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7KH UHDVRQ RI WKLV SDSHU LV WR FKDUDFWHUL]H ZHDN VXSHUF\FOLFLW\� LQ SDUWLFXODU�
ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� IRU ERXQGHG OLQHDU RSHUDWRUV RQ D QRUPHG VSDFH�
6HFWLRQ � GHDOV ZLWK QRWDWLRQ� WHUPLQRORJ\� DQG EDVLF QRWLRQV WKDW ZLOO EH UHTXLUHG
WKURXJKRXW WKH WH[W� ,Q 6HFWLRQ � LW LV VKRZQ� �L� VHOI�DGMRLQW RSHUDWRUV DUH QRW
ZHDNO\ VXSHUF\FOLF �7KHRUHP ����� �LL� GLDJRQDOL]DEOH RSHUDWRUV DUH QRW ZHDNO\ O�
VHTXHQWLDOO\ VXSHUF\FOLF �7KHRUHP ����� �LLL� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LV SUH�
VHUYHG EHWZHHQ D XQLWDU\ RSHUDWRU DQG LWV DGMRLQW �7KHRUHP ����� DQG �LY� WKH SRLQW
VSHFWUXP RI WKH QRUPHG�VSDFH DGMRLQW RI D SRZHU ERXQGHG VXSHUF\FOLF RSHUDWRU LV
HLWKHU HPSW\ RU LV D VLQJOHWRQ LQ WKH RSHQ XQLW GLVN �7KHRUHP ����� DQG LW LV DOVR
VKRZQ ZKHQ WKLV KDSSHQ IRU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRUV� 7KH pUVW
UHVXOW RI 6HFWLRQ � JLYHV D pUVW FKDUDFWHUL]DWLRQ IRU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
FRPSDFW RSHUDWRUV� WKH\ DUH VXSHUF\FOLF �7KHRUHP ���� _ GRHV ZHDN VXSHUF\FOLF�
LW\ DOVR FRLQFLGHV ZLWK ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU FRPSDFW RSHUDWRUV" 7KH
VHFWLRQ FORVHV E\ JLYLQJ D IXOO VSHFWUDO FKDUDFWHUL]DWLRQ IRU ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF FRPSDFW RSHUDWRUV� WKH\ DUH TXDVLQLOSRWHQW �7KHRUHP �����

�� 1RW DW LRQ� 7 HU P LQRO RJ\ DQG %DVLF V

/HW ; EH D QRQ]HUR FRPSOH[ QRUPHG VSDFH DQG OHW ; j EH WKH GXDO RI ; � $ VXE�
VSDFH RI ; LV D FORVHG OLQHDU PDQLIROG RI ; � ,I 0 LV D OLQHDU PDQLIROG RI ; � WKHQ
LWV FORVXUH0 k LV D VXEVSDFH� 7KH QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ ; �L�H�� RI DOO
ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI ; LQWR LWVHOI� ZLOO EH GHQRWHG E\ %> ; @� )RU DQ\
RSHUDWRU 7 RQ D QRUPHG VSDFH ; OHW 1 �7 �  7 k&l I�J  I[ � ; � 7[  �J EH WKH
NHUQHO RI 7� ZKLFK LV D VXEVSDFH RI ; � DQG OHW 5�7 �  7 � ; � EH WKH UDQJH RI 7� ZKLFK
LV D OLQHDU PDQLIROG RI ; � /HW 7 j LQ %> ; j @ VWDQG IRU WKH QRUPHG�VSDFH DGMRLQW RI 7�
:H XVH WKH VDPH QRWDWLRQ IRU WKH +LOEHUW�VSDFH DGMRLQW RI D +LOEHUW�VSDFH RSHUDWRU�

)RU HDFK QRUPHG�VSDFH RSHUDWRU 7 WKH OLPLW U�7 �  OLP m N7 m N no H[LVWV LQ 5 DQG LV
VXFK WKDW � x U�7 � x N7N� ,I DQ RSHUDWRU 7 RQ D QRUPHG VSDFH LV VXFK WKDW U�7 �  ��
WKHQ LW LV TXDVLQLOSRWHQW� $W WKH RWKHU HQG� LI 7 LV VXFK WKDW U�7 �  N7N� WKHQ LW LV
QRUPDORLG� /HW �p �7 �  Iy � & � 1 �y, b 7 � � I�JJ EH WKH SRLQW VSHFWUXP RI 7�
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WKH VHW RI HLJHQYDOXHV RI 7� $Q RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV SRZHU ERXQGHG
LI VXS mK¤�¥ N7 m N � �� DQG VWURQJO\ VWDEOH RU ZHDNO\ VWDEOH LI WKH ; �YDOXHG VHTXHQFH
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WLYHO\� ,I ; LV D %DQDFK VSDFH� VR WKDW 7 OLHV LQ WKH %DQDFK DOJHEUD %> ; @� WKHQ OHW
��7 � ~ & VWDQG IRU WKH VSHFWUXP RI 7 �ZKLFK LV FRPSDFW DQG QRQHPSW\�� ,Q WKLV
FDVH U�7 � FRLQFLGHV ZLWK WKH VSHFWUDO UDGLXV RI 7 � WKDW LV� U�7 �  PD[ §;¨�©Kª «U¬ MyM
�E\ WKH *HOIDQG^%HXUOLQJ IRUPXOD�� 7KXV LI ; LV D %DQDFK VSDFH� WKHQ 7 � %> ; @ LV
TXDVLQLOSRWHQW LI DQG RQO\ LI ��7 �  I�J�

:LWK WKH DVVXPSWLRQ WKDW ; LV D QRUPHG VSDFH VWLOO LQ IRUFH� WKH RUELW RI D YHFWRU
\ � ; XQGHU DQ RSHUDWRU 7 � %> ; @ LV WKH VHW�
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ZKHUH 1 ¥ GHQRWHV WKH VHW RI QRQQHJDWLYH LQWHJHUV _ ZH ZULWH
6 mK¤*¥ 7 m \ IRU WKH VHW

6 mK¤*¥ 7 m �I\J�  6 mK¤*¥ I7 m \J� 7KH RUELW 2 « �$� RI D VHW $ v ; XQGHU 7 LV OLNHZLVH

GHpQHG� 2 « �$�  6 mK¤*¥ 7 m �$�  6  ¨�® 2 « �\�� /HW VSDQ$ VWDQG IRU WKH OLQHDU VSDQ
RI D VHW $ v ; DQG FRQVLGHU WKH SURMHFWLYH RUELW RI D YHFWRU \ XQGHU 7� ZKLFK LV WKH
RUELW RI WKH RQH�GLPHQVLRQDO VSDFH VSDQQHG E\ WKH VLQJOHWRQ I\J�
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7KH FORVXUH �LQ WKH QRUP WRSRORJ\ RI ; � RI D VHW $ v ; LV GHQRWHG E\ $ k � DQG
WKH ZHDN FORVXUH �LQ WKH ZHDN WRSRORJ\ RI ; � LV GHQRWHG E\ $ k ¦ � 7KXV $ LV GHQVH
RU ZHDNO\ GHQVH LI $ k  ; RU $ k ¦  ; � UHVSHFWLYHO\� $ VHW $ LV ZHDNO\ VHTXHQWLDOO\
FORVHG LI HYHU\ $�YDOXHG ZHDNO\ FRQYHUJHQW VHTXHQFH KDV LWV OLPLW LQ $� DQG WKH ZHDN
VHTXHQWLDO FORVXUH $ k�¯ ¦ RI $ LV WKH VPDOOHVW ZHDNO\ VHTXHQWLDOO\ FORVHG VXEVHW RI ;
LQFOXGLQJ $� DQG $ LV ZHDNO\ VHTXHQWLDOO\ GHQVH LI $ k�¯ ¦  ; � 7KH ZHDN OLPLW VHW
$ k�° ¦ RI D VHW $ LV WKH VHW RI DOO ZHDN OLPLWV RI ZHDNO\ FRQYHUJHQW $�YDOXHG VHTXHQFHV�
DQG D VHW $ LV ZHDNO\ O�VHTXHQWLDOO\ GHQVH LI $ k�° ¦  ; � ,Q JHQHUDO� WKH LQFOXVLRQV
$ k v $ k*° ¦ v $ k�¯ ¦ v $ k ¦ DUH SURSHU �VHH� H�J�� >��� SS������@� >�� SS��������@��
+RZHYHU� LI D VHW $ v ; LV FRQYH[� WKHQ $ k  $ k ¦ �VHH� H�J�� >��� 7KHRUHP 9����@�
DQG VR� LI $ LV FRQYH[� WKHQ WKH DERYH FKDLQ RI LQFOXVLRQV EHFRPH DQ LGHQWLW\�

$ YHFWRU \ � ; LV VXSHUF\FOLF RU ZHDNO\ VXSHUF\FOLF IRU DQ RSHUDWRU 7 � %> ; @ LI

2 « �VSDQI\J� k  ; RU 2 « �VSDQI\J� k ¦  ; �

DQG LW LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RU ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF LI

2 « �VSDQI\J� k�° ¦  ; RU 2 « �VSDQI\J� k�¯ ¦  ; �

UHVSHFWLYHO\� $Q RSHUDWRU 7 � %> ; @ LV VXSHUF\FOLF� ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�
ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF� RU ZHDNO\ VXSHUF\FOLF LI LW KDV D VXSHUF\FOLF� D
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� D ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF� RU D ZHDNO\
VXSHUF\FOLF YHFWRU� UHVSHFWLYHO\� 7KXV

±M²b³�´#µ�¶�·W¶�¸�¹ ¶�¹ º�·
 � » ´�¼K½¾¸�¿<±2´#ÀK²K´�Á;ºb¹ ¼�¸  � » ´�¼K½¾±2´�À�²K´�Á;ºb¹ ¼�¸  � » ´�¼�½ �±2²b³#´�µ�¶#·�¶;¸�¹ ¶;¹ º�· ±2²K³�´�µ�¶#·�¶;¸�¹ ¶�¹ º#· ±2²b³#´�µ�¶#·�¶;¸�¹ ¶;¹ º�·

6R D YHFWRU \ � ; LV VXSHUF\FOLF RU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU DQ RSHU�
DWRU 7 � %> ; @ �L�H�� 2 « �VSDQI\J� k  ; RU 2 « �VSDQI\J� k�° ¦  ; � LI DQG RQO\ LI IRU
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HYHU\ [ � ; WKHUH LV D &�YDOXHG VHTXHQFH Io Ë J Ë�¤*¥ �WKDW GHSHQGV RQ [ DQG \� DQG
FRQVLVWV RI QRQ]HUR QXPEHUV� VXFK WKDW� IRU VRPH VXEVHTXHQFH I7
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UHVSHFWLYHO\�:HDN O�VHTXHQWLDO VXSHUF\FOLFLW\ ZDV FRQVLGHUHG LQ >�@ �DQG LPSOLFLWO\ LQ
>�@�� DQG LW ZDV UHIHUUHG WR DV ZHDN ��VHTXHQWLDO VXSHUF\FOLFLW\ LQ >��@� $OWKRXJK WKHUH
DUH UHDVRQV IRU VXFK D WHUPLQRORJ\� ZH KDYH FKDQJHG LW KHUH WR ZHDN O�VHTXHQWLDO
VXSHUF\FOLFLW\� UHSODFLQJ WKH QXPHUDO ?�� ZLWK WKH OHWWHU ?O� IRU ?OLPLW�� $Q\ IRUP
RI F\FOLFLW\ LPSOLHV VHSDUDELOLW\ IRU ; �VHH H�J�� >��� 6HFWLRQ �@��

7KH FRQWULEXWLRQ WR OLQHDU G\QDPLFV RI WKH SUHVHQW SDSHU LQ FRQWUDVW ZLWK >�� ��
�� ��@ LV WKH FKDUDFWHUL]DWLRQ RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU IXUWKHU FODVVHV RI
RSHUDWRUV �LQFOXGLQJ VHOI�DGMRLQW� GLDJRQDOL]DEOH� XQLWDU\� QRUPDO� K\SRQRUPDO� DQG
FRPSDFW� DV LQ 7KHRUHPV ���� ���� ���� ��� DQG 7KHRUHPV ��� DQG ���� 7KHVH ZHUH
FDUULHG RXW KHUH RQ %DQDFK VSDFHV �RU QRUPHG VSDFHV ZKHQ FRPSOHWHQHVV ZDV QRW
QHFHVVDU\� RU� LQ SDUWLFXODU� RQ +LOEHUW VSDFHV� 7KH VWURQJHU QRWLRQ RI K\SHUF\FOLFLW\
KDV EHHQ LQYHVWLJDWHG LQ )UwHFKHW VSDFHV� RU )�VSDFHV� RU ORFDOO\ FRQYH[ VSDFHV �VHH
H�J�� >�� �� �� �� ��� ��@�� 6RPH RI WKH DERYH FODVVHV RI RSHUDWRUV PD\ KDYH D QDWXUDO
H[WHQWLRQ RQ VRPH RI WKHVH VSDFHV� ZKLFK SHUKDSV PLJKW EH ZRUWK LQYHVWLJDWLQJ LQ
OLJKW RI WKH ZHDNHU QRWLRQ RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� +RZHYHU� ZH UHIUDLQ
IURP JRLQJ IXUWKHU WKDQ %DQDFK VSDFHV �RU QRUPHG VSDFHV� KHUH WR NHHS XS ZLWK
WKH IRFXV RQ WKH PDLQ WRSLF RI WKH SDSHU�

�� $GMRLQW QHVV DQG : HDN 6XSHU F \F O LF LW \

7KH IROORZLQJ SURSRVLWLRQ VXPPDUL]HV D IHZ NQRZQ UHVXOWV WKDW ZLOO EH RIWHQ UH�
TXLUHG WKURXJKRXW WKH QH[W WZR VHFWLRQV� ZKLFK DUH JHUPDQH WR +LOEHUW VSDFHV� $Q
RSHUDWRU 7 RQ D +LOEHUW VSDFH LV VHOI�DGMRLQW RU XQLWDU\ LI 7 j  7 RU 7 7 j  7 j 7  ,�
UHVSHFWLYHO\� ZKHUH , VWDQGV IRU WKH LGHQWLI\ RSHUDWRU� $ XQLWDU\ RSHUDWRU LV DEVR�
OXWHO\ FRQWLQXRXV� VLQJXODU�FRQWLQXRXV� RU VLQJXODU�GLVFUHWH LI LWV VFDODU VSHFWUDO PHD�
VXUH LV DEVROXWHO\ FRQWLQXRXV� VLQJXODU�FRQWLQXRXV� RU VLQJXODU�GLVFUHWH� UHVSHFWLYHO\�
ZLWK UHVSHFW WR QRUPDOL]HG /HEHVJXH PHDVXUH RQ WKH ��DOJHEUD RI %RUHO VXEVHWV RI
WKH XQLW FLUFOH� $Q RSHUDWRU LV DQ LVRPHWU\ LI 7 j 7  , DQG D FRLVRPHWU\ LI LWV DGMRLQW
LV DQ LVRPHWU\� 7KXV D XQLWDU\ LV DQ LVRPHWU\ DQG D FRLVRPHWU\� ZKLFK PHDQV DQ LQ�
YHUWLEOH LVRPHWU\� $Q RSHUDWRU LV QRUPDO LI 7 7 j  7 j 7 � K\SRQRUPDO LI 7 7 j x 7 j 7 �
DQG FRK\SRQRUPDO LI LWV DGMRLQW LV K\SRQRUPDO� 7KHVH DUH DOO QRUPDORLG RSHUDWRUV�
6RPH H[WHQVLRQV DORQJ WKH OLQHV GLVFXVVHG LQ 3URSRVLWLRQ ��� EHORZ IURP K\SRQRU�
PDO WR IXUWKHU FODVVHV RI QRUPDORLG RSHUDWRUV� VXFK DV SDUDQRUPDO RSHUDWRUV DQG
EH\RQG� KDYH UHFHQWO\ EHHQ FRQVLGHUHG LQ OLWHUDWXUH �VHH H�J�� >��� &RUROODU\ ���@� >���
7KHRUHP ���@�� EXW DJDLQ ZH UHIUDLQ IURP JRLQJ IXUWKHU WKDQ K\SRQRUPDO RSHUDWRUV
KHUH WR NHHS XS ZLWK WKH IRFXV RQ WKH PDLQ WRSLF RI WKH SDSHU�

3URSRVLWLRQ ���� 7KH IROORZLQJ DVVHUWLRQV KROG IRU +LOEHUW�VSDFH RSHUDWRUV�

�D� 1R K\SRQRUPDO RSHUDWRU LV VXSHUF\FOLF �QR XQLWDU\ RSHUDWRU LV VXSHUF\FOLF��

�E� $ K\SRQRUPDO ZHDNO\ VXSHUF\FOLF RSHUDWRU LV D PXOWLSOH RI D XQLWDU\�

�F� 7KHUH H[LVW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV�

�G� $ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU LV VLQJXODU�FRQWLQXRXV�

3URRI� �D� >�� 7KHRUHP ���@ �IRU WKH XQLWDU\ FDVH VHH DOVR >�� 3URRI RI 7KHRUHP ���@��

�E� >�� 7KHRUHP ���@�
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�F� >�� ([DPSOH ���@ �DOVR >�� SS������@� >��� 3URSRVLWLRQ ���� 7KHRUHP ���@��

�G� >��� 7KHRUHP ���@�

$OWKRXJK D XQLWDU\ RSHUDWRU FDQ EH ZHDNO\ VXSHUF\FOLF� D VHOI�DGMRLQW FDQQRW�

7KHRUHP ���� $ VHOI�DGMRLQW RSHUDWRU RQ D +LOEHUW VSDFH LV QRW ZHDNO\ VXSHUF\FOLF�

3URRI� 6LQFH D ZHDNO\ VXSHUF\FOLF K\SRQRUPDO RSHUDWRU LV D PXOWLSOH RI D XQLWDU\
RSHUDWRU �FI� 3URSRVLWLRQ ����E��� LI 7 LV VHOI�DGMRLQW RQ D +LOEHUW VSDFH+ DQG ZHDNO\
VXSHUF\FOLF� WKHQ LW LV D VHOI�DGMRLQW PXOWLSOH RI D XQLWDU\� ZKLFK LPSOLHV WKDW 7

�
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m k&l 7 LI Q LV RGG� 7KXV WKH SURMHFWLYH RUELW RI DQ\ YHFWRU ] � + LV LQFOXGHG
LQ D SDLU RI RQH�GLPHQVLRQDO VXEVSDFHV�
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ZKLFK LV QRW GHQVH LQ + LQ WKH ZHDN WRSRORJ\ LI GLP+ ! �� +HQFH D VHOI�DGMRLQW
RSHUDWRU 7 �RQ D VSDFH RI GLPHQVLRQ JUHDWHU WKDQ �� LV QRW ZHDNO\ VXSHUF\FOLF�

1RUPDO RSHUDWRUV DUH QRW VXSHUF\FOLF �K\SRQRUPDO DUH QRW� EXW FDQ EH ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF �XQLWDU\ FDQ�� EXW GLDJRQDOL]DEOH RSHUDWRUV FDQQRW�

7KHRUHP ���� $ GLDJRQDOL]DEOH RSHUDWRU RQ D +LOEHUW VSDFH LV QRW ZHDNO\ O�VH�

TXHQWLDOO\ VXSHUF\FOLF�

3URRI� $ GLDJRQDOL]DEOH RSHUDWRU 7 RQ D +LOEHUW VSDFH + LV SUHFLVHO\ DQ RSHUDWRU
XQLWDULO\ HTXLYDOHQW WR D GLDJRQDO RSHUDWRU �VHH� H�J�� >��� 3URSRVLWLRQ ��$@�� 6R LW LV
QRUPDO DQG WKHUHIRUH LI LW LV ZHDNO\ VXSHUF\FOLF� WKHQ LW DFWV RQ D VHSDUDEOH +LOEHUW
VSDFH �L�H�� + LV VHSDUDEOH�� DQG LW LV D PXOWLSOH RI D XQLWDU\ RSHUDWRU �FI� 3URSRVLWLRQ
����E��� 7KXV VXFK D XQLWDU\ RSHUDWRU LV XQLWDULO\ HTXLYDOHQW WR D XQLWDU\ GLDJRQDO
8 RQ C

� Î
� ZKLFK LV GLVFUHWH �L�H�� VLQJXODU�GLVFUHWH�� ,I� LQ DGGLWLRQ� 7 LV ZHDNO\ O�

VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ VR LV 8� DQG KHQFH 8PXVW EH VLQJXODU�FRQWLQXRXV �FI�
3URSRVLWLRQ ����G��� ZKLFK LV D FRQWUDGLFWLRQ� 7KHQ D GLDJRQDOL]DEOH RSHUDWRU LV QRW
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

5HPDUN ���� ,W ZDV DVNHG LQ >��� 4XHVWLRQ ���@ ZKHWKHU HYHU\ ZHDNO\ VXSHUF\FOLF

XQLWDU\ RSHUDWRU LV VLQJXODU�FRQWLQXRXV � $Q DrUPDWLYH DQVZHU HQVXUHV WKDW 7KHR�
UHP ��� KROGV LI ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LV UHSODFHG E\ ZHDNO\ VXSHUF\FOLF�

,I 7 LV DQ LQYHUWLEOH VXSHUF\FOLF� WKHQ VR LV LWV LQYHUVH >�� 6HFWLRQ �@� >��� &RUROODU\
���@� 7KHUH DUH� KRZHYHU� LQYHUWLEOH ZHDNO\ VXSHUF\FOLF RSHUDWRUV LQ %>C Ï @  %>C Ï �=�@
IRU DQ\ S � >���� ZKRVH LQYHUVHV DUH QRW ZHDNO\ VXSHUF\FOLF >��� &RUROODU\ ���@� )RU
S  � WKLV H[KLELWV D +LOEHUW�VSDFH LQYHUWLEOH RSHUDWRU ZKRVH LQYHUVH LV QRW ZHDNO\
VXSHUF\FOLF� 6LQFH IRU S  � VXFK DQ RSHUDWRU LV QRW XQLWDU\� WKH IROORZLQJ TXHVWLRQ
FURSV XS� LI D XQLWDU\ RSHUDWRU LV ZHDNO\ VXSHUF\FOLF� LV LWV LQYHUVH �L�H�� LWV DGMRLQW�
ZHDNO\ VXSHUF\FOLF" 5HFDOO WKDW WKH DGMRLQW RI D VXSHUF\FOLF FRLVRPHWU\ PD\ QRW
EH VXSHUF\FOLF �H[DPSOH� D EDFNZDUG XQLODWHUDO VKLIW 6 j LV D VXSHUF\FOLF FRLVRPHWU\
>��� 7KHRUHP �@� ZKLOH LWV DGMRLQW� WKH XQLODWHUDO VKLIW 6� EHLQJ DQ LVRPHWU\ LV QRW
VXSHUF\FOLF >��� S����@ �DOVR VHH >�� 3URRI RI 7KHRUHP ���@� >��� /HPPD ����E�@��
7KH VDPH KDSSHQV ZLWK ZHDN VXSHUF\FOLFLW\� WKH DGMRLQW RI D ZHDNO\ VXSHUF\FOLF
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FRLVRPHWU\ PD\ QRW EH ZHDNO\ VXSHUF\FOLF �H[DPSOH� 6 LV QRW ZHDNO\ VXSHUF\FOLF E\
3URSRVLWLRQ ����E�� EXW 6 j LV ZHDNO\ VXSHUF\FOLF� VLQFH LW LV VXSHUF\FOLF�� +RZHYHU� LI
DQ LVRPHWU\ LV LQYHUWLEOH DQG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ LW KDV D ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF DGMRLQW �L�H�� LQYHUVH�� DV ZH VKRZ LQ 7KHRUHP ��� EHORZ�

/HW ' VWDQG IRU WKH RSHQ XQLW GLVN �DERXW WKH RULJLQ LQ WKH FRPSOH[ SODQH &�� OHW
' k �WKH FORVXUH RI '� VWDQG IRU WKH FORVHG XQLW GLVN� DQG OHW WKHLU ERXQGDU\ 7  #'
VWDQG IRU XQLW FLUFOH �DERXW WKH RULJLQ��

7KHRUHP ���� $ XQLWDU\ RSHUDWRU RQ D +LOEHUW VSDFH LV ZHDNO\ O�VHTXHQWLDOO\ VX�

SHUF\FOLF LI DQG RQO\ LI LWV DGMRLQW LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

3URRI� :H VSOLW WKH SURRI LQWR � SDUWV�

3DUW �� /HW z EH D SRVLWLYH PHDVXUH RQ WKH ��DOJHEUD $ Ñ RI %RUHO VXEVHWV RI WKH
XQLW FLUFOH 7 DQG FRQVLGHU WKH +LOEHUW VSDFH /

�
�7� z�� /HW 
 � 7 � 7 GHQRWH WKH

LGHQWLW\ IXQFWLRQ� 
�q�  q z�D�H� IRU q � 7� DQG FRQVLGHU WKH PXOWLSOLFDWLRQ RSHUD�
WRU 8Ò �/ � �7� z��/

�
�7� z� LQGXFHG E\ 
� 8Ò �  
�� ZKLFK LV JLYHQ E\

�8Ò ���q�  
�q���q�  q ��q� z�D�H� IRU q � 7�
VR WKDW 8 jÒ �  
�� ZKLFK LV JLYHQ E\

�8 jÒ ���q�  
�q���q�  q ��q� z�D�H� IRU q � 7�
IRU HYHU\ � � /

�
�7� z�� ,W LV FOHDU WKDW 8Ò LV XQLWDU\� /HW & �/ � �7� z�� /

�
�7� z�

GHQRWH WKH FRPSOH[ FRQMXJDWH WUDQVIRUPDWLRQ �L�H�� &���  ��� ZKLFK KDV WKH IRO�
ORZLQJ SURSHUWLHV� LW LV D FRQWUDFWLRQ �WKXV QRUP FRQWLQXRXV�� ZHDNO\ FRQWLQXRXV �LQ

IDFW� K&�t Ó b t� ��L  Kt Ó b t ��L IRU HYHU\ t Ó � t� � � /
�
�7� z��� DQ LQYROXWLRQ �L�H��

&
�
 ,�� DGGLWLYH� DQG FRQMXJDWH KRPRJHQHRXV �L�H�� &�oI�  o&�I���

&ODLP �� & 8Ò  8 jÒ &�
3URRI � &�8Ò ��  �8Ò ��  
�  
�  
&��  8 jÒ �&�� IRU DQ\ � � /

�
�7� z�� e

&ODLP �� /HW I8
mKÔ
J Ó�¤*¥ EH DQ DUELWUDU\ VXEVHTXHQFH RI I8 m J mK¤*¥ � OHW Io Ó J Ó�¤�¥ EH

DQ\ VHTXHQFH RI VFDODUV� DQG OHW �� � EH IXQFWLRQV LQ /
�
�7� z�� 7KHQ

o Ó 8 mbÔÒ � ¦b� � LI DQG RQO\ LI o Ó 8 j mbÔÒ � ¦b� ��

3URRI � 6LQFH & LV ZHDNO\ FRQWLQXRXV� LW IROORZV E\ &ODLP � �VLQFH & LV FRQMXJDWH
KRPRJHQHRXV� WKDW LI o Ó 8 mbÔÒ � ¦b� �� WKHQ

o Ó 8 j mbÔÒ �  o Ó 8 j mbÔÒ �&��  o Ó &�8 mbÔÒ ��  &�o Ó 8 mbÔÒ �� ¦b� &���  ��

'XDOO\� VLQFH & DQG WKH DGMRLQW RSHUDWLRQ DUH LQYROXWLRQV WKH FRQYHUVH KROGV� e

7DNH DQ DUELWUDU\ � � /
�
�7� z�� ,I 8Ò LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ

WKHUH LV D VXSHUF\FOLF YHFWRU � � /
�
�7� z� IRU 8Ò � D VHTXHQFH RI QRQ]HUR QXPEHUV

Io Ó ��� ��J Ó�¤*¥ � DQG D FRUUHVSRQGLQJ VXEVHTXHQFH I8 mbÔÒ J Ó�¤*¥ RI I8 mÒ J mK¤*¥ VXFK WKDW
o Ó ��� ��8 m ÔÒ � ¦b� ��

$FFRUGLQJ WR &ODLP � WKLV KDSSHQV LI DQG RQO\ LI

o Ó ��� ��8 j mbÔÒ � ¦b� �  ��

DQG VR � LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 8 jÒ � DQG KHQFH 8 jÒ LV ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF� $JDLQ WKH FRQYHUVH KROGV GXDOO\� 7KHUHIRUH�
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8Ò LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI DQG RQO\ LI LWV DGMRLQW 8 jÒ LV�

3DUW �� 7DNH D XQLWDU\ RSHUDWRU 8 RQ D +LOEHUW VSDFH +� ,I 8 LV ZHDNO\ VXSHUF\FOLF�
WKHQ LW LV ZHDNO\ F\FOLF� DQG VR LW LV F\FOLF �L�H�� LI WKHUH H[LVWV D YHFWRU \ � + VXFK WKDW
2 Ö �VSDQI\J� k ¦  +� WKHQ

b

VSDQ
6 m 8 m \c k  b

VSDQ2 Ö �\�c k  b

VSDQ2 Ö �\�c k ¦  
+ EHFDXVH VSDQ2 Ö �\� LV FRQYH[�� &\FOLFLW\ LPSOLHV VWDU�F\FOLFLW\� ZKLFK LQ WXUQ
LPSOLHV VHSDUDELOLW\ IRU + _ VLQFH 8 LV QRUPDO� VWDU�F\FOLFLW\ IRU 8 PHDQV� WKHUH
H[LVWV D YHFWRU \ � + IRU ZKLFK

b

VSDQ
6 m 8 m 8 j m \c ×  + _ VHH� H�J�� >��� SS������@�

6WDU�F\FOLFLW\ HQVXUHV� E\ WKH 6SHFWUDO 7KHRUHP� WKDW 8 LV XQLWDULO\ HTXLYDOHQW WR
D XQLWDU\ PXOWLSOLFDWLRQ RSHUDWRU 8Ò RQ /

�
�7� z� LQGXFHG E\ WKH LGHQWLW\ IXQFWLRQ


 � 7 � 7 �WKXV RI PXOWLSOLFLW\ RQH�� ZKHUH WKH SRVLWLYH PHDVXUH z RQ $ Ñ LV pQLWH
DQG VXSSRUWHG RQ ��8� v 7 _ VHH� H�J�� >��� SDUW �D�� SURRI RI 7KHRUHP ����@�� ,I�
LQ DGGLWLRQ� WKH XQLWDU\ 8 RQ + LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ VR LV WKH
XQLWDU\ PXOWLSOLFDWLRQ RSHUDWRU 8Ò RQ /

�
�7� z� �ZKLFK LV XQLWDULO\ HTXLYDOHQW WR LW��

DQG WKH UHVXOW RI 3DUW � HQVXUHV WKDW 8 jÒ LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� DQG VR
LV WKH XQLWDU\ 8 j �ZKLFK DJDLQ LV XQLWDULO\ HTXLYDOHQW WR 8 jÒ �� 'XDOO\� LI 8 j LV ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ VR LV 8�

&RUROODU\ ���� $ K\SRQRUPDO �QRUPDO� RSHUDWRU LV ZHDNO\ O�VHTXHQWLDOO\ VXSHU�

F\FOLF LI DQG RQO\ LI LWV DGMRLQW LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

3URRI� 3URSRVLWLRQ ����E� DQG 7KHRUHP ����

,I 7 LV D SRZHU ERXQGHG RSHUDWRU RQ D %DQDFK VSDFH� WKHQ U�7 � x � �HTXLYDOHQWO\�
��7 � v ' k � DQG VR �p �7 � v ' k � $V ZH ZLOO VHH LQ WKH SURRI 7KHRUHP ���� LI DQ
RSHUDWRU 7 RQ D %DQDFK VSDFH LV VXSHUF\FOLF� WKHQ WKH SRLQW VSHFWUXP RI LWV QRUPHG�
VSDFH DGMRLQW �p �7 j � KDV DW PRVW RQH HOHPHQW� $V D FRQVHTXHQFH RI WKH IRUWKFRPLQJ
7KHRUHP ���� LI D VXSHUF\FOLF RSHUDWRU 7 LV SRZHU ERXQGHG� WKHQ WKLV SRVVLEOH XQLTXH
HOHPHQW y RI �p �7 j � LV VXFK WKDW MyM � � �VR WKDW �p �7 j � v IyJ ~ '��

7R SURFHHG ZH QHHG WKH IROORZLQJ GHpQLWLRQ� $ QRUPHG VSDFH ; LV VDLG WR EH RI
W\SH � LI FRQYHUJHQFH LQ WKH QRUP WRSRORJ\ IRU DQ DUELWUDU\ ; �YDOXHG VHTXHQFH I[ Ó J
FRLQFLGHV ZLWK ZHDN FRQYHUJHQFH SOXV FRQYHUJHQFH RI WKH QRUP VHTXHQFH IN[ Ó NJ �L�H��
[ Ó b� [ ��

j

[ Ó ¦b� [ DQG N[ Ó N � N[N
k

_ DOVR FDOOHG 5DGRQ^5LHV] VSDFH DQG
WKH 5DGRQ^5LHV] SURSHUW\ � UHVSHFWLYHO\� VHH� H�J�� >��� 'HpQLWLRQ ������@�� +LOEHUW
VSDFHV DUH %DQDFK VSDFHV RI W\SH � >��� 3UREOHP ��@�

7KHRUHP ���� /HW 7 � %> ; @ EH D VXSHUF\FOLF �RU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�
RSHUDWRU RQ D QRUPHG VSDFH ; � 6XSSRVH WKHUH H[LVWV D QRQ]HUR HLJHQYDOXH y RI

7 j �L�H�� � � y � �p �7 j �� DQG WDNH DQ\ QRQ]HUR HLJHQYHFWRU I � ; j RI 7 j � %> ; j @
DVVRFLDWHG ZLWK y �L�H�� � � I � 1 �y, b 7 j ��� 7KHQ IRU HYHU\ VXSHUF\FOLF �RU ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF� YHFWRU \ IRU 7 DQG HYHU\ [ � ; VXFK WKDW I�[� � � �L�H��
[ � ; Q1 �I��� WKHUH H[LVWV D VXEVHTXHQFH IQ Ó J Ó�¤*¥ RI WKH LQWHJHUV IQJ mK¤*¥ VXFK WKDWØ ª@Ù�¬Ø ª  ¬ l§ o Ô 7 m Ô \ b� [ �RU

Ø ª@Ù�¬Ø ª  ¬ l§ o Ô 7 m Ô \ ¦b� [�

�L�H�� ZH PD\ VHW o Ó �[� \�  Ø ª@Ù�¬Ø ª  ¬ l§ o Ô �� ,Q SDUWLFXODU�

l§ o Ô 7 mbÔ \ b� \ �RU l§ o Ô 7 mbÔ \ ¦b� \��

0RUHRYHU�

�D� ,I 7 LV SRZHU ERXQGHG DQG VXSHUF\FOLF� WKHQ MyM � ��
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�E� ,I 7 LV SRZHU ERXQGHG DQG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RQ D W\SH � QRUPHG

VSDFH� DQG LI MI�\�M  NIN OLP m N7 m \N IRU VRPH ZHDNO\ O�VHTXHQWLDOO\ VXSHU�

F\FOLF YHFWRU \ DQG VRPH � � I � 1 �y, b 7 j ��WKHQ MyM � ��

3URRI� /HW 7 � %> ; @ EH DQ RSHUDWRU RQ D QRUPHG VSDFH ; DQG FRQVLGHU LWV QRUPHG�
VSDFH DGMRLQW 7 j � %> ; j @� /HW y EH D QRQ]HUR HLJHQYDOXH RI 7 j DQG WDNH DQ\ QRQ]HUR
HLJHQYHFWRU I � ; j DVVRFLDWHG ZLWK WKH QRQ]HUR HLJHQYDOXH y RI 7 j VR WKDW
�e� I�7

m
[�  y

m
I�[�

IRU HYHU\ Q y � DQG HYHU\ [ � ; � �,QGHHG� I�7
m
[�  �7

m j I��[�  �7 j m I��[�  
�y
m
I��[�  y

m
I�[��� 6XSSRVH 7 LV VXSHUF\FOLF �RU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF��

)L[ DQ DUELWUDU\ �QRQ]HUR� VXSHUF\FOLF �RU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� YHFWRU
\ � ; IRU 7� DQG WDNH DQ DUELWUDU\ YHFWRU [ � ; � 7KXV WKHUH LV D VHTXHQFH RI QRQ]HUR
QXPEHUV Io Ó �\� [�J Ó�¤*¥ DQG D FRUUHVSRQGLQJ VXEVHTXHQFH I7

mbÔ
J Ó�¤*¥ RI I7 m J mK¤*¥

�ZKLFK GHSHQGV RQ [ DQG \� VXFK WKDW

o Ó �\� [�7 mbÔ \ b� [ �RU o Ó �\� [�7 mKÔ \ ¦b� [��

6R� DFFRUGLQJ WR �e� _ IRU WKH VXSHUF\FOLF FDVH UHFDOO WKDW I LV FRQWLQXRXV�

o Ó �\� [�y mbÔ I�\�  o Ó �\� [�I�7 mbÔ \�  I�o Ó �\� [�7 mbÔ \�� I�[��

2EVHUYH WKDW

�ee� I�\� � ��

�,QGHHG� E\ WKH DERYH FRQYHUJHQFH LI I�\�  �� WKHQ I�[�  � IRU HYHU\ [ � ; � ZKLFK
LV D FRQWUDGLFWLRQ�� +HQFH�

o Ó �\� [�y mKÔ � Ø ª@Ù�¬Ø ª  ¬ �
DQG VR LI I�[� � � �ZKLFK HQVXUHV lÛ Ô ª #Ü Ù�¬ l§ o Ô �

Ø ª  ¬Ø ª@Ù�¬ �� WKHQØ ª@Ù�¬Ø ª  ¬ l§ o Ô 7 mbÔ \ b� [ �RU
Ø ª@Ù�¬Ø ª  ¬ l§ o Ô 7 mbÔ \ ¦b� [��

,Q SDUWLFXODU� E\ VHWWLQJ [  \�

l§ o Ô 7 mbÔ \ b� \ �RU l§ o Ô 7 mbÔ \ ¦b� \��

0RUHRYHU�

�D� LI D SRZHU ERXQGHG RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV VXSHUF\FOLF� WKHQ LW

LV VWURQJO\ VWDEOH >�� 7KHRUHP ���@� 7KXV LQ WKLV FDVH 7
mbÔ
\ b� � VR WKDW y

mbÔ
� �

�VLQFH l§ o Ô 7 mbÔ \ b� \ � ��� ZKLFK LPSOLHV MyM � ��

�E� 6XSSRVH MyM  �� )RUP �e� DQG �ee��

MI�7
m
\�M  MI�\�M � �

IRU HYHU\ Q y �� VR WKDW

I�7
m
\� �� � DQG � � OLP LQIm MI�7

m
\�M�

IRU HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ DQG HYHU\ QRQ]HUR HLJHQYHFWRU
I DVVRFLDWHG ZLWK WKH HLJHQYDOXH y� 7KHQ 7

m
\ ¦b�Ý � VR WKDW 7 LV QRW ZHDNO\ VWDEOH�

+RZHYHU� DFFRUGLQJ WR >��� 7KHRUHP ���@ LI D SRZHU ERXQGHG RSHUDWRU 7 RQ D W\SH

� QRUPHG VSDFH ; LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ HLWKHU

�L� 7 LV ZHDNO\ VWDEOH� RU

�LL� LI \ LV DQ\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU VXFK WKDW 7
m
\ ¦b�Ý �� WKHQ

IRU HYHU\ QRQ]HUR I � ; j VXFK WKDW I�7
m
\� �� � HLWKHU
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OLP LQI m MI�7 m \�M  �� RU

OLP VXS ß MI�7 mbÔ \�M � NINOLP VXS ß N7 m#à \N IRU VRPH VXEVHTXHQFH IQ ß J ß ¤*¥ RI IQJ mK¤*¥ �
&RQVLGHU D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU 7 RQ D W\SH
� QRUPHG VSDFH� %\ WKH DERYH UHVXOWV LI MyM  �� WKHQ MI�\�M � NIN OLP VXS m à N7 m#à \N
IRU VRPH VXEVHTXHQFH IQ ß J ß ¤*¥ RI IQJ mK¤*¥ � IRU HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHU�
F\FOLF YHFWRU \ DQG HYHU\ QRQ]HUR HLJHQYHFWRU I DVVRFLDWHG ZLWK WKH HLJHQYDOXH y

�VLQFH MI�7
m
\�M  MI�\�M�� 7KHUHIRUH� LI MI�\�M  NIN OLP m N7 m \N IRU VRPH ZHDNO\

O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ DQG VRPH QRQ]HUR HLJHQYHFWRU I DVVRFLDWHG ZLWK
WKH HLJHQYDOXH y� WKHQ MyM � �� DQG KHQFH MyM � � �VLQFH 7 LV SRZHU ERXQGHG��

5HPDUN ���� 6LQFH LVRPHWULHV DUH ZHDNO\ VXSHUF\FOLF RQO\ LI WKH\ DUH XQLWDULHV
�FI� 3URSRVLWLRQ ����E��� DQG VLQFH WKHUH H[LVW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQL�
WDULHV �FI� 3URSRVLWLRQ ����F��� LW IROORZV E\ 7KHRUHP ��� WKDW LI 7 LV D ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWU\ RQ D +LOEHUW VSDFH �VR WKDW LW LV XQLWDU\� DQG
VR LV LWV DGMRLQW�� WKHQ MyM � � ZKHQHYHU y � �p �7 j � VR WKDW �p �7 j �  "� $FWX�
DOO\� E\ 7KHRUHP ��� WKH XQLWDU\ 7 j LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF DV ZHOO�
DQG 3URSRVLWLRQ ����G� VD\V WKDW WKH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDULHV 7
DQG 7 j PXVW EH VLQJXODU�FRQWLQXRXV� DQG F\FOLF �LQ SDUWLFXODU� ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF� VLQJXODU�FRQWLQXRXV XQLWDULHV KDYH QR HLJHQYDOXHV � > ,QGHHG� LI D VWDU�
F\FOLF �HTXLYDOHQWO\� D F\FOLF� VLQJXODU�FRQWLQXRXV XQLWDU\ KDV DQ HLJHQYDOXH� WKHQ
WKHUH H[LVWV D XQLWDU\ PXOWLSOLFDWLRQ RSHUDWRU 8Ò � LQGXFHG E\ WKH LGHQWLW\ IXQFWLRQ�
ZLWK UHVSHFW WR VRPH SRVLWLYH VLQJXODU�FRQWLQXRXV PHDVXUH z RQ $ Ñ �DIWHU WKH 6SHF�
WUDO 7KHRUHP�� ZKLFK KDV DQ HLJHQYDOXH y DQG WKLV LPSOLHV q ��q�  y��q� z�D�H�
IRU q � 7 IRU VRPH QRQ]HUR HLJHQYHFWRU � DVVRFLDWHG ZLWK WKH HLJHQYDOXH y� 6R q  y

IRU HYHU\ q � 7Q1 ��� � $ Ñ � 7KHUHIRUH� VLQFH z�7Q1 ���� � �� ZH JHW z�IyJ� ! �
ZKLFK LV D FRQWUDGLFWLRQ �EHFDXVH� EHLQJ FRQWLQXRXV� z LV QXOO ZKHQ DFWLQJ RQ PHD�
VXUDEOH VLQJOHWRQV� @�

�� & RP SDF W QHVV DQG : HDN 6XSHU F \F O LF LW \

7R EHJLQ ZLWK ZH QHHG DQ DX[LOLDU\ UHVXOW RQ WKH UDQJH 5�7 � RI DQ RSHUDWRU 7 �

/HPPD ���� ,I DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV ZHDNO\ VXSHUF\FOLF� WKHQ

5�7 � k  5�7 � k ¦ °  5�7 � k ¦  ; �

3URRI� ,I D VHW $ v ; LV FRQYH[� WKHQ $ k  $ k ¦ � DQG VR $ k  $ k ¦ °  $ k ¦ � 6LQFH
D OLQHDU PDQLIROG LV WULYLDOO\ FRQYH[�

5�7 � k  5�7 � k ¦ °  5�7 � k ¦ �
%XW WKH SURMHFWLYH RUELW RI DQ\ YHFWRU X � ; LV LQFOXGHG LQ 5�7 � > VSDQIXJ�

2 « �VSDQIXJ�  j

o7
m
X � ; � o � &� Q � 1 ¥ k

v VSDQIXJ > I] � ; � ]  7[ IRU VRPH [ � ; J  VSDQIXJ > 5�7 ��

7KXV LI 7 LV ZHDNO\ VXSHUF\FOLF� WKHQ 2 « �VSDQI\J� k ¦  ; IRU VRPH \ � ; � VR WKDW
5�7 � k ¦  ; �

7KHRUHP ��� JLYHV D pUVW FKDUDFWHUL]DWLRQ IRU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
FRPSDFW RSHUDWRUV� WKH\ DUH VXSHUF\FOLF�
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7KHRUHP ���� $ FRPSDFW RSHUDWRU RQ D QRUPHG VSDFH LV ZHDNO\ O�VHTXHQWLDOO\ VX�

SHUF\FOLF LI DQG RQO\ LI LW LV VXSHUF\FOLF�

3URRI� 6XSSRVH 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH
; � 7DNH DQ DUELWUDU\ [ � ; VR WKDW [ � 5�7 � k DFFRUGLQJ WR /HPPD ���� 7KXV WKHUH
H[LVWV DQ ; �YDOXHG VHTXHQFH I[ Ó J Ó�¤*¥ VXFK WKDW

7[ Ó b� [�

6LQFH 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHUH H[LVWV D QRQ]HUR YHFWRU \ � ;
VXFK WKDW IRU HDFK [ Ó WKHUH H[LVWV D VHTXHQFH RI QRQ]HUR QXPEHUV Io ß �[ Ó �J ß ¤*¥ DQG
D FRUUHVSRQGLQJ VXEVHTXHQFH I7

m à
J ß ¤*¥ RI I7 m J mK¤*¥ VXFK WKDW

o ß �[ Ó �7 m à \ ¦b� [ Ó �
,I LQ DGGLWLRQ 7 LV FRPSDFW� WKHQ

o ß �[ Ó �7 m à
Î
l \ b� 7[ Ó

IRU HYHU\ N �FRQYHUJHQFH LQ WKH QRUP WRSRORJ\ _ VHH H�J�� >��� 3UREOHP ����@�� 7KXV

�e� o ß �[ Ó �7 m à
Î
l \ b�ß 7[ Ó b�Ó [�

7KLV HQVXUHV WKH H[LVWHQFH RI D VHTXHQFH RI QRQ]HUR QXPEHUV Io Ë �[�J Ë<¤*¥ VXFK WKDW
�ee� o Ë �[�7 m;Ì \ b� [

IRU VRPH VXEVHTXHQFH I7
m Ì
J Ë�¤*¥ RI I7 m J mK¤*¥ � ,QGHHG� FRQVLGHU ERWK FRQYHUJHQFHV

LQ �e�� 7DNH DQ DUELWUDU\ � ! �� 7KXV WKHUH H[LVWV D SRVLWLYH LQWHJHU N â VXFK WKDW
N7[ Ó b [N x

â� ZKHQHYHU N y N â � 0RUHRYHU� IRU HDFK N WKHUH H[LVW D SRVLWLYH LQWHJHU

M â Ü Ó VXFK WKDW No ß �[ Ó �7 m#à
Î
l \ b 7[ Ó N x

â� ZKHQHYHU M y M â Ü Ó � 7KHUHIRUH�
M y M â Ü Ó8ã  � No ß �[ Ó�ã �7 m à

Î
l \b[N x No ß �[ Ó8ã �7 m à

Î
l \b7[ Ó8ã N�N7[ Ó8ãb[N x ��

)RU HDFK LQWHJHU L y � VHW �  l Ë � &RQVHTXHQWO\� VHW N�L�  N â  N ä Ì DQG M�L�  M â Ü Ó8ã  
M ä Ì Ü Ó8Ì � VR WKDW o ß �[ Ó8ã �  o ß �[ Ó ª Ë ¬ �� 7KXV IRU HYHU\ LQWHJHU L y � WKHUH LV DQRWKHU

LQWHJHU M�L� y � VXFK WKDW No ß �[ Ó ª Ë ¬ �7 m à
Î
l \ b [N x l Ë ZKHQHYHU M y M�L�� +HQFH�

No ß ª Ë ¬ �[ Ó ª Ë ¬ �7 m à/å Ì æ
Î
l \ b [N x lË IRU HYHU\ LQWHJHU L y ��

DQG VR WKHUH H[LVWV D VHTXHQFH RI QRQ]HUR QXPEHUV Io ß ª Ë ¬ �[ Ó ª Ë ¬ �J Ë<¤*¥ IRU ZKLFK
o ß ª Ë ¬ �[ Ó ª Ë ¬ �7 m à/å Ì@æ

Î
l \ b� [�

%\ VHWWLQJ o Ë �[�  o ß ª Ë ¬ �[ Ó ª Ë ¬ � DQG 7
m Ì
 7

m à/å Ì æ Î l ZH JHW� WKHUH H[LVWV D VHTXHQFH
RI QRQ]HUR QXPEHUV Io Ë �[�J Ë�¤�¥ DQG D VXEVHTXHQFH I7 m Ì J Ë�¤*¥ RI I7 m J mK¤*¥ VXFK WKDW
�ee� KROGV WUXH� 7KXV 7 LV VXSHUF\FOLF �VLQFH [ ZDV WDNHQ WR EH DQ DUELWUDU\ YHFWRU
LQ ; �� 7KHUHIRUH LI 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ 7 LV VXSHUF\FOLF� 7KH
FRQYHUVH LV WULYLDO�

7KH QH[W UHVXOW JLYHV DQ HOHPHQWDU\ SURRI WKDW WKH FODVVLFDO 9ROWHUUD RSHUDWRU
9 � %>/ Ï >�� �@@� JLYHQ E\ 9 �I��V�  

5 ¯¥ I�W� GW IRU HYHU\ I � / Ï >�� �@ IRU S y �� LV QRW
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� $ SUHYLRXV QRQHOHPHQWDU\ SURRI WKDW WKH 9ROWHUUD
RSHUDWRU LV QRW HYHQ ZHDNO\ VXSHUF\FOLF ZDV JLYHQ LQ >��� 6HFWLRQ �@�

&RUROODU\ ���� 7KH 9ROWHUUD RSHUDWRU LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

3URRI� ,W ZDV VKRZ LQ >��@ WKDW WKH 9ROWHUUD RSHUDWRU LV QRW VXSHUF\FOLF� ,W LV ZHOO
NQRZQ WKDW WKH 9ROWHUUD RSHUDWRU LV FRPSDFW �VHH� H�J�� >�� ([DPSOH ���@�� 7KXV WKH
9ROWHUUD RSHUDWRU LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF E\ 7KHRUHP ����
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4XHVWLRQ ���� 'RHV ZHDN VXSHUF\FOLFLW\ FRLQFLGHV ZLWK ZHDN O�VHTXHQWLDO VXSHU�
F\FOLFLW\ IRU FRPSDFW RSHUDWRUV RQ QRUPHG VSDFHV"

7KHRUHP ��� \LHOGV DQ LPPHGLDWH SURRI WKDW D FRPSDFW K\SRQRUPDO �HTXLYDOHQWO\�
D FRPSDFW QRUPDO� RSHUDWRU LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

&RUROODU\ ���� $ FRPSDFW K\SRQRUPDO LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

3URRI� $ K\SRQRUPDO RSHUDWRU RQ D +LOEHUW VSDFH LV QHYHU VXSHUF\FOLF �FI� 3URSR�
VLWLRQ ����D��� 7KXV WKH FODLPHG UHVXOW IROORZV IURP 7KHRUHP ����

5HPDUN ���� 7KH DERYH UHVXOW FDQ EH SURYHG ZLWKRXW XVLQJ 7KHRUHP ��� QHLWKHU
3URSRVLWLRQ ����D�� EXW XVLQJ WKH UHVXOWV LQ 3URSRVLWLRQ ����E�G� DV IROORZV� 6XSSRVH
D QRQ]HUR RSHUDWRU 7 RQ D +LOEHUW VSDFH LV ZHDNO\ VXSHUF\FOLF� ,I 7 LV FRPSDFW
DQG K\SRQRUPDO� WKHQ LW LV D FRPSDFW QRQ]HUR PXOWLSOH RI D XQLWDU\ 8� VLQFH D
ZHDNO\ VXSHUF\FOLF K\SRQRUPDO LV D PXOWLSOH RI D XQLWDU\ �FI� 3URSRVLWLRQ ����E���
7KXV 7 DQG VR 8 DUH LQYHUWLEOH FRPSDFW� DQG KHQFH WKH\ PXVW DFW RQ D pQLWH�
GLPHQVLRQDO VSDFH �VLQFH WKH FROOHFWLRQ RI DOO FRPSDFW RSHUDWRUV RQ D QRUPHG VSDFH
; LV DQ LGHDO RI %> ; @� DQG WKH LGHQWLW\ RSHUDWRU LV QRW FRPSDFW RQ DQ LQpQLWH�
GLPHQVLRQDO VSDFH�� 2Q WKH RWKHU KDQG� D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\
RSHUDWRU LV VLQJXODU�FRQWLQXRXV �FI� 3URSRVLWLRQ ����G��� DQG VR LW PXVW DFW RQ DQ
LQpQLWH�GLPHQVLRQDO VSDFH �VLQFH RQ D pQLWH�GLPHQVLRQDO VSDFH VSHFWUD DUH pQLWH�
ZKHUH XQLWDULHV DUH VLQJXODU�GLVFUHWH�� 7KLV OHDGV WR D FRQWUDGLFWLRQ� 7KXV D FRPSDFW
K\SRQRUPDO RSHUDWRU LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

$V LW LV ZHOO�NQRZQ� D FRPSDFW RSHUDWRU LV K\SRQRUPDO LI DQG RQO\ LI LW LV FRPSDFW
DQG QRUPDO �VHH� H�J�� >��� 3UREOHP ����@�� ZKLFK PHDQV D FRPSDFW GLDJRQDOL]DEOH�
HTXLYDOHQWO\� D FRXQWDEOH ZHLJKWHG VXP RI SURMHFWLRQV �DIWHU WKH 6SHFWUDO 7KHRUHP��
7KXV WKH UHVXOW LQ &RUROODU\ ��� �FRPSDFW K\SRQRUPDO DUH QRW ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF� DQG VR QRW VXSHUF\FOLF� DOVR IROORZV IURP DQG 7KHRUHP ����

7KHRUHP ��� IXOO\ FKDUDFWHUL]HV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF FRPSDFW RSHUD�
WRUV� WKH\ DUH TXDVLQLOSRWHQW�

7KHRUHP ���� $ FRPSDFW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU LV TXDVLQLOSR�

WHQW �DFWLQJ RQ DQ LQpQLWH�GLPHQVLRQDO %DQDFK VSDFH��

3URRI� 7DNH 7 � %> ; @� ZKHUH ; LV D QRUPHG VSDFH� DQG OHW 7 çFj � %> ; j @ EH WKH
QRUPHG�VSDFH DGMRLQW RI 7 ç � %> ; @ IRU DQ DUELWUDU\ QRQQHJDWLYH LQWHJHUP� 6XSSRVH
7 LV FRPSDFW DQG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF �WKXV ZHDNO\ VXSHUF\FOLF�� /HW
�p �7 j � EH WKH SRLQW VSHFWUXP RI 7 j � 7KHRUHP ��� VD\V WKDW WKH FRPSDFW 7 LV VXSHU�
F\FOLF� DQG KHQFH ��p �7 j � x �� WKDW LV� 7 j KDV DW PRVW RQH HLJHQYDOXH� �7KLV KDV
EHHQ YHULpHG IRU VXSHUF\FOLF RSHUDWRUV LQ D +LOEHUW VSDFH VHWWLQJ LQ >��� 3URSRVLWLRQ
���@� DQG H[WHQGHG WR D QRUPHG VSDFH VHWWLQJ LQ >�� 7KHRUHP ���@�� 6LQFH WKH RSHUDWRU
7 LQ %> ; @ LV FRPSDFW� LWV QRUPHG�VSDFH DGMRLQW 7 j LQ %> ; j @ LV FRPSDFW DV ZHOO �VHH�
H�J�� >��� 7KHRUHP ����@�� 7KH GXDO ; j RI D QRUPHG VSDFH ; LV D %DQDFK VSDFH� DQG
VR WKH VSHFWUXP RI 7 j LV QRQHPSW\� 6LQFH 7 j LV FRPSDFW� ��7 j �QI�J  �p �7 j �QI�J
�)UHGKROP DOWHUQDWLYH�� 0RUHRYHU� LI ; LV LQpQLWH GLPHQVLRQDO� WKHQ VR LV ; j � DQG
KHQFH � � ��7 j � �L�H�� ]HUR OLHV LQ ��7 j � VLQFH DQ LQYHUWLEOH FRPSDFW RSHUDWRU PXVW
DFW RQ D pQLWH�GLPHQVLRQDO VSDFH�� 6XPPLQJ XS� LI 7 LV D ZHDNO\ O�VHQWHQWLDOO\
VXSHUF\FOLF FRPSDFW RSHUDWRU RQ D LQpQLWH�GLPHQVLRQDO QRUPHG VSDFH� WKHQ

��p �7 j � x �� ��7 j �QI�J  �p �7 j �QI�J� DQG � � ��7 j ��
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6LQFH ��p �7 j � x �� HLWKHU �p �7 j �  IyJ IRU y � �� RU �p �7 j � v I�J�

�D� 6XSSRVH �p �7 j �  IyJ IRU VRPH � � y � &� 6LQFH � � ��7 j � DQG ��7 j �QI�J  
�p �7 j �QI�J ZH JHW ��7 j �  I�� yJ� ,I ; LV D %DQDFK VSDFH� WKHQ ��7 � LV D FRPSDFW
QRQHPSW\ VHW VXFK WKDW ��7 �  ��7 j �  I�� yJ �VHH� H�J�� >��� 3URSRVLWLRQ 9,,����@
_ IRU +LOEHUW�VSDFH DGMRLQW WKLV EHFRPHV ��7 �  ��7 j � j  I�� yJ� ZKLFK GRHV QRW
DOWHU WKH QH[W DUJXPHQW�� 7KH VSHFWUXP RI D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUD�
WRU 7 RQ D %DQDFK VSDFH LV VXFK WKDW DOO FRPSRQHQWV RI WKH VSHFWUXP PHHW RQH DQG
WKH VDPH FLUFOH DERXW WKH RULJLQ RI WKH FRPSOH[ SODQH IRU VRPH pQLWH �QRQQHJDWLYH�
UDGLXV� �$JDLQ� WKLV KDV EHHQ YHULpHG IRU VXSHUF\FOLF RSHUDWRUV RQ D +LOEHUW VSDFH
LQ >��� 3URSRVLWLRQ ���@� DQG IRU ZHDNO\ K\SHUF\FOLF RSHUDWRUV RQ D %DQDFK VSDFH
UHJDUGLQJ WKH XQLW FLUFOH LQ >��� 7KHRUHP �@� DQG H[WHQGHG WR ZHDNO\ VXSHUF\FOLF
RSHUDWRUV RQ D %DQDFK VSDFH LQ >�� 3URSRVLWLRQ ���@�� 7KHQ IyJ � I�J FDQQRW EH D
FRPSRQHQW RI ��7 �� DQG KHQFH �p �7 j � � IyJ IRU y � �� OHDGLQJ WR D FRQWUDGLFWLRQ�

�E� 7KXV �p �7 j � v I�J VR WKDW ��7 j �  ��7 �  I�J DQG 7 LV TXDVLQLOSRWHQW�

5HPDUN ���� �D� $ K\SHUF\FOLF RSHUDWRU LV QRW FRPSDFW� DQG WKHUH LV QR VXSHU�
F\FOLF RSHUDWRU RQ D FRPSOH[ QRUPHG VSDFH ZLWK pQLWH GLPHQVLRQ JUHDWHU WKDQ �
>��� 6HFWLRQ �@� 7KHUH DUH� KRZHYHU� FRPSDFW VXSHUF\FOLF RSHUDWRUV RQ D VHSDUDEOH
LQpQLWH�GLPHQVLRQDO FRPSOH[ %DQDFK VSDFH >��� 7KHRUHP � DQG 6HFWLRQ �@�

�E� 7KH 9ROWHUUD RSHUDWRU LV DQ H[DPSOH RI D FRPSDFW TXDVLQLOSRWHQW WKDW LV QRW
VXSHUF\FOLF �DQG VR LW LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� EXW� DFFRUGLQJ WR LWHP
�D� DERYH DQG 7KHRUHPV ���� ���� WKHUH H[LVW TXDVLQLOSRWHQW VXSHUF\FOLF RSHUDWRUV� ,W
ZDV DOVR VKRZ LQ >��� &RUROODU\ ���@ WKDW LI WKH DGMRLQW RI D ELODWHUDO RU RI D XQLODWHUDO
ZHLJKWHG VKLIW RQ C

�
RU RQ C

� Î
KDV D ZHLJKWLQJ VHTXHQFH SRVVHVVLQJ D VXEVHTXHQFH

WKDW JRHV WR ]HUR� WKHQ WKHUH LV DQ LQpQLWH�GLPHQVLRQDO VXEVSDFH ZKRVH DOO QRQ]HUR
YHFWRUV DUH VXSHUF\FOLF IRU LW� ,Q SDUWLFXODU WKLV KDSSHQV IRU ZHLJKWHG VKLIWV ZLWK
ZHLJKWLQJ VHTXHQFHV FRQYHUJLQJ WR ]HUR� DQG VR WKLV KDSSHQV IRU WKH DGMRLQW RI
FRPSDFW TXDVLQLOSRWHQW ZHLJKWHG VKLIWV�
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