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$EVW U DF W � 6 S HFLDO FODVVHV RI LQ WHU WZ LQ LQ J WU DQ VIRU P DWLRQ V E HWZ HHQ + LOE HU W
VS DFHV DU H LQ WU RG X FHG DQ G LQ Y HVWLJDWHG � Z K RVH S X U S RVH LV WR S U RY LG H S DU WLDO
DQ VZ HU V WR VRP H FODVVLFDO T X HVWLRQ V RQ WK H H[ LVWHQ FH RI Q RQ WU LY LDO LQ Y DU LDQ W
VX E VS DFHV IRU RS HU DWRU V DFWLQ J RQ VHS DU DE OH + LOE HU W VS DFHV� 7 K H P DLQ U HVX OW
HQ VX U HV WK DW LI DQ RS HU DWRU LV ' �LQ WHU WZ LQ HG WR Q RU P DO RS HU DWRU � WK HQ LW K DV D
Q RQ WU LY LDO LQ Y DU LDQ W VX E VS DFH�

�� ,QW U RGXF W LRQ

7KH PRWLYDWLRQ IRU WKLV SDSHU OLHV LQ WKH IROORZLQJ ZHOO�NQRZQ RSHQ TXHVWLRQ RQ
TXDVLDrQLW\ DQG LQYDULDQW VXEVSDFHV �VHH� H�J�� LQ >��� S���@ DQG >��� S����@��

4XHVWLRQ �� 'RHV D TXDVLDrQH WUDQVIRUP RI D QRUPDO RSHUDWRU KDYH D QRQWULYLDO
LQYDULDQW VXEVSDFH"

$ PRUH JHQHUDO YHUVLRQ UHDGV DV IROORZV�

4XHVWLRQ �� 'RHV D TXDVLDrQH WUDQVIRUP RI D UHGXFLEOH RSHUDWRU KDYH D QRQWULYLDO
LQYDULDQW VXEVSDFH"

,Q RUGHU WR LQYHVWLJDWH VSHFLDO LQVWDQFHV RI WKHVH TXHVWLRQV ZH LQWURGXFH WZR
FODVVHV RI LQWHUWZLQLQJ WUDQVIRUPDWLRQV ZKLFK� IRU ODFN RI D EHWWHU QDPH� DUH FDOOHG
FODVV & DQG FODVV '� :H VKRZ WKH H[LVWHQFH RI QRQWULYLDO LQYDULDQW VXEVSDFHV IRU
RSHUDWRUV LQWHUWZLQHG ZLWK QRUPDO RSHUDWRUV WKURXJK LQWHUWZLQLQJ WUDQVIRUPDWLRQV
RI FODVVHV & DQG '� 7KH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � GHDOV ZLWK QRWDWLRQ
DQG WHUPLQRORJ\� DQG 6HFWLRQ � SUHVHQWV WKH GHpQLWLRQ RI FODVV & WUDQVIRUPDWLRQV
DQG WKH DX[LOLDU\ UHVXOWV WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO� 6HFWLRQ � LQWURGXFHV
WKH QRWLRQ RI FODVV ' DQG SURYHV WKH PDLQ UHVXOW RI WKH SDSHU� QDPHO\� 7KHRUHP
���� ZKRVH SULQFLSDO FRQVHTXHQFH LQ &RUROODU\ ��� HQVXUHV WKDW LI DQ RSHUDWRU LV '�
LQWHUWZLQHG WR QRUPDO RSHUDWRU� WKHQ LW KDV D QRQWULYLDO LQYDULDQW VXEVSDFH� &RQ�
FOXGLQJ UHPDUNV DUH FRQVLGHUHG LQ 6HFWLRQ ��

)XUWKHU GLVFXVVLRQV DORQJ WKHVH OLQHV �PDLQO\ FRQVLGHULQJ TXDVLVLPLODULW\� FDQ
EH IRXQG� IRU LQVWDQFH� LQ >�� �� ��� ��� ��� ��@� ,Q SDUWLFXODU� ZH ZLOO IRFXV RQ
TXDVLDrQH WUDQVIRUPV RI QRUPDO RSHUDWRUV �4XHVWLRQ ��� ZKRVH SDUWLFXODUL]DWLRQ
WR XQLWDU\ RSHUDWRUV LV D ZHOO�NQRZ FODVVLFDO UHVXOW IRU +LOEHUW�VSDFH FRQWUDFWLRQV�
QDPHO\� HYHU\ &���FRQWUDFWLRQ LV TXDVLVLPLODU WR D XQLWDU\ RSHUDWRU �VHH H�J�� >���
S���@� >�� S����@� >��� S����@� >�� S����@� DQG >��� S���@� _ UHODWHG SUREOHPV GHDOLQJ
ZLWK TXDVLVLPLODULW\ WR LVRPHWULHV ZHUH FRQVLGHUHG LQ >��� ��@� DQG UHVWULFWLRQV RI
RSHUDWRUV WR TXDVLVLPLODU VXEVSDFHV LQ� IRU H[DPSOH� >�� �@�� )RU ZLGH UDQJH VXUYH\V
WDNLQJ XS VLPLODU TXHVWLRQV OLQNHG WR WKH LQYDULDQW VXEVSDFH SUREOHP WKH UHDGHU LV
UHIHUUHG WR >�� �� ��� ��� ��@�

' DW H� 2FWRE HU ��� ����� U HY LVHG 0DU FK ��� ����� $ S U LO ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��% ���
. H\ Z RU GV� ,Q Y DU LDQ W VX E VS DFHV� LQ WHU WZ LQ LQ J WU DQ VIRU P DWLRQ V� T X DVLDr Q LW\ �

�
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�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKLV SDSHU + DQG . ZLOO VWDQG IRU FRPSOH[� VHSDUDEOH� DQG LQpQLWH�
GLPHQVLRQDO +LOEHUW VSDFHV� /HW %>+� . @ EH WKH %DQDFK VSDFH RI DOO ERXQGHG OLQHDU
WUDQVIRUPDWLRQV IURP + LQWR . � 6HW %>+@  %>+�+@ IRU VKRUW� ZKLFK LV WKH %DQDFK
DOJHEUD RI DOO RSHUDWRUV RQ + �L�H�� RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR
LWVHOI�� %\ D VXEVSDFH RI + ZH PHDQ D FORVHG OLQHDU PDQLIROG RI +� )RU DQ\ VHW
0 v + OHW 0" GHQRWH WKH RUWKRJRQDO FRPSOHPHQW RI 0 LQ + �ZKLFK LV D VXEVSDFH
RI+�� 7KH FORVXUH0b RI D OLQHDU PDQLIROG0 LV D VXEVSDFH� /HW5�;�  ;�+� EH
WKH UDQJH RI;� %>+� . @� ZKLFK LV D OLQHDU PDQLIROG RI . � DQG OHW 1 �;�  ;b��I�J�
EH WKH NHUQHO RI ;� ZKLFK LV D VXEVSDFH RI +� /HW 7 e � %>+@ VWDQG IRU WKH DGMRLQW
RI 7 � %>+@� $Q RSHUDWRU 7 � %>+@ LV QRUPDO LI 77 e  7 e7 � DQG XQLWDU\ LI LW LV D
QRUPDO LVRPHWU\ �L�H�� LI 77 e  7 e7  ,� ZKHUH , VWDQGV IRU WKH LGHQWLW\ RSHUDWRU
LQ %>+@�� ,I ;� %>+� . @� 7 � %>+@� / � %>. @� DQG ;7  /;� WKHQ ZH VD\ WKDW ;
LQWHUWZLQHV 7 WR / �DQG VR 7 LV LQWHUWZLQHG WR /�� $ WUDQVIRUPDWLRQ ;� %>+� . @ LV
TXDVLLQYHUWLEOH RU D TXDVLDrQLW\ LI LW LV LQMHFWLYH ZLWK GHQVH UDQJH �L�H�� 1 �;�  I�J
DQG 5�;�b . �� $Q RSHUDWRU 7 � %>+@ LV D TXDVLDrQH WUDQVIRUP RI DQ RSHUDWRU
/ � %>. @ LI WKHUH H[LVWV D TXDVLLQYHUWLEOH WUDQVIRUPDWLRQ;� %>+� . @ LQWHUWZLQLQJ 7
WR /� $ VXEVSDFH0 RI + LV LQYDULDQW IRU 7 � %>+@ �RU 7 �LQYDULDQW� LI 7 �0� v 0�
DQG 0 UHGXFHV 7 �RU 0 LV D UHGXFLQJ VXEVSDFH IRU 7 � LI ERWK 0 DQG 0" DUH
LQYDULDQW IRU 7 � DQG 0 LV QRQWULYLDO LI I�J � 0 � +� $Q RSHUDWRU LV UHGXFLEOH LI
LW KDV D QRQWULYLDO UHGXFLQJ VXEVSDFH�

�� $X[LO LDU \ 5HVXO W V

%HIRUH LQWURGXFLQJ WKH QRWLRQ RI WUDQVIRUPDWLRQ RI FODVV & � UHFDOO WKDW HYHU\
QRUPDO RSHUDWRU �RQ D +LOEHUW VSDFH RI GLPHQVLRQ JUHDWHU WKDQ �� KDV D QRQWULYLDO
UHGXFLQJ VXEVSDFH� 7KHQ 4XHVWLRQ � DQG � KDYH WKH IROORZLQJ SDUWLDO DQVZHUV�

3URSRVLWLRQ ���� >��� &RUROODU\���@� 7DNH 7 �%>+@� /�%>. @� DQG ;�%>+� . @ VXFK
WKDW ;7  /;� /HW 0 ~ . EH D QRQWULYLDO pQLWH�GLPHQVLRQDO UHGXFLQJ VXEVSDFH IRU

/� ,I 5�;�b . � WKHQ ;b��0"� LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 �

,Q SDUWLFXODU� WKLV DSSOLHV WR TXDVLDrQH WUDQVIRUPV RI UHGXFLEOH RSHUDWRUV�

3URSRVLWLRQ ���� >��� &RUROODU\ ���@� ,I DQ RSHUDWRU 7 � %>+@ LV D TXDVLDrQH

WUDQVIRUP RI DQRWKHU RSHUDWRU / � %>. @ WKDW KDV D QRQWULYLDO pQLWH�GLPHQVLRQDO

UHGXFLQJ VXEVSDFH� WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

7KHVH UHVXOWV DUH EDVHG RQ WKH IROORZLQJ SURSRVLWLRQ�

3URSRVLWLRQ ���� >��� /HPPD ���@� /HW 7 � %>+@� / � %>. @� DQG ;� %>+� . @ EH
VXFK WKDW ;7  /;� 6XSSRVH 0 ~ . LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU /�
,I 5�;�b . DQG 5�;� ?0 � I�J� WKHQ ;b��0� LV D QRQWULYLDO LQYDULDQW VXE�

VSDFH IRU 7 �

3URSRVLWLRQ ���� ���� DQG ��� PRWLYDWH WKH GHpQLWLRQ RI FODVV & WUDQVIRUPDWLRQV�

'HpQLWLRQ �� $ WUDQVIRUPDWLRQ ;� %>+� . @ LV RI FODVV & LI

5�;� ?0 � I�J

IRU HYHU\ LQpQLWH�GLPHQVLRQDO VXEVSDFH 0 RI . � ,Q WKLV FDVH ZH VD\ WKDW ;� & �
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/HW 7 � %>+@� / �%>. @� DQG ;� %>+� . @ EH VXFK WKDW ; LQWHUWZLQHV 7 WR / �L�H��
VXFK WKDW ;7  /;�� ,I LQ DGGLWLRQ ;� & � WKHQ ZH VD\ WKDW 7 LV & �LQWHUWZLQHG WR

/� RU WKDW ; LV D WUDQVIRUPDWLRQ WKDW & �LQWHUWZLQHV 7 WR /� ,W FDQ EH YHULpHG WKDW
WUDQVIRUPDWLRQV RI FODVV & VDWLVI\ WKH IROORZLQJ SURSHUWLHV� �3URRIV DUH RPLWWHG KHUH
VLQFH ZH SURYH WKHVH UHVXOWV IRU D PRUH JHQHUDO FODVV LQ 6HFWLRQ �� FI� 5HPDUN �����

3URSRVLWLRQ ���� ,I ;� & � WKHQ GLP5�;�" � �� VR WKDW GLP5�;�  ��

&RQVLGHULQJ WKH GHpQLWLRQ RI WUDQVIRUPDWLRQV RI FODVV & � DQG DFFRUGLQJ WR 4XHV�
WLRQV � DQG �� ZH SRVH WKH IROORZLQJ IXUWKHU TXHVWLRQ�

4XHVWLRQ �� 'RHV HYHU\ RSHUDWRU & �LQWHUWZLQHG WR D QRUPDO RSHUDWRU KDYH D QRQ�
WULYLDO LQYDULDQW VXEVSDFH"

7KLV TXHVWLRQ ZLOO EH DQVZHUHG LQ &RUROODU\ ���� 0HDQZKLOH� WUDQVIRUPDWLRQV RI
FODVV & \LHOG WKH IROORZLQJ UHVXOW� ZKLFK LV QDWXUDOO\ OLQNHG WR 3URSRVLWLRQ ���

3URSRVLWLRQ ���� ,I ;� %>+� . @ LV D WUDQVIRUPDWLRQ RI FODVV & � DQG LI 1 � %>. @
LV D QRUPDO RSHUDWRU� WKHQ WKHUH H[LVWV D QRQWULYLDO LQpQLWH�GLPHQVLRQDO UHGXFLQJ

VXEVSDFH IRU 1 � VD\ 0� VXFK WKDW 5�;� �v 0�

3URRI� /HW ;� %>+� . @ EH DQ DUELWUDU\ WUDQVIRUPDWLRQ RI FODVV & � DQG OHW 1 � %>. @
EH DQ DUELWUDU\ QRUPDO RSHUDWRU� 7KH SURRI JRHV E\ FRQWUDGLFWLRQ� 7KDW LV� DVVXPH
WKDW IRU HYHU\ QRQWULYLDO UHGXFLQJ VXEVSDFH 0 IRU 1 ZLWK GLP0  � ZH KDYH

5�;� v 0� �e�

7KLV ZLOO OHDG WR D FRQWUDGLFWLRQ� 6LQFH 1 LV QRUPDO DQG . LV LQpQLWH�GLPHQVLRQDO� LW
IROORZV WKDW WKHUH H[LVWV D QRQWULYLDO UHGXFLQJ VXEVSDFH0� IRU1 ZLWK GLP0�  �
�UHDVRQ� LI 1 DQG 1 " DUH UHGXFLQJ DQG QRQWULYLDO IRU 1 � WKHQ DW OHDVW RQH LV LQpQLWH�
GLPHQVLRQDO�� 7KXV WKH LQFOXVLRQ LQ �e� HQVXUHV WKDW

5�;� v 0��
DQG KHQFH

5�;� ?0"
�  I�J�

6LQFH ;� & � LW IROORZV WKDW GLP0"
�  Q� � �� 0RUHRYHU� VLQFH0� LV D QRQWULYLDO

UHGXFLQJ VXEVSDFH IRU 1 � LW LV FOHDU WKDW �1 M0 � �e  1eM0 � �0� � 0� VR WKDW
1�  1 M0 � �0� � 0� LV QRUPDO� DQG KHQFH WKHUH LV D QRQWULYLDO UHGXFLQJ VXE�
VSDFH0� ~ 0� IRU 1� �WKXV D QRQWULYLDO UHGXFLQJ VXEVSDFH IRU 1� ZLWK GLP0�  
�� $JDLQ E\ WKH LQFOXVLRQ LQ �e� ZH JHW

5�;� v 0��
DQG WKHUHIRUH�

5�;� ?0"
�  I�J�

6LQFH ;� & � LW IROORZV WKDW GLP0"
�  Q� � �� 7KHQ� VLQFH0� ~ 0� LI DQG RQO\

LI 0"
� ~ 0"

� � LW DOVR IROORZV WKDW Q� � Q�� +HQFH� E\ D WULYLDO LQGXFWLRQ� IRU HDFK
LQWHJHU N y � WKHUH LV D QRQWULYLDO UHGXFLQJ VXEVSDFH 0N IRU 1 VXFK WKDW

GLP0N  ��
5�;� v 0N � � ~ 0N�
5�;� ?0"

N  I�J�
GLP0"

N  QN � QN � ��

6LQFH WKH VHTXHQFH IQNJNy� RI SRVLWLYH LQWHJHUV QN  GLP0"
N LV LQFUHDVLQJ DQG
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5�;� v 0N  � 0"
N v 5�;�"�

LW IROORZV WKDW GLP5�;�"  �� ZKLFK FRQWUDGLFWV 3URSRVLWLRQ ���� WKXV FRPSOHWLQJ
WKH SURRI�

�� & O DVV ' DQG 0 DLQ 5HVXO W V

1RZ ZH LQWURGXFH WKH QRWLRQ RI WUDQVIRUPDWLRQV RI FODVV '� DQG ZH VKRZ KRZ
WKLV FODVV SURYLGHV DQ DrUPDWLYH DQVZHU WR WKH H[LVWHQFH RI QRQWULYLDO LQYDULDQW
VXEVSDFHV DV LQ WKH IRUWKFRPLQJ 4XHVWLRQ ��

'HpQLWLRQ �� $ WUDQVIRUPDWLRQ ;�%>+� . @ LV RI FODVV ' LI

5�;� ?0 � I�J RU 5�;� ?0" � I�J

IRU HYHU\ VXEVSDFH 0 RI . � ,Q WKLV FDVH ZH VD\ WKDW ;� '�

/HW 7 � %>+@� / �%>. @� DQG ;�%>+� . @ EH VXFK WKDW ; LQWHUWZLQHV 7 WR / �L�H��
VXFK WKDW ;7  /;�� ,I LQ DGGLWLRQ ;� '� WKHQ ZH VD\ WKDW 7 LV '�LQWHUWZLQHG WR

/� RU WKDW ; LV D WUDQVIRUPDWLRQ WKDW '�LQWHUWZLQHV 7 WR /� 6LQFH .  0�0"

DQG GLP .  �� LW LV FOHDU WKDW LI ;� & � WKHQ ;� '� WKDW LV�

& v '�

7UDQVIRUPDWLRQV RI FODVV ' VDWLVI\ WKH IROORZLQJ SURSHUWLHV�

3URSRVLWLRQ ���� ,I ;� ' � WKHQ GLP5�;�" � �� VR WKDW GLP5�;�  ��

3URRI� /HW ;� %>+� . @ EH RI FODVV '� :H VSOLW WKH SURRI LQWR WZR SDUWV�

3DUW �� GLP5�;�  ��

7DNH DQ DUELWUDU\ ;� %>+� . @� 6XSSRVH GLP5�;�  Q � �� 7KLV LPSOLHV WKDW
WKHUH H[LVWV D pQLWH RUWKRQRUPDO EDVLV IHLJQL � IRU 5�;� VR WKDW

5�;�  VSDQIHLJ
Q
L ��

6LQFH5�;� LV pQLWH�GLPHQVLRQDO� LW LV FORVHG� DQG VR .  5�;� �5�;�"� 6LQFH . LV
LQpQLWH�GLPHQVLRQDO DQG VHSDUDEOH� WKHQ WKHUH H[LVWV D FRXQWDEO\ LQpQLWH RUWKRQRU�
PDO EDVLV IILJ�L � IRU 5�;�

"� 7KXV

5�;�"  
b

VSDQIILJ
�
L �

cb
�

&RQVLGHU WKH pQLWH�GLPHQVLRQDO VXEVSDFH

0  VSDQIHL � ILJ
Q
L �  VSDQ

j

H � � I �S
�

kQ

L �

RI .  5�;� �5�;�" VSDQQHG E\ WKH RUWKRQRUPDO VHW I H � � I �S
�
JQL �� ZKLFK LV DQ

RUWKRQRUPDO EDVLV IRU 0� 6LQFH HYHU\ QRQ]HUR YHFWRU LQ WKH pQLWH�GLPHQVLRQDO
VSDFH 0 KDV D FRPSRQHQW LQ 5�;� DQG D FRPSRQHQW LQ 5�;�"� ZH JHW

5�;� ?0  I�J DQG 5�;� ?0"  I�J�

DQG KHQFH ;  � '� 7KHUHIRUH�

; � '  � GLP5�;�  ��

ZKLFK FRPSOHWHV WKH SURRI RI WKH FODLPHG UHVXOW LQ 3DUW ��

3DUW �� GLP5�;�" � ��

7KH SURRI JRHV DV IROORZV� 6LQFH GLP5�;�  � E\ 3DUW �� DQG VLQFH 5�;�b LV
VHSDUDEOH� OHW IHLJ�L � EH D FRXQWDEO\ LQpQLWH RUWKRQRUPDO EDVLV IRU 5�;�

b� VR WKDW
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5�;�b  
b

VSDQIHLJ
�
L �

cb
�

6XSSRVH GLP5�;�"  �� 7KXV WKHUH H[LVWV D FRXQWDEO\ LQpQLWH RUWKRQRUPDO EDVLV
IILJ

�
L � IRU 5�;�

" VXFK WKDW

5�;�"  
b

VSDQIILJ
�
L �

cb
�

&RQVLGHU WKH FRXQWDEO\ LQpQLWH RUWKRQRUPDO VHW I H � � I �S
�
J�L � DQG WDNH WKH VXEVSDFH

0 VSDQQHG E\ LW �VR WKDW I H � � I �S
�
J�L � LV DQ RUWKRQRUPDO EDVLV IRU 0��

0  
b

VSDQ
j

H � � I �S
�

k�
L �

cb
 

b

VSDQIHL � ILJ
�
L �

cb
�

ZKLFK LV DQ LQpQLWH�GLPHQVLRQDO VXEVSDFH RI .  5�;�b �5�;�"� 6LQFH HYHU\
QRQ]HUR YHFWRU LQ WKH LQpQLWH�GLPHQVLRQDO VSDFH 0 KDV D FRPSRQHQW LQ 5�;�b

DQG D FRPSRQHQW LQ 5�;�"� ZH JHW

5�;�b ?0  I�J DQG 5�;�b ?0"  I�J�

7KXV
5�;� ?0  I�J DQG 5�;� ?0"  I�J�

DQG KHQFH ;  � '� 7KHUHIRUH�

; � '  � GLP5�;�" � ��

ZKLFK FRPSOHWHV WKH SURRI RI WKH FODLPHG UHVXOW LQ 3DUW ��

5HPDUN ���� 2EVHUYH WKDW 3URSRVLWLRQ ��� LV D SDUWLFXODU FDVH RI 3URSRVLWLRQ ����
RQFH FODVV & LV LQFOXGHG LQ FODVV ' �DOWKRXJK 3URSRVLWLRQ ��� FDQ EH LQGHSHQGHQWO\
SURYHG E\ XVLQJ VLPLODU DUJXPHQWV�� $OVR QRWH WKDW WKH SURRI RI 3DUW � LQ 3URSRVL�
WLRQ ��� HQVXUHV WKH IROORZLQJ DVVHUWLRQ�

,I ;� %>+� . @ LV VXFK WKDW GLP5�;�  � DQG GLP5�;�"  �� WKHQ WKHUH

LV DQ LQpQLWH�GLPHQVLRQDO VXEVSDFH 0 ~ . VXFK WKDW 5�;� ?0  I�J DQG

5�;� ?0"  I�J�

$FWXDOO\� VLQFH FODVV ' LQFOXGHV FODVV & � DQG EDVHG RQ 4XHVWLRQ �� ZH SRVH WKH
IROORZLQJ FHQWUDO TXHVWLRQ�

4XHVWLRQ �� 'RHV HYHU\ RSHUDWRU '�LQWHUWZLQHG WR D QRUPDO RSHUDWRU KDYH D QRQ�
WULYLDO LQYDULDQW VXEVSDFH"

7KLV KDV DQ DrUPDWLYH DQVZHU ZKRVH SURRI GHSHQGV RQ WKH IROORZLQJ UHVXOW�

7KHRUHP ���� ,I ;� %>+� . @ LV D WUDQVIRUPDWLRQ RI FODVV '� DQG LI 1 � %>. @ LV
D QRUPDO RSHUDWRU� WKHQ WKHUH LV D QRQWULYLDO UHGXFLQJ VXEVSDFH 0 IRU 1 VXFK WKDW

5�;� �v 0 DQG 5�;� ?0 � I�J�

3URRI� /HW;� %>+� . @ EH D WUDQVIRUPDWLRQ RI FODVV' DQG OHW1 � %>. @ EH D QRUPDO
RSHUDWRU� 6XSSRVH WKDW HYHU\ QRQWULYLDO UHGXFLQJ VXEVSDFH 0 IRU 1 LV VXFK WKDW

5�;� ?0  I�J RU 5�;� v 0� �e�

6LQFH 1 LV QRUPDO� WKHUH LV D QRQWULYLDO UHGXFLQJ VXEVSDFH 0� IRU 1 � 6LQFH LQ
DGGLWLRQ ;� '� LW DOVR IROORZV E\ 'HpQLWLRQ � WKDW

5�;� ?0� � I�J RU 5�;� ?0"
� � I�J�

:LWK QR ORVV RI JHQHUDOLW\ DVVXPH WKDW 5�;� ?0� � I�J� %\ �e� ZH JHW
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5�;� v 0�� �ee�
ZKLFK LPSOLHV WKDW

0"
� v 5�;�"�

%\ 3URSRVLWLRQ ���� 3DUW �� GLP0"
�  Q� � �� VR WKDW GLP0�  �� 6LQFH 1

LV QRUPDO DQG 0� LV D QRQWULYLDO UHGXFLQJ VXEVSDFH IRU 1 � LW IROORZV WKDW WKH
UHVWULFWLRQ 1�  1 M0 � �0� � 0� LV QRUPDO� VR WKDW WKHUH LV D QRQWULYLDO UHGXFLQJ
VXEVSDFH 0� ~ 0� IRU 1� �ZKLFK LV QRQWULYLDO DQG UHGXFLQJ IRU 1�� /HW 0��

GHQRWH WKH RUWKRJRQDO FRPSOHPHQW RI 0� LQ 0�� DQG ZULWH

0�  0� �0���

ZKHUH0�� " 0�� DQG0�� LV QRQWULYLDO DQG UHGXFLQJ IRU 1�� DQG KHQFH QRQWULYLDO
DQG UHGXFLQJ IRU 1 � 6LQFH ;� '� LW IROORZV E\ 'HpQLWLRQ � WKDW

5�;� ?0� � I�J RU 5�;� ?0"
� � ��

,I 5�;� ?0� � I�J� WKHQ E\ �e�

5�;� v 0� ~ 0��

,I 5�;� ?0"
� � I�J� WKHQ E\ �e� DQG �ee�

5�;� v 0�� ~ 0��

$JDLQ� ZLWK QR ORVV RI JHQHUDOLW\ DVVXPH WKDW

5�;� v 0� ~ 0��

ZKLFK LPSOLHV WKDW
0"

� ~ 0"
� v 5�;�"�

DQG VR �E\ 3URSRVLWLRQ ���� 3DUW �� GLP0"
�  Q� � �� VR WKDW GLP0�  �� ZKHUH

Q� � Q�� 5HSHDWLQJ WKLV DUJXPHQW ZH FRQVWUXFW �E\ LQGXFWLRQ� D VHTXHQFH I0NJNy�

RI LQpQLWH�GLPHQVLRQDO QRQWULYLDO UHGXFLQJ VXEVSDFHV IRU1 VXFK WKDW� IRU HDFK N y ��

5�;� v 0N�
0"

N v 5�;�"�
GLP0"

N  QN � QN � ��

6LQFH WKH VHTXHQFH IQNJNy� RI SRVLWLYH LQWHJHUV QN  GLP0"
N LV LQFUHDVLQJ� LW IRO�

ORZV WKDW GLP5�;�"  �� ZKLFK FRQWUDGLFWV 3URSRVLWLRQ ���� 3DUW �� 7KHUHIRUH�
WKHUH LV D QRQWULYLDO UHGXFLQJ VXEVSDFH 0 IRU 1 VXFK WKDW

5�;� ?0 � I�J DQG 5�;� �v 0�

$Q LPSRUWDQW FRQVHTXHQFH RI 7KHRUHP ��� LV WKH DQVZHU WR 4XHVWLRQ ��

&RUROODU\ ���� /HW 7 � %>+@� 1 � %>. @� DQG ;� %>+� . @ EH VXFK WKDW ;7  
1;� ,I ;� ' DQG 1 LV QRUPDO� WKHQ 7 KDV QRQWULYLDO LQYDULDQW VXEVSDFH�

3URRI� 6LQFH WKH LQWHUWZLQLQJ WUDQVIRUPDWLRQ ; LV RI FODVV '� 7KHRUHP ��� VD\V WKDW
1 KDV D QRQWULYLDO UHGXFLQJ VXEVSDFH 0 IRU ZKLFK

5�;� �v 0 DQG 5�;� ?0 � I�J� �e�

�D� 6LQFH ; LV OLQHDU DQG FRQWLQXRXV� ;b��0� LV D VXEVSDFH RI +�

$FWXDOO\� WKH LQYHUVH OLQHDU LPDJH RI D OLQHDU PDQLIROG LV D OLQHDU PDQLIROG� DQG WKH
LQYHUVH FRQWLQXRXV LPDJH RI D FORVHG VHW LV FORVHG�

�E� 6LQFH 0 LV LQYDULDQW IRU 1 � ;b��0� LV DQ LQYDULDQW IRU 7 �
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,QGHHG� VLQFH ;>;b��0�@ v 0� LW IROORZV WKDW 1;;b��0� v 1�0� v 0
�EHFDXVH0 LV 1 �LQYDULDQW�� 7KXV� VLQFH ;7  1;� ZH JHW ;7;b��0� v 0� VR
WKDW >7;b��0�@ v ;b��0�� DQG KHQFH ;b��0� LV LQYDULDQW IRU 7 �

�F� 6LQFH �e� KROGV� ;b��0� LV QRQWULYLDO

,Q IDFW� WKH FRQGLWLRQ 5�;� ?0 � I�J LQ �e� HQVXUHV WKDW ;b��0� � I�J� 2Q
WKH RWKHU KDQG� LI ;b��0�  +� WKHQ 5�;�  ;�+�  ;;b��0� v 0� ZKLFK
FRQWUDGLFWV WKH FRQGLWLRQ 5�;� �v 0 LQ �e�� DQG WKHUHIRUH ;b��0� � +�

&RUROODU\ ��� VXSSOLHV DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ ��

,I DQ RSHUDWRU 7 LV '�LQWHUWZLQHG WR QRUPDO RSHUDWRU� WKHQ 7 KDV

D QRQWULYLDO LQYDULDQW VXEVSDFH�

6LQFH & v '� &RUROODU\ ��� WULYLDOO\ KROGV LI FODVV ' LV UHSODFHG E\ FODVV & � VXSSO\LQJ
DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ �� ZKLFK LV VWDWHG DV DERYH ZLWK FODVV' LV UHSODFHG
E\ FODVV & � 0RWLYDWHG E\ WKH DrUPDWLYH DQVZHU WR 4XHVWLRQ � ZH SRVH WKH TXHVWLRQ�

4XHVWLRQ �� ,V HYHU\ ERXQGHG OLQHDU WUDQVIRUPDWLRQ ZLWK GHQVH UDQJH RI FODVV & "

4XHVWLRQ � LV LPSRUWDQW EHFDXVH� DFFRUGLQJ WR &RUROODU\ ���� DQ DrUPDWLYH DQ�
VZHU WR LW ZRXOG LPSO\ DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ �� +RZHYHU� ZH ZLOO VHH
QH[W WKDW 4XHVWLRQ � KDV D QHJDWLYH DQVZHU�

3URSRVLWLRQ ���� 7KHUH H[LVWV ;� %>+� . @ Q & ZLWK GHQVH UDQJH�

3URRI� 6HW .  + VR WKDW %>+� . @  %>+@� 7DNH DQ DUELWUDU\ QRQFRPSDFW RSHUDWRU
;� %>+@ ZLWK 5�;� � 5�;�b  +� 6HW 5  5�;� IRU VKRUW� 6LQFH ; LV QRW
FRPSDFW� LW IROORZV WKDW 0 v 5 IRU VRPH LQpQLWH�GLPHQVLRQDO VXEVSDFH 0 RI +
>�� SS����^���@� 0RUHRYHU� VLQFH 5 LV QRQFORVHG DQG + LV VHSDUDEOH� WKHUH H[LVWV D
XQLWDU\ RSHUDWRU 8 � %>+@ VXFK WKDW 5? 8�5�  I�J >�� 7KHRUHP ���@� 7KHUHIRUH�
8�0� LV DQ LQpQLWH�GLPHQVLRQDO VXEVSDFH RI + �EHFDXVH 8 LV DQ LVRPRUSKLVP DQG
DQ LVRPHWU\ DQG GLP0  �� VXFK WKDW 5? 8�0�  I�J� ZKLFK PHDQV WKDW ; LV
QRW RI FODVV & DFFRUGLQJ WR 'HpQLWLRQ ��

3URSRVLWLRQ ��� QRW RQO\ VXSSOLHV D QHJDWLYH DQVZHU WR 4XHVWLRQ � EXW LQ IDFW LW
VKRZV WKDW HYHU\ QRQFRPSDFW RSHUDWRU RQ D VHSDUDEOH +LOEHUW VSDFH ZLWK QRQFORVHG

UDQJH LV QRW RI FODVV & �

�� & RQF O XGLQJ 5HP DU N V

2EVHUYH WKDW WKH VDPH DUJXPHQW LQ WKH SURRI RI &RUROODU\ ��� HQVXUHV WKH IRO�
ORZLQJ UHVXOW �FRPSDUH ZLWK 3URSRVLWLRQ �����

3URSRVLWLRQ ���� /HW 7 � %>+@� / � %>. @� DQG ;� %>+� . @ EH VXFK WKDW ;7  
/;� ,I / KDV D QRQWULYLDO LQYDULDQW VXEVSDFH 0 VXFK WKDW 5�;� �v 0 DQG

5�;� ?0 � I�J� WKHQ ;b��0� LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 �

3URSRVLWLRQ ��� FDQ EH WKRXJKW RI DV D JHQHUDOL]DWLRQ RI 3URSRVLWLRQ ���� ZKLFK
PRWLYDWHV WKH IROORZLQJ JHQHUDOL]DWLRQV RI 4XHVWLRQV � DQG ��

4XHVWLRQ �� 'RHV HYHU\ RSHUDWRU '�LQWHUWZLQHG WR UHGXFLEOH RSHUDWRU KDYH D QRQ�
WULYLDO LQYDULDQW VXEVSDFH"

4XHVWLRQ �� ,V HYHU\ ERXQGHG OLQHDU WUDQVIRUPDWLRQ ZLWK GHQVH UDQJH RI FODVV '"
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:H FORVH WKH SDSHU ZLWK D SDUWLDO DQVZHU WR 4XHVWLRQ � LQ 3URSRVLWLRQ ���� DQG
ZLWK H[DPSOHV RI QRQLQYHUWLEOH WUDQVIRUPDWLRQV RI FODVV ' LQ 3URSRVLWLRQ ����

3URSRVLWLRQ ���� /HW 7 � %>+@� /� %>. @� DQG ;� %>+� . @ EH VXFK WKDW ;7  
/;� ,I ;� ' DQG / KDV D QRQWULYLDO UHGXFLQJ VXEVSDFH 0 VXFK WKDW GLP0  �
DQG GLP5�;�"� GLP0"� WKHQ HLWKHU ;b��0� RU ;b��0"� LV D QRQWULYLDO LQ�

YDULDQW VXEVSDFH IRU 7 �

3URRI� 6XSSRVH ;� ' VR WKDW 5�;� ?0 � I�J RU 5�;� ?0" � I�J E\ 'HpQL�
WLRQ �� ,I 5�;� ?0 � I�J DQG GLP5�;�"� GLP0"� WKHQ 5�;� �v 0� �5HD�
VRQ� 5�;� v 0 � 0" v 5�;�" � GLP0" x GLP5�;�"�� 7KXV� E\ 3URSR�
VLWLRQ ���� ;b��0� LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 � 2Q WKH RWKHU KDQG�
LI 5�;� ?0" � I�J DQG GLP0  �� WKHQ 5�;� �v 0"� �5HDVRQ� VLQFH 0  
0b �0"�"� ZH JHW 5�;� v 0" � 0 v 5�;�" � GLP0 x GLP5�;�" �
GLP5�;�"  ��� $JDLQ� E\ 3URSRVLWLRQ ���� ;b��0"� LV D QRQWULYLDO LQYDULDQW
VXEVSDFH IRU 7 � 2XWFRPH� HLWKHU

5�;� ?0 � I�J DQG 5�;� �v 0 RU 5�;� ?0" � I�J DQG 5�;� �v 0"�

6LQFH 0 DQG 0" DUH QRQWULYLDO DQG LQYDULDQW IRU /� LW IROORZV E\ 3URSRVLWLRQ ���
WKDW HLWKHU ;b��0� RU ;b��0"� LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 �

7KH QH[W SURSRVLWLRQ HQVXUHV WKH H[LVWHQFH RI H[DPSOHV RI QRQLQYHUWLEOH WUDQV�
IRUPDWLRQ RI FODVV & �DQG WKHUHIRUH RI FODVV '�� )RU LQVWDQFH� OHW 5 EH DQ LQpQLWH�
GLPHQVLRQDO +LOEHUW VSDFH� FRQVLGHU WKH RQH�GLPHQVLRQDO VSDFH &� OHW , EH WKH LGHQ�
WLW\ RSHUDWRU RQ 5� DQG VHW ;  �j , RQ +  & j5� 7KXV 5�;�  5 DQG
5�;�"  &� DQG VR ; LV RI FODVV & �DQG KHQFH LW LV RI FODVV '� DFFRUGLQJ WR
3URSRVLWLRQ ��� EHORZ�

3URSRVLWLRQ ���� 7DNH ;� %>+� . @� ,I 5�;�b  5�;� DQG GLP5�;�" � ��

WKHQ ;� & �

3URRI� 6XSSRVH 5�;� LV FORVHG DQG GLP5�;�" � �� ,I GLP5�;�"  � �L�H��
LI 5�;�"  I�J� WKHQ 5�;�b  5�;�  . � DQG ; � & WULYLDOO\� 7KXV VXSSRVH
GLP5�;�"  Q IRU VRPH SRVLWLYH LQWHJHU Q� /HW 0 EH DQ DUELWUDU\ VXEVSDFH RI .
ZLWK LQpQLWH GLPHQVLRQ� :H VKRZ WKDW

5�;� ?0 � I�J�

7DNH Q� � OLQHDUO\ LQGHSHQGHQW YHFWRUV ]�� � � � � ]Q � � LQ 0� 6LQFH . LV D +LOEHUW
VSDFH DQG 5�;� LV FORVHG� LW IROORZV WKDW 0 v .  5�;� �5�;�"� DQG VR WKHUH
H[LVW [�� � � � � [Q � � LQ 5�;� DQG \�� � � � � \Q� � LQ 5�;�" VXFK WKDW

]L  [L � \L

IRU HDFK LQWHJHU L � >�� Q� �@� 6LQFH GLP5�;�"  Q� WKH pQLWH VHTXHQFH I\LJ
Q� �
L � LV

PDGH XS RI OLQHDUO\ GHSHQGHQW YHFWRUV LQ 5�;�"� VR WKDW
;Q� �

L �
oL\L  �

IRU VRPH pQLWH VHTXHQFH RI IoLJ
Q� �
L � RI VFDODUV� QRW DOO QXOO�0RUHRYHU� VLQFH WKH pQLWH

VHTXHQFH I]LJ
Q� �
L � LV PDGH XS RI OLQHDUO\ LQGHSHQGHQW YHFWRUV LQ 0� LW IROORZV WKDW

;Q� �

L �
oL]L  

;Q � �

L �
oL[L �

;Q� �

L �
oL\L  

;Q� �

L �
oL[L � 5�;�
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E\ WKH DERYH WZR GLVSOD\HG LGHQWLWLHV� DQG DOVR

� � 
;Q� �

L �
oL]L � 0�

7KHUHIRUH

� � 
;Q� �

L �
oL]L � 5�;� ?0�

7KXV ; � & �

$V D pQDO UHPDUN ZH LQFOXGH DQ H[DPSOH \LHOGLQJ D QHJDWLYH DQVZHU WR 4XHVWLRQ
�� ZKLFK KDV EHHQ FRPPXQLFDWHG WR XV E\ DQ DQRQ\PRXV UHIHUHH�

5HPDUN ���� /HW 7 GHQRWH WKH XQLW FLUFOH LQ WKH FRPSOH[ SODFH� OHW z VWDQG IRU
WKH QRUPDOL]HG /HEHVJXH PHDVXUH RQ %RUHO VXEVHWV RI 7� DQG FRQVLGHU WKH +LOEHUW
VSDFH /��7�  /��7� z�� 7DNH WKH VWDQGDUG RUWKRQRUPDO EDVLV IHNJ  IHN�]�  
]N� ] � 7� N � =J IRU /��7�� DQG OHW+� EH WKH +DUG\ VSDFH VSDQQHG E\ WKH HOHPHQWV
RI IHNJ ZLWK QRQQHJDWLYH LQGLFHV� YL]�� +�  

:

N � 1 HN� &RQVLGHU WKH DUFV

7 �  I] � 7 � ]  HLv� v � >�� }@J�

7 �
�  I] � 7 � � ]  HLv� v � >�� }

�
@J�

7�
�  I] � 7 � � ]  HLv� v � >}

�
� }@J�

DQG OHW ; � +� � /��7 � � EH WKH PDS WKDW WDNHV I � +� LQWR I M7
� � /��7 � �� 7KLV

LV D ERXQGHG OLQHDU WUDQVIRUPDWLRQ EHWZHHQ WKH +LOEHUW VSDFHV +� DQG /��7� � WKDW
KDV D GHQVH UDQJH� 5HFDOOLQJ WKDW WKH RQO\ IXQFWLRQ LQ +� WKDW YDQLVKHV RQ D VHW RI
SRVLWLYH PHDVXUH LV WKH QXOO IXQFWLRQ� ZH JHW

5�;� ? /��7�
� �  5�;� ? /��7 �

� �  I�J�

6LQFH /��7� �  /��7 �
� �j/��7�

� �� VR WKDW /
��7 �

� �  /��7 �
� �

"� LW IROORZV WKDW ; LV
QRW RI FODVV '�

$F N QRZ O HGJP HQW

:H WKDQN 1LOVRQ %HUQDUGHV IRU FUXFLDO VXJJHVWLRQV RQ HDUOLHU GUDIWV RI KLV SDSHU�
DQG DQ DQRQ\PRXV UHIHUHH IRU EULQJLQJ RXU DWWHQWLRQ WR VHQVLEOH SRLQWV�

5HI HU HQF HV

�� + � % HU FRY LFL� 1 RW HV RQ LQ YDU LDQ W VXEVSDFHV� % X OO� $ P HU � 0DWK � 6 RF� �� ������� �^���
�� + � % HU FRY LFL DQ G 7 � 6 P RW]HU � 4XDVLVLPLODU LW \ RI LQ YDU LDQ W VXEVSDFHV IRU XQ LIRU P - RU GDQ RS�

HU DW RU V RI LQ pQ LW H PXOW LSOLFLW \ � - � )X Q FWLRQ DO $ Q DO� ��� ������� ��^���
�� 5� & ORX ADWU H� 4XDVLVLPLODU LW \ RI LQ YDU LDQ W VXEVSDFHV IRU &� RSHU DW RU V Z LW K PXOW LSOLFLW \ W Z R� - �

2S HU DWRU 7 K HRU \ �� ������� ���^����
�� 3 �$ � )LOOP RU H� 1 RW HV RQ 2SHU DW RU 7 KHRU \ � 9 DQ 1 RVWU DQ G � 1 HZ < RU N � �����
�� 3 �$ � )LOOP RU H DQ G - �3 � : LOOLDP V� 2Q RSHU DW RU U DQ JHV� $ G Y � 0DWK � � ������� ���^����
�� 9 �,� ,VWU xDW|HVFX � ,Q W U RGXFW LRQ W R / LQ HDU 2SHU DW RU 7 KHRU \ � 0DU FHO 'HN N HU � 1 HZ < RU N � �����
�� 3 �5� + DOP RV� ,Q YDU LDQ W VXEVSDFHV ���� � � Rz & ROwRT X LR % U DVLOHLU R G H 0DWHP wDWLFD� 3 R|FRV G H

& DOG DV� ���� >DOVR LQ 3 �5� + DOP RV� 6 HOHFW D 5 HVHDU FK & RQ W U LEXW LRQ V �6 S U LQ JHU � 1 HZ < RU N �
������ ���^���@�

�� /� .wHU FK \ � 2Q LQ YDU LDQ W VXEVSDFH ODW W LFHV RI &�� � FRQ W U DFW LRQ V� $ FWD 6 FL� 0DWK � �6 ]HJHG � ��

������� ���^����
�� /� .wHU FK \ � ,Q YDU LDQ W VXEVSDFHV RI &�c � FRQ W U DFW LRQ V Z LW K Q RQ U HGXFW LYH XQ LW DU \ H[W HQ VLRQ V� % X OO�

/RQ G RQ 0DWK � 6 RF� �� ������� ���^����
��� /� .wHU FK \ � 4XDVL� VLPLODU LW \ LQ YDU LDQ FH RI U HqH[LYLW \ � /LQ HDU DQ G & RP S OH[ $ Q DO\ VLV 3 U RE OHP

% RRN � ^ 3 DU W � �/HFWX U H 1 RWHV LQ 0DWK � 9 RO� ����� 6 S U LQ JHU � % HU OLQ � ������ ���^����
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��� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ � % LU N �
K X VHU � % RVWRQ � �����

��� & �6 � .X E U X VO\ � ( TXLYDOHQ W LQ YDU LDQ W VXEVSDFH SU REOHPV� - � 2S HU DWRU 7 K HRU \ �� ������� ���^

����
��� & �6 � .X E U X VO\ � ,Q YDU LDQ W VXEVSDFHV DQ G TXDVLDrQ H W U DQ VIRU PV RI XQ LW DU \ RSHU DW RU V� 3 U RJU �

1 RQ OLQ HDU 'LoHU HQ WLDO ( T X DWLRQ V $ S S O� �� ������� ���^����
��� & �6 � .X E U X VO\ � & RQ W U DFW LRQ V 7 IRU Z KLFK $ LV D SU RMHFW LRQ � $ FWD 6 FL� 0DWK � �6 ]HJHG � ��

������� ���^����
��� 9 � 0�X OOHU DQ G < � 7 RP LORY � 4XDVLVLPLODU LW \ RI SRZ HU ERXQ GHG RSHU DW RU V DQ G %OXP^+ DQ VRQ

SU RSHU W \ � - � )X Q FWLRQ DO $ Q DO� ��� ������� ���^����
��� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� ,Q YDU LDQ W VXEVSDFHV� 6 S U LQ JHU �9 HU ODJ� 1 HZ < RU N � �����
��� + � 5DG MDY L� DQ G 3 � 5RVHQ WK DO� 7 KH LQ YDU LDQ W VXEVSDFH SU REOHP� 0DWK � ,Q WHOOLJHQ FHU � �������

��^���
��� 3 � 5RVHQ WK DO� ( TXLYDOHQ W V RI W KH LQ YDU LDQ W VXEVSDFH SU REOHP� 3 DX O + DOP RV� & HOHE U DWLQ J ��

< HDU V RI 0DWK HP DWLFV �6 S U LQ JHU � 1 HZ < RU N � ������ ���^����
��� % � 6 ]��1 DJ\ � & � )RLD|V� + � % HU FRY LFL DQ G /� .wHU FK \ � + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W

6 SDFH� 6 S U LQ JHU � 1 HZ < RU N � ����� HQ ODU JHG �Q G HG Q � RI % � 6 ]��1 DJ\ DQ G & � )RLD|V� 1 RU WK �
+ ROODQ G � $ P VWHU G DP � �����

��� 3 �< � : X � : KHQ LV D FRQ W U DFW LRQ TXDVL� VLPLODU W R DQ LVRPHW U \ "� $ FWD 6 FL� 0DWK � �6 ]HJHG � ��

������� ���^����
��� 3 �< � : X � & RQ W U DFW LRQ V TXDVLVLPLODU W R DQ LVRPHW U \ � $ FWD 6 FL� 0DWK � �6 ]HJHG � �� �������

���^����

5XU DO ) HGHU DO 8QLYHU VLW \ RI 5LR GH -DQHLU R� 'HSDU W P HQW RI 7 HF KQRO RJLHV DQG /DQ�

JXDJHV� 1RYD ,JXDF|X� 5-� %U D] LO

( � PDLO DGGU HVV� DOHNVDQGURGHPHOOR#\DKRR�FRP�EU

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


