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$EVW U DF W � 7 K H S X U S RVH RI WK LV S DS HU LV WR JLY H D VX U Y H\ RQ WK H Q RWLRQ V RI G LV�
WDQ FH E HWZ HHQ VX E VHWV HLWK HU RI D P HWU LF VS DFH RU RI D P HDVX U H VS DFH� LQ FOX G LQ J
G Hp Q LWLRQ V� D FODVVLp FDWLRQ � DQ G D G LVFX VVLRQ RI WK H E HVW�N Q RZ Q G LVWDQ FH IX Q F�
WLRQ V� Z K LFK LV IROORZ HG E \ D U HY LHZ RQ DS S OLFDWLRQ V X VHG LQ P DQ \ DU HDV RI
N Q RZ OHG JH� U DQ JLQ J IU RP WK HRU HWLFDO WR S U DFWLFDO DS S OLFDWLRQ V�

�� ,QW U RGXF W LRQ

'LVWDQFHV EHWZHHQ VXEVHWV HLWKHU RI D PHWULF VSDFH RU RI D PHDVXUH VSDFH LV WKH
UHDVRQ RI WKLV SDSHU� ZKHUH WKH PDLQ IRFXV LV WR GHpQH� FODVVLI\� DQG UHYLHZ WKH EHVW�
NQRZQ GLVWDQFH IXQFWLRQV� DQG VRPH RI WKHLU FRPPRQ DSSOLFDWLRQV� 0RVW GLVWDQFHV
EHWZHHQ VHWV� GHpQHG HLWKHU IRU FORVHG DQG ERXQGHG �LQ SDUWLFXODU� IRU FRPSDFW�
PRUH SDUWLFXODUO\� IRU pQLWH� QRQHPSW\ VHWV LQ D PHWULF VSDFH� RU IRU PHDVXUDEOH
VHWV ZLWK pQLWH PHDVXUH �LQ SDUWLFXODU� IRU pQLWH VHWV XQGHU WKH FRXQWLQJ PHDVXUH�
LQ D PHDVXUH VSDFH� EHFRPH D PHWULF WKHPVHOYHV� %HKLQG WKH VFHQHV� WKH PDLQ WRROV
DUH QDWXUDOO\ WKH QRWLRQV RI PHWULF VSDFH DQG PHDVXUH VSDFH� $OWKRXJK WKH QRWLRQ RI
GLVWDQFH EHWZHHQ VHWV KDV D P\ULDG RI FRQFHLYDEOH GHpQLWLRQV �VHH� H�J�� >��� SS� ���
��� ������ �������� �������� �������@� WKHUH DUH WZR PDLQ GLVWLQFW IDPLOLHV RI WKHP�
ZKLFK ZH UHIHU WR DV WKH +DXVGRUo IDPLO\ DQG WKH 0HDVXUH 7KHRUHWLFDO IDPLO\ �

1RWDWLRQ� WHUPLQRORJ\� EDVLF GHpQLWLRQV DQG D IHZ UHVXOWV WKDW ZLOO EH UHTXLUHG LQ
WKH VHTXHO DUH SRVHG LQ 6HFWLRQ �� 7KHVH DUH QDWXUDOO\ ERXQG WR WKH QRWLRQV RI PHWULF
DQG PHDVXUH� 6HFWLRQ � JLYHV D GHWDLOHG DFFRXQW RQ WKH +DXVGRUo GLVWDQFH �ZKLFK LV
D PHWULF IRU FORVHG DQG ERXQGHG VHWV� DQG LWV PDQ\ UHODWLYHV� ZKLFK DUH REWDLQHG E\
JUDGXDO PRGLpFDWLRQV RI WKH RULJLQDO +DXVGRUo GLVWDQFH� )RXU HTXLYDOHQW IRUPV RI
WKH RULJLQDO +DXVGRUo PHDVXUH DUH GLVFXVVHG� DV ZHOO DV pIWHHQ YDULDWLRQV RI LW� 7KH
PHDVXUH WKHRUHWLFDO DSSURDFK� GHDOLQJ ZLWK WKH )UwHFKHW^1LNRGw\P^$URQV]DMQ GLV�
WDQFH �DQG DOVR ZLWK LWV QRUPDOL]HG YHUVLRQ� WKH 0DUN]HZLVN\^6WHLQKDXV GLVWDQFH� LV
GLVFXVVHG LQ 6HFWLRQ �� 6HFWLRQ � FORVHV WKH SDSHU ZLWK D UHYLHZ RI WKH ELEOLRJUDSK\
�VLQFH WKH ��
V� GHDOLQJ ZLWK DSSOLFDWLRQV RI GLVWDQFH EHWZHHQ VHWV WRZDUGV LQQX�
PHUDEOH VXEMHFWV� 7KLV LV VSOLW LQWR WKUHH FODVVHV� QDPHO\� ��� &RPSXWDWLRQDO $VSHFWV
�ZLWK WKUHH VXEFODVVHV��� �� � GLVWDQFH LQ JUDSKV� �� �� � GLVWDQFH EHWZHHQ SRO\JRQV� DQG
�� �� � QXPHULFDO SURFHGXUHV DQG DOJRULWKPV�� ��� 2Q 'LVWDQFHV %HWZHHQ )X]]\ 6HWV
�DOVR ZLWK WKUHH VXEFODVVHV� �� �� � 0DUN]HZLVN\^6WHLQKDXV GLVWDQFH� �� �� � +DXVGRUo
GLVWDQFHV� �� �� � QRQ�+DXVGRUo GLVWDQFHV�� DQG ��� 'LVWDQFH LQ 2EMHFW $QDO\VLV
�DJDLQ ZLWK WKUHH VXEVHFWLRQV� �� �� � QHZ PHWULFV DQG FRPSDULVRQV� �� �� � PRWLRQ
_ WUDQVODWLRQ DQG URWDWLRQ� DQG �� �� � PRGLpHG +DXVGRUo LQFOXGLQJ DV\PPHWULHV��

' DW H� 6 HS WHP E HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��( ���
. H\ Z RU GV� 'LVWDQ FH E HWZ HHQ VHWV� + DX VG RU o G LVWDQ FH� P HDVX U H WK HRU HWLFDO G LVWDQ FHV�
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�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KLV VHFWLRQ VXPPDUL]HV FODVVLFDO VWDQGDUG WRSLFV WKDW ZLOO EH UHTXLUHG LQ WKH
VHTXHO� ZKLFK FDQ EH IRXQG LQ DQ LQpQLWXGH RI ERRNV GHDOLQJ ZLWK DQDO\VLV LQ JHQHUDO�
)RU LQVWDQFH� VHH >��� &KDSWHU �@ IRU PHWULF VSDFH SURSHUWLHV DQG >��� &KDSWHU �@ IRU
PHDVXUH VSDFH SURSHUWLHV� DPRQJ PDQ\ RWKHUV�

/HW ; EH DQ DUELWUDU\ QRQHPSW\ VHW� OHW G EH D UHDO�YDOXHG IXQFWLRQ RQ WKH
&DUWHVLDQ SURGXFW ;d; RI ; ZLWK LWVHOI�

G �;d;� 5�

DQG FRQVLGHU WKH IROORZLQJ SURSHUWLHV� KROGLQJ IRU DUELWUDU\ SRLQWV [� \� ] LQ ;�

�L� G�[� \�  G�\� [� �V\PPHWU\��
�LL� G�[� \� y � DQG G�[� [�  � �QRQQHJDWLYHQHVV��
�LLL� G�[� \�  � LPSOLHV [  \ �SRVLWLYHQHVV��
�LY� G�[� \� x G�[� ]� � G�]� \� �WULDQJOH LQHTXDOLW\��

$ UHDO�YDOXHG IXQFWLRQ G RQ ;d; WKDW VDWLVpHV DOO SURSHUWLHV �L�� �LL�� �LLL� DQG �LY�
LV D PHWULF LQ ;� DQG WKH SURSHUWLHV WKHPVHOYHV DUH FDOOHG WKH PHWULF D[LRPV � $ VHW
; HTXLSSHG ZLWK D PHWULF G RQ ;d; LV D PHWULF VSDFH� DOVR GHQRWHG E\ �;� G��
,I G VDWLVpHV SURSHUWLHV �L�� �LL� DQG �LY�� EXW QRW QHFHVVDULO\ SURSHUW\ �LLL�� WKHQ LW
LV FDOOHG D SVHXGRPHWULF LQ ;� ,I G VDWLVpHV SURSHUWLHV �L�� �LL� DQG �LLL�� EXW QRW
QHFHVVDULO\ �LY�� WKHQ LW LV VRPHWLPHV FDOOHG D VHPLPHWULF LQ ;� :KDW LV FRPPRQO\
UHIHUUHG WR DV D GLVWDQFH IXQFWLRQ LQ ; LV VLPSO\ DQ\ UHDO�YDOXHG IXQFWLRQ G RQ;d;
WKDW VDWLVpHV SURSHUWLHV �L� DQG �LL� _ L�H�� DQ\ V\PPHWULF QRQQHJDWLYH IXQFWLRQ WKDW
YDQLVKHV DW WKH LGHQWLW\ OLQH�

5HPDUN ���� 7KH GLoHUHQFH EHWZHHQ D PHWULF DQG D SVHXGRPHWULF LV WKDW LW LV
SRVVLEOH IRU D SVHXGRPHWULF G WR YDQLVK DW D SDLU �[� \� HYHQ LI [ � \� $ SVHXGRPHWULF
G LV WULYLDO LI G�[� \�  � IRU HYHU\ [� \ � ;�+RZHYHU� JLYHQ D QRQWULYLDO SVHXGRPHWULF

G LQ ; WKHUH LV D QDWXUDO ZD\ WR REWDLQ D PHWULF VSDFH � H;� HG�� ZKHUH WKH VHW H; LV D

DVVRFLDWHG ZLWK; DQG G� DQG HG �XVXDOO\ GHQRWHG DJDLQ E\ G� LV WKH QDWXUDO PHWULF LQ
H; LQKHULWHG IURP G� ,QGHHG� HYHU\ QRQWULYLDO SVHXGRPHWULF G LQGXFHV DQ HTXLYDOHQFH
UHODWLRQ V RQ ; �JLYHQ E\ [V[� _ UHDG [ LV HTXLYDOHQW WR [� _ LI DQG RQO\ LI

G�[� [��  ��� DQG H; LV WKH TXRWLHQW VSDFH ; V ZKLFK LV SUHFLVHO\ WKH FROOHFWLRQ RI
DOO HTXLYDOHQFH FODVVHV >[@  I[ � ; � [�V[J ZLWK UHVSHFW WR V IRU HYHU\ HOHPHQW [
LQ ; �L�H�� ; V LV D FROOHFWLRQ RI VHWV >[@� FDOOHG HTXLYDOHQFH FODVVHV� VXFK WKDW HDFK
HOHPHQW LQ ; V LV D VHW FRQVLVWLQJ RI DOO HOHPHQWV IURP ; WKDW DUH HTXLYDOHQW WR

HDFK RWKHU�� DQG WKH PHWULF HG LQ H; LV JLYHQ E\ HG�>[@� >\@�  G�[� \�� ZKLFK GRHV QRW
GHSHQG RQ WKH UHSUHVHQWDWLYHV [ � >[@ DQG \ � >\@ IURP WKH HTXLYDOHQFH FODVVHV�

7KH SRZHU VHW `�;� RI D JLYHQ VHW ; LV WKH FROOHFWLRQ RI DOO VXEVHWV RI ;� /HW ;
EH DQ DUELWUDU\ QRQHPSW\ VHW� (TXLS ; ZLWK D PHWULF G �;d; � 5 DQG FRQVLGHU
WKH PHWULF VSDFH �;� G�� $ QRQHPSW\ VXEVHW $ RI ; LV ERXQGHG LI

VXS
[�\ � $

G�[� \� � ��

RWKHUZLVH $ LV VDLG WR EH XQERXQGHG� ZKLFK LV GHQRWHG E\ VXS[�\ � $ G�[� \�  ��
7KH GLDPHWHU RI D QRQHPSW\ ERXQGHG VXEVHW $ RI ; LV WKH UHDO QXPEHU

GLDP�$�  VXS
[�\ � $

G�[� \��
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7KH GLVWDQFH IURP D SRLQW [ � ; WR D QRQHPSW\ VHW $ � `�;� LV WKH UHDO QXPEHU

G�[�$�  LQI
D� $

G�[� D��

DQG WKH RUGLQDU\ GLVWDQFH IXQFWLRQ EHWZHHQ WZR QRQHPSW\ VHWV $ DQG % LQ `�;�
LV WKH UHDO QXPEHU

G�$�%�  LQI
D� $� E� %

G�D� E��

7KH DERYH H[SUHVVLRQ GHpQHV D PHUH GLVWDQFH IXQFWLRQ G � `�;�Q"d`�;�Q" � 5�
,Q IDFW� VXFK D IXQFWLRQ G WULYLDOO\ VDWLVpHV SURSHUWLHV �L� DQG �LL� IRU DOO VHWV LQ
`�;�Q"� ,W LV KRZHYHU FOHDU WKDW LQ JHQHUDO G GRHV QRW VDWLVI\ SURSHUW\ �LLL�� DQG LW
GRHV QRW VDWLVI\ SURSHUW\ �LY� DV ZHOO _ H�J�� WDNH $�%�& LQ `�;�Q" �ZKLFK PD\
HYHQ EH SDLUZLVH GLVMRLQW� VXFK WKDW G�$�%� � � DQG G�$�&�  G�&�%�  ��

$ ��DOJHEUD $�;� RI VXEVHWV RI D JLYHQ VHW ; LV D VXEFROOHFWLRQ RI WKH SRZHU VHW�
$�;� v `�;� �QRW QHFHVVDULO\ D SURSHU VXEFROOHFWLRQ�� VXFK WKDW

WKH ZKROH VHW ; DQG WKH HPSW\ VHW " EHORQJ WR $�;��
WKH FRPSOHPHQW ;Q( RI D VHW ( LQ $�;� EHORQJV WR $�;��
WKH XQLRQ RI D FRXQWDEOH FROOHFWLRQ RI VHWV LQ $�;� EHORQJV WR $�;��

6HWV LQ $�;� DUH FDOOHG PHDVXUDEOH VHWV � DQG WKH SDLU �;�$�;�� FRQVLVWLQJ RI D VHW
; DQG D ��DOJHEUD RI VXEVHWV RI LW LV UHIHUUHG WR DV D PHDVXUDEOH VSDFH� $ PHDVXUH

LV DQ H[WHQGHG UHDO�YDOXHG IXQFWLRQ z RQ D ��DOJHEUD $�;��

z � $�;�� 5�

ZKHUH 5  5 > Ib�J > I��J VWDQGV IRU WKH H[WHQGHG UHDO OLQH� VDWLVI\LQJ WKH IRO�
ORZLQJ SURSHUWLHV �UHIHUUHG WR DV WKH PHDVXUH D[LRPV��

�D� z�"�  ��
�E� z�(� y � IRU HYHU\ ( � $�;��
�F� z

b6
Q(Q

c
 

3
Q z�(Q�

IRU HYHU\ FRXQWDEOH IDPLO\ I(QJ RI SDLUZLVH GLVMRLQW VHWV LQ $�;��

$ PHDVXUH VSDFH LV D WULSOH �;�$�;�� z� FRQVLVWLQJ RI DQ DUELWUDU\ VHW ;� D ��
DOJHEUD $�;� RI VXEVHWV RI ;� DQG D PHDVXUH z RQ $�;�� :H DVVXPH WKURXJKRXW
WKLV SDSHU WKDW DOO PHDVXUHV DUH QRQ]HUR �L�H�� z�;� ! ���

&RQVLGHU DQ DUELWUDU\ QRQHPSW\ VXEFROOHFWLRQ & �;� RI `�;�� ,I DQ DUELWUDU\
GLVWDQFH IXQFWLRQ G RQ & �;�Q"d& �;�Q" LV LQWHQGHG IRU JDXJLQJ UHVHPEODQFH RI
VHWV LQ & �;�Q"� WKHQ LW PD\ EH XVHIXO WR FRQWURO LW E\ SUHYHQWLQJ WRR ODUJH �DQG WRR
VPDOO� YDOXHV� ,Q WKLV FDVH G FDQ EH QRUPDOL]HG LQ WHUPV RI D PHDVXUH z RQ D ��DOJHEUD
RI VXEVHWV RI ;� EULQJLQJ IRUWK QHZ GLVWDQFH IXQFWLRQV� )RU LQVWDQFH� VXSSRVH z LV
DQ\ QRQ]HUR pQLWH PHDVXUH �L�H�� � � z�;� � �� RQ DQ\ ��DOJHEUD $�;� RI VXEVHWV
RI ;� OHW G � & �;�Q"d& �;�Q" � 5 EH WKH RUGLQDU\ GLVWDQFH IXQFWLRQ LQ & �;�Q"�
DQG FRQVLGHU WKH GLVWDQFH IXQFWLRQ G � � & �;�Q"d& �;�Q" � 5 JLYHQ E\

G ��$�%�  �
z�;�G�$�%�  

�
z�;� LQI

D� $� E� %
G�D� E�

IRU HYHU\ VHWV $�% LQ & �;�Q"� RU WKH GLVWDQFH IXQFWLRQV LQ WKH LQWHUVHFWLRQ RI
& �;� DQG $�;�� VD\ G ��� G ��� � � & �;� ? $�;��Q"d � & �;� ?$�;��Q" � 5� JLYHQ
IRU HYHU\ VHWV $�% LQ � & �;� ? $�;��Q" E\

G ���$�%�  �
z�$> %�G�$�%� DQG G ����$�%�  �

z�$�� z�%�G�$�%�

LI z�$� � � RU z�%� � �� RWKHUZLVH G ���$�%� DQG G ����$�%� DUH GHpQHG WR EH ]HUR�
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/HW �$ GHQRWHV WKH FDUGLQDOLW\ RI DQ DUELWUDU\ VHW $ � `�;�� /HW )�;� v `�;�
VWDQG IRU WKH FROOHFWLRQ RI DOO pQLWH VXEVHWV RI WKH QRQHPSW\ VHW ;� &RQVLGHU WKH
FROOHFWLRQ )�;�Q" v `�;�Q" RI DOO pQLWH QRQHPSW\ VXEVHWV RI ;� 7DNH DUELWUDU\
pQLWH QRQHPSW\ VHWV $  IDLJ

P
L � DQG %  IELJ

Q
L � LQ )�;�Q"� ZKHUH P  �$

DQG Q  �% OLH LQ 1� WKH VHW RI DOO SRVLWLYH LQWHJHUV� 1RZ FRQVLGHU WKH UHVWULFWLRQ
GM)�;�Q"d)�;�Q" RI WKH RUGLQDU\ GLVWDQFH IXQFWLRQ G �`�;�Q"d`�;�Q" � 5 WR
SDLUV RI pQLWH QRQHPSW\ VHWV� G �)�;�Q"d)�;�Q" � 5� GHQRWHG DJDLQ E\ WKH
VDPH V\PERO G� 7KXV LQ WKLV FDVH� IRU HYHU\ [ � ; DQG HYHU\ $�% � )�;�Q"�

G�[�$�  LQI
D� $

G�[� D�  PLQ
D� $

G�[� D�  PLQ
�xLxP

G�[� DL��

G�$�%�  LQI
D� $� E� %

G�D� E�  PLQ
D� $� E � %

G�D� E�  PLQ
�xLxP � �xMxQ

G�DL� EM��

VLPLODUO\ IRU WKH QRUPDOL]HG YHUVLRQV �WR DYRLG WULYLDOLWLHV� VXSSRVH ; � )�;���

G ��$�%� �
� ;

G�$�%�� G ���$�%� �
� �$> %�G�$�%�� G ����$�%� �

� $� � %
G�$�%��

6WLOO LQ WKHVH FDVHV WKH IXQFWLRQV G� G �� G ��� G ��� RQ )�;�Q"d)�;�Q" DUH GLVWDQFH
IXQFWLRQV EXW LW LV FOHDU WKDW SURSHUWLHV �LLL� DQG �LY� PD\ IDLO �HYHQ LI �; � ���

�� 7 KH +DXVGRU I I ) DP LO \

/HW �;� G� EH D PHWULF VSDFH� 3HUKDSV WKH EHVW�NQRZQ FDQGLGDWH IRU D PHWULF LQ
D VXEVHW RI `�;�Q" LV WKH +DXVGRUo IXQFWLRQ K � `�;�Q"d`�;�Q" � 5� ZKLFK LV
GHpQHG IRU HYHU\ $�% � `�;�Q" E\ >��� S����@ �VHH DOVR >��� S����@��

K�$�%�  PD[
j
VXS
D� $

G�D�%� � VXS
E� %

G�E� $�
k

 PD[
j
VXS
D� $

LQI
E� %

G�D� E� � VXS
E � %

LQI
D� $

G�D� E�
k
�

$OWKRXJK WKH +DXVGRUo IXQFWLRQ VDWLVpHV SURSHUWLHV �L� DQG �LL� DQG KDV WKH SURSHUW\
WKDW K�IDJ� IEJ�  G�D� E� IRU HYHU\ SDLU RI VLQJOHWRQV IDJ� IEJ � `�;�Q"� LW LV QRW D
GLVWDQFH IXQFWLRQ EHFDXVH LW LV QRW UHDO�YDOXHG� )RU LQVWDQFH� RQ `�5�Q"d`�5�Q"
ZH JHW K�I�J�5�  ��� (YHQ LI LW ZHUH SODXVLEOH WR DGPLW DQ H[WHQGHG�UHDO�YDOXHG
GLVWDQFH IXQFWLRQ� WKH IXQFWLRQ K �`�5�Q"d`�5�Q"�5 ZRXOG QRW EH D SVHXGRPHW�
ULF VLQFH SURSHUW\ �LLL� IDLOV �H�J�� K�$�%�  � IRU $  ��� ��� %  >�� �@ LQ `�5�Q"��
$Q HTXLYDOHQW IRUPXODWLRQ IRU WKH +DXVGRUo IXQFWLRQ �DOVR FDOOHG %ODVFKNH IXQFWLRQ
>��� S���@� RU 3RPSHLX^+DXVGRUo IXQFWLRQ >��� ([DPSOH ���@� >�@� LV JLYHQ EHORZ�

3URSRVLWLRQ ���� )RU HYHU\ $�% � `�;�Q"�

K�$�%�  VXS
[� ;

MG�[�$�b G�[�%�M�

3URRI � 7DNH [ � ;� D � $� E � %� 6LQFH G�[� E� x G�[� D��G�D� E�� ZH JHW G�[�%�  
LQIE � % G�[� E� x G�[� D� � LQIE� % G�D� E� x G�[� D� � VXSD� $ LQIE � % G�D� E�� DQG KHQFH
G�[�%� x LQID� $ G�[� D� � VXSD� $ LQIE � % G�D� E�  G�[�$� � VXSD� $ LQIE � % G�D� E��
6\PPHWULFDOO\� G�[�$� x G�[�%� � VXSE � % LQID� $ G�D� E�� 7KXV� IRU HYHU\ [ � ;�

MG�[�$�b G�[�%�M x PD[
j
VXS
D� $

LQI
E � %

G�D� E� � VXS
E� %

LQI
D� $

G�D� E�
k
�

,Q SDUWLFXODU� IRU [  D � $� ZH JHW VXSD� $ LQIE� % G�D� E�  VXS[ D� $ G�[�%�  
VXS[ D� $ MG�[�$� b G�[�%�M� 6\PPHWULFDOO\� E\ VHWWLQJ [  E � %� ZH DOVR JHW
VXSE � % LQID� $ G�D� E�  VXS[ E � % MG�[�$�b G�[�%�M� 7KHUHIRUH�

PD[
j
VXS
D� $

LQI
E � %

G�D� E� � VXS
E� %

LQI
D� $

G�D� E�
k
x VXS

[� ;

MG�[�$�b G�[�%�M�
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$OWKRXJK WKH +DXVGRUo IXQFWLRQ LV QRW HYHQ D GLVWDQFH IXQFWLRQ ZKHQ GHpQHG
RQ WKH GRPDLQ `�;�Q"d`�;�Q"� LI UHVWULFWHG WR DQ DSSURSULDWH VXEFROOHFWLRQ
LW EHFRPHV D PHWULF� /HW %�;� v `�;� GHQRWH WKH FROOHFWLRQ RI DOO FORVHG DQG

ERXQGHG VXEVHWV RI WKH PHWULF VSDFH �;� G�� WDNH WKH FROOHFWLRQ %�;�Q" v `�;�Q"
RI DOO QRQHPSW\ FORVHG DQG ERXQGHG VXEVHWV RI �;� G�� DQG FRQVLGHU WKH UHVWULFWLRQ
KM%�;�Q"d%�;�Q" RI K � `�;�Q"d`�;�Q" � 5 WR %�;�Q"d%�;�Q"� GHQRWHG E\
WKH VDPH V\PERO�

K � %�;�Q"d%�;�Q" � 5�

7KLV LV QRW RQO\ UHDO�YDOXHG EXW LV D PHWULF LQ %�;�Q" >��� 3UREOHP ,;����@� >��
([DPSOH �����@� ,Q SDUWLFXODU� VLQFH )�;� v %�;�� ZKHQ UHVWULFWHG VWLOO IXUWKHU� QRZ
WR )�;�Q"d)�;�Q" �L�H�� ZKHQ UHVWULFWHG WR QRQHPSW\ pQLWH VHWV�� WKH +DXVGRUo
IXQFWLRQ �DJDLQ� GHQRWHG E\ WKH VDPH V\PERO K�

K � )�;�Q"d)�;�Q" � 5�

JLYHQ IRU HYHU\ $  IDLJ
P
L � DQG %  IELJ

Q
L � LQ )�;�Q" E\

K�$�%�  PD[
j
PD[

�xLxP
PLQ

�xMxQ
G�DL� EM� � PD[

�xMxQ
PLQ

�xLxP
G�DL� EM�

k
�

LV D PHWULF LQ )�;�Q"� )RU PRUH RQ WKHRUHWLFDO DVSHFWV RI +DXVGRUo GLVWDQFH VHH�
IRU LQVWDQFH� >��� &KDSWHU �@ �DOVR >��@� >��@�� DQG IRU WKH WRSRORJ\ RI +DXVGRUo
GLVWDQFHV VHH >�@� ,QGHHG� WKH +DXVGRUo PHWULF KDV PDQ\ DSSHDOLQJ SURSHUWLHV� EXW
LW VKDUHV VRPH SUDFWLFDO GUDZEDFNV >�� 6HFWLRQ ���@� >��� 6HFWLRQ �@� )RU DQ DFFRXQW
RQ WKHRUHWLFDO DQG SUDFWLFDO DVSHFWV RI VRPH FRPPRQ GLVWDQFHV EHWZHHQ pQLWH VHWV�
LQFOXGLQJ +DXVGRUo
V VHH� H�J�� >�� ��� ��� ��� ��� ��@ DQG WKH UHIHUHQFHV WKHUHLQ�

/HW & �;� VWDQG HLWKHU IRU %�;� RU )�;�� $VVRFLDWHG ZLWK HDFK $ � `�;� VHW

VL]H�$�  

�
�$� LI & �;�  )�;��

GLDP�$�� LI & �;�  %�;� � )�;��

�WR DYRLG WULYLDOLWLHV VXSSRVH VL]H�;� ! �� DQG FRQVLGHU WKH +DXVGRUo PHWULF

K � & �;�Q"d& �;�Q" � 5�

$ QDWXUDO QRUPDOL]DWLRQ K� � & �;�Q"d& �;�Q" � 5 RI K LV JLYHQ E\
K��$�%�  �

V L]H�;� K�$�%�  
�

V L]H�;� PD[
j
VXS
D� $

G�D�%� � VXS
E� %

G�E� $�
k

 �
V L]H�;� VXS

[� ;

MG�[�$�b G�[�%�M

�FI� 3URSRVLWLRQ ����� ZKLFK LV DJDLQ D PHWULF �VLQFH K LV D PHWULF� LI VL]H�;� � ��
:KHQ GHDOLQJ ZLWK QRUPDOL]HG YHUVLRQV RI PHWULFV RQ & �;�Q"d& �;�Q" LW LV DGYLV�
DEOH WR DVVXPH WKDW VL]H�;� � � �L�H�� ; LV ERXQGHG LI & �;�  %�;� � )�;�� RU
; LV pQLWH LI & �;�  )�;�� LQ RUGHU WR DYRLG WULYLDO SVHXGRPHWULFV� )XUWKHU QDWXUDO
QRUPDOL]DWLRQV RI K� VD\ K��� K��� � & �;�Q"d& �;�Q" � 5� OHDG WR WKH GLVWDQFHV

K���$�%�  �
V L]H�$> %� K�$�%� DQG K����$�%�  �

V L]H�$�� V L]H�%� K�$�%�

LI VL]H�$� � � RU VL]H�%� � �� RWKHUZLVH WKH\ DUH ]HUR� 6WUDLJKWIRUZDUG PRGLpFDWLRQV

RI K� QDPHO\� HK�HK� � & �;�Q"d& �;�Q" � 5� ZKHUH PD[LPXP LV UHSODFHG ZLWK VXP�
HK�$�%�  VXS

D� $

G�D�%� � VXS
E� %

G�E� $��

HK��$�%�  �
V L]H�;�

HK�$�%�  �
V L]H�;�

t
VXS
D� $

G�D�%� � VXS
E� %

G�E�$�
u
�
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DUH VWLOO PHWULFV LQ & �;�Q" �LI VL]H�;� � � _ VHH >��� 6HFWLRQ �@�� $JDLQ� IXUWKHU

QDWXUDO QRUPDOL]DWLRQV HK���HK��� � & �;�Q"d& �;�Q" � 5 RI HK DUH
HK���$�%�  �

V L]H�$> %�
HK�$�%� DQG HK����$�%�  �

V L]H�$�� V L]H�%�
HK�$�%�

LI VL]H�$� � � RU VL]H�%� � �� RWKHUZLVH WKH GLVWDQFHV DUH VHW GRZQ WR ]HUR�

$QRWKHU PRGLpHG YHUVLRQ KS � )�;�Q"d)�;�Q" � 5 RI K� ZKHUH WKH VXSUHPXP
LV UHSODFHG ZLWK D S�VXP� JLYHQ E\

KS�$�%�  
t;

[� ;
MG�[�$�b G�[�%�MS

u �
�

IRU DQ\ UHDO S y � LI ; � )�;�� DQG LWV QRUPDOL]DWLRQ K�
S � )�;�Q"d)�;�Q" � 5�

K�
S�$�%�  

t
�

� ;

;
[� ;

MG�[�$�b G�[�%�MS
u �

�

�

DUH UHIHUUHG WR DV S�+DXVGRUo GLVWDQFHV �VHH >��� S�������@�� ZKLFK LQ IDFW DUH PHWULFV
>�� HT���@�� )XUWKHU YDULDQWV RI K� YL]�� KN� K

�
N�� )�;�Q"d)�;�Q" � 5 IRU N  �� �

�QRW DOO PHWULFV�� UHDG DV IROORZV� )LUVW PRGLI\ K E\ UHSODFLQJ VXSUHPXP ZLWK VXP�

K��$�%�  PD[
Q;

D� $
G�D�%� �

;
E � %

G�E�$�
R
�

,WV DYHUDJHG YHUVLRQ�

K�
��$�%�  PD[

Q
�

� $

;
D� $

G�D�%� � �
� %

;
E� %

G�E�$�
R
�

LV FDOOHG PRGLpHG +DXVGRUo GLVWDQFH LQ >��� S����@ �VHH DOVR >��� HT����@�� 1H[W
PRGLI\ K E\ UHSODFLQJ PD[LPXP ZLWK VXP LQ K��

K��$�%�  
;

D� $
G�D�%� �

;
E� %

G�E� $�

�FRQVLGHUHG LQ >��@ ZLWK D PXOWLSOLFDWLYH IDFWRU RI �
��� DQG DJDLQ LWV DYHUDJHG YHUVLRQ�

K�
��$�%�  

�
� $

;
D� $

G�D�%� � �
� %

;
E� %

G�E� $�

�FRQVLGHUHG LQ >��� HT����@� ZLWK D IDFWRU RI �
��� &DXWLRQ� K� DQG K�

� DUH GLoHUHQW
IURP KS DQG K�

S IRU S  �� $ QRUPDOL]HG YHUVLRQ K��
� � )�;�Q"d)�;�Q" � 5 RI K��

K��
��$�%�  

�
� $� � %

t;
D� $

G�D�%� �
;

E� %
G�E� $�

u
�

LV UHIHUUHG WR DV JHRPHWULF PHDQ HUURU EHWZHHQ WZR LPDJHV LQ >��� S����@ �VHH DOVR >���
HT�����@�� 3URSHUWLHV �L� DQG �LL� KROG WULYLDOO\� DQG SURSHUW\ �LLL� LV UHDGLO\ YHULpHG�
DQG KHQFH DOO WKH DERYH IXQFWLRQV DUH VHPLPHWULFV LQ )�;�Q"� +RZHYHU� SURSHUW\
�YL� PD\ IDLO� )RU LQVWDQFH� LI $  IDJ� %  IE� FJ� DQG &  IFJ ZLWK � � G�E� F� �
G�D� E� DQG � � G�D� F� x G�D� E�� WKHQ KN�$�&� � KN�&�%� � KN�$�%� IRU N  �� ��
6R WKH VHPLPHWULFV K�� K� DUH D QRW PHWULFV LQ )�;�Q"� 2Q WKH RWKHU KDQG� LW ZDV
VKRZ LQ >��� 7KHRUHP �@ WKDW WKH IXQFWLRQ K���

� � )�;�Q"d)�;�Q" � 5 JLYHQ E\

K���
� �$�%�  

�
� �$> %�

t
�

� $

;
D� $

;
E� %Q$

G�D� E� � �
� %

;
E� %

;
D� $Q%

G�D� E�
u

LV D PHWULF LQ )�;�Q"� )RU PRUH FRPELQDWLRQV DORQJ WKHVH OLQHV� LQFOXGLQJ WKHRUHW�
LFDO DVSHFWV RU SUDFWLFDO DSSOLFDWLRQV� VHH� H�J�� >�� ��� ��� ��� ��� ��� ��@�

7KH HQYHORSH RI UDGLXV � FHQWHUHG DW DQ DUELWUDU\ VHW $ � `�;�Q"� DOVR UHIHUUHG
WR DV WKH ��HQYHORSH �RU HYHQ WKH ��QHLJKERUKRRG� RI $ LV WKH VHW

$�  
j
[ � ; � G�[�$� x �

k
�
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,I $ LV FORVHG� VR WKDW G�[�$�  LQID� $ G�[� D�  PLQD� $ G�[� D� IRU HYHU\ [ � ;�
WKHQ $�  I[ � ; � G�[� D� x � IRU VRPH D � $J� $QRWKHU HTXLYDOHQW IRUPXODWLRQ IRU
WKH +DXVGRUo IXQFWLRQ UHDGV DV IROORZV >��� 3UREOHP ��'@ �DOVR >��� 6HFWLRQ ���@��

3URSRVLWLRQ ���� )RU HYHU\ $�% � `�;�Q"�

K�$�%�  LQI
j
� y �� $ v %� DQG % v $�

k
�

3URRI � 7DNH $�% � `�;�Q" DUELWUDU\� VHW

K$  VXS
D� $

G�D�%� DQG K%  VXS
E� %

G�E� $��

DQG REVHUYH WKDW

$ v %� �� K$ x � DQG % v $� �� K% x ��

�,QGHHG� $ v %� LI DQG RQO\ LI G�D�%� x � IRU DOO D � $�� 7KXV

K�$�%�  PD[
j
K$� K%

k
x LQI

j
� y �� $ v %� DQG % v $�

k
�

&RQYHUVHO\� QRWH WKDW
$ v %K � DQG % v $K �

�LQ IDFW� $ vI[ � ; � G�[�%� x VXSD� $ G�D�%�J  %K � �� 7KHUHIRUH�

LQI
j
� y �� $ v %� DQG % v $�

k
x PD[

j
K$� K%

k
 K�$�%��

7KLV YHUVLRQ RI WKH +DXVGRUo IXQFWLRQ LV SDUWLFXODUO\ XVHIXO WR YHULI\ WKDW WKH
PHWULF VSDFH �%�;�Q"d%�;�Q"� K� LV FRPSOHWH LI ;  5Q HTXLSSHG ZLWK LWV XVXDO
(XFOLGLDQ PHWULF �VHH� H�J�� >��� S���@� _ WKLV FDQ EH H[WHQGHG WR DQ\ FRPSOHWH
PHWULF VSDFH �;� G� LI %�;� LV VZDSSHG ZLWK . �;�� WKH FROOHFWLRQ RI DOO FRPSDFW
VXEVHWV RI WKH PHWLF VSDFH �;� G� �ZKHUH )�;� v . �;� v %�;� v `�;��� 6LQFH
$ v % LI DQG RQO\ LI $Q%  "� IRU DQ\ VHWV $ DQG %� LW IROORZV WKDW WKH HTXLYDOHQW
H[SUHVVLRQ IRU WKH +DXVGRUo IXQFWLRQ LQ 3URSRVLWLRQ ��� FDQ DOVR EH UHZULWWHQ DV

K�$�%�  LQI
j
� y �� $Q%�  " DQG %Q$�  "

k
�

\LHOGLQJ VWLOO DQRWKHU HTXLYDOHQW ZD\ WR ZULWH WKH VDPH +DXVGRUo IXQFWLRQ K ZKLFK�
LI DFWLQJ RQ %�;�Q"d%�;�Q" �LQ SDUWLFXODU� RQ )�;�Q"d)�;�Q"�� LV D PHWULF�
7KLV ODVW IRUP KDV EHHQ XVHG LQ VRPH DSSOLFDWLRQV �VHH� H�J�� >��@��

�� 7 KH 0 HDVXU H 7 KHRU HW LF DO ) DP LO \

/HW ; EH DQ\ QRQHPSW\ VHW DQG FRQVLGHU WKH SRZHU VHW `�;�� 7KH V\PPHWULF
GLoHUHQFH RI WZR VHWV $�% � `�;� LV WKH VHW

$2%  �$Q%� > �%Q$�  �$ >%�Q�$ ?%��

VR WKDW $  % LI DQG RQO\ LI $2%  " �DQG $2"  "2$  $ IRU HYHU\ $ � `�;���
/HW z � $�;�� 5 EH DQ DUELWUDU\ QRQ]HUR PHDVXUH �L�H�� z�;� ! �� RQ DQ DUELWUDU\
��DOJHEUD $�;� RI VXEVHWV RI ; �LQ SDUWLFXODU� `�;� PD\ LWVHOI EH D SRVVLEOH ��
DOJHEUD RI VXEVHWV RI ;� GHSHQGLQJ RQ WKH PHDVXUH z�� &RQVLGHU WKH PHDVXUH VSDFH
�;�$�;�� z�� 7ZR VHWV (�) LQ $�;� DUH HTXLYDOHQW �RU z�HTXLYDOHQW�� GHQRWHG E\
(V) � LI z�(2) �  �� 7KH UHODWLRQ V LV DQ HTXLYDOHQFH UHODWLRQ RQ $�;�� 'HpQH
D IXQFWLRQ r � $�;�d$�;�� 5 E\

r�(�) �  z�(2) �

IRU HYHU\ (�) LQ $�;�� ,Q JHQHUDO� WKH SURSHUW\

�LLL� r�(�) �  � LPSOLHV (  )
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IDLOV� LW IDLOV IRU GLoHUHQW VHWV ZKRVH V\PPHWULF GLoHUHQFH �ZKLFK LV QRQHPSW\� LV RI
PHDVXUH ]HUR �L�H�� IRU GLVWLQFW HTXLYDOHQW VHWV�� 2Q WKH RWKHU KDQG� WKH SURSHUWLHV

�L� r�(�) �  r�)�(��
�LL� r�(�) � y � DQG r�(�(�  ��
�LY� r�(�) � x r�(�*� � r�*�) ��

KROG IRU HYHU\ (�)�* � $�;� >��� S����@� >��� 3UREOHPV �����@ �DOVR >��� 3UREOHP
���@�� 1RWH WKDW r�"� (�  r�(�"�  z�(� IRU HYHU\ ( � $�;�� ,I WKH PHDVXUH
z LV pQLWH� WKHQ WKH IXQFWLRQ r LV UHDO�YDOXHG� 7KXV DVVXPH IURP QRZ RQ WKDW WKH
SRVLWLYH PHDVXUH z LV pQLWH �L�H�� � � z�;� � ��� ,Q WKLV FDVH r LV QRW RQO\ D
GLVWDQFH IXQFWLRQ EXW LV D SVHXGRPHWULF LQ $�;��

5HPDUN ���� 7KLV SVHXGRPHWULF r �$�;�d$�;�� 5 LV UHIHUUHG WR DV WKH )UwHFKHW^
1LNRGw\P^$URQV]DMQ GLVWDQFH >��� S����@� ,Q IDFW� LW LV VRXQG DQG FOHDU WKDW WKH
GLVWDQFH LV LQWURGXFHG DQG SURYHG WR EH D SVHXGRPHWULF LQ 1LNRGw\P
V SDSHU >���
'HpQLWLRQ �@ DV RI ����� $V IRU $URQV]DMQ
V FUHGLW� 1LNRGw\P KLPVHOI >��� S����@ PHQ�
WLRQV D ZRUN ?WR DSSHDU� ZKLFK ZH ZHUH QRW DEOH WR WUDFH EDFN� $V IRU )UwHFKHW
V RZQ
FODLP RI SULRULW\� >��� S����@ UHIHUV WR >��@ DQG >��@ DV RI ���� DQG ����� UHVSHFWLYHO\
�VHH DOVR >��� 6HFWLRQ ������@��

7KHUH DUH HVVHQWLDOO\ WZR ZD\V RI QRUPDOL]LQJ WKLV SVHXGRPHWULF� HLWKHU VHW

r��(�) �  r�(�) �
z�;�  

z�(2) �
z�;� �

RU �VLQFH I�( > ) �Q�( ? ) �� ( ? )J LV D SDUWLWLRQ RI ( > ) VR WKDW z�( > ) �  
z�(2) � � z�( ? ) � �� VHW

r���(�) �  

�
�
�

r�(�) �
z�( > ) �  

z�(2) �
z�( > ) �  �b

z�( ? ) �
z�( > ) � � LI z�( > ) � � ��

�� LI z�( > ) �  ��

IRU HYHU\ VHWV (�) LQ $�;�� %RWK IXQFWLRQV DUH ERXQGHG E\ � �L�H�� r��(�) � x �
DQG r���(�) � x � VLQFH (2) v ( > ) v ;�� 7KH IXQFWLRQ r� � $�;�d$�;�� 5
FOHDUO\ LV D SVHXGRPHWULF LQ $�;� �EHFDXVH r LV�� DQG LW ZDV SURYHG LQ >��� 6HFWLRQ
���@ WKDW WKH IXQFWLRQ r�� � $�;�d$�;�� 5 LV DJDLQ D SVHXGRPHWULF LQ$�;�� ZKLFK
LV UHIHUUHG WR DV WKH 0DUN]HZLVN\^6WHLQKDXV GLVWDQFH �VHH DOVR >��� SS�����������@��

,W LV ZRUWK QRWLFLQJ WKDW D QRUPDOL]HG UHDO�YDOXHG IXQFWLRQ RQ $�;�d$�;� JLYHQ

E\ z�( ? ) �
z�( > ) � LI z�( > ) � � � LV QRW HYHQ D GLVWDQFH IXQFWLRQ� VLQFH �  z�( ? (�

z�( > (� � �

IRU HYHU\ ( LQ $�;� IRU ZKLFK z�(� � � �L�H�� LW LV RQO\ V\PPHWULF DQG QRQQHJDWLYH
EXW LW GRHV QRW YDQLVK DW WKH LGHQWLW\ OLQH� VR WKDW SURSHUW\ �LL� IDLOV _ DV ZHOO DV
SURSHUWLHV �LLL� DQG �LY���

7KH IXQFWLRQV r� r�� r�� � $�;�d$�;�� 5 DUH SVHXGRPHWULFV LQ $�;� v `�;�
�QRQWULYLDO SVHXGRPHWULFV EHFDXVH z LV D QRQ]HUR PHDVXUH�� DQG VR HDFK RI WKHP
LQGXFHV D PHWULF RQ WKH TXRWLHQW VSDFH $�;� V �RI FODVVHV RI HTXLYDOHQFH RI VHWV
ZKLFK GLoHU IURP HDFK RWKHU LQ WKH VDPH FODVV RQO\ E\ D VHW RI PHDVXUH ]HUR� (V)
�� z�(2) �  � _ FI� 5HPDUN ����� +RZHYHU� LI WKH pQLWH PHDVXUH z LV ]HUR RQO\
DW WKH HPSW\ VHW� WKHQ LQ WKLV SDUWLFXODU FDVH (V) LI DQG RQO\ LI (  ) � DQG VR
r� r�� r�� DUH WKHPVHOYHV PHWULFV LQ WKH ��DOJHEUD $�;� v `�;��
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6HW $�;�  `�;� IRU D JLYHQ QRQHPSW\ VHW; DQG FRQVLGHU WKH FRXQWLQJ PHDVXUH
{ � `�;�� 5� ZKLFK LV GHpQHG E\

{�(�  

�
�(� LI ( LV pQLWH�

��� LI ( LV LQpQLWH�

IRU HYHU\ VHW ( � `�;�� ,Q WKLV FDVH� WKH RQO\ VHW RI PHDVXUH ]HUR LV WKH HPSW\ VHW�
+RZHYHU� WKH FRXQWLQJ PHDVXUH LV QRW pQLWH LI WKHUH H[LVW LQpQLWH VXEVHWV RI ;� 7KXV
VXSSRVH ; LV pQLWH �L�H�� �; � �� VR WKDW { � `�;�� 5 LV JLYHQ E\

{�(�  �(

IRU HYHU\ VXEVHW ( RI WKH pQLWH VHW ;� +HQFH {�;�  �; � �� DQG { LV D pQLWH

FRXQWLQJ PHDVXUH RQ `�;�� DQG VR WKH IXQFWLRQ Hr � `�;�d`�;�� 5 GHpQHG E\
Hr�(�) �  {�(2) �� HTXLYDOHQWO\�

Hr�(�) �  ��(2) ��

IRU HYHU\ VXEVHWV ( DQG ) RI WKH pQLWH VHW ; LV LQGHHG D PHWULF LQ WKH SRZHU VHW
`�;�� 7KLV IXQFWLRQ Hr LV WKH pQLWH YHUVLRQ RI WKH )UwHFKHW^1LNRGw\P^$URQV]DMQ SVHX�
GRPHWULF r �FI� 5HPDUN ����� QRZ WULYLDOO\ D PHWULF� ZKRVH QDWXUDO QRUPDOL]DWLRQV

\LHOG WKH PHWULFV Hr�� Hr�� � `�;�d`�;�� 5�
Hr��(�) �  � �(2) �

� ;
�

Hr���(�) �  

�
�
�

� �(2) �
� �( > ) �  �b

� �( ? ) �
� �( > ) � � LI ( > ) � "�

�� LI ( > )  "�

IRU HYHU\ (�) � `�;�� 7KH IXQFWLRQ Hr�� LV WKH pQLWH YHUVLRQ RI WKH 0DUN]HZLVN\^
6WHLQKDXV SVHXGRPHWULF r�� ZKLFK� DJDLQ� LV D PHWULF� 7KLV SDUWLFXODU PHWULF LV VRPH�
WLPHV FDOOHG -DFFDUG GLVWDQFH �VHH� H�J�� >��� HT��@� >��� HT��@� >��� S����@ _ VHH DOVR
>��� S���@� >��� S����@� DIWHU WKH ERWDQLVW 3DXO -DFFDUG� ZKLFK KDV EHHQ UHIHUUHG WR
DV 7DQLPRWR GLVWDQFH DV ZHOO >��� SS�������@� >��� S����@� )RU PRUH RQ PHWULFV EDVHG
RQ WKH FDUGLQDOLW\ RI QRQHPSW\ pQLWH VHWV VHH >��@�

2EVHUYH DJDLQ WKDW WKH QRUPDOL]HG UHDO�YDOXHG IXQFWLRQ RQ `�;�d`�;� JLYHQ E\
� �( ? ) �
� �( > ) � LI ( > ) � " DQG � RWKHUZLVH LV QRW D GLVWDQFH IXQFWLRQ� ,Q IDFW� � �( ? (�

� �( > (� � �

IRU HYHU\ QRQHPSW\ VHW ( LQ `�;�� DQG SURSHUWLHV �LL�� �LLL� DQG �LY� IDLO� )RU LQ�
VWDQFH� FRQVLGHU WKH VHWV (  IH� IJ� )  IIJ� DQG *  IJJ IRU SDLUZLVH GLVWLQFW

SRLQWV H� I� J � ;� VR WKDW � �( ? ) �
� �( > ) � � ��

� �( ? *�
� �( > *�  

� �*? ) �
� �*> ) �  �� DQG

� �+ ? +�
� �+ > +�  � IRU

HYHU\ VHW + LQ `�;�� 6XFK D QRQGLVWDQFH IXQFWLRQ KDV EHHQ UHIHUHHG WR DV -DFFDUG
VLPLODULW\ RU 7DQLPRWR VLPLODULW\ LQ >��� S����@� DQG DV -DFFDUG LQGH[ LQ >��� HT��@�

�� $ & RQF LVH 5HYLHZ RQ $SSO LF DW LRQV

$ FROOHFWLRQ RI FRQWULEXWLRQV RQ DSSOLFDWLRQV� FODVVLpHG LQWR WKUHH DSSDUHQWO\
GLVWLQFW �EXW FHUWDLQO\ QRW GLVMRLQW� FODVVHV� LV FRQVLGHUHG LQ WKLV VHFWLRQ� 'LVWDQFH
IXQFWLRQV DUH VXSSRVHG WR DFW RQ DSSURSULDWH GRPDLQV�:KHQ ZH UHIHU WR D +DXVGRUo
GLVWDQFH� LW LV XQGHUVWRRG WKDW LW DFWV RQ DQ DGPLVVLEOH GRPDLQ WKDW PDNHV LW ZHOO�
GHpQHG �H�J�� RQ %�;�Q"d%�;�Q" RU� LQ SDUWLFXODU� RQ )�;�Q"d)�;�Q"� ZKLFK
PDNH WKH +DXVGRUo IXQFWLRQ LQWR D PHWULF�� 7KH GLVWDQFHV DQG PHWULFV RI WKH IDPLOLHV
K�V� DQG r�V� GLVFXVVHG LQ 6HFWLRQV � DQG � ZLOO EH IUHHO\ UHIHUUHG WKURXJKRXW WKLV
VHFWLRQ� ZKHUH ZH ZLOO QRZ SURFHHG IRUPDOO\� RPLWWLQJ WKHRUHWLFDO GHWDLOV�
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7KH IRUWKFRPLQJ UHIHUHQFH OLVW EHDUV QR FODLP RI FRPSOHWHQHVV� 3HUKDSV D FRP�
SOHWH OLVW �LI WKLV ZHUH SRVVLEOH�� VXSSRUWLQJ D EULHI UHYLHZ� ZRXOG EHFRPH XQDF�
FHSWDEO\ ODUJH� OHDGLQJ WR D GXOO FDWDORJ� 7KH REMHFWLYH FULWHULRQ IRU VHOHFWLQJ WKH
UHSUHVHQWDWLYHV LQ HDFK FODVV RI WKH SUHVHQW UHYLHZ ZDV PRVWO\ EDVHG RQ FLWDWLRQV�
WKH VXEMHFWLYH RQH UHOLHV RQ WKH DXWKRUV
 WDVWH�

$SSOLFDWLRQV RI WKH QRWLRQ RI GLVWDQFHV EHWZHHQ VHWV� LQ D YDULHW\ RI VHQVLEOH GHpQL�
WLRQV� KDYH EHHQ FRPPRQO\ �DQG QDWXUDOO\� XVHG LQ PDQ\ DUHDV RI NQRZOHGJH� UDQJ�
LQJ IURP WKHRUHWLFDO WR SUDFWLFDO DSSOLFDWLRQV� IRU LQVWDQFH� IURP FRPSXWHU VFLHQFH
WR ELRORJLFDO VFLHQFHV� 5RXJKO\ VSHDNLQJ� WKHVH DSSOLFDWLRQV DLP DW VKDSH DQDO\VLV
LQ D ZLGH VHQVH �DQG VR WKH\ HQFRPSDVV TXHVWLRQV LQYROYLQJ DQ\ VRUW RI SURFHGXUHV
WRZDUGV VHWV GLVWLQFWLRQ LQ JHQHUDO��:H SURSRVH D VLPSOH �SHUKDSV WRR VLPSOH� DQG
URXJK FODVVLpFDWLRQ RI DSSOLFDWLRQ DUHDV LQWR WKUHH FODVVHV�

���� &RPSXWDWLRQDO $VSHFWV� $OO DSSOLFDWLRQV LQ WKLV VXEVHFWLRQ GHDO ZLWK WKH
+DXVGRUo IDPLO\� PRVW RI WKHP H[FOXVLYHO\ ZLWK WKH SODLQ +DXVGRUo GLVWDQFH K�

������ 'LVWDQFH LQ JUDSKV � &RPSXWDWLRQDO DVSHFWV� ZLWK HPSKDVLV LQ JUDSK WKHRU\�
IRU WKH +DXVGRUo PHWULF K RYHU pQLWH VHWV DQG VRPH RI LWV YDULDQW GLVWDQFH IXQFWLRQV
DV LQ 6HFWLRQ �� ZHUH FRQVLGHUHG E\ (LWHU DQG 0DQQLOD >��@ LQ ����� 7KHVH ZHUH FRP�
SDUHG ERWK IURP WKHRUHWLFDO DQG FRPSXWDWLRQDO SRLQWV RI YLHZ� ZKRVH FRPSDULVRQV
DUH VSHFLDOO\ WDLORUHG IRU DSSOLFDWLRQV WR OLQN GLVWDQFHV >��� S����@ LQ JUDSKV� VRPH
RI WKHP FRPSXWHG E\ SRO\QRPLDO WLPH DOJRULWKPV� ,Q IDFW WKH +DXVGRUo PHWULF LV
FRPSXWDEOH LQ SRO\QRPLDO WLPH DQG� LQ VSLWH RI LWV DSSHDOLQJ SURSHUWLHV� LW LV VKRZQ
WKDW LW PD\ QRW EH DSSURSULDWH IRU VRPH DSSOLFDWLRQV� VLQFH LW GRHV QRW WDNH LQWR DF�
FRXQW WKH HQWLUH FRQpJXUDWLRQ RI VRPH pQLWH VHWV� $ UHYLHZ RQ VRPH GLVWDQFHV LQ WKH
+DXVGRUo IDPLO\ LV SUHVHQWHG WRJHWKHU ZLWK D UHYLHZ RQ WKH OLWHUDWXUH XS WR WKHQ�

������ 'LVWDQFH EHWZHHQ SRO\JRQV � 3RO\JRQV �DV ZHOO DV SRO\KHGUD� DUH FKDUDFWHUL]HG
E\ WKH SRVLWLRQ RI D pQLWH QXPEHU RI SRLQWV� LQ JHQHUDO LQ D pQLWH�GLPHQVLRQDO
(XFOLGHDQ VSDFH� $Q DOJRULWKP IRU FRPSXWLQJ WKH +DXVGRUo GLVWDQFH K EHWZHHQ D
SDLU RI FRQYH[ SRO\JRQV ZDV SURSRVHG E\ $WDOODK >�@ LQ ����� 7KLV ZDV H[WHQGHG E\
$WDOODK� 5LEHLUR DQG /LpVFKWL] >�@ LQ ����� ZKHUH DOJRULWKPV IRU FRPSXWLQJ VRPH
+DXVGRUo�W\SH GLVWDQFHV RI WZR SRVVLEO\ RYHUODSSLQJ DQG QRW QHFHVVDULO\ FRQYH[
SRO\JRQV ZDV SURSRVHG� $OJRULWKPV IRU FRPSXWLQJ +DXVGRUo GLVWDQFH K IRU JHQHUDO
SRO\KHGUD UHSUHVHQWHG E\ WULDQJXODU PHVKHV ZDV FRQVLGHUHG E\ %DUWRQ� +DQQLHO�
(OEHU DQG .L >�@ LQ ����� LQFOXGLQJ D OLWHUDWXUH UHYLHZ UHJDUGLQJ DSSOLFDWLRQV DORQJ
WKLV OLQH _ WKH UHDGHU LV UHIHUUHG WR WKH UHIHUHQFHV WKHUHLQ� )RU DQRWKHU DSSURDFK�
XVLQJ WKH 0LQLPXP 1RUP 'XDOLW\ 7KHRUHP �VHH� H�J� >��� S����@� UHJDUGLQJ WKH
RUGLQDU\ GLVWDQFH IXQFWLRQ G EHWZHHQ FRQYH[ VHWV LQ D QRUPHG VSDFH� VHH >��@�

������ 1XPHULFDO SURFHGXUHV DQG DOJRULWKPV � 7KH SUHFHGLQJ VXEVHFWLRQ GHDOW ZLWK
QXPHULFDO DVSHFWV DQG DOJRULWKPV DV ZHOO� DOWKRXJK WKLV PD\ QRW KDYH EHHQ WKH PDLQ
SXUSRVH WKHUH� 6KRQNZLOHU >��@ FRQVLGHUHG LQ ���� DQ DOJRULWKP IRU FRPSXWLQJ WKH
HK GLVWDQFH EHWZHHQ WZR LPDJHV LQ OLQHDU WLPH� +XWWHQORFKHU DQG .HGHP >��@ LQ ����
DQG +XWWHQORFKHU� .HGHP DQG .OHLQEHUJ >��@ LQ ���� FRPSXWHG WUDQVODWHV RI WKH
+DXVGRUo GLVWDQFH K IRU VXEVHWV RI WKH UHDO OLQH DQG RI WKH (XFOLGLDQ SODQH� ZKHUH WKH
UHVXOWV ZHUH DOVR DSSOLHG IRU FRPSDULQJ SRO\JRQV XQGHU DrQH WUDQVIRUPDWLRQV� WKH
PDLQ IRFXV EHLQJ RQ FRPSXWDWLRQDO VSHHG� &KHZ DQG .HGHP >��@ LQ ���� SURFHHGHG
DORQJ WKH VDPH OLQH� FRQVLGHULQJ PRUH RSWLRQV IRU WKH PHWULF G RQ DQ Q�GLPHQVLRQDO
�Q x �� UHDO VSDFH ;� VXFK DV WKH VXS PHWULF DQG WKH G� PHWULF LQ DGGLWLRQ WR WKH



' ,6 7$1&(6 %(7:((1 6 (76 ��

XVXDO G� (XFOLGLDQ PHWULF� 1XPHULFDO FRPSDULVRQV IRU HVWLPDWLQJ WKH +DXVGRUo GLV�
WDQFH K EHWZHHQ GLVFUHWH ��GLPHQVLRQDO VXUIDFHV UHSUHVHQWHG E\ WULDQJXODU PHVKHV�
DLPLQJ DW WKH UHGXFWLRQ RI FRPSXWDWLRQDO HoRUW DQG PHPRU\ XVDJH� ZDV FRQVLGHUHG
E\ $VSHUW� 6DQWD�&UX] DQG (EUDKLPL >�@ LQ �����

���� 2Q 'LVWDQFHV %HWZHHQ )X]]\ 6HWV� ?7KHUH KDV EHHQ D QXPEHU RI SDSHUV
SURSRVLQJ GLoHUHQW H[WHQVLRQV RI WKH +DXVGRUo PHWULF WR IX]]\ VHWV� 1RQH RI WKHVH
SURSRVDOV EHKDYH DV RQH ZRXOG LQWXLWLYHO\ H[SHFW� >��@�

������ 0DUF]HZVNL^6WHLQKDXV GLVWDQFH� )ROORZLQJ WKH 0DUF]HZVNL^6WHLQKDXV PHWULF
Hr��� *DUGQHU� .DQQR� 'XQFDQ� DQG 6HOPLF >��@ SURSRVHG LQ ���� DQ H[WHQVLRQ RI Hr���
ERXQGHG E\ Hr�� LWVHOI� ZKLFK ZDV VKRZQ WR EH D PHWULF DQG VXLWDEOH IRU DSSOLFDWLRQV LQ
SDWWHUQ UHFRJQLWLRQ� LPDJH SURFHVVLQJ� PDFKLQH OHDUQLQJ� DQG LQIRUPDWLRQ UHWULHYDO�

$V RQH ZRXOG H[SHFW� Hr�� ZRXOG EH WRR PXFK RI D PHWULF WR EH XVHG IRU IX]]\ VHWV�
DQG VR IXUWKHU PHDVXUH WKHRUHWLFDO GLVWDQFHV DUH DOVR FRQVLGHUHG� &RPSDULVRQV ZHUH
LPSOHPHQWHG LQYROYLQJ DOVR WKH +DXVGRUo PHWULF�

������ +DXVGRUo GLVWDQFHV� $SSOLFDWLRQV DORQJ WKLV OLQHV LQYROYLQJ +DXVGRUo�OLNH GLV�
WDQFH IXQFWLRQV IRU IX]]\ VHWV KDG EHHQ FRQVLGHUHG EHIRUH E\ 5RVHQIHOG >��@ LQ ����
DQG E\ &KDXGKXUL DQG 5RVHQIHOG >��@ LQ ����� ZKLFK ZHUH IROORZHG E\ %R[HU >�@ LQ
����� E\ )DQ >��@ LQ ����� DQG E\ &KDXGKXUL DQG 5RVHQIHOG >��@ LQ ����� $ GLoHU�
HQW DSSURDFK ZKHUH WKH +DXVGRUo GLVWDQFH LV XVHG WR JHQHUDWH IXUWKHU VLPLODULW\
PHDVXUHV IRU IX]]\ VHWV ZDV FRQVLGHUHG E\ +XQJ DQG <DQJ >��@ LQ �����

������ 1RQ�+DXVGRUo GLVWDQFHV � $ FULWLFDO DQDO\VLV RQ DSSOLFDWLRQV WR IX]]\ VHWV ZDV
XQGHUWDNHQ E\ %UDVV >��@ LQ ����� ZKHUH XQGHU DQ LQWULJXLQJ WLWOH ?RQ WKH QRQH[�
LVWHQFH RI +DXVGRUo�OLNH PHWULFV IRU IX]]\ VHWV� KH VHW DERXW WR GLVFXVV SODXVLEOH
V\VWHPV RI PHWULF D[LRPV IRU IX]]\ VHWV� )XMLWD >��@ FRQVLGHUHG LQ ���� VRPH GLV�
WDQFH IXQFWLRQV WKDW FDQ EH DSSOLHG WR IX]]\ VHWV� ZKHUH WKH +DXVGRUo PHWULF K DQG

WKH 0DUF]HZVNL^6WHLQKDXV pQLWH�YHUVLRQ PHWULF Hr�� DUH WDNHQ DV VWDUWLQJ SRLQWV IRU
\LHOGLQJ WKH RULJLQDO PHWULF K���

� �

���� 'LVWDQFH LQ 2EMHFW $QDO\VLV� %\ ?REMHFW DQDO\VLV� ZH VLPSO\ PHDQ ?LPDJH
DQDO\VLV� LQ D YHU\ EURDG VHQVH� UDQJLQJ IURP YLVLEOH LPDJHV WR ELQDU\ VWULQJV LQ
JHQHUDO� 7KH PDMRULW\ RI DSSOLFDWLRQV RI VHW GLVWDQFHV IRFXVHV RQ SUREOHPV LQVLGH
WKLV FODVVLpFDWLRQ� LQFOXGLQJ DOO UDQJHV RI DSSOLFDWLRQV IRU SDWWHUQ UHFRJQLWLRQ� 7KHUH
LV D YHU\ ODUJH VHW RI UHIHUHQFHV �PRVW RQ +DXVGRUo GLVWDQFH DQG LWV UHODWLYHV� IRU
LPDJH SURFHVVLQJ LQ VXFK D EURDG VHQVH� $OVR QRQPHWULF GLVWDQFHV �RU QRQPHWULF
VLPLODULW\ IXQFWLRQV�� PHDQLQJ VHPLPHWULFV �ZKHUH WKH WULDQJOH LQHTXDOLW\ PD\ IDLO��
KDYH EHHQ FRQVLGHUHG IRU LPDJH DQDO\VLV E\ -DFREV� :HLQVKDOO DQG *GDO\DKX >��@
LQ ����� $FWXDOO\� D ZKROH ERRN RQ YLVXDO UHFRJQLWLRQ XVLQJ +DXVGRUo GLVWDQFH E\
5XFNOLGJH >��@ KDV DSSHDUHG LQ ����� HPSKDVL]LQJ FRPSXWDWLRQDO DVSHFWV WRZDUGV
DSSOLFDWLRQV RQ LPDJLQJ SURFHVVLQJ� LQFOXGLQJ FRQFUHWH H[SHULPHQWV DQG D ODUJH OLVW
RI UHIHUHQFHV �ZKLFK JRHV EH\RQG VHW GLVWDQFHV DSSOLHG WR LPDJH SURFHVVLQJ�� WR
ZKLFK WKH UHDGHU LV UHIHUUHG� :H FRPPHQW RQ D VKRUWHU OLVW �QRW LQFOXGHG DQG QRW
GLVMRLQW ZLWK WKH DERYH�PHQWLRQHG� ZLWK D FXWRo URXJKO\ DIWHU FRQVLGHULQJ VRPH RI
WKH PRVW FLWHG DUWLFOHV �EXW QRW RQO\� LQ RUGHU NHHS XS ZLWK D UHDVRQDEOH�VL]H OLVW�

������ 1HZ PHWULFV DQG FRPSDULVRQV� %DGGHOH\ >�@ SUHVHQWV LQ ���� D UDWKHU GHWDLOHG
GLVFXVVLRQ RQ WKH +DXVGRUo PHWULF K SRLQWLQJ RXW WKDW� DOWKRXJK WKHRUHWLFDOO\ DW�
WUDFWLYH� WKLV LV WRR VHQVLWLYH D PHWULF IRU LPDJH SURFHVVLQJ SXUSRVHV� EHFRPLQJ



�� $� &2 1&, $1' &�6 � . 8%586 / <

SUDFWLFDOO\ XQVWDEOH� 7KXV WKH PHWULF K�
S LV LQWURGXFHG DQG FRPSDUHG IRU S  �

ZLWK ?HUURU PHDVXUHV RI FXUUHQW XVH�� ZKLFK LV HVVHQWLDOO\ WKH PHWULF r� �DQG VRPH
DV\PPHWULF YDULDQWV RI LW�� DQG FRPSDULVRQV LQYROYLQJ FODVVLFDO V\QWKHWLF LPDJHV DUH
DOVR FRQVLGHUHG� $V ZH KDYH VHHQ LQ ����� DQG ������ )XMLWD >��@ LQ ����� DQG DOVR
*DUGQHU� .DQQR� 'XQFDQ� DQG 6HOPLF >��@ LQ ����� LQWURGXFHG RULJLQDO PHWULFV DV

ZHOO� LQFOXGLQJ GLVFXVVLRQV RQ WKH PHWULFV K DQG Hr��� 'XEXLVVRQ DQG -DLQ >��@ FRQ�
VLGHUHG LQ ���� PRVW RI WKH +DXVGRUo IDPLO\ RI GLVWDQFHV �DQG PHWULFV� RI 6HFWLRQ
� WRZDUGV DSSOLFDWLRQV LQ LPDJH SURFHVVLQJ� FRPSDULQJ �� FRPELQDWLRQV RI WKHP�
LQFOXGLQJ FRPSDULVRQV LQYROYLQJ UHDO LPDJHV� 7KH\ SRLQW RXW WKDW K�

� SUHVHQWV WKH
EHVW SHUIRUPDQFH DPRQJ WKHLU H[SHULPHQWV�

������ 0RWLRQ ^ WUDQVODWLRQ DQG URWDWLRQ� 5RWH >��@ SURSRVHG LQ ������ DQ DOJR�
ULWKP IRU FRPSXWLQJ WKH PLQLPXP +DXVGRUo GLVWDQFH EHWZHHQ VXEVHWV RI WKH UHDO
OLQH XQGHU WUDQVODWLRQ� 7KLV ZDV DOVR FRQVLGHUHG E\ /L� 6KHQ DQG /L >��@ LQ �����
+XWWHQORFKHU� .ODQGHUPDQ DQG 5XFNOLGJH >��@� DQG +XWWHQORFKHU DQG 5XFNOLGJH
>��@� LQYHVWLJDWHG LQ ���� WKH +DXVGRUo GLVWDQFH K WR HYDOXDWH QHDUQHVV EHWZHHQ
D PRGHO VHW DQG DQ LPDJH VHW� LQFOXGLQJ FRPSDULVRQV XQGHU WUDQVODWLRQ DQG ULJLG
PRWLRQ �FRPELQHG WUDQVODWLRQ DQG URWDWLRQ�� DQG DQ DOJRULWKP LV SURSRVHG WR FRP�
SXWH WKHVH GLVWDQFHV ZLWK H[DPSOHV XVLQJ UHDO LPDJH� 5XFNOLGJH >��� ��@ LQ ����
DQG ���� FRQVLGHUHG D SURFHGXUH IRU VHDUFKLQJ VSDFH WUDQVIRUPDWLRQV RI D PRGHO WR
PDWFK WUDQVIRUPDWLRQV WKDW PLQLPL]H WKH +DXVGRUo GLVWDQFH K EHWZHHQ WKH WUDQV�
IRUPHG PRGHO DQG DQ LPDJH� LQFOXGLQJ H[DPSOHV� +RVVDLQ� 'HZDQ� $KQ DQG &KDH�
>��@ DOVR SURSRVHG LQ ���� DQ DOJRULWKP IRU FRPSXWLQJ +DXVGRUo�OLNH GLVWDQFHV ZLWK
DSSOLFDWLRQ WR PRYLQJ REMHFWV� $OVR VHH ������

������ 0RGLpHG +DXVGRUo LQFOXGLQJ DV\PPHWULHV� 7DNwDFV >��@ FRQVLGHUHG LQ ���� D
SURFHGXUH IRU IDFH PDWFKLQJ EDVHG RQ WKH +DXVGRUo IDPLO\
V GLVWDQFH K�

�� 7KLV
LQFOXGHV D SHQDOW\ VFKHPH WR HQVXUH WKDW LPDJHV ZLWK ODUJH RYHUODS DUH HDVLO\
GLVWLQJXLVKHG� ([SHULPHQWDO UHVXOWV RQ D ODUJH VHW RI IDFH LPDJHV DUH FDUULHG RXW�
6LP� .ZRQ DQG 3DUN >��@ FRQVLGHUHG LQ ���� DQ DV\PPHWULF IXQFWLRQ DVVRFLDWHG WR
WKH GLVWDQFH K�

� IRU REMHFW PDWFKLQJ� LQFOXGLQJ VLPXODWLRQV IRU FRPSDULVRQV EDVHG RQ
V\QWKHWLF DQG UHDO LPDJHV� -HVRUVN\� .LUFKEHUJ DQG )ULVFKKRO] >��@ DOVR XVHG LQ ����
DQ DV\PPHWULF IXQFWLRQ DVVRFLDWHG WR WKH GLVWDQFH K�

�� DSSOLHG IRU VKDSH FRPSDU�
LVRQV WRZDUGV IDFH GHWHFWLRQ� ZKHUH H[SHULPHQWV ZHUH FDUULHG RXW ZLWK UHDO LPDJHV�
=KDR� 6KL DQG 'HQJ >��@ FRPSDUHG LQ ���� DV\PPHWULF YHUVLRQV RI K DQG K� IRU
REMHFW PDWFKLQJ LQ WZR�GLPHQVLRQDO LPDJHV� LQFOXGLQJ H[SHULPHQWDO UHVXOWV�

5HI HU HQF HV

�� 1 � $ VS HU W� '� 6 DQ WD�& U X ] DQ G 7 � ( E U DK LP L� 0HVK� PHDVXU LQ J HU U RU V EHW Z HHQ VXU IDFHV XVLQ J

W KH + DXVGRU o GLVW DQ FH� 3 U RF� ,( ( ( ,Q W� & RQ I� 0X OWLP � ( [ S R� /DX VDQ Q H ������� ��������
�� 0�- � $ WDOODK � $ OLQ HDU W LPH DOJRU LW KP IRU W KH + DXVGRU o GLVW DQ FH EHW Z HHQ FRQ YH[ SRO\ JRQ V�

,Q IRU P � 3 U RFHVV� /HWW� �� ������� ���^����
�� 0�- � $ WDOODK � & �& � 5LE HLU R DQ G 6 � /Lp VFK WL]� & RPSXW LQ J VRPH GLVW DQ FHV IXQ FW LRQ V EHW Z HHQ

SRO\ JRQ V� 3 DWWHU Q 5HFRJQ LWLRQ �� ������� ��������
�� + � $ WWRX FK � 5� /X FFK HWWL DQ G 5�- ��% � : HWV� 7 KH W RSRORJ\ RI W KH ~ � + DXVGRU o GLVW DQ FH� $ Q Q �

0DW� 3 X U D $ S S O� ��� &/ ; ������� ���^����
�� $ �- � % DG G HOH\ � ( U U RU V LQ ELQ DU \ LPDJHV DQ G /S YHU VLRQ RI W KH + DXVGRU o PHW U LF� 1 LHX Z $ U FK �

: LVN � ��� �� ������� ���^����
�� 0� % DU WRQ � ,� + DQ Q LHO� *� ( OE HU DQ G 0��6 � .LP � 3 U HFLVH + DXVGRU o GLVW DQ FH FRPSXW DW LRQ

EHW Z HHQ SRO\ JRQ DO PHVKHV� & RP S X W� $ LG HG *HRP � 'HVLJQ �� ������� ��������
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�� 7 � % LU VDQ DQ G '� 7 LE D� 2Q H KXQ GU HG \ HDU V VLQ FH W KH LQ W U RGXFW LRQ RI W KH VHW GLVW DQ FH E\

' LPLW U LH 3 RPSHLX� 3 U RF� ��Q G ,),3 7 & � & RQ I�� 7 X U LQ ������� ��^���
�� /�0� % OX P HQ WK DO� 7 KHRU \ DQ G $ SSOLFDW LRQ V RI ' LVW DQ FH * HRPHW U \ � �Q G HG �� & K HOVHD� 1 HZ

< RU N � �����
�� /� % R[ HU � 2Q + DXVGRU o � OLNH PHW U LFV IRU IX] ] \ VHW V� 3 DWWHU Q 5HFRJQ LWLRQ /HWW� �� �������

���^���� ( U U DWX P � 3 DWWHU Q 5HFRJQ LWLRQ /HWW� �� ������� ���^����
��� 3 � % U DVV� 2Q W KH Q RQ H[LVW HQ FH RI + DXVGRU o � OLNH IRU IX] ] \ VHW V� 3 DWWHU Q 5HFRJQ LWLRQ /HWW� ��

������� ��^���
��� % �% � & K DX G K X U L DQ G $ � 5RVHQ IHOG � 2Q D PHW U LF GLVW DQ FH EHW Z HHQ IX] ] \ VHW V� 3 DWWHU Q 5HFRJ�

Q LWLRQ /HWW� �� ������� ����^�����
��� % �% � & K DX G K X U L DQ G $ � 5RVHQ IHOG � $ PRGLpHG + DXVGRU o GLVW DQ FH EHW Z HHQ IX] ] \ VHW V� ,Q IRU P �

6 FL� ��� ������� ���^����
��� /�3 � & K HZ DQ G .� .HG HP � * HW W LQ J DU RXQ G D ORZ HU ERXQ G IRU W KH PLQ LPXP + DXVGRU o GLVW DQ FH�

& RP S X W� *HRP � �� ������� ���^����
��� $ � & RQ FL� 6 �/� *DOY aDR� *�2� 6 HT X HLU RV� '�& �0� 6 DDG H DQ G 7 � 0DF+ HQ U \ � $ Q HZ PHDVXU H IRU

FRPSDU LQ J ELRPHGLFDO U HJLRQ V RI LQ W HU HVW LQ VHJPHQ W DW LRQ RI GLJLW DO LPDJHV� 'LVFU HWH $ S S O�
0DWK � ��� ������� ���^����

��� $ � 'D[ � 7 KH GLVW DQ FH EHW Z HHQ W Z R FRQ YH[ VHW V� /LQ HDU $ OJHE U D $ S S O� ��� ������� ���^����
��� 0�0� 'H]D DQ G ( � 'H]D� ( Q F\ FORSHGLD RI ' LVW DQ FHV� 6 S U LQ JHU � % HU OLQ � �����
��� 0��3 � 'X E X LVVRQ DQ G $ �.� - DLQ � $ PRGLpHG + DXVGRU o GLVW DQ FH IRU REMHFW PDW FKLQ J � 3 U RF�

,Q W� & RQ I� 3 DWWHU Q 5HFRJQ LWLRQ � - HU X VDOHP ������� ���^����
��� - � 'X JX Q G ML� 7 RSRORJ\ � $ OO\ Q 	 % DFRQ � % RVWRQ � �����
��� 7 � ( LWHU DQ G + � 0DQ Q LOD� ' LVW DQ FH PHDVXU HV IRU SRLQ W VHW V DQ G W KHLU FRPSXW DW LRQ � $ FWD

,Q IRU P � �� ������� ���^����
��� .�- � )DOFRQ HU � 7 KH * HRPHW U \ RI )U DFW DO 6 HW V� & DP E U LG JH 8 Q LY HU VLW\ 3 U HVV� & DP E U LG JH� �����
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