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$EVW U DF W � : HDN VX S HU F\ FOLFLW\ LV U HODWHG WR Z HDN VWDE LOLW\ � Z K LFK OHDG V WR WK H
T X HVWLRQ WK DW DVN V Z K HWK HU HY HU \ Z HDN O\ VX S HU F\ FOLF S RZ HU E RX Q G HG RS HU DWRU
LV Z HDN O\ VWDE OH� 7 K LV LV DS S U RDFK HG K HU H E \ LQ Y HVWLJDWLQ J Z HDN O�VHT X HQ WLDO
VX S HU F\ FOLFLW\ IRU + LOE HU W�VS DFH FRQ WU DFWLRQ V WK U RX JK 1 DJ\ ^)ROLD|V^/DQ JHU G H�
FRP S RVLWLRQ � WK X V U HG X FLQ J WK H S U RE OHP WR WK H T X HVW RI FRQ G LWLRQ V IRU D Z HDN O\
O�VHT X HQ WLDOO\ VX S HU F\ FOLF X Q LWDU \ RS HU DWRU WR E H Z HDN O\ VWDE OH� DQ G WK LV LV G RQ H
LQ OLJK W RI E RX Q G HG O\ VS DFHG VX E VHT X HQ FHV�

�� ,QW U RGXF W LRQ

7KH SXUSRVH RI WKLV SDSHU LV WR FKDUDFWHUL]H ZHDN VXSHUF\FOLFLW\ IRU +LOEHUW�VSDFH
FRQWUDFWLRQV� ZKLFK LV VKRZQ WR EH HTXLYDOHQW WR FKDUDFWHUL]LQJ ZHDN VXSHUF\FOLFLW\
IRU XQLWDU\ RSHUDWRUV� 7KLV LV QDWXUDOO\ PRWLYDWHG E\ DQ RSHQ TXHVWLRQ WKDW DVNV
ZKHWKHU HYHU\ ZHDNO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU LV ZHDNO\ VWDEOH �ZKLFK
LQ WXUQ LV QDWXUDOO\ PRWLYDWHG E\ D UHVXOW WKDW DVVHUWV WKDW HYHU\ VXSHUF\FOLF SRZHU
ERXQGHG RSHUDWRU LV VWURQJO\ VWDEOH�� 3UHFLVHO\� ZHDNO\ VXSHUF\FOLFLW\ LV LQYHVWLJDWHG
LQ OLJKW RI ERXQGHGO\ VSDFHG VXEVHTXHQFHV DV GLVFXVVHG LQ /HPPD ���� 7KH PDLQ
UHVXOW LQ 7KHRUHP ��� FKDUDFWHUL]HV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUD�
WRUV 8 WKDW DUH ZHDNO\ XQVWDEOH LQ WHUPV RI ERXQGHGO\ VSDFHG VXEVHTXHQFHV RI WKH
SRZHU VHTXHQFH I8QJ� 5HPDUN ��� VKRZV WKDW FKDUDFWHUL]LQJ DQ\ IRUP RI ZHDN
VXSHUF\FOLFLW\ IRU ZHDNO\ XQVWDEOH XQLWDU\ RSHUDWRUV LV HTXLYDOHQW WR FKDUDFWHUL]LQJ
DQ\ IRUP RI ZHDN VXSHUF\FOLFLW\ IRU ZHDNO\ XQVWDEOH FRQWUDFWLRQV DIWHU WKH 1DJ\^
)RLD|V^/DQJHU GHFRPSRVLWLRQ�

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKLV SDSHU+ GHQRWHV D FRPSOH[ �LQpQLWH�GLPHQVLRQDO� +LOEHUW VSDFH�
DQG %>+@ GHQRWHV WKH %DQDFK DOJHEUD RI DOO RSHUDWRUV RQ + �L�H�� RI DOO ERXQGHG
OLQHDU WUDQVIRUPDWLRQV RI + LQWR LWVHOI�� $Q RSHUDWRU 7 � %>+@ LV SRZHU ERXQGHG LI
VXSQ N7

QN � � �VDPH QRWDWLRQ IRU QRUP LQ + DQG IRU WKH LQGXFHG XQLIRUP QRUP
LQ %>+@�� $Q RSHUDWRU 8 � %>+@ LV XQLWDU\ LI 88e 8e8  ,� ZKHUH , VWDQGV IRU
WKH LGHQWLW\ LQ %>+@ DQG 7 e � %>+@ GHQRWHV WKH DGMRLQW RI DQ RSHUDWRU 7 � %>+@�
$Q RSHUDWRU 7 � %>+@ LV VWURQJO\ VWDEOH RU ZHDNO\ VWDEOH LI WKH +�YDOXHG SRZHU
VHTXHQFH I7Q[JQy� FRQYHUJHV VWURQJO\ �L�H�� LQ WKH QRUP WRSRORJ\� RU ZHDNO\ WR
]HUR IRU HYHU\ [ � +� ,Q RWKHU ZRUGV� LI

7Q[ b� � RU 7Q[
Zb� �

IRU HYHU\ [ � +� ZKLFK PHDQV N7Q[N � � IRU HYHU\ [ � + RU K7Q[ � \L � � IRU HYHU\
[� \ � +� UHVSHFWLYHO\ �FOHDUO\� VWURQJ VWDELOLW\ LPSOLHV ZHDN VWDELOLW\�� /HW

27 �\�  
>

Qy�
7Q\  

j

7Q\ � + � Q y �
k

' DW H� 0DU FK �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 6 X S HU F\ FOLF RS HU DWRU V� Z HDN VX S HU F\ FOLF RS HU DWRU V� Z HDN VWDE LOLW\ �

�
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GHQRWH WKH RUELW RI D YHFWRU \ � + XQGHU DQ RSHUDWRU 7 � %>+@ _ ZH ZULWH
6

Qy�7
Q\

IRU
6

Qy�7
Q�I\J�  

6

Qy�I7
Q\J� 7KH RUELW 27 �$� RI D VHW $ v + XQGHU 7 LV OLNH�

ZLVH GHpQHG� 27 �$�  
6

Qy� 7
Q�$�� ,Q SDUWLFXODU� WKH RUELW RI WKH RQH�GLPHQVLRQDO

VSDFH VSDQQHG E\ \�

27 �VSDQI\J�  
>

Qy�
7Q�VSDQI\J�  

j

o7Q\ � + � o � &� Q y �
k

�

LV UHIHUUHG WR DV WKH SURMHFWLYH RUELW RI D YHFWRU \ � + XQGHU DQ RSHUDWRU 7 � %>+@�
$ QRQ]HUR YHFWRU \ � + LV D VXSHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 � %>+@ LI WKH
SURMHFWLYH RUELW RI \ LV GHQVH LQ + LQ WKH QRUP WRSRORJ\� WKDW LV� LI

27 �VSDQI\J�
b +�

ZKHUH WKH XSSHU EDU b VWDQGV IRU FORVXUH LQ WKH QRUP WRSRORJ\� 7KXV D QRQ]HUR
\ � + LV D VXSHUF\FOLF YHFWRU IRU 7 LI DQG RQO\ LI IRU HYHU\ [ � + WKHUH H[LVWV D
&�YDOXHG VHTXHQFH IoLJLy� �ZKLFK GHSHQGV RQ [ DQG \ DQG FRQVLVWV RI QRQ]HUR
QXPEHUV� VXFK WKDW

oL7
Q �
\ b� [

IRU VRPH VXEVHTXHQFH I7Q �
JLy� RI I7

QJQy�� ,I 7 � %>+@ KDV D VXSHUF\FOLF YHFWRU�
WKHQ LW LV D VXSHUF\FOLF RSHUDWRU� 7KH ZHDN FRXQWHUSDUW RI WKH DERYH FRQYHUJHQFH
FULWHULRQ UHDGV DV IROORZV� $ QRQ]HUR YHFWRU \ � + LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHU�

F\FOLF YHFWRU IRU DQ RSHUDWRU 7 � %>+@ LI IRU HYHU\ [ � + WKHUH H[LVWV D &�YDOXHG
VHTXHQFH IoLJLy� �ZKLFK GHSHQGV RQ [ DQG \ DQG FRQVLVWV RI QRQ]HUR QXPEHUV� VXFK
WKDW� IRU VRPH VXEVHTXHQFH I7Q �

JLy� RI I7
QJQy��

oL7
Q �
\

Zb� [�

$Q RSHUDWRU 7 LQ %>+@ LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI LW KDV D ZHDNO\ O�VH�
TXHQWLDOO\ VXSHUF\FOLF YHFWRU� $Q HTXLYDOHQW GHpQLWLRQ UHDGV DV IROORZV� 7KH ZHDN
OLPLW VHW RI 27 �VSDQI\J� LV WKH VHW FRQVLVWLQJ RI DOO ZHDN OLPLWV RI ZHDNO\ FRQYHUJHQW
27 �VSDQI\J��YDOXHG VHTXHQFHV� DQG D RSHUDWRU 7 � %>+@ LV ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF LI WKHUH H[LVWV D YHFWRU \ � + �FDOOHG D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
YHFWRU IRU 7 � IRU ZKLFK WKH ZHDN OLPLW VHW RI 27 �VSDQI\J� LV HTXDO WR +�

6HYHUDO IRUPV RI ZHDN VXSHUF\FOLFLW\� LQFOXGLQJ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\�
KDYH UHFHQWO\ EHHQ LQYHVWLJDWHG LQ >��� ��� �� ��� ��� �� �� ��@� $Q RSHUDWRU 7 � %>+@
LV ZHDNO\ VXSHUF\FOLF LI WKHUH H[LVWV D YHFWRU \ � + �FDOOHG D ZHDNO\ VXSHUF\FOLF YHFWRU

IRU 7 � VXFK WKDW WKH SURMHFWLYH RUELW 27 �VSDQI\J� LV ZHDNO\ GHQVH LQ + �L�H�� GHQVH
LQ WKH ZHDN WRSRORJ\ RI +�� $ VHW $ v + LV ZHDNO\ VHTXHQWLDOO\ FORVHG LI HYHU\
$�YDOXHG ZHDNO\ FRQYHUJHQW VHTXHQFH KDV LWV OLPLW LQ LW� DQG WKH ZHDN VHTXHQWLDO
FORVXUH RI $ LV WKH VPDOOHVW ZHDNO\ VHTXHQWLDOO\ FORVHG VHW �L�H�� WKH LQWHUVHFWLRQ RI
DOO ZHDNO\ VHTXHQWLDOO\ FORVHG VHWV� LQFOXGLQJ $� $Q RSHUDWRU 7 � %>+@ LV ZHDNO\
VHTXHQWLDOO\ VXSHUF\FOLF LI WKHUH H[LVWV D YHFWRU \ � + �FDOOHG D ZHDNO\ VHTXHQWLDOO\

VXSHUF\FOLF YHFWRU IRU 7 � IRU ZKLFK WKH ZHDN VHTXHQWLDO FORVXUH RI 27 �VSDQI\J� LV
HTXDO WR +� 2EVHUYH WKDW

VXSHU F \F O LF LW \  � Z HDN O �VHTXHQW LDO  � Z HDN VHTXHQW LDO  � Z HDN �
VXSHU F \F O LF LW \ VXSHU F \F O LF LW \ VXSHU F \F O LF LW \

DQG WKH UHYHUVH LPSOLFDWLRQV IDLO �VHH� H�J�� >��� SS������@� >�� SS��������@��

7KH QRWLRQ RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ ZDV LQWURGXFHG H[SOLFWO\ LQ >�@ DQG
LPSOLFLWO\ LQ >�@� DQG LQYHVWLJDWHG LQ >��@ ZKR LQWURGXFHG D WHUPLQRORJ\ VLPLODU WR
WKH RQH DGRSWHG KHUH �ZH XVH WKH OHWWHU ?O� IRU ?OLPLW� LQ VWHDG RI WKH QXPHUDO ?��
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XVHG LQ >��@�� 6XSHUF\FOLFLW\ IRU DQ RSHUDWRU 7 LPSOLHV ZHDN VXSHUF\FOLFLW\� ZKLFK LQ
WXUQ LPSOLHV WKH RSHUDWRU 7 DFWV RQ D VHSDUDEOH VSDFH �VHH� H�J�� >�� 6HFWLRQ �@�� DQG
VR VHSDUDELOLW\ IRU + LV D FRQVHTXHQFH RI DQ\ IRUP RI VXSHUF\FOLFLW\ IRU 7 � LQFOXGLQJ
ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\�

�� $Q $X[LO LDU \ 5HVXO W

/HW IQJQy� GHQRWH WKH VHOI�LQGH[LQJ RI WKH VHW RI DOO QRQQHJDWLYH LQWHJHUV 1� H�
TXLSSHG ZLWK WKH QDWXUDO RUGHU� $ VXEVHTXHQFH �LQ IDFW� D VXEVHW� IQNJNy� RI IQJQy�

LV RI ERXQGHG LQFUHPHQWV �RU KDV ERXQGHG JDSV� LI VXSNy��QN � � b QN� � �� �,QWHJHU
VHTXHQFHV RI ERXQGHG LQFUHPHQWV KDYH EHHQ XVHG LQ >��@ WRZDUGV ZHDN VWDELOLW\��
:H VD\ D VXEVHTXHQFH I$Q � J RI DQ\ VHTXHQFH I$QJ LV ERXQGHGO\ VSDFHG LI LW LV
LQGH[HG E\ D VXEVHTXHQFH RI ERXQGHG LQFUHPHQWV �L�H�� I$Q � J LV ERXQGHGO\ VSDFHG
LI VXSN �QN � � b QN� � ���

$ YHFWRU \ � + LV D FROODSVLQJ YHFWRU IRU DQ RSHUDWRU 7 � %>+@ LI WKH RUELW RI
\ XQGHU 7 PHHWV WKH RULJLQ �L�H� LI 7Q\  � IRU VRPH Q y ��� 2WKHUZLVH ZH VD\ \

LV D QRQFROODSVLQJ YHFWRU IRU 7 �L�H�� LI 7Q\ � � IRU HYHU\ Q y ��� ,I WKHUH H[LVWV D
FROODSVLQJ YHFWRU IRU DQ RSHUDWRU� WKHQ ZH VD\ WKH RSHUDWRU KDV D FROODSVLQJ RUELW �

,I WKHUH H[LVWV D QRQFROODSVLQJ YHFWRU IRU DQ RSHUDWRU� WKHQ ZH VD\ WKH RSHUDWRU
KDV D QRQFROODSVLQJ RUELW � ,W LV FOHDU WKDW D FROODSVLQJ RUELW LV D pQLWH VHW� DQG VR
D ZHDNO\ VXSHUF\FOLF RSHUDWRU KDV D QRQFROODSVLQJ RUELW� 0RUHRYHU� 7 KDV D QRQ�
FROODSVLQJ RUELW LI DQG RQO\ LI LWV DGMRLQW 7 e KDV� �,QGHHG� HYHU\ YHFWRU LV FROODSVLQJ
IRU 7 LI DQG RQO\ LI HYHU\ YHFWRU LV FROODSVLQJ IRU 7 e� WKDW LV� IRU HYHU\ \ � + WKHUH
H[LVWV DQ Q y � VXFK WKDW 7Q\  � LI DQG RQO\ LI K7Q\ � ]L  � IRU HYHU\ \� ] � + IRU
VRPH Q y �� ZKLFK PHDQV K\ �7 eQ]L  � IRU HYHU\ \� ] � + IRU VRPH Q y �� ZKLFK LV
HTXLYDOHQW WR VD\LQJ 7 eQ]  � IRU HYHU\ ] � + IRU VRPH Q y ���

/HPPD ���� 7DNH DQ DUELWUDU\ RSHUDWRU 7 � %>+@ DQG DQ DUELWUDU\ QRQ]HUR YHFWRU

[ � +� /HW I7Q � J EH DQ\ VXEVHTXHQFH RI WKH SRZHU VHTXHQFH I7QJ DQG OHW 3L DQG

3 �
L IRU L  �� � VWDQG IRU WKH IROORZLQJ SURSHUWLHV�

3� � 7Q[
Zb� ��

3 �
� � 7

Q � [
Zb� ��

3� � OLP LQIQ MK7
Q[ � ]LM ! � IRU VRPH ] � +�

3 �
� � OLP LQIN MK7

Q � [ � ]LM ! � IRU VRPH ] � +�

0RUHRYHU� LI 7 KDV D QRQFROODSVLQJ RUELW� WKHQ FRQVLGHU WKH IROORZLQJ DGGLWLRQDO

SURSHUWLHV ZKLFK KROG ZKHQHYHU 7 LV D SRZHU ERXQGHG RSHUDWRU�

3� � OLP VXSQ MK7
Q[ � ]LM � q N[N N]N IRU VRPH q ! � IRU HYHU\ QRQFROODSVLQJ YHFWRU

] IRU 7 e�

3 �
� � OLP VXSN MK7

Q � [ � ]LM � q�N[N N]N IRU VRPH q� ! � IRU HYHU\ QRQFROODSVLQJ YHF�

WRU ] IRU 7 e�

�ZKHUH q DQG q� PD\ GHSHQG RQ [� DQG q�  q LI 7 LV D FRQWUDFWLRQ�

&ODLP� )RU HDFK L  �� �� � WKH DVVHUWLRQV EHOORZ DUH SDLUZLVH HTXLYDOHQW�

�D� 3L KROGV�

�E� 3 �
L KROGV IRU VRPH ERXQGHGO\ VSDFHG VXEVHTXHQFH I7Q � J RI I7QJ�

�F� 3 �
L KROGV IRU HYHU\ ERXQGHGO\ VSDFHG VXEVHTXHQFH I7Q � J RI I7QJ�

3URRI� :H VSOLW WKH SURRI LQWR � SDUWV�
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3DUW �� /HW IoQ � J EH D ERXQGHGO\ VSDFHG �LQpQLWH� VXEVHTXHQFH RI DQ �LQpQLWH� VH�
TXHQFH RI FRPSOH[ QXPEHUV IoQJ� OHW o EH DQ DUELWUDU\ FRPSOH[ QXPEHU� DQG OHW p

DQG q EH DUELWUDU\ QRQQHJDWLYH DQG SRVLWLYH UHDO QXPEHUV� UHVSHFWLYHO\ �

�D�� oQ � � M � o DV N � � IRU HYHU\ M y � LI DQG RQO\ LI oQ � o DV Q � ��

�E�� OLP LQIN MoQ � � Mb oM ! p IRU HYHU\ M y � LI DQG RQO\ LI OLP LQIQ MoQ b oM ! p�

�F�� OLP VXSN MoQ � � Mb oM � q IRU HYHU\ M y � LI DQG RQO\ LI OLP VXSQ MoQ b oM � q�

3URRI RI 3DUW �� 7KLV LV DQ HDV\ FRQVHTXHQFH RI WKH HOHPHQWDU\ IDFW WKDW LI IQNJNy�

LV RI ERXQGHG LQFUHPHQWV ZLWK 0  VXSN�QN � � b QN�� WKHQ
6

M � >��0 @IQN � MJNy�  

IQJQy�  1�� e

3DUW �� 7DNH DQ\ [ � + DQG OHW I7Q � J EH D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI I7QJ�

�D�� K7Q � [ � ]L � � IRU HYHU\ ] � + LI DQG RQO\ LI K7Q[ � ]L � � IRU HYHU\ ] � +

�L�H�� 7Q � [
Zb� � LI DQG RQO\ LI 7Q[

Zb� ���

�E�� OLP LQIN MK7
Q � [ � ]LM ! � IRU VRPH ] � + LI DQG RQO\ LI OLP LQIQ MK7

Q[ � ]LM ! �
IRU VRPH ] � +�

,I 7 LV SRZHU ERXQGHG DQG KDV D QRQFROODSVLQJ RUELW� WKHQ

�F�� OLP VXSN MK7
Q � [ � ]LM�qN[NN]N IRU HYHU\ QRQFROODSVLQJ YHFWRU ] IRU 7 e LI DQG

RQO\ LI OLP VXSQ MK7
Q[ � ]LM�q�N[NN]N IRU HYHU\ QRQFROODSVLQJ YHFWRU ] IRU 7 e�

IRU VRPH q� q� ! � ZKHUH q�  q LI 7 LV D FRQWUDFWLRQ�

3URRI RI 3DUW �� /HW I7Q � J EH D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI I7QJ VR WKDW
IK7Q � [ � ]LJ LV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI IK7Q[ � ]LJ IRU [� ]�+� 5HFDOO�
7P� Q  7P7Q IRU HYHU\ P�Q y �� 7DNH [� \ � + DUELWUDU\ VR WKDW IRU HDFK M y �

K7Q � � M[ � \L  K7Q � [ �7 eM\L�

/HW [ EH DQ DUELWUDU\ YHFWRU LQ +�

�D�� 6XSSRVH K7
Q � [ � ]L � � IRU HYHU\ ] � +� ,Q SDUWLFXODU� K7Q � [ � ]L � � IRU HYHU\

] � 27 � �\� IRU HYHU\ \ � +� 7KLV PHDQV K7Q � [ �7 eM\L � � IRU HYHU\ M y � DQG HYHU\
\ � +� WKDW LV� K7Q � � M[ � \L � � IRU HYHU\ M y � DQG HYHU\ \ � +� 7KLV LV HTXLYDOHQW
WR K7Q[ � \L � � IRU HYHU\ \ � + E\ �D�� LQ 3DUW �� 7KH FRQYHUVH LV WULYLDO�

�E�� :H SURYH �E�� FRQWUDSRVLWLYHO\� 6XSSRVH OLP LQIN MK7
Q � [ � ]LM  � IRU HYHU\ ]

LQ +� 7KHQ OLP LQIN MK7
Q � [ � ]LM  � IRU HYHU\ ] LQ 27 � �\� DQG HYHU\ \ LQ +� ZKLFK

PHDQV OLP LQIN MK7
Q � � M[ � \LM  � IRU HYHU\ M y � DQG HYHU\ \ � +� %\ �E�� LQ 3DUW �

WKLV LV HTXLYDOHQW WR OLP LQIQ MK7
Q[ � \LM  � IRU HYHU\ \ � +� 7KH FRQYHUVH LV WULYLDO�

�F�� /HW 7 � %>+@ EH D SRZHU ERXQGHG RSHUDWRU ZLWK D QRQFROODSVLQJ RUELW �DQG VR
LWV DGMRLQW KDV D QRQFROODSVLQJ RUELW DV ZHOO�� 7DNH DQ DUELWUDU\ SRVLWLYH QXPEHU q�
6XSSRVH OLP VXSN MK7

Q � [ � \LM � qN[NN\N IRU HYHU\ QRQFROODSVLQJ YHFWRU \ � + IRU 7 e

�L�H�� IRU HYHU\ YHFWRU \ VXFK WKDW 7 eM\ � � IRU HYHU\ M y � _ VXFK YHFWRUV GR H[LVW
VLQFH 7 e KDV D QRQFROODSVLQJ RUELW�� 7DNH DQ DUELWUDU\ QRQFROODSVLQJ YHFWRU \ IRU 7 e

DQG DQ DUELWUDU\ ] � 27 � �\� VR WKDW � � ]  7 eM\ IRU VRPH M y � DQG KHQFH 7 eL]  
7 e�M � L�\ � � IRU HYHU\ L y �� ZKLFK PHDQV ] LV D QRQFROODSVLQJ YHFWRU IRU 7 e DV ZHOO�
7KXV OLP VXSN MK7

Q � [ � ]LM � qN[NN]N IRU HYHU\ ] � 27 � �\� DQG HYHU\ QRQFROODSVLQJ
YHFWRU \ IRU 7 e� 7KLV LPSOLHV OLP VXSN MK7

Q � � M[ � \LM  OLP VXSN MK7
Q � [ �7 eM\LM �

qN[NN7 eM\N x q�N[NN\N IRU HYHU\ M y � ZKHQHYHU \ LV DQ DUELWUDU\ QRQFROODSVLQJ
YHFWRU IRU 7 e �VLQFH N7 eM\N � � HYHU\ M y �� ZLWK q� y q VXSQ N7

QN �VLQFH 7 LV
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SRZHU ERXQGHG _ LI 7 LV D FRQWUDFWLRQ VR WKDW VXSQ N7QN x � WKHQ ZH PD\ WDNH
q�  q�� 7KHUHIRUH OLP VXSQ MK7

Q[ � \LM � q�N[NN\N IRU HYHU\ QRQFROODSVLQJ YHFWRU \
IRU 7 e E\ �F�� LQ 3DUW �� $JDLQ WKH FRQYHUVH LV WULYLDO� e
7KXV WKH FODLPHG HTXLYDOHQFHV LQ �D�� �E� DQG �F� IROORZ IURP 3DUW � VLQFH I7Q � J
ZDV WDNHQ WR EH DQ DUELWUDU\ ERXQGHGO\ VSDFHG VXEVHTXHQFH RI I7QJ�

/HPPD ��� LV QDWXUDOO\ H[WHQGHG WR QRUPHG VSDFHV E\ UHSODFLQJ LQQHU SURGXFW
ZLWK GXDO SDLUV� DQG +LOEHUW�VSDFH DGMRLQWV ZLWK QRUPHG�VSDFH DGMRLQWV�

�� : HDN 6XSHU F \F O LF LW \ DQG : HDN VW DELO LW \

,W ZDV VKRZQ LQ >�� 7KHRUHP ���@ WKDW LI D SRZHU ERXQGHG RSHUDWRU RQ D %DQDFK

VSDFH LV VXSHUF\FOLF� WKHQ LW LV VWURQJO\ VWDEOH� 6XFK D UHVXOW QDWXUDOO\ SURPSWV
WKH TXHVWLRQ� GRHV ZHDN VXSHUF\FOLFLW\ LPSO\ ZHDN VWDELOLW\ IRU SRZHU ERXQGHG RSHUD�

WRUV" 7KH TXHVWLRQ ZDV SRVHG DQG LQYHVWLJDWHG LQ >�@� DQG UHPDLQV XQDQVZHUHG HYHQ
LI %DQDFK�VSDFH SRZHU ERXQGHG RSHUDWRUV DUH UHVWULFWHG WR +LOEHUW�VSDFH FRQWUDF�
WLRQV� ZKHUH WKH SUREOHP LV HTXLYDOHQWO\ VWDWHG IRU XQLWDU\ RSHUDWRUV �VHH 5HPDUN
��� EHORZ�� DQG DOVR LI ZHDN VXSHUF\FOLFLW\ LV VWUHQJWKHQHG WR ZHDN O�VHTXHQWLDO
VXSHUF\FOLFLW\� GRHV WKHUH H[LVW D ZHDNO\ XQVWDEOH DQG ZHDNO\ O�VHTXHQWLDOO\ VXSHU�

F\FOLF XQLWDU\ RSHUDWRU"

1R XQLWDU\ RSHUDWRU LV VXSHUF\FOLF �UHDVRQ� QR %DQDFK�VSDFH LVRPHWU\ LV VXSHU�
F\FOLF >�� 3URRI RI 7KHRUHP ���@� DQG� LQ DGGLWLRQ WR WKLV� QR +LOEHUW�VSDFH K\SRQRU�
PDO RSHUDWRU LV VXSHUF\FOLF >�� 7KHRUHP ���@� %XW WKH H[LVWHQFH RI ZHDNO\ VXSHU�
F\FOLF �ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� DFWXDOO\� XQLWDU\ RSHUDWRUV ZDV VKRZQ LQ
>�� ([DPSOH ���� SS������@ �DOVR VHH >��� 4XHVWLRQ �@�� DQG WKH H[LVWHQFH RI ZHDNO\
VXSHUF\FOLF XQLWDU\ RSHUDWRUV WKDW DUH QRW O�VHTXHQWLDOO\ VXSHUF\FOLF ZDV VKRZQ LQ
>��� 3URSRVLWLRQ ��� DQG 7KHRUHP ���@� 1H[W ZH FRQVLGHU LQ 7KHRUHP ��� WKH FDVH RI
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV 8 WKDW DUH QRW ZHDNO\ VWDEOH LQ
OLJKW RI ERXQGHGO\ VSDFHG VXEVHTXHQFHV RI WKH SRZHU VHTXHQFH I8QJ� ZKRVH SURRI
DSSOLHV >�� 7KHRUHP ���@ DQG /HPPD ����

7KHRUHP ���� ,I D XQLWDU\ RSHUDWRU 8 RQ D +LOEHUW VSDFH + LV ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF EXW QRW ZHDNO\ VWDEOH� WKHQ WKHUH H[LVWV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF

YHFWRU \ � + IRU 8 VXFK WKDW 8Q\
Zb�� �� 0RUHRYHU� IRU HYHU\ ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF YHFWRU \ � + IRU 8 HLWKHU

�D� OLP LQIQ MK8
Q � \ � ]LM  � IRU HYHU\ �HTXLYDOHQWO\� IRU VRPH� ERXQGHGO\ VSDFHG

VXEVHTXHQFH I8Q � J RI I8QJ� RU

�E� OLP VXSN MK8
Q � \ � ]LM � N]NN\N IRU VRPH VXEVHTXHQFH I8Q � J RI I8QJ�

)XUWKHUPRUH� LI �D� IDLOV DQG LI WKH VXEVHTXHQFH LQ �E� LV ERXQGHGO\ VSDFHG� WKHQ

� � OLP LQI
Q

MK8Q\ � ]LM � OLP VXS
Q

MK8Q\ � ]LM � N]NN\N�

3URRI� :H EHJLQ ZLWK D GHpQLWLRQ� $ QRUPHG VSDFH ; LV VDLG WR EH RI W\SH � LI VWURQJ
FRQYHUJHQFH �L�H�� FRQYHUJHQFH LQ WKH QRUP WRSRORJ\� IRU DQ DUELWUDU\ ; �YDOXHG VH�
TXHQFH I[NJ FRLQFLGHV ZLWK ZHDN FRQYHUJHQFH SOXV FRQYHUJHQFH RI WKH QRUP VHTXHQFH
IN[NNJ �L�H�� [N b� [ ��

j

[N
Zb� [ DQG N[NN � N[N

k

_DOVR FDOOHG5DGRQ^5LHV]
VSDFH DQG WKH 5DGRQ^5LHV] SURSHUW\ � UHVSHFWLYHO\�� (YHU\ +LOEHUW VSDFH LV D %DQDFK
VSDFH RI W\SH ��
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3DUW �� ,I D SRZHU ERXQGHG RSHUDWRU 7 RQ D W\SH � QRUPHG VSDFH ; LV ZHDNO\

O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ HLWKHU

�L� 7 LV ZHDNO\ VWDEOH� RU

�LL� WKH VHW
07  

j

\ � ; � \ LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF

YHFWRU IRU 7 VXFK WKDW 7Q\
Zb�� �

k

LV QRQHPSW\� DQG LI \ LV DQ\ YHFWRU LQ 07 � WKHQ IRU HYHU\ QRQ]HUR I � ; e

VXFK WKDW I�7Q\� �� � HLWKHU

�D�� OLP LQIQ MI�7
Q\�M  �� RU

�E�� OLP VXSN MI�7
Q � \�M � NINOLP VXSN N7

Q � \N IRU VRPH VXEVHTXHQFH

I7Q � J RI I7QJ�

�:KHUH ; e VWDQGV IRU WKH GXDO RI ; �� 7KLV LV 7KHRUHP ��� IURP >�@� ,I D YHFWRU
\ � ; LV VXFK WKDW 7Q\

Zb� �� WKHQ �D�� LV WDXWRORJLFDOO\ VDWLVpHG IRU HYHU\ I � ; e�
DQG KHQFH DOWHUQDWLYH �LL� FDQ EH UHZULWWHQ DV

�LL� LI \ � ; LV DQ\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7� WKHQ IRU DQ

DUELWUDU\ I � ; e HLWKHU �D�� RU �E�� KROGV WUXH�

,I ;  + LV D +LOEHUW VSDFH DQG LI 7 LV D FRQWUDFWLRQ� WKHQ 7  & j 8 LV XQLTXHO\
D GLUHFW VXP RI D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ & DQG D XQLWDU\ RSHUDWRU 8
�ZKHUH DQ\ RI WKH WKHVH GLUHFW VXPPDQGV PD\ EH PLVVLQJ� E\ 1DJ\^)RLD|V^/DQJHU
GHFRPSRVLWLRQ IRU +LOEHUW�VSDFH FRQWUDFWLRQV �VHH� H�J�� >��� S��@ RU >�� S���@�� 6LQFH
HYHU\ FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LV ZHDNO\ VWDEOH �VHH� H�J�� >�� S���@ RU >��
S����@�� WKH DERYH UHVXOW ZKHQ UHVWULFWHG WR FRQWUDFWLRQV LV HTXLYDOHQW WR WKH FDVH
RI SODLQ XQLWDU\ RSHUDWRUV� DQG WKLV LV VWDWHG DV IROORZV� ,I D XQLWDU\ RSHUDWRU 8 RQ

D +LOEHUW VSDFH + LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ HLWKHU

�L� 8 LV ZHDNO\ VWDEOH� RU

�LL� LI \ � + LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 8� WKHQ IRU DQ DUEL�

WUDU\ ] � + HLWKHU

�D��� OLP LQIQ MK8
Q\ � ]LM  �� RU

�E� OLP VXSN MK8
Q � \ � ]LM � N]NN\N IRU VRPH VXEVHTXHQFH I8Q � J RI I8QJ�

�%HFDXVH WKH FRPSOHWHO\ QRQXQLWDU\ SDUW RI DQ\ FRQWUDFWLRQ LV QHFHVVDULO\ ZHDNO\
VWDEOH� DQG XQLWDU\ RSHUDWRUV DUH LVRPHWULHV��

3DUW �� 6XSSRVH D XQLWDU\ RSHUDWRU 8 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF DQG QRW
ZHDNO\ VWDEOH� /HW \ EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 8� 7KXV HLWKHU
�D��� RU �E� KROGV� %XW SURSHUW\ �D��� KROGV LI DQG RQO\ LI �IRU DQ DUELWUDU\ ] � +�

�D� OLP LQIN MK8
Q � \ � ]LM  � IRU HYHU\ �HTXLYDOHQWO\� IRU VRPH�

ERXQGHGO\ VSDFHG VXEVHTXHQFH I8Q � J RI I8QJ�

,QGHHG� E\ /HPPD ����3�� 3
�
� � OLP LQIQ MK8

Q\ � ]LM  � IRU HYHU\ ] � + LI DQG RQO\ LI
OLP LQIN MK8

Q � \ � ]LM  � IRU HYHU\ ] � + IRU HYHU\ �HTXLYDOHQWO\� IRU VRPH� ERXQGHGO\
VSDFHG VXEVHTXHQFH I8Q � J RI I8QJ� +HQFH �D��� KROGV LI DQG RQO\ LI �D� KROGV� 2Q
WKH RWKHU KDQG� LI �D��� IDLOV� WKHQ �E� KROGV� 7KXV VXSSRVH �D��� IDLOV� HTXLYDOHQWO\�
VXSSRVH �D� IDLOV� )L[ DQ DUELWUDU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ � +
IRU 8 IRU ZKLFK �D��� IDLOV VR WKDW �E� KROGV� 6LQFH 8 LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHU�
F\FOLF RSHUDWRU� LW KDV D QRQFROODSVLQJ YHFWRU� DQG VR KDV 8e� /HW ] � + EH DQ
DUELWUDU\ QRQFROODSVLQJ YHFWRU IRU 8e� 1RZ VXSSRVH �E� KROGV IRU VRPH ERXQGHGO\

VSDFHG VXEVHTXHQFH� 7KHQ /HPPD ����3�� 3
�
� � �ZLWK q  q�  �� HQVXUHV
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� � OLP LQI
Q

MK8Q\ � ]LM x OLP VXS
Q

MK8Q\ � ]LM � N]NN\N

�VLQFH �D��� IDLOV�� ,I
OLP LQI

Q

MK8Q\ � ]LM  OLP VXS
Q

MK8Q\ � ]LM�

WKHQ IMK8Q\ � ]LMJ FRQYHUJHV WR D SRVLWLYH QXPEHU o�\� ]��

MK8Q\ � ]LM � o�\� ]��

6LQFH \ LV DQ O�VHTXHQWLDOO\ ZHDNO\ VXSHUF\FOLF YHFWRU IRU 8� IRU HDFK [ � + WKHUH H[�
LVWV D VFDODU VHTXHQFH IoL�\� [�J VXFK WKDW oL�\� [�8

Q �
\

Zb� [ IRU VRPH VXEVHTXHQFH
I8Q �

JLy� RI I8
QJQy�� ZKLFK LPSOLHV

MoL�\� [�M MK8
Q �
\ �ZLM � MK[ �ZLM

IRU HYHU\ Z � +� +HQFH� VLQFH MK8Q\ � ]LM � o�\� ]� � ��

MoL�\� [�M �
MK[ �]LM
o�\�]�

IRU HYHU\ [ � +� ZKLFK LV D FRQWUDGLFWLRQ EHFDXVH oL�\� [� GRHV QRW GHSHQG RQ ] DQG
o�\� ]� GRHV QRW GHSHQG RQ [� �,QGHHG� VLQFH ] ZDV WDNHQ WR EH DQ DUELWUDU\ QRQ�
FROODSVLQJ YHFWRU IRU 8� WKH DERYH OLPLW KROGV IRU HYHU\ VXFK D ] DQG HYHU\ [ � +�
DQG VR WDNH [ � + DQG D SDLU RI QRQFROODSVLQJ YHFWRUV ]� ]� IRU 8e VXFK WKDW [ LV
RUWKRJRQDO WR ] EXW QRW WR ]��� 2XWFRPH�

OLP LQI
Q

MK8Q\ � ]LM � OLP VXS
Q

MK8Q\ � ]LM�

7KHUHIRUH� LI WKH VXEVHTXHQFH LQ �E� LV ERXQGHGO\ VSDFHG� WKHQ

� � OLP LQI
Q

MK8Q\ � ]L � OLP VXS
Q

MK8Q\ � ]LM � N]NN\N�

5HPDUN ���� $V ZH VDZ LQ WKH SURRI RI 7KHRUHP ���� WKH 1DJ\^)RLD|V^/DQJHU GH�
FRPSRVLWLRQ IRU FRQWUDFWLRQV RQ D +LOEHUW VSDFH+ VD\V WKDW+ DGPLWV DQ RUWKRJRQDO
GHFRPSRVLWLRQ+  8 "j 8 � ZKHUH D FRQWUDFWLRQ 7  & j 8 LV XQLTXHO\ D GLUHFW VXP
RI D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ &  7 M 8 � � %> 8 @ DQG D XQLWDU\ RSHUDWRU
8  7 M 8 � %> 8 @� ZKHUH & LV WKH FRPSOHWHO\ QRQXQLWDU\ SDUW RI 7 DQG 8 LV WKH
XQLWDU\ SDUW RI 7 �DQ\ RI WKH WKHVH SDUFHOV PD\ EH PLVVLQJ��0RUHRYHU� D FRPSOHWHO\
QRQXQLWDU\ FRQWUDFWLRQ LV ZHDNO\ VWDEOH �VHH� H�J�� >�� SS�������@�� 7KXV D +LOEHUW�
VSDFH FRQWUDFWLRQ 7 LV QRW ZHDNO\ VWDEOH LI DQG RQO\ LI LW KDV D �QRQWULYLDO� XQLWDU\
SDUW 8 ZKLFK LV QRW ZHDNO\ VWDEOH �DQG VR N7N  N8N  ��� 7KHUHIRUH WKH TXHVWLRQ
?GRHV ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU D +LOEHUW�VSDFH FRQWUDFWLRQ LPSOLHV ZHDN

VWDELOLW\"� LV HTXLYDOHQW WR WKH TXHVWLRQ ?GRHV ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU D

XQLWDU\ RSHUDWRU LPSOLHV ZHDN VWDELOLW\"�

5HI HU HQF HV

�� 6 �,� $ Q VDU L DQ G 3 �6 � % RX U G RQ � 6 RPH SU RSHU W LHV RI F\ FOLF RSHU DW RU V� $ FWD 6 FL� 0DWK � �6 ]HJHG �
�� ������� ���^����

�� )� % D\ DU W DQ G ( � 0DWK HU RQ � + \ SRQ RU PDO RSHU DW RU V� Z HLJKW HG VKLIW V DQ G Z HDN IRU PV RI VXSHU �

F\ FOLFLW \ � 3 U RF� ( G LQ E � 0DWK � 6 RF� �� ������� �^���
�� )� % D\ DU W DQ G ( � 0DWK HU RQ � ' \ Q DPLFV RI / LQ HDU 2SHU DW RU V� & DP E U LG JH 8 Q LY HU VLW\ 3 U HVV�

& DP E U LG JH� �����
�� - � % HV� .�& � & K DQ � DQ G 5� 6 DQ G HU V� ( YHU \ Z HDNO\ VHTXHQ W LDOO\ K\ SHU F\ FOLF VKLIW LV Q RU P K\ �

SHU F\ FOLF� 0DWK � 3 U RF� 5� ,U � $ FDG � ���$ ������� ��^���
�� 3 �6 � % RX U G RQ � 2U ELW V RI K\ SRQ RU PDO RSHU DW RU V� 0LFK LJDQ 0DWK � - � �� ������� ���^����
�� 3 �$ � )LOOP RU H� 1 RW HV RQ 2SHU DW RU 7 KHRU \ � 9 DQ 1 RVWU DQ G � 1 HZ < RU N � �����
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�� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ % LU N �
K �DX VHU � % RVWRQ � �����

�� & �6 � .X E U X VO\ � 6 LQ JXODU � FRQ W LQ XRXV XQ LW DU LHV DQ G Z HDN G\ Q DPLFV� 0DWK � 3 U RF� 5� ,U � $ FDG �

���$ ������� ��^���
�� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q Z HDN VXSHU F\ FOLFLW \ , � 0DWK � 3 U RF� 5� ,U � $ FDG �� ���$

������� ��^���
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q Z HDN VXSHU F\ FOLFLW \ ,, � & ]HFK RVORY DN 0DWK � - � �� �������

���^����
��� & �6 � .X E U X VO\ DQ G 3 �& �0� 9 LHLU D� & RQ YHU JHQ FH DQ G GHFRPSRVLW LRQ IRU W HQ VRU SU RGXFW V RI

+ LOEHU W VSDFH RSHU DW RU V� 2S HU � 0DWU LFHV � ������� ���^����
��� $ � 0RQ WHV�5RG U wtJX HV DQ G 6 �$ � 6 K N DU LQ � 1 RQ � Z HDNO\ VXSHU F\ FOLF RSHU DW RU V� - � 2S HU DWRU 7 K HRU \

�� ������� ��^���
��� 5� 6 DQ G HU V� : HDNO\ VXSHU F\ FOLF RSHU DW RU V� - � 0DWK � $ Q DO� $ S S O� ��� ������� ���^����
��� 5� 6 DQ G HU V� $ Q LVRPHW U LF ELODW HU DO VKLIW W KDW LV Z HDNO\ VXSHU F\ FOLF� ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU

7 K HRU \ �� ������� ���^����
��� 6 � 6 K N DU LQ � 1 RQ � VHTXHQ W LDO Z HDN VXSHU F\ FOLFLW \ DQ G K\ SHU F\ FOLFLW \ � - � )X Q FW� $ Q DO� ��� �������

��^���
��� % � 6 ]��1 DJ\ � & � )RLD|V� + � % HU FRY LFL DQ G /� .wHU FK \ � + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W

6 SDFH� 6 S U LQ JHU � 1 HZ < RU N � ����� HQ ODU JHG �Q G HG Q � RI % � 6 ]��1 DJ\ DQ G & � )RLD|V� 1 RU WK �
+ ROODQ G � $ P VWHU G DP � �����

$SSO LHG 0 DW KHP DW LF V 'HSDU W P HQW � ) HGHU DO 8QLYHU VLW \� 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORVNXEUXVO\#JPDLO�FRP

1DW LRQDO /DERU DW RU \ I RU 6F LHQW LI LF & RP SXW DW LRQ� 3HW U wRSRO LV� 5-� %U D] LO

( � PDLO DGGU HVV� SDXORFP#OQFF�EU


