

7 �. � b5> ; @ ? b1 > ; @ DQG 7 e �.e� b5> ;
e@ ? b1 > ;

e@�

ERWK ZLWK FORVHG UDQJH�

3URRI� 7KH DVVXPSWLRQ 7 LV LQMHFWLYH ZDV XVHG LQ WKH SURRI RI &RUROODU\ ��� RQO\ WR
HQVXUH GLP 1 �7 � � �� 6R &RUROODU\ ��� FDQ EH SURPSWO\ H[WHQGHG WR ?7 KDV FORVHG
FRPSOHPHQWHG UDQJH DQG pQLWH�GLPHQVLRQDO NHUQHO� �L�H�� 7 � j� > ; @ ? b5> ; @  
)C> ; @� LQVWHDG RI ?7 KDV FORVHG FRPSOHPHQWHG UDQJH DQG LV LQMHFWLYH� �L�H�� LQ�
VWHDG RI DVVXPLQJ ?7 � b5> ; @ LV ERXQGHG EHORZ���

&RUROODU\ ���� /HW 7�.� %> ; @ EH RSHUDWRUV RQ D %DQDFK VSDFH ; � ,I 7 LV D ULJKW

VHPL�)UHGKROP DQG . LV D FRPSDFW� WKHQ

7 �. � b5> ; @ ? b1 > ; @ DQG 7 e �.e� b5> ;
e@ ? b1 > ;

e@�

ERWK ZLWK FORVHG UDQJH�

3URRI� ,I 7 � jb> ; @� WKHQ E\ 'HpQLWLRQ ��� 5�7 � LV FORVHG DQG FRGLP5�7 � � �
�L�H�� GLP ;  5�7 � � ��� DQG VR WKH VXEVSDFH 5�7 � LV QDWXUDOO\ FRPSOHPHQWHG �LQ
IDFW� LI FRGLP5�7 � � �� WKHQ HYHU\ DOJHEUDLF FRPSOHPHQW RI 5�7 � LV pQLWH GLPHQ�
VLRQDO� WKXV FRPSOHPHQWHG _ VLQFH pQLWH�GLPHQVLRQDO VXEVSDFHV DUH FRPSOHPHQWHG
_ VHH H�J�� >��� 7KHRUHP $������L�LL�@�� +HQFH

jb> ; @ v b5> ; @�

7KXV �3URSRVLWLRQ ����� )U> ; @  jb> ; @ ? b1 > ; @ v b5> ; @ ? b1 > ; @� %XW� )U> ; @ LV
DOVR LQYDULDQW XQGHU FRPSDFW SHUWXUEDWLRQ E\ LWV RZQ GHpQLWLRQ� �,QGHHG� VLQFH FRP�
SDFW RSHUDWRUV IRUP DQ LGHDO RI %> ; @� ZH JHW 7 �. � )U> ; @ ZKHQHYHU 7 � )U> ; @
DQG . � %> ; @ LV FRPSDFW DFFRUGLQJ WR 'HpQLWLRQ ����� 7KHUHIRUH� E\ 3URSRVLWLRQ
���� 7 �. � jb> ; @ ? b1 > ; @  )U> ; @� DQG KHQFH 5�7 �.� LV FORVHG E\ 'HpQLWLRQ
���� 7KXV� E\ WKH DERYH GLVSOD\HG LQFOXVLRQ�

7 �. � )U> ; @  jb> ; @ ? b1 > ; @ v b5> ; @ ? b1 > ; @

IRU HYHU\ FRPSDFW . LQ %> ; @ DQG HYHU\ 7 � )U> ; @ �KHQFH 5�7 �.� LV FORVHG�
DQG VR LV 5��7 �.�e��� 6LQFH 5�7 � LV FORVHG ZKHQHYHU 7 � )U> ; @� LW IROORZV E\
7KHRUHP ����D��E�� WKDW �7 �.�e � b5> ; e@ ? b1 > ; e@�
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5HPDUN ���� �D� &RUROODU\ ��� FDQ EH WULYLDOO\ UHVWULFWHG WR ?7 � %> ; @ LV LQ�
YHUWLEOH� �L�H�� 7 � %> ; @ KDV D ERXQGHG LQYHUVH _ DQ LQYHUVH LQ %> ; @� LQVWHDG RI
?7 � b5> ; @ LV ERXQGHG EHORZ��

,I 7 LV LQYHUWLEOH DQG . LV FRPSDFW� ERWK DFWLQJ RQ D %DQDFK VSDFH

; � WKHQ 7 �. � b5> ; @ ? b1 > ; @ DQG 7 e�.e� b5> ; e@ ? b1 > ; e@� ERWK
ZLWK FORVHG UDQJH�

�E� $Q RSHUDWRU LV VHPL�)UHGKROP LI LW LV OHIW RU ULJKW VHPL�)UHGKROP� $FFRUGLQJ WR
&RUROODULHV ��� DQG ��� FRPSDFW SHUWXUEDWLRQV RI VHPL�)UHGKROP RSHUDWRUV KDYH FRP�
SOHPHQWHG UDQJH DQG NHUQHO IRU WKH RSHUDWRU LWVHOI DQG IRU LWV QRUPHG�VSDFH DGMRLQW�

,I 7 LV VHPL�)UHGKROP DQG . LV FRPSDFW� ERWK DFWLQJ RQ D %DQDFK VSDFH

; � WKHQ 7 �. � b5> ; @ ? b1 > ; @ DQG 7 e�.e� b5> ; e@ ? b1 > ; e@� ERWK
ZLWK FORVHG UDQJH

,Q SDUWLFXODU� )UHGKROP RSHUDWRUV �L�H�� RSHUDWRUV LQ )C ? )U�� DQG VR HVVHQWLDOO\
LQYHUWLEOH RSHUDWRUV 7� KDYH FRPSOHPHQWHG UDQJH DQG NHUQHO IRU ERWK 7 DQG 7 e�
,W LV ZRUWK QRWLFLQJ �DV LPSOLFLWO\ HPEHGGHG LQ WKH SURRIV RI &RUROODULHV ��� DQG
���� WKDW WKH FRQFOXVLRQ 7 �. � b5> ; @ ? b1 > ; @ IRU D VHPL�)UHGKROP RSHUDWRU 7
�L�H�� LI 7 � )C > )U� LV UHDGLO\ YHULpHG IURP 3URSRVLWLRQ ��� E\ XVLQJ WKH LQFOXVLRQV
j� > ; @ v b1 > ; @ DQG jb> ; @ v b5> ; @ �DV LQ WKH SURRIV RI &RUROODULHV ��� DQG �����
DQG DOVR E\ WKH IDFW WKDW FRPSDFW SHUWXUEDWLRQV RI VHPL�)UHGKROP RSHUDWRUV DUH
FOHDUO\ VHPL�)UHGKROP �VHH� H�J�� >��� 7KHRUHP ���@�� 0RUH DORQJ WKLV OLQH LQ >�@��

�F� $FFRUGLQJ WR LWHP �D� RU LWHP �E�� DQ LQYHUWLEOH RSHUDWRU 7 KDV FRPSOHPHQWHG
UDQJH DQG NHUQHO IRU 7 DQG 7 e� 6LQFH WKH FROOHFWLRQ RI DOO LQYHUWLEOH RSHUDWRUV �L�H��
RI DOO RSHUDWRUV ZLWK D ERXQGHG LQYHUVH� RQ D %DQDFK VSDFH ; LV DQ RSHQ JURXS
LQFOXGHG LQ %> ; @� WKHQ WKH VHWV b5> ; @?b1 > ; @ DQG b5> ;

e@?b1 > ;
e@ DUH DOJHEUDLFDOO\

DQG WRSRORJLFDOO\ ODUJH� ,W KDV EHHQ DVNHG LQ >��� 4XHVWLRQ ���@ ZKHWKHU WKH VHWV
b5> ; @ DQG b1 > ; @ �DQG FRQVHTXHQWO\� WKH VHWV b5> ; e@ DQG b1 > ; e@� DUH RSHQ LQ
%> ; @ �RU LQ %> ; e@� _ L�H�� ZKHWKHU WKH\ DUH RSHQ LQ WKH RSHUDWRU QRUP WRSRORJ\�

5HI HU HQF HV

�� 3 � $ LHQ D� )U HGKROP DQ G / RFDO 6 SHFW U DO 7 KHRU \ � Z LW K $ SSOLFDW LRQ V W R 0XOW LSOLHU V� .OX Z HU �
6 S U LQ JHU � 1 HZ < RU N � �����

�� $ � % U RZ Q DQ G & � 3 HDU F\ � ,Q W U RGXFW LRQ W R 2SHU DW RU 7 KHRU \ , ^ ( OHPHQ W V RI )XQ FW LRQ DO $ Q DO�

\ VLV� 6 S U LQ JHU � 1 HZ < RU N � �����
�� 6 �/� & DP S E HOO DQ G *�'� )DX ON Q HU � 2SHU DW RU V RQ %DQ DFK VSDFHV Z LW K FRPSOHPHQ W HG U DQ JHV�

$ FWD 0DWK � $ FDG � 6 FL� + X Q JDU � �� ������� ���^����
�� - �% � & RQ Z D\ � $ & RXU VH LQ )XQ FW LRQ DO $ Q DO\ VLV� �Q G HG Q � 6 S U LQ JHU � 1 HZ < RU N � �����
�� 5�: � & U RVV 2Q W KH SHU W XU EDW LRQ RI XQ ERXQ GHG OLQ HDU RSHU DW RU V Z LW K W RSRORJLFDOO\ FRPSOH�

PHQ W HG U DQ JHV� - � )X Q FW� $ Q DO� �� ������� ���^����
�� % �3 � 'X JJDO DQ G & �6 � .X E U X VO\ � 3 HU W XU EDW LRQ RI %DQ DFK VSDFH RSHU DW RU V Z LW K D FRPSOHPHQ W HG

U DQ JH� *ODVJRZ 0DWK � - � �� ������� ���^����
�� 6 � *ROG E HU J� 3 HU W XU EDW LRQ V RI VHPL� )U HGKROP RSHU DW RU V Z LW K FRPSOHPHQ W HG U DQ JH� $ FWD 0DWK �

+ X Q JDU � �� ������� ���^����
�� 5� + DU WH� ,Q YHU W LELOLW \ DQ G 6 LQ JXODU LW \ IRU %RXQ GHG / LQ HDU 2SHU DW RU V� 0DU FHO 'HN N HU � 1 HZ

< RU N � �����
�� + �*� + HX VHU � )XQ FW LRQ DO $ Q DO\ VLV� : LOH\ � & K LFK HVWHU � �����

��� - �5� + ROX E � 2Q SHU W XU EDW LRQ RI RSHU DW RU V Z LW K FRPSOHPHQ W HG U DQ JH� $ FWD 0DWK � + X Q JDU � ��
������� ���^����

��� 1 �- � .DOWRQ � 7 KH FRPSOHPHQ W HG VXEVSDFH SU REOHP U HYLVLW HG � 6 WX G LD 0DWK � ��� ������� ���^
����
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��� 7 � .DWR� 3 HU W XU EDW LRQ 7 KHRU \ IRU / LQ HDU 2SHU DW RU V� �Q G HG Q � 6 S U LQ JHU � % HU OLQ � �����
U HS U LQ WHG � �����

��� & �6 � .X E U X VO\ � )U HGKROP W KHRU \ LQ + LOEHU W VSDFH ^ D FRQ FLVH LQ W U RGXFW RU \ H[SRVLW LRQ � % X OO�

% HOJ� 0DWK � 6 RF� 6 LP RQ 6 WHY LQ �� ������� ���^����
��� & �6 � .X E U X VO\ � 7 KH ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU �6 S U LQ JHU � 1 HZ < RU N � �����
��� & �6 � .X E U X VO\ � 6 SHFW U DO 7 KHRU \ RI 2SHU DW RU V RQ + LOEHU W 6 SDFHV� % LU N K �DX VHU �6 S U LQ JHU � 1 HZ

< RU N � �����
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� : H\ O VSHFW U DO LGHQ W LW \ DQ G ELTXDVLW U LDQ JXODU LW \ � 3 U RF� ( G LQ E �

0DWK � 6 RF� �� ������� ���^����
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 8 SSHU � ORZ HU DQ G OHIW � U LJKW VHPL� )U HGKROPQ HVV� % X OO� % HOJ�

0DWK � 6 RF� 6 LP RQ 6 WHY LQ � �� ������� ���^����
��� - � /LQ G HQ VWU DX VV DQ G /� 7 ]DIU LU L� 2Q W KH FRPSOHPHQ W HG VXEVSDFHV SU REOHP� ,VU DHO - � 0DWK � �

������� ���^����
��� 5� 0HJJLQ VRQ � $ Q ,Q W U RGXFW LRQ W R %DQ DFK 6 SDFH 7 KHRU \ � 6 S U LQ JHU � 1 HZ < RU N � �����
��� 9 � 0�X OOHU � 6 SHFW U DO 7 KHRU \ RI / LQ HDU 2SHU DW RU V ^ DQ G 6 SHFW U DO 6 \ VW HPV LQ %DQ DFK $ OJHEU DV�

�Q G HG Q � % LU N K �DX VHU � % DVHO� �����
��� 0� 6 FK HFK WHU � 3 U LQ FLSOHV RI )XQ FW LRQ DO $ Q DO\ VLV� �Q G HG Q � *U DG X DWH 6 WX G LHV LQ 0DWK HP DWLFV

9 RO� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �����
��� $ �( � 7 D\ ORU � ,Q W U RGXFW LRQ W R )XQ FW LRQ DO $ Q DO\ VLV� : LOH\ � 1 HZ < RU N � �����

$SSO LHG 0 DW KHP DW LF V 'HSDU W P HQW � ) HGHU DO 8QLYHU VLW \� 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORVNXEUXVO\#JPDLO�FRP


