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�� ,QW U RGXF W LRQ

7KH SXUSRVH RI WKLV SDSHU LV WR HVWDEOLVK FRQGLWLRQV WR GLVWLQJXLVK ZHDN VXSHU�
F\FOLFLW\ IRUP VXSHUF\FOLFLW\ IRU RSHUDWRUV DFWLQJ RQ QRUPHG VSDFHV� DQG DOVR WR
SURYLGH FRQGLWLRQV RQ ZHDNO\ VXSHUF\FOLF RSHUDWRUV WR HQVXUH ZHDN VWDELOLW\� 6HF�
WLRQV � DQG � GHDO ZLWK QRWDWLRQ DQG WHUPLQRORJ\� DQG DOVR RoHU D EURDG YLHZ RQ
VXSHUF\FOLFLW\ LQ WKH ZHDN DQG QRUP WRSRORJLHV� $X[LOLDU\ UHVXOWV DUH FRQVLGHUHG LQ
6HFWLRQ �� 7KXV 6HFWLRQV �� � DQG � SUHVHQW D EULHI VXUYH\ RQ VXSHUF\FOLFLW\ HPSKD�
VL]LQJ WKH UROH SOD\HG E\ ZHDN VXSHUF\FOLFLW\� 7KH QHZ UHVXOWV DSSHDU LQ 6HFWLRQV �
DQG �� 7KHRUHP ��� FKDUDFWHUL]HV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV WKDW DUH
QRW VXSHUF\FOLF IRU D SRZHU ERXQGHG RSHUDWRU� DQG 7KHRUHPV ��� DQG ��� H[KLELW D
FULWHULRQ WR H[WHQG WKH UHVXOWV RQ VXSHUF\FOLFLW\ DQG VWURQJ VWDELOLW\ RI >�@ WR ZHDN
O�VHTXHQWLDO VXSHUF\FOLFLW\ DQG ZHDN VWDELOLW\� 7KH PDLQ UHVXOW LV 7KHRUHP ���� DQG
VSHFLDO FODVVHV RI RSHUDWRUV RQ +LOEHUW VSDFH DUH FRQVLGHUHG &RUROODULHV ��� DQG ����

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

/HW ) VWDQG HLWKHU IRU WKH FRPSOH[ pHOG & RU IRU WKH UHDO pHOG 5� DQG OHW ; EH DQ
LQpQLWH�GLPHQVLRQDO QRUPHG VSDFH RYHU )� /HW $ V GHQRWH WKH FORVXUH �LQ WKH QRUP
WRSRORJ\ RI ; � RI D VHW $ v ; � $ VXEVSDFH RI ; LV D FORVHG OLQHDU PDQLIROG RI ; � ,I
0 LV D OLQHDU PDQLIROG RI ; � WKHQ LWV FORVXUH0 V LV D VXEVSDFH� %\ DQ RSHUDWRU RQ
; ZH PHDQ D OLQHDU ERXQGHG �L�H�� FRQWLQXRXV� WUDQVIRUPDWLRQ RI ; LQWR LWVHOI� /HW
%> ; @ EH WKH QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ ; � $ VXEVSDFH 0 RI ; LV LQYDUL�
DQW IRU DQ RSHUDWRU 7 � %> ; @ �RU 7 �LQYDULDQW� LI 7 �0� v 0� DQG LW LV QRQWULYLDO LI
I�J � 0 � ; � /HW N7N VWDQG IRU WKH LQGXFHG XQLIRUP QRUP RI 7 LQ %> ; @�

$Q RSHUDWRU 7 � %> ; @ LV SRZHU ERXQGHG LI VXS WYX[Z N7 W N � �� LW LV D FRQWUDFWLRQ
LI N7N x � �L�H�� LI N7

W
[N x N[N IRU HYHU\ [ � ; DQG HYHU\ LQWHJHU Q y ��� DQG LW

LV DQ LVRPHWU\ LI N7
W
[N  N[N IRU HYHU\ [ � ; DQG HYHU\ LQWHJHU Q y �� �2Q D

LQQHU SURGXFW VSDFH� D XQLWDU\ RSHUDWRU LV SUHFLVHO\ DQ LQYHUWLEOH LVRPHWU\�� $Q
RSHUDWRU 7 � %> ; @ LV ZHDNO\ RU VWURQJO\ VWDEOH �QRWDWLRQ� 7

W]\
b� 2 RU 7

W_
b̂� 2� LI

WKH ; �YDOXHG VHTXHQFH I7
W
[J WYX[Z FRQYHUJHV ZHDNO\ RU VWURQJO\ �L�H�� RU LQ WKH QRUP

WRSRORJ\ RI ; � WR ]HUR IRU HYHU\ [ � ; � ,Q RWKHU ZRUGV� LI 7
W
[

\
b� �� ZKLFK PHDQV

I�7
W
[�� � IRU HYHU\ I LQ WKH GXDO ; ` RI ; � IRU HYHU\ [ LQ ; � RU 7

W
[ b� �� ZKLFK

PHDQV N7
W
[N � �� IRU HYHU\ [ LQ ; � $Q RSHUDWRU 7 � %> ; @ LV XQLIRUPO\ VWDEOH

�QRWDWLRQ� 7
Wba
b� 2� LI WKH %> ; @�YDOXHG VHTXHQFH I7

W
J WYX[Z FRQYHUJHV WR WKH QXOO

RSHUDWRU 2 LQ WKH LQGXFHG XQLIRUP QRUP RI %> ; @� ZKLFK PHDQV N7
W
N � ��

7KH RUELW 2 c �\� RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 � %> ; @ LV WKH VHW
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ZKHUH 1 Z GHQRWHV WKH VHW RI QRQQHJDWLYH LQWHJHUV _ ZH ZULWH
6 WYX[Z 7 W \ IRU WKH VHW

6 WYX[Z 7 W �I\J�  6 WYX[Z I7 W \J� 7KH RUELW 2 c �$� RI D VHW $ v ; XQGHU DQ RSHUDWRU

7 LV WKH VHW 2 c �$�  6 W�X�Z 7 W �$�  6 ���@�
2 c �\�� )RU DQ\ VHW $ v ; OHW VSDQ$

EH WKH �OLQHDU� VSDQ RI $ �WKH OLQHDU PDQLIROG VSDQQHG E\ $�� 7KH SURMHFWLYH RUELW
RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 � %> ; @ LV WKH RUELW RI WKH RQH�GLPHQVLRQDO
VSDFH VSDQQHG E\ WKH VLQJOHWRQ I\J� WKDW LV� LW LV WKH RUELW RI VSDQ RI I\J�

2 c �VSDQI\J�  >

WYX[Z 7 W �VSDQI\J�  
j
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W
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$ YHFWRU \ LQ ; LV D F\FOLF YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI ; LV WKH VPDOOHVW
LQYDULDQW VXEVSDFH IRU 7 FRQWDLQLQJ \� (TXLYDOHQWO\� \ � ; LV D F\FOLF YHFWRU IRU 7
LI LWV RUELW VSDQV ; �

b

VSDQ2 c �\�c V  ; �

6WLOO HTXLYDOHQWO\� \ LV D F\FOLF YHFWRU IRU 7 LI IS�7 �\ � S LV D SRO\QRPLDOJ V  ; �
ZKLFK PHDQV I6\ � 6 � 3�7 �J V  ; � ZKHUH 3�7 � LV WKH DOJHEUD RI DOO SRO\QRPLDOV
LQ 7 ZLWK VFDODU FRHrFLHQWV� $Q RSHUDWRU 7 � %> ; @ LV D F\FOLF RSHUDWRU LI LW KDV D
F\FOLF YHFWRU� 6WURQJHU IRUPV RI F\FOLFLW\ DUH GHpQHG DV IROORZV� $ YHFWRU \ LQ ; LV
D VXSHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI LWV SURMHFWLYH RUELW LV GHQVH LQ ;
LQ WKH QRUP WRSRORJ\� WKDW LV� LI

2 c �VSDQI\J� V  ; �

$Q RSHUDWRU 7 LQ %> ; @ LV D VXSHUF\FOLF RSHUDWRU LI LW KDV D VXSHUF\FOLF YHFWRU�
0RUHRYHU� D YHFWRU \ LQ ; LV D K\SHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI WKH
RUELW RI \ LV GHQVH LQ ; LQ WKH QRUP WRSRORJ\� WKDW LV� LI

2 c �\� V  ; �

$Q RSHUDWRU 7 LQ %> ; @ LV D K\SHUF\FOLF RSHUDWRU LI LW KDV D K\SHUF\FOLF YHFWRU�

9HUVLRQV LQ WKH ZHDN WRSRORJ\ RI WKH DERYH QRWLRQV UHDG DV IROORZV� /HW $ V \
GHQRWH WKH ZHDN FORVXUH RI D VHW $ v ; �L�H�� WKH FORVXUH RI $ LQ WKH ZHDN WRSRORJ\
RI ; �� $ YHFWRU \ LQ ; LV D ZHDNO\ F\FOLF YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI

b

VSDQ2 c �\�c V \  ; �

DQG 7 LQ %> ; @ LV D ZHDNO\ F\FOLF RSHUDWRU LI LW KDV D ZHDNO\ F\FOLF YHFWRU� �:HDN
F\FOLFLW\� KRZHYHU� FROODSVHV WR SODLQ F\FOLFLW\ DFFRUGLQJ WR 5HPDUN ����I� EHORZ��
$ YHFWRU \ LQ ; LV D ZHDNO\ VXSHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI

2 c �VSDQI\J� V \  ; �

DQG 7 LQ %> ; @ LV D ZHDNO\ VXSHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\ VXSHUF\FOLF YHFWRU�
$ YHFWRU \ LQ ; LV D ZHDNO\ K\SHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI

2 c �\� V \  ; �

DQG 7 LQ %> ; @ LV D ZHDNO\ K\SHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\ K\SHUF\FOLF YHFWRU�
�)RU D WUHDWLVH RQ K\SHUF\FOLFLW\ VHH >��@��

5HPDUN ���� $OWKRXJK ZH ZLOO QRW GHDO ZLWK Q�VXSHUF\FOLFLW\ LQ WKLV SDSHU� ZH
MXVW SRVH GHpQLWLRQV IRU VDNH RI FRPSOHWHQHVV� DQ RSHUDWRU 7 � %> ; @ LV Q�VXSHUF\FOLF
�ZHDNO\ Q�VXSHUF\FOLF� LW WKHUH LV DQ Q�GLPHQVLRQDO VXEVSDFH RI ; ZKRVH RUELW XQGHU
7 LV GHQVH �ZHDNO\ GHQVH� LQ ; � 6R D RQH�VXSHUF\FOLF �ZHDNO\ RQH�VXSHUF\FOLF� LV
SUHFLVHO\ D VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF� RSHUDWRU� )RU HDFK Qy � WKHUH DUH H[DP�
SOHV RI Q�VXSHUF\FOLF RSHUDWRUV WKDW DUH QRW �Qb���VXSHUF\FOLF �VHH� H�J�� >�� S��@��
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,I 7 KDV D F\FOLF YHFWRU� WKHQ ; LV VHSDUDEOH �EHFDXVH ; LV VSDQQHG E\ WKH FRXQW�
DEOH VHW 2 c �\� _ VHH� H�J�� >��� 3URSRVLWLRQ ���@�� DQG VR F\FOLF RSHUDWRUV H[LVW RQO\
RQ VHSDUDEOH QRUPHG VSDFH� LQ SDUWLFXODU� VXSHUF\FOLF DQG K\SHUF\FOLF RSHUDWRUV �DV
ZHOO DV ZHDNO\ F\FOLF� ZHDNO\ VXSHUF\FOLF� DQG ZHDNO\ K\SHUF\FOLF� RSHUDWRUV RQO\
H[LVW RQ VHSDUDEOH QRUPHG VSDFHV �WKXV VHSDUDELOLW\ LV QRW DQ DVVXPSWLRQ� EXW D
FRQVHTXHQFH RI F\FOLFLW\��

5HPDUN ���� )RU HDFK YHFWRU \ � ; FRQVLGHU LWV SXQFWXUHG SURMHFWLYH RUELW� WKDW
LV� LWV SURMHFWLYH RUELW XQGHU DQ RSHUDWRU 7 � %> ; @ H[FOXGLQJ WKH RULJLQ�

2 c �VSDQI\J�QI�J  j
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W
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)RU HDFK ] � 2 c �VSDQI\J�QI�J WKH VHW 2 c �VSDQI\J�Q2 c �VSDQI]J� LV D pQLWH XQLRQ
RI RQH�GLPHQVLRQDO VXEVSDFHV RI ; � 6R LI \ � ; LV VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF�
IRU 7� WKHQ HYHU\ ] � 2 c �VSDQI\J�QI�J LV VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF� IRU 7 �
�D� LI D YHFWRU \ LV VXSHUF\FOLF RU ZHDNO\ VXSHUF\FOLF IRU 7� WKHQ VR LV o7 § \ IRU

HYHU\ � � o � ) DQG HYHU\ LQWHJHU P y ��

,Q SDUWLFXODU� LWHP �E� EHORZ RQ VXSHUF\FOLF DQG ZHDNO\ VXSHUF\FOLF YHFWRUV DUH
LPPHGLDWHO\ YHULpHG� DQG LWHP �F� LV VWUDLJKWIRUZDUG VLQFH VXSHUF\FOLFLW\ LV GHpQHG
LQ WHUPV RI GHQVHQHVV LQ WKH QRUP WRSRORJ\ �ZKLFK LV PHWUL]DEOH��

�E� (YHU\ QRQ]HUR PXOWLSOH RI D VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF� YHFWRU IRU DQ
RSHUDWRU LV DJDLQ D VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF� YHFWRU IRU LW� +HQFH DQ
RSHUDWRU LV VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF� LI DQG RQO\ LI DQ\ QRQ]HUR PXOWLSOH
RI LW LV VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF��

�F� 6LQFH WKH QRUP WRSRORJ\ LV PHWUL]DEOH� D QRQ]HUR YHFWRU \ LQ ; LV D VXSHUF\FOLF
YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI DQG RQO\ LI IRU HYHU\ [ � ; WKHUH H[LVWV
DQ )�YDOXHG VHTXHQFH Io ¨ J ¨ X[Z �ZKLFK GHSHQGV RQ [ DQG \ DQG FRQVLVWV RI
QRQ]HUR QXPEHUV� VXFK WKDW IRU VRPH VXEVHTXHQFH I7

W:©
J ¨ X[Z RI I7 W J WYX[Z WKH

; �YDOXHG VHTXHQFH Io ¨ 7 W:© \J ¨ X[Z FRQYHUJHV WR [ �LQ WKH QRUP WRSRORJ\��

o ¨ 7 W:© \ b� [�

�L�H�� No ¨ 7 W:© \b[N� ��� ,I )  & DQG Io ¨ J ¨ X[Z LV FRQVWUDLQHG WR EH 5�YDOXHG�
WKHQ WKH QRWLRQ RI VXSHUF\FOLFLW\ LV UHIHUUHG WR DV 5�VXSHUF\FOLFLW\ >�@�

�G� ,I D YHFWRU \ LV VXSHUF\FOLF �RU K\SHUF\FOLF� IRU DQ RSHUDWRU 7� WKHQ \ LV VX�
SHUF\FOLF �RU K\SHUF\FOLF� IRU HYHU\ SRVLWLYH SRZHU 7

W
RI 7 >�� 7KHRUHPV �

DQG �@� +HQFH LI DQ RSHUDWRU LV VXSHUF\FOLF �RU K\SHUF\FOLF� WKHQ VR LV HYHU\
SRVLWLYH SRZHU 7

W
RI LW�

�H� ,I DQ RSHUDWRU 7 LV VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF�� WKHQ WKH VHW RI DOO VXSHU�
F\FOLF �ZHDNO\ VXSHUF\FOLF� YHFWRUV IRU LW LV GHQVH �ZHDNO\ GHQVH��

,QGHHG� LI \ LV D VXSHUF\FOLF �ZHDNO\ VXSHUF\FOLF� YHFWRU IRU 7� WKHQ WKH SXQF�
WXUHG SURMHFWLYH RUELW 2 c �VSDQI\J�QI�J LV GHQVH �ZHDNO\ GHQVH� LQ ; � %XW
DFFRUGLQJ WR LWHP �D� 2 c �VSDQI\J�QI�J LV LQFOXGHG LQ WKH VHW RI DOO VXSHUF\FOLF
�ZHDNO\ VXSHUF\FOLF� YHFWRUV IRU 7� DQG VR WKH VHW RI DOO VXSHUF\FOLF �ZHDNO\ VX�
SHUF\FOLF� YHFWRUV LV GHQVH �ZHDNO\ GHQVH� LQ ; DV ZHOO� ,Q IDFW� ZHDNO\ GHQVH
FDQ EH H[WHQGHG WR GHQVH �LQ WKH QRUP WRSRORJ\� >��� 3URSRVLWLRQ ���@�
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�I� 'HQVHQHVV �LQ WKH QRUP WRSRORJ\� LPSOLHV ZHDN GHQVHQHVV �DQG WKH FRQYHUVH
IDLOV�� +RZHYHU� LI D VHW $ LV FRQYH[� WKHQ $ V  $ V \ �H�J�� VHH >��� 7KHRUHP
������@�� DQG VR F\FOLFLW\ FRLQFLGHV ZLWK ZHDN F\FOLFLW\� VLQFH VSDQ LV FRQYH[�

�J� $Q RSHUDWRU KDV D QRQWULYLDO LQYDULDQW VXEVSDFH LI DQG RQO\ LI LW KDV D QRQ]HUR
QRQF\FOLF YHFWRU� 6LQFH F\FOLFLW\ FRLQFLGHV ZLWK ZHDN F\FOLFLW\� LW IROORZV WKDW
LI HYHU\ QRQ]HUR YHFWRU LQ ; LV F\FOLF IRU 7 LQ DQ\ IRUP RI F\FOLFLW\ GLVFXVVHG
KHUH �VHH 'LDJUDP � EHORZ�� WKHQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH�

'HpQLWLRQV RI 6HFWLRQ � DQG 5HPDUN ����I� HQVXUH WKH IROORZLQJ UHODWLRQV�
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7KXV F\FOLFLW\ �L�H�� F\FOLFLW\ WKH QRUP WRSRORJ\�� ZKLFK FRLQFLGHV ZLWK ZHDN F\FOLF�
LW\� LV WKH ZHDNHVW IRUP �LQ WKH VHQVH WKDW LW LV LPSOLHG E\ WKH RWKHU IRUPV� RI
F\FOLFLW\ DPRQJ WKRVH QRWLRQV RI F\FOLFLW\ FRQVLGHUHG KHUH�

3URSRVLWLRQ ���� 'LDJUDP � LV FRPSOHWH�

3URRI� �D� &ODVVLFDO H[DPSOHV� &RQVLGHU WKH �FRPSOH[ VHSDUDEOH� +LOEHUW VSDFH C
� º

�RI DOO FRPSOH[�YDOXHG VTXDUH�VXPPDEOH VHTXHQFHV�� /HW 6 EH WKH �FDQRQLFDO� XQLODW�
HUDO VKLIW �RI PXOWLSOLFLW\ RQH� RQ C

� º
DQG WDNH LWV DGMRLQW 6 ` � D EDFNZDUG XQLODWHUDO

VKLIW RQ C
� º
� %RWK 6 DQG 6 ` DUH F\FOLF RSHUDWRUV� DQG ZKLOH 6 ` � LV F\FOLF� 6 � LV QRW

F\FOLF >��� 3UREOHP ���@� EXW 6 LV QRW VXSHUF\FOLF >��� S����@ �DFWXDOO\� HYHU\ LVRPH�
WU\ LV QRW VXSHUF\FOLF _ >�� 3URRI RI 7KHRUHP ���@�� ZKLOH 6 ` LV VXSHUF\FOLF �LQ IDFW�
WKH DGMRLQW RI HYHU\ LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW LV VXSHUF\FOLF� >��� 7KHRUHP
�@ EXW WKH\ DUH QRW K\SHUF\FOLF �VLQFH 6 DQG VR 6 ` � 6 � � DQG 6 ` � DUH FRQWUDFWLRQV��
DOWKRXJK �6 ` LV K\SHUF\FOLF >��� 6ROXWLRQ ���@ �DQG VR 6 ` PXVW LQGHHG EH VXSHU�
F\FOLF�� 7KLV VKRZV WKDW WKHUH LV QR XSZDUG DUURZ RQ WKH OHIW�KDQG FROXPQ�

�E� 7KHUH DUH ZHDNO\ VXSHUF\FOLF RSHUDWRUV WKDW DUH QRW VXSHUF\FOLF >��� &RUROODU\ WR
7KHRUHP ���@� DQG WKHUH DUH ZHDNO\ K\SHUF\FOLF RSHUDWRU WKDW DUH QRW K\SHUF\FOLF
>�� &RUROODU\ ���@� �([DPSOHV ZHUH DOO EXLOW LQ >��@ DQG >�@ LQ WHUPV RI ELODWHUDO
ZHLJKWHG VKLIWV RQ C » IRU � x S � ��� 7KLV VKRZV WKDW WKHUH LV QR OHIWZDUG DUURZ
EHWZHHQ WKH WZR FROXPQV �H[FHSW WKH ORZHU URZ��

�F � � 7KHUH DUH ZHDNO\ VXSHUF\FOLF RSHUDWRUV WKDW DUH QRW ZHDNO\ K\SHUF\FOLF� ,QGHHG�
LW ZDV VKRZQ LQ >��� 7KHRUHP ���@ WKDW K\SRQRUPDO RSHUDWRUV �RQ +LOEHUW VSDFH�
DUH QRW ZHDNO\ K\SHUF\FOLF �QHLWKHU VXSHUF\FOLF >�� 7KHRUHP ���@� EXW WKH\ FDQ EH
ZHDNO\ VXSHUF\FOLF� WKHUH DUH ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV >�� ([DPSOH ���@�

�F � � )LQDOO\� WR H[KLELW ZHDNO\ F\FOLF RSHUDWRUV WKDW DUH QRW ZHDNO\ VXSHUF\FOLF SUR�
FHHG� IRU LQVWDQFH� DV IROORZV� (YHU\ ZHDNO\ VXSHUF\FOLF K\SRQRUPDO RSHUDWRU LV D
PXOWLSOH RI D XQLWDU\ >�� 7KHRUHP ���@� 6LQFH WKH FDQRQLFDO XQLODWHUDO VKLIW 6� ZKLFK
LV K\SRQRUPDO� LV F\FOLF �RU� HTXLYDOHQWO\� ZHDNO\ F\FOLF�� DQG VLQFH LW LV D FRPSOHWHO\
QRQXQLWDU\ LVRPHWU\ �DQG WKHUHIRUH QRW D PXOWLSOH RI D XQLWDU\�� LW LV QRW ZHDNO\
VXSHUF\FOLF� �$QRWKHU SURRI LV H[KLELWHG LQ WKH IRUWKFRPLQJ 3URSRVLWLRQ ����E���

�F� )RUP �F � � DQG �F � �� WKHUH LV QR XSZDUG DUURZ RQ WKH ULJKW�KDQG FROXPQ�
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5HPDUN ���� 7KLV UHIHUV WR LWHPV LQ WKH SURRI RI 3URSRVLWLRQ ���� $OO H[DPSOHV LQ
LWHP �D� ZHUH EDVHG RQ WKH XQLODWHUDO VKLIW� +RZHYHU� D EDVLF H[DPSOH RI D F\FOLF
RSHUDWRU WKDW LV QRW VXSHUF\FOLF LV JLYHQ E\ QRUPDO RSHUDWRUV� QR QRUPDO RSHUDWRU
LV VXSHUF\FOLF >��� S����@ �DFWXDOO\� QR K\SRQRUPDO RSHUDWRU LV VXSHUF\FOLF >�� 7KH�
RUHP ���@� DQG WKHUH H[LVW F\FOLF QRUPDO RSHUDWRUV RQ VHSDUDEOH +LOEHUW VSDFHV �E\
WKH 6SHFWUDO 7KHRUHP _ VHH� H�J�� >��� 3URRI RI 7KHRUHP ����@�� $OWKRXJK DOO H[DP�
SOHV LQ LWHP �E� ZHUH EXLOW LQ >�@ DQG >��@ LQ WHUPV RI ELODWHUDO ZHLJKWHG VKLIWV RQ C »
IRU � x S � �� LW ZDV VKRZQ LQ >��� 7KHRUHP ���@ WKDW D ELODWHUDO ZHLJKWHG VKLIWV RQ
C » IRU � x S � � LV ZHDNO\ VXSHUF\FOLF LI DQG RQO\ LI LW LV VXSHUF\FOLF� 7KH DUJXPHQWV
XVHG LQ LWHPV �D� DQG �F� ZKHUH EDVHG RQ K\SRQRUPDO DQG FRK\SRQRUPDO RSHUDWRUV
�DQ RSHUDWRU 7 � %> ; @ RQ D +LOEHUW VSDFH ; LV K\SRQRUPDO LI N7 ` [N x N7[N IRU
HYHU\ [ � ; � ZKHUH 7 ` � %> ; @ LV WKH DGMRLQW RI 7� DQG FRK\SRQRUPDO LI LWV DGMRLQW
LV K\SRQRUPDO�� 6XFK D FLUFOH RI LGHDV KDV EHHQ H[WHQGHG IURP K\SRQRUPDO WR SDUD�
QRUPDO RSHUDWRUV DQG EH\RQG >��� &RUROODU\ ���@� >��� 7KHRUHP ���@ EXW ZH UHIUDLQ
IURP JRLQJ IXUWKHU WKDQ K\SRQRUPDO RSHUDWRUV KHUH WR NHHS XS ZLWK WKH IRFXV RQ
ZHDN VXSHUF\FOLFLW\ �DQG SODLQ VXSHUF\FOLFLW\� RQO\�

�� $X[LO LDU \ 5HVXO W V

,WHPV �D� DQG �E� RI QH[W OHPPD pUVW DSSHDUHG HPEHGGHG LQ D SURRI RI DQRWKHU
UHVXOW LQ >�� 3URRI RI 7KHRUHP ���@� 7KH SURRI
V DUJXPHQW LV WR VKRZ WKDW LI DQ
LVRPHWU\ KDV D VXSHUF\FOLF YHFWRU� WKHQ HYHU\ YHFWRU LV VXSHUF\FOLF� ZKLFK OHDGV WR
D FRQWUDGLFWLRQ LI ; LV D %DQDFK VSDFH� :H LVRODWH WKLV UHVXOW LQ /HPPD ����D�E��

/HPPD ���� /HW ; EH DQ DUELWUDU\ �QRQ]HUR� QRUPHG VSDFH�

�D� $ VXSHUF\FOLF LVRPHWU\ RQ ; KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH�

�E� $Q LVRPHWU\ RQ D FRPSOH[ %DQDFK VSDFH LV QHYHU VXSHUF\FOLF�

�F� 7KHUH H[LVW LVRPHWULHV RQ D FRPSOH[ +LOEHUW VSDFH WKDW DUH ZHDNO\ VXSHUF\FOLF�

3URRI� �D� /HW 9 � %> ; @ EH DQ LVRPHWU\ RQ D QRUPHG VSDFH ; � ZKLFK PHDQV N9
W
]N  

N]N IRU HYHU\ ] � ; DQG HYHU\ LQWHJHU Q y �� 6XSSRVH 9 LV VXSHUF\FOLF� /HW � � \ � ;
EH D VXSHUF\FOLF YHFWRU IRU 9 �ZLWK QR ORVV RI JHQHUDOLW\ VHW N\N  �� DQG WDNH DQ
DUELWUDU\ QRQ]HUR ] � ; � 7KHQ WKHUH LV D VFDODU�YDOXHG VHTXHQFH RI QRQ]HUR QXP�
EHUV Io ¨ J ¨ X[Z VXFK WKDW o ¨ 9 W:© \ b� ] IRU VRPH VXEVHTXHQFH I9

W:©
J ¨ X[Z RI I9 W J WYX[Z �

7DNH DQ DUELWUDU\ � ! � VR WKDW

No ¨ 9 W:© \ b ]N � �

IRU N ODUJH HQRXJK�2EVHUYH WKDW Io ¨ J ¨ X[Z LV ERXQGHG �UHDVRQ� VLQFH 9 LV DQ LVRPHWU\�
Mo ¨ M  No ¨ 9 W:© \N DQG VR ERXQGHGQHVV RI WKH FRQYHUJHQW VHTXHQFH Io ¨ 9 W:© \J ¨ X[Z
LPSOLHV ERXQGHGQHVV RI Io ¨ J ¨ X[Z �� 7KXV VHW o  VXS W Mo W M! �� 7DNH DQ DUELWUDU\
r ! �� 6LQFH WKH DERYH GLVSOD\HG FRQYHUJHQFH KROGV IRU HYHU\ � � ] � ; � WDNH DQ
DUELWUDU\ QRQ]HUR [ � ; VR WKDW IRU HYHU\ r ! � WKHUH H[LVWV D QRQ]HUR QXPEHU p
DQG D SRVLWLYH LQWHJHU P IRU ZKLFK

Np 9 § \ b [N � r�

1RWH WKDW N[N b r � MpM �LQ IDFW� N[N b MpM  N[N b Np 9 § \N x Np 9 § \ b [N � r
VLQFH 9 LV DQ LVRPHWU\�� 0RUHRYHU� E\ WKH DERYH LQHTXDOLW\� IRU HYHU\ Q ¨ y P

Np 9
WY©
\ b 9

W:© V[§ [N  N9
W:© V[§ �p 9 § \ b [�N  Np 9 § \ b [N � r�



½ �[� �����T�[�/�/�����+�����[���[� ���������&�[���

,Q SDUWLFXODU� WDNH DQ\ r VXFK WKDW � � r � ¾ ¿7À:¿Á º ¾ � 7KXV ro � ��N[N b r� � �MpM�

0XOWLSO\ ERWK VLGHV RI WKH DERYH LQHTXDOLW\ E\
Â Á © ÂÂ Ã�Â WR JHW

q

qo ¨ 9 W:© \ b Á ©Ã 9
W:© V[§ [qq � r

Â Á © ÂÂ Ã/Â x r
ÁÂ Ã�Â � �

IRU HYHU\ Q ¨ y P� 7KHUHIRUH� VLQFH No ¨ 9 W:© \ b ]N � � IRU N ODUJH HQRXJK�
q

q

Á ©Ã 9
WY© V[§ [b ]

q

q x
q

q

Á ©Ã 9
W:© V[§ [b o ¨ 9 W:© \qq� No ¨ 9 W:© \ b ]N � ��

IRU N ODUJH HQRXJK� ZKLFK PHDQV
Á ©Ã 9

W:© V[§ [ b� ]� DQG VR WKHUH H[LVWV D VHTXHQFH

Io Ä J Ä X�Z RI QRQ]HUR QXPEHUV VXFK WKDW o Ä 9 W#Å [ � ] IRU VRPH VXEVHTXHQFH I9
W#Å
J Ä X[Z

RI I9
W
J WYX[Z � 6LQFH ] DQG [ DUH DUELWUDU\ QRQ]HUR YHFWRUV LQ ; � WKLV HQVXUHV WKDW

HYHU\ YHFWRU LQ ; LV VXSHUF\FOLF IRU 9 � DQG KHQFH 9 KDV QR QRQWULYLDO LQYDULDQW
VXEVSDFH �FI� 5HPDUN ����J���

�E� 7KH UHVXOW LQ LWHP �D� OHDGV WR D FRQWUDGLFWLRQ LI ; LV D FRPSOH[ %DQDFK VSDFH
EHFDXVH LQ WKLV FDVH LVRPHWULHV GR KDYH QRQWULYLDO LQYDULDQW VXEVSDFHV� ,Q IDFW� LI DQ
LVRPHWU\ 9 RQ D %DQDFK VSDFH LV QRW VXUMHFWLYH� WKHQ 5�9 � LV D QRQWULYLDO LQYDUL�
DQW �K\SHULQYDULDQW� DFWXDOO\� VXEVSDFH IRU 9 EHFDXVH RQ D %DQDFK VSDFH LVRPHWULHV
KDYH FORVHG UDQJH �VHH� H�J�� >��� 3UREOHP �����G�@�� 2Q WKH RWKHU KDQG� VLQFH LVRPH�
WULHV DUH DOZD\V LQMHFWLYH� LI 9 LV D VXUMHFWLYH LVRPHWU\ WKHQ LW LV LQYHUWLEOH �ZKRVH
LQYHUVH DOVR LV DQ LVRPHWU\� VR WKDW N9

W
N  N9 V W N  � IRU HYHU\ Q y �� 7KXV VXUMHF�

WLYH LVRPHWULHV DUH SRZHU ERXQGHG ZLWK D SRZHU ERXQGHG LQYHUVH� %XW D QRQVFDODU

LQYHUWLEOH SRZHU ERXQGHG RSHUDWRU RQ D FRPSOH[ %DQDFK VSDFH ZLWK D SRZHU ERXQGHG

LQYHUVH KDV D QRQWULYLDO LQYDULDQW �K\SHULQYDULDQW� DFWXDOO\� VXEVSDFH� �6HH� H�J�� >��
7KHRUHP �����@ _ WKLV LV WKH %DQDFK VSDFH FRXQWHUSDUW RI D ZHOO�NQRZQ UHVXOW GXH
WR 6]��1DJ\ ZKLFK VD\V� DQ LQYHUWLEOH SRZHU ERXQGHG RSHUDWRU RQ D +LOEHUW VSDFH

ZLWK D SRZHU ERXQGHG LQYHUVH LV VLPLODU WR D XQLWDU\ RSHUDWRU � VHH� H�J�� >��� &RURO�
ODU\ ����@�� 7KXV DQ LVRPHWU\ RQ D FRPSOH[ %DQDFK VSDFH KDV D QRQWULYLDO LQYDULDQW
VXEVSDFH �VHH DOVR >��� 7KHRUHP -@� DQG VR LW FDQQRW EH VXSHUF\FOLF DFFRUGLQJ WR �D��

�F� 7KHUH DUH ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV RQ D FRPSOH[ +LOEHUW VSDFH >��
([DPSOH ���@ �VHH DOVR >��� 7KHRUHP �@ DQG >��� 7KHRUHP ���@�� 7KXV WKHUH DUH
�LQYHUWLEOH� ZHDNO\ VXSHUF\FOLF LVRPHWULHV RQ D +LOEHUW VSDFH�

,I ; LV D +LOEHUW VSDFH� WKHQ D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LV D FRQWUDFWLRQ
VXFK WKDW QR UHVWULFWLRQ RI LW WR D UHGXFLQJ VXEVSDFH LV XQLWDU\ �L�H�� VXFK WKDW HYHU\
GLUHFW VXPPDQG RI LI LW LV QRW XQLWDU\�� DQG D FRPSOHWHO\ QRQXQLWDU\ LVRPHWU\ �L�H��
D SXUH LVRPHWU\� LV SUHFLVHO\ D XQLODWHUDO VKLIW RI VRPH PXOWLSOLFLW\� 7KHVH DUH FRQVH�
TXHQFHV RI 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV DQG YRQ 1HXPDQQ^
:ROG GHFRPSRVLWLRQ IRU LVRPHWULHV �VHH H�J�� >��� SS����@ RU >��� SS������@��

3URSRVLWLRQ ���� �D� $ ZHDNO\ VXSHUF\FOLF LVRPHWU\ RQ D +LOEHUW VSDFH LV XQLWDU\�

�E� (YHU\ XQLODWHUDO VKLIW RQ D +LOEHUW VSDFH LV QRW ZHDNO\ VXSHUF\FOLF�

3URRI� �D� ,I D K\SRQRUPDO RSHUDWRU LV ZHDNO\ VXSHUF\FOLF� WKHQ LW LV D PXOWLSOH RI D
XQLWDU\ >�� 7KHRUHP ���@� 6LQFH LVRPHWULHV RQ D +LOEHUW VSDFH DUH K\SRQRUPDO ZLWK
QRUP �� WKHQ D ZHDNO\ VXSHUF\FOLF LVRPHWU\ RQ D +LOEHUW VSDFH LV XQLWDU\�

�E� $ XQLODWHUDO VKLIW� RI DQ\ PXOWLSOLFLW\� RQ D +LOEHUW VSDFH LV D FRPSOHWHO\ QRQXQL�
WDU\ LVRPHWU\� WKXV QRW ZHDNO\ VXSHUF\FOLF E\ LWHP �D��
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�� : HDN DQG 6W U RQJ 6XSHU F \F O LF LW \

7KH ZHDN FRXQWHUSDUW RI WKH VXSHUF\FOLFLW\ FULWHULRQ GHVFULEHG LQ 5HPDUN ����F�
ZDV FRQVLGHUHG LQ >�@ �DOVR LQ >�@ LPSOLFLWO\�� DQG LW ZDV UHIHUUHG WR DV ZHDN ��VH�
TXHQWLDO VXSHUF\FOLFLW\ LQ >��@� $OWKRXJK WKHUH DUH UHDVRQV IRU VXFK D WHUPLQRORJ\�
ZH ZLOO FKDQJH LW KHUH WR ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� UHSODFLQJ WKH QXPHUDO ?��
ZLWK WKH OHWWHU ?O� IRU ?OLPLW�� $ QRQ]HUR YHFWRU \ LQ ; LV D ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF YHFWRU IRU DQ RSHUDWRU 7 LQ %> ; @ LI IRU HYHU\ [ � ; WKHUH H[LVWV DQ
)�YDOXHG VHTXHQFH Io ¨ J ¨ X[Z �ZKLFK GHSHQGV RQ [ DQG \ DQG FRQVLVWV RI QRQ]HUR
QXPEHUV� VXFK WKDW IRU VRPH VXEVHTXHQFH I7

W:©
J ¨ X[Z RI I7 W J WYX[Z WKH ; �YDOXHG VH�

TXHQFH Io ¨ 7 W © \J ¨ X[Z FRQYHUJHV ZHDNO\ WR [� 7KDW LV�

o ¨ 7 W:© \ \
b� [�

7KLV PHDQV WKH SURMHFWLYH RUELW 2 c �VSDQI\J� RI WKH YHFWRU \ XQGHU 7 LV ZHDNO\
O�VHTXHQWLDOO\ GHQVH LQ ; LQ WKH IROORZLQJ VHQVH� )RU DQ\ VHW $ v ; OHW $ V \TÇ GHQRWH
WKH VHW RI DOO ZHDN OLPLWV RI ZHDNO\ FRQYHUJHQW $�YDOXHG VHTXHQFHV� DQG $ LV VDLG WR
EH ZHDNO\ O�VHTXHQWLDOO\ GHQVH LQ ; LI $ V \TÇ  ; � 7KXV \ LV D ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF YHFWRU IRU 7 LI DQG RQO\ LI

2 c �VSDQI\J� V \TÇ  ; �

$Q RSHUDWRU 7 LQ %> ; @ LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU LI LW KDV D
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU� 2EVHUYH WKDW

·.¸Y�®�¯�°#¬�°@±�² °  � ³ ®�´Yµ�±7¬¹±�È;·.®#É�¸:®�Ê:Ë@² ´Y±�±I¬¹·.¸:�®#¯�°�¬/°�±L² °  � ³ ®�´Yµ�±I¬¹·.¸:#®�¯�°#¬�°@±�² ° �
DQG WKH FRQYHUVHV IDLO �VHH� H�J�� >��� SS������@� >�� SS��������@��

:H ZLOO EH GHDOLQJ ZLWK QRUPHG VSDFHV ; ZLWK WKH IROORZLQJ SURSHUW\� DQ ; �YDO�
XHG VHTXHQFH I[ ¨ J ¨ X[Z FRQYHUJHV VWURQJO\ �L�H�� LQ WKH QRUP WRSRORJ\� LI DQG RQO\
LI LW FRQYHUJHV ZHDNO\ DQG WKH QRUP VHTXHQFH IN[ ¨ NJ ¨ X[Z FRQYHUJHV WR WKH OLPLW
V
QRUP� WKDW LV� [ ¨ b� [ ��

j

[ ¨ \
b� [ DQG N[ ¨ N � N[N

k

� :H VD\ WKDW D QRUPHG
VSDFH ; WKDW KDV WKH DERYH SURSHUW\ LV D QRUPHG VSDFH RI W\SH �� �$OVR FDOOHG D
5DGRQ^5LHV] VSDFH� ZKRVH SURSHUW\ LV FDOOHG WKH 5DGRQ^5LHV] SURSHUW\ _ VHH� H�J��
>��� 'HpQLWLRQ ������@�� +LOEHUW VSDFHV DUH %DQDFK VSDFHV RI W\SH �>��� 3UREOHP ��@�

7KHRUHP ���� 6XSSRVH 7 LV DQ RSHUDWRU RQ D W\SH � QRUPHG VSDFH ; � ,I

�D� 7 LV SRZHU ERXQGHG�

�E� \ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7�

�F� \ � ; LV QRW D VXSHUF\FOLF YHFWRU IRU 7�

WKHQ

�G� HYHU\ QRQ]HUR I � ; ` LV VXFK WKDW HLWKHU

�G � � OLP LQI W MI�7 W \�M  �� RU

�G � � OLP VXS ¨ MI�7 W:© \�M � NIN OLP VXS ¨ N7 W:© \N IRU VRPH VXEVHTXHQFH

I7
W:©
J ¨ X[Z RI I7

W
J WYX�Z �

3URRI� )LUVW ZH QHHG WKH IROORZLQJ DX[LOLDU\ UHVXOW�

&ODLP �� ,I ] ¨ � ] � ; � ZKHUH ; LV D QRUPHG VSDFH RI W\SH �� DQG LI WKH VHTXHQFH
I] ¨ J ¨ X[Z LV VXFK WKDW ] ¨ \

b� ] DQG ] ¨ b� ]� WKHQ N]N � OLP VXS ¨ N] ¨ N�
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3URRI � ,I ; LV DQ DUELWUDU\ QRUPHG VSDFH� WKHQ ] ¨ \
b� ] LPSOLHV N]N x OLP LQI ¨ N] ¨ N

�VHH� H�J�� >��� 3URSRVLWLRQ ����@�� 7KXV� LI ] ¨ b� ] DQG ; LV D QRUPHG VSDFH RI W\SH
�� WKHQ N] ¨ N �� N]N VR WKDW N]N x OLP LQI ¨ N] ¨ N � OLP VXS ¨ N] ¨ N�
1RZ FRQVLGHU DVVXPSWLRQV �D�� �E�� DQG �F�� DQG VXSSRVH �G� IDLOV� WKDW LV� VXSSRVH
WKH FRQWUDGLFWRU\ �G�

r

RI �G� KROGV�

�G�
r

WKHUH H[LVWV D QRQ]HUR I Z � ; ` VXFK WKDW
�G � �r

� � OLP LQI W MI Z �7 W \�M DQG

�G � �r

OLP VXS ¨ MI Z �7 W:© \�M  NI Z N OLP VXS ¨ N7 W:© \N IRU HYHU\ VXEVHTXHQFH
I7
W:©
J ¨ X[Z RI I7 W J WYX[Z �

$FFRUGLQJ WR DVVXPSWLRQ �E� OHW � � \ � ; EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
YHFWRU IRU 7� 7KXV IRU HYHU\ [ � ; WKHUH H[LVWV D VFDODU�YDOXHG VHTXHQFH Ip Í J Í X[Z
�GHSHQGLQJ RQ [ DQG \� VXFK WKDW

p Í 7 W�Î \ \
b� [

IRU VRPH VXEVHTXHQFH I7
W�Î
J Í X[Z RI I7 W J WYX[Z � %\ DVVXPSWLRQ �F� VXSSRVH \ LV QRW D

VXSHUF\FOLF YHFWRU IRU 7� 6R WKHUH H[LVWV D QRQ]HUR YHFWRU [ Z � ; VXFK WKDW

q Í 7 W�Î \ b� [ Z
IRU HYHU\ VHTXHQFH RI QXPEHUV Iq Í J Í X[Z DQG HYHU\ VXEVHTXHQFH I7 W�Î J Í X[Z RI I7 W J WYX[Z �
7KHQ WKHUH LV D VFDODU�YDOXHG VHTXHQFH Io Ä J Ä X[Z �GHSHQGLQJ RQ [ Z DQG \� VXFK WKDW

o Ä 7 W Å \ \
b� [ Z

IRU VRPH VXEVHTXHQFH I7
W Å
J Ä X[Z RI I7 W J W�X�Z � DQG

o Ï 7 W@Ð \ b� [ Z
IRU HYHU\ VXEVHTXHQFH I7

W Ð
J Ï X�Z  I7

W Å Ð J Ï X�Z RI I7 W Å J Ä X[Z DQG HYHU\ VXEVHTXHQFH
Io Ï J Ï X[Z  Io Ä Ð J Ï X�Z RI Io Ä J Ä X[Z � 1H[W FRQVLGHU DVVXPSWLRQ �G�r ZKLFK VD\V� WKHUH LV D

QRQ]HUR I Z � ; ` �ZKLFK GHSHQGV RQ \� VDWLVI\LQJ �G � �r

DQG �G � �r

� 6LQFH o Ä 7 W Å \ \
b� [ Z

ZH JHW MI�[ Z �M  OLP Ä MI�o Ä 7 W Å \�M IRU HYHU\ I � ; ` � ,Q SDUWLFXODU�
MI Z �[ Z �M  OLP Ä MI Z �o Ä 7 W#Å \�M  OLP Ä Mo Ä M MI Z �7 W#Å \�M�

+HQFH OLP VXS Ä Mo Ä M � � E\ �G � �r

� �,QGHHG� � � OLP LQI W MI Z �7 W \�M � 5 E\ �D� DQG

�G � �r

DQG VR IRU HYHU\ � � ��� OLP LQI W MI Z �7 W \�M� WKHUH H[LVWV D SRVLWLYH LQWHJHU Q ¾ VXFK
WKDW LI Q y Q ¾ WKHQ � � MI Z �7 W \�M� DQG KHQFH OLP VXS Ä Mo Ä M � � VLQFH MI Z �[ Z �M � 5��
7KXV WKHUH LV D VXEVHTXHQFH Io ¨ J ¨ X[Z  Io Ä © J ¨ X[Z RI Io Ä J Ä X[Z VXFK WKDW

IMo ¨ MJ ¨ X[Z FRQYHUJHV�
7DNH WKLV VXEVHTXHQFH Io ¨ J ¨ X[Z RI Io Ä J Ä X[Z DQG WDNH WKH FRUUHVSRQGLQJ VXEVHTXHQFH
I7
W:©
J ¨ X[Z RI I7 W Å J Ä X[Z VR WKDW o ¨ 7 W:© \ \

b� [ Z �EHFDXVH o Ä 7 W Å \ \
b� [ Z �� 7KHQ

o ¨ 7 W:© \ \
b� [ Z DQG o ¨ 7 W:© \ b� [ Z �

7KHUHIRUH� DFFRUGLQJ WR &ODLP ��

N[ Z N � OLP VXS ¨ No ¨ 7 W:© \N�
$JDLQ� VLQFH o ¨ 7 W:© \ \

b� [ Z � LW IROORZV WKDW
MI Z �[ Z �M  OLP ¨ MI Z �o ¨ 7 W:© \�M�

1RWH� LI I| ¨ J ¨ X[Z DQG It ¨ J ¨ X[Z DUH ERXQGHG VHTXHQFHV RI QRQQHJDWLYH UHDO QXPEHUV
VXFK WKDW I| ¨ J ¨ X[Z FRQYHUJHV� WKHQ OLP ¨ | ¨ OLP VXS ¨ t ¨  OLP VXS ¨ | ¨ t ¨ � �,Q IDFW� LI
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| ¨ � | WKHQ IRU HYHU\ �!� WKHUH H[LVWV DQ LQWHJHU N ¾ y� VXFK WKDW LI NyN ¾ WKHQ
|t ¨ b | ¨ t ¨ � �t ¨ x � VXS ¨ t ¨ � DQG KHQFH OLP ¨ | ¨ OLP VXS ¨ t ¨ x OLP VXS ¨ | ¨ t ¨ x
OLP VXS ¨ | ¨ OLP VXS ¨ t ¨  OLP ¨ | ¨ OLP VXS ¨ t ¨ �� 7KXV� VLQFH VXS ¨ MI Z �7 W:© \�M � � E\
DVVXPSWLRQ �D� DQG VLQFH IMo ¨ MJ ¨ X[Z FRQYHUJHV� ZH JHW

OLP VXS ¨ Mo ¨ M OLP VXS ¨ MI Z �7 W © \�M  OLP ¨ Mo ¨ M OLP VXS ¨ MI Z �7 W © \�M
 OLP VXS ¨ Mo ¨ M MI Z �7 W:© \�M
 OLP VXS ¨ MI Z �o ¨ 7 W:© \�M
 OLP ¨ Mo ¨ I Z �7 W:© \�M�

7KHQ� E\ WKH DERYH WKUHH GLVSOD\HG H[SUHVVLRQV DQG �G � �r

�

OLP ¨ MI Z �o ¨ 7 W:© \�M  MI Z �[ Z �M x NI Z N N[ Z N
� NI Z N OLP VXS ¨ No ¨ 7 W:© \N
x OLP VXS ¨ Mo ¨ M NI Z N OLP VXS ¨ N7 W:© \N
 OLP VXS ¨ Mo ¨ M OLP VXS ¨ MI Z �7 W © \�M
 OLP ¨ MI Z �o ¨ 7 W:© \�M�

ZKLFK LV D FRQWUDGLFWLRQ� 7KHUHIRUH� �D�� �E� DQG �F� LPSO\ �G��

&RUROODU\ ���� ,I D SRZHU ERXQGHG RSHUDWRU 7 RQ D W\SH � QRUPHG VSDFH ; LV VXFK

WKDW 7 LV QRW VXSHUF\FOLF� WKHQ HLWKHU

�L� 7 LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� RU

�LL� LI \ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7� WKHQ HYHU\ QRQ]HUR

I � ; ` LV VXFK WKDW HLWKHU

OLP LQI W MI�7 W \�M  �� RU

OLP VXS ¨ MI�7 W:© \�M � NIN OLP VXS ¨ N7 W:© \N IRU VRPH VXEVHTXHQFH

I7
W ©
J ¨ X[Z RI I7

W
J WYX[Z �

3URRI� ,PPHGLDWH E\ 7KHRUHP ����

5HPDUN ���� 7KLV UHPDUN GHDOV ZLWK RSHUDWRUV RQ +LOEHUW VSDFHV DV LW ZLOO EH
FRQVLGHUHG LQ WKH IRUWKFRPLQJ &RUROODULHV ��� DQG ���� :KHQHYHU ZH UHIHU WR D
+LOEHUW VSDFH� WKH LQQHU SURGXFW LQ LW ZLOO EH GHQRWHG E\ K � L�

�D� $OWKRXJK K\SRQRUPDO RSHUDWRUV DUH QHYHU VXSHUF\FOLF >�� 7KHRUHP ���@� QHL�
WKHU ZHDNO\ K\SHUF\FOLF >��� 7KHRUHP ���@� WKHUH H[LVW ZHDNO\ O�VHTXHQWLDOO\ VXSHU�
F\FOLF K\SRQRUPDO RSHUDWRUV� ,Q IDFW� HYHU\ ZHDNO\ VXSHUF\FOLF �LQ SDUWLFXODU� HYHU\
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� K\SRQRUPDO RSHUDWRU LV D PXOWLSOH RI D XQLWDU\ >��
7KHRUHP ���@� DQG WKHUH H[LVW ZHDNO\ VXSHUF\FOLF �LQ IDFW� ZHDNO\ O�VHTXHQWLDOO\ VX�
SHUF\FOLF� XQLWDU\ RSHUDWRUV >�� ([DPSOH ���� SS������@ �VHH DOVR >��� 4XHVWLRQ �@��
7KXV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF K\SRQRUPDO FRQWUDFWLRQ PXVW EH XQLWDU\�
&RUROODU\ ��� EHORZ JLYHV D FRQGLWLRQ IRU D K\SRQRUPDO FRQWUDFWLRQ �RU D XQLWDU\
RSHUDWRU� WR EH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

�E� 7KH DERYH GLVFXVVLRQ JXDUDQWHHV WKH H[LVWHQFH RI ZHDNO\ O�VHTXHQWLDOO\ VXSHU�
F\FOLF SRZHU ERXQGHG RSHUDWRUV WKDW DUH QRW VXSHUF\FOLF �VHH DOVR >��� &RUROODU\
WR 7KHRUHP ���@�� 7KXV DOWHUQDWLYH �LL� LQ &RUROODU\ ��� FDQQRW EH GLVPLVVHG� $F�
WXDOO\� WKH H[LVWHQFH RI ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV �ZKLFK
DUH QHYHU VXSHUF\FOLF� VKRZV DOWHUQDWLYH �LL� LQ &RUROODULHV ��� DQG ��� EHORZ FDQQRW
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EH GLVPLVVHG DV ZHOO� WKDW LV� LW VKRZV WKH H[LVWHQFH RI XQLWDU\ RSHUDWRUV VDWLVI\LQJ
FRQGLWLRQ �LL� LQ &RUROODULHV ���� ���� DQG ����

&RUROODU\ ���� ,I D SRZHU ERXQGHG RSHUDWRU 7 RQ D +LOEHUW VSDFH ; LV K\SRQRUPDO�

WKHQ LW LV D FRQWUDFWLRQ DQG HLWKHU

�L� 7 LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� RU

�LL� LI \ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7� WKHQ 7 LV XQLWDU\

DQG HYHU\ QRQ]HUR ] � ; LV VXFK WKDW HLWKHU

OLP LQI W MK7 W \ � ]LM  �� RU

OLP VXS ¨ MK7 W:© \ � ]LM � N]NN\N IRU VRPH VXEVHTXHQFH I7
W:©
J ¨ X[Z RI I7

W
J WYX[Z �

3URRI� ,W LV ZHOO NQRZQ WKDW LI 7 LV K\SRQRUPDO� WKHQ LW LV QRUPDORLG �L�H�� N7N
W
 

N7
W
N IRU HYHU\ Qy ��� DQG HYHU\ SRZHU ERXQGHG QRUPDORLG RSHUDWRU LV D FRQWUDFWLRQ�

$ K\SRQRUPDO RSHUDWRU RQ D +LOEHUW VSDFH LV QRW VXSHUF\FOLF >�� 7KHRUHP ���@� 7KHQ
DSSO\ &RUROODU\ ��� �UHSODFLQJ I�[� ZLWK K[ � ]L DFFRUGLQJ WR WKH 5LHV] 5HSUHVHQWD�
WLRQ 7KHRUHP LQ +LOEHUW VSDFH�� DQG UHFDOO WKDW D ZHDNO\ VXSHUF\FOLF K\SRQRUPDO
FRQWUDFWLRQ LV XQLWDU\ �FI� 5HPDUN ����� WKXV DQ LVRPHWU\�

&RUROODU\ ���� ,I 7 LV DQ LVRPHWU\ RQ D W\SH � %DQDFK VSDFH ; � WKHQ HLWKHU

�L� 7 LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� RU

�LL� LI \ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7� WKHQ HYHU\ QRQ]HUR

I � ; ` LV VXFK WKDW HLWKHU

OLP LQI W MI�7 W \�M  �� RU

OLP VXS ¨ MI�7 W:© \�M � NINN\N IRU VRPH VXEVHTXHQFH I7
W:©
J ¨ X[Z RI I7

W
J WYX[Z �

3URRI� ,I 7 LV DQ LVRPHWU\ RQ D %DQDFK VSDFH� WKHQ LW LV QRW VXSHUF\FOLF >�� 3URRI RI
7KHRUHP ���@ �/HPPD ����� 7KXV DSSO\ &RUROODU\ ���� �,Q D +LOEHUW VSDFH VHWWLQJ
WKLV LV D SDUWLFXODU FDVH RI &RUROODU\ ���� ZKHUH 7 LV DQ LQYHUWLEOH LVRPHWU\��

�� : HDN 6XSHU F \F O LF LW \ DQG 6W DELO LW \

,W ZDV SURYHG LQ >�� 7KHRUHP ���@ WKDW D SRZHU ERXQGHG RSHUDWRU 7 RQ D %DQDFK

VSDFH ; VXFK WKDW N7
W
[N �� � IRU HYHU\ � � [ � ; �L�H�� D SRZHU ERXQGHG RSHUDWRU

RI FODVV & �JÒ � KDV QR VXSHUF\FOLF YHFWRU � 7KH QH[W UHVXOW LV D ZHDN YHUVLRQ RI LW�

7KHRUHP ���� ,I D SRZHU ERXQGHG RSHUDWRU 7 RQ D W\SH � QRUPHG VSDFH ; LV VXFK

WKDW 7
W
[

\
b�Ó � IRU HYHU\ � � [ � ; � WKHQ HLWKHU

�L� 7 KDV QR ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU� RU

�LL� LI \ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7� WKHQ HYHU\ QRQ]HUR

I � ; ` IRU ZKLFK I�7
W
\� �� � LV VXFK WKDW HLWKHU

OLP LQI W MI�7 W \�M  �� RU

OLP VXS ¨ MI�7 W:© \�M � NIN OLP VXS ¨ N7 W:© \N IRU VRPH VXEVHTXHQFH

I7
W:©
J ¨ X[Z RI I7

W
J WYX[Z �

3URRI� &RQVLGHU WKH IROORZLQJ UHVXOW�

&ODLP �� ,I D SRZHU ERXQGHG RSHUDWRU RQ DQ\ QRUPHG VSDFH LV VXFK WKDW 7
W
[

\
b�Ó �

IRU HYHU\ � � [ � ; � WKHQ LW KDV QR VXSHUF\FOLF YHFWRU�
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3URRI � ,I DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV VXFK WKDW 7
W
[

\
b�Ó � IRU VRPH �IRU

HYHU\� � � [ � ; � WKHQ LW LV FOHDU WKDW 7
W
[ b� � IRU VRPH �IRU HYHU\� � � [ � ;

�VWURQJ FRQYHUJHQFH LPSOLHV ZHDN FRQYHUJHQFH WR WKH VDPH OLPLW�� ,W ZDV SURYHG LQ
>�� 7KHRUHP ���@ WKDW D LI SRZHU ERXQGHG RSHUDWRU 7 RQ D %DQDFK VSDFH ; LV VXFK
WKDW N7

W
[N �� � IRU HYHU\ � � [ � ; � WKHQ LW KDV QR VXSHUF\FOLF YHFWRU� ZKRVH SURRI

VXUYLYHV LQ DQ\ QRUPHG VSDFH�

7KXV XQGHU WKH WKHRUHP K\SRWKHVLV� &ODLP � HQVXUHV 7 KDV QR VXSHUF\FOLF YHFWRU�
,I� LQ DGGLWLRQ� ; LV D W\SH � QRUPHG VSDFH DQG 7 GRHV QRW VDWLVI\ FRQGLWLRQ �L� _
WKDW LV� LI 7 KDV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ _ WKHQ FRQGLWLRQ �LL�
KROGV E\ 7KHRUHP ��� �RU &RUROODU\ �����

,W ZDV SURYHG LQ >�� 7KHRUHP ���@ E\ XVLQJ >�� 7KHRUHP ���@ WKDW D %DQDFK�VSDFH

VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU LV VWURQJO\ VWDEOH � ZKRVH SURRI LQ IDFW GRHV QRW
UHTXLUH FRPSOHWHQHVV� 7KHRUHP ��� EHORZ LV D ZHDN YHUVLRQ RI LW EDVHG RQ 7KHRUHP
���� :HDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF FRQWUDFWLRQV RQ +LOEHUW VSDFH DUH FKDUDFWHU�
L]HG LQ &RUROODU\ ��� DV D FRQVHTXHQFH RI 7KHRUHP ����

7KHRUHP ���� ,I D SRZHU ERXQGHG RSHUDWRU 7 RQ D W\SH � QRUPHG VSDFH ; LV

ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ HLWKHU

�L� 7 LV ZHDNO\ VWDEOH� RU

�LL� LI \ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 VXFK WKDW 7
W
\
\

b�Ó ��
WKHQ IRU HYHU\ QRQ]HUR I � ; ` VXFK WKDW I�7

W
\� �� � HLWKHU

OLP LQI W MI�7 W \�M  �� RU

OLP VXS ¨ MI�7 W:© \�M � NINOLP VXS ¨ N7 W:© \N IRU VRPH VXEVHTXHQFH

I7
W:©
J ¨ X[Z RI I7

W
J WYX[Z �

3URRI� )LUVW ZH VKRZ� LI �L� IDLOV� WKHQ WKHUH LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
YHFWRU \ VXFK WKDW 7

W
\
\

b�Ó �� 7KDW LV� LI 7
W
[

\
b�Ó � IRU VRPH [ � ; � WKHQ WKH VHW

j

\ � ; � \ LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 VXFK WKDW 7
W
\
\

b�Ó �
k

LV QRQHPSW\�

&ODLP �� 6XSSRVH 7 LV D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU
RQ D QRUPHG VSDFH ; � ,I WKHUH H[LVWV D YHFWRU [ � ; VXFK WKDW 7

W
[

\
b�Ó �� WKHQ WKHUH

H[LVWV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ � ; IRU 7 VXFK WKDW 7
W
\
\

b�Ó ��

3URRI � /HW < v ; GHQRWH WKH VHW RI DOO ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV IRU
DQ RSHUDWRU 7 � DQG VR 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI DQG RQO\ LI < � "� 7KH
VDPH DUJXPHQW RI 5HPDUN ����D� HQVXUHV 2 c �VSDQI\J�QI�J v < IRU HYHU\ \ � <
�VHH >��� /HPPD ���@�� 6LQFH �2 c �VSDQI\J�QI�J� V \�Ç  ; IRU HYHU\ \ � < �GHpQLWLRQ
RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\�� WKHQ < � "  � < V \TÇ  ; � +RZHYHU� PRUH LV
WUXH� 'HQVHQHVV LV DWWDLQHG LQ WKH QRUP WRSRORJ\ �FI� >��� 7KHRUHP ���@��

< � "  � < V  ; �

�$ ZHDN YHUVLRQ RI WKH DERYH LPSOLFDWLRQ ZDV FRQVLGHUHG LQ >��� 3URSRVLWLRQ ���@�
ZKHUH < LV UHSODFHG E\ WKH VHW RI DOO ZHDNO\ VXSHUF\FOLF YHFWRUV _ VHH 5HPDUN
����H��� 7DNH DQ DUELWUDU\ [ LQ ; � ,I < V  ; � WKHQ WKHUH LV D <�YDOXHG VHTXHQFH I\ ¨ J
VXFK WKDW N\ ¨ b [N � �� ,I 7 W \ \

b� � IRU HYHU\ \ � <� IRU VRPH VHTXHQFH I7 W J WYX[Z
RI RSHUDWRUV� ZKLFK PHDQV I�7 W \�� � IRU HYHU\ I LQ WKH GXDO ; ` RI ; DQG HYHU\ \
LQ <� WKHQ MI�7 W \ ¨ �M � � IRU HYHU\ I LQ ; ` DQG HYHU\ LQWHJHU N� 7KHUHIRUH VLQFH
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MI�7 W [�M x MI�7 W �\ ¨ b [��M� MI�7 W \ § �M x NIN VXS W N7 W NN\ ¨ b [N� MI�7 W \ ¨ �M
IRU HYHU\ I � ; ` DQG HYHU\ [ � ; � ZH JHW 7 W [ \

b� � IRU HYHU\ [ � ; � 6R LI WKHUH LV
DQ [ � ; VXFK WKDW 7

W
[

\
b�Ó �� WKHQ WKHUH LV D \ � < VXFK WKDW 7

W
\

\
b�Ó ��

1RZ OHW 7 EH DQ RSHUDWRU RQ D W\SH � QRUPHG VSDFH ; DQG FRQVLGHU WKH IROORZLQJ
DVVXPSWLRQV�

�D� 7 LV SRZHU ERXQGHG� DQG VHW p  VXS W N7 W N ! ��

�E� 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

�F� ,I \ � ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 VXFK WKDW 7
W
\
\

b�Ó ��
WKHQ IRU VRPH I Z � ; ` ZLWK NI Z N  � VXFK WKDW I Z �7 W \� �� ��

�F � � � � OLP LQI W MI Z �7 W \�M DQG

�F � � OLP VXS ¨ MI Z �7 W:© \�M  NI Z N OLP VXS ¨ N7 W:© \N IRU HYHU\ VXEVHTXHQFH
I7
W:©
J ¨ X[Z RI I7 W J ¨ X[Z �

&ODLP �� ,I \ � ; LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU 7� WKHQ 7
W
\
\

b� ��

3URRI � 8QGHU DVVXPSWLRQ �E� WKHUH H[LVWV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLW
YHFWRU \ � ; �N\N  �� IRU 7� 6XSSRVH

7
W
\

\
b�Ó ��

8QGHU DVVXPSWLRQV �D� DQG �F� 7KHRUHP ��� VD\V WKHUH H[LVWV D XQLW YHFWRU Y �L�H��
NYN  �� LQ ; VXFK WKDW 7

W
Y
\

b� �� 6LQFH \ LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�
WKHUH LV D VHTXHQFH Io ¨ J ¨ X[Z RI QRQ]HUR QXPEHUV VXFK WKDW o ¨ 7 W:© \ \

b� Y IRU VRPH
VXEVHTXHQFH I7

W ©
J ¨ X[Z � 6R� I�o ¨ 7 W © \�� I�Y� IRU HYHU\ I � ; ` � 7DNH D XQLW YHFWRU

I � ; ` �NIN  �� IRU ZKLFK �� x MI�Y�M x � �UHFDOO� �  NYN  VXS ¿7ÔY¿7Õ � MI�Y�M�� 7KXV
WKHUH H[LVWV D SRVLWLYH LQWHJHU N Ô VXFK WKDW LI N y N Ô WKHQ p

p MI�o ¨ 7 W:© \�Mb MI�Y�M
p

p x

MI�o ¨ 7 W:© \�b I�Y�M �
Â Ô�Ö ×�Ø7Â� � DQG KHQFH MI�Y�M b MI�o ¨ 7 W:© \�M � Â Ô�Ö ×�Ø7Â� � ZKLFK LPSOLHV�ª x Â Ô�Ö ×�Ø7Â�  MI�Y�M b
Â Ô#Ö ×�Ø7Â� � MI�o ¨ 7 W:© \�M x NINMo ¨ M VXS W N7 W NN\N  pMo ¨ M DFFRUG�

LQJ WR �D�� 7KXV� IRU N ODUJH HQRXJK� �ª Ã � Mo ¨ M�
1RZ WDNH DQ\ XQLW YHFWRU I Z � ; ` �NI Z N  �� VDWLVI\LQJ DVVXPSWLRQ �F� VR WKDW�
DFFRUGLQJ WR �F � �� WKHUH H[LVWV D SRVLWLYH QXPEHU r VXFK WKDW

r � OLP LQI W MI Z �7 W \�M�
1H[W WDNH DQ\ SRVLWLYH q VXFK WKDW q � Ùª Ã@Ú � 7DNH DQ DUELWUDU\ LQWHJHU P y �� 1RWH

WKDW MI Z �o ¨ 7 W ©
º
§ \ b 7 § Y�M  MI Z �7 § �o ¨ 7 W © \ b Y��M  M�7 §Q` I Z ��o ¨ 7 W © \ b Y�M  

MI § �o ¨ 7
W:©
\ b 7Y�M IRU I §  7 §Q` I Z � ; ` � ZKHUH 7 §Q` � %> ; ` @ LV WKH QRUPHG�VSDFH

DGMRLQW RI 7 § � %> ; @ �VHH� H�J�� >��� 6HFWLRQ ���@�� 6LQFH o ¨ 7 W:© \ \
b� Y� WKHUH LV D

SRVLWLYH LQWHJHU N § VXFK WKDW LI N y N § WKHQ MI § �o ¨ 7 W:© \ b Y�M � p Û � � 7KXV� IRU DQ\
P y � DQG N ODUJH HQRXJK�

MI Z �o ¨ 7 W ©
º
§ \ b 7 § Y�M � p Û � �

)LQDOO\� VLQFH 7
W
Y
\

b� �� WDNH P VXrFLHQWO\ ODUJH VXFK WKDW

MI Z �7 § Y�M � p Û � �
7KHQ� E\ WKH DERYH IRXU GLVSOD\HG LQHTXDOLWLHV� IRU N DQG P ODUJH HQRXJK�
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Ùª Ã � Ü Ý ÞßÝ à�á © Â Ô3â�Ö c�ã ©�ä@å
� Ø7Âª Ã

� OLP LQI ¨ MI Z �7 W:©
º
§ \�MLQI ¨ Mo ¨ M x OLP LQI ¨ MI Z �o ¨ 7 W:©

º
§ \�M

x OLP LQI ¨ MI Z �o ¨ 7 W:©
º
§ \ b 7 § Y�M� OLP LQI ¨ MI Z �7 § Y�M

� p Û � � p Û �  pq � Ùª Ã �
ZKLFK LV D FRQWUDGLFWLRQ� 7KHUHIRUH LI \ � ; LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU
7� WKHQ 7

W
\
\

b� ��

%\ &ODLP � �ZKLFK GHSHQGV RQ DVVXPSWLRQV �D� DQG �E�� LI 7
W
\
\

b� � IRU HYHU\
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ LQ ; IRU 7� WKHQ 7

W
[

\
b� � IRU HYHU\ [

LQ ; � 6R WKH UHVXOW LQ &ODLP � �ZKLFK GHSHQGV RQ DVVXPSWLRQV �D�� �E� DQG �F��
HQVXUHV 7 LV ZHDNO\ VWDEOH� 7KXV� XQGHU DVVXPSWLRQV �D� DQG �E�� 7 LV ZHDNO\ VWDEOH
LI DVVXPSWLRQ �F� KROGV� WKDW LV LI DVVXPSWLRQV �D� DQG �E� KROG DQG LI 7 LV QRW ZHDNO\
VWDEOH� WKHQ DVVXPSWLRQ �F� IDLOV� HTXLYDOHQWO\� DVVXPSWLRQ �LL� KROGV�

)RU D SRZHU ERXQGHG RSHUDWRU VXSHUF\FOLFLW\ LPSOLHV VWURQJ VWDELOLW\ >�� 7KHRUHP
���@� 7KHRUHP ��� SURPSWV WKH TXHVWLRQ� &RQVLGHU D SRZHU ERXQGHG RSHUDWRU 7�
'RHV ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LPSOLHV ZHDN VWDELOLW\"
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