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$EVW U DF W � /HW &>; @ E H DQ \ FODVV RI RS HU DWRU V RQ D % DQ DFK VS DFH ; � DQ G OHW
+RORb��&� G HQ RWH WK H FODVV RI RS HU DWRU V $ IRU Z K LFK WK HU H H[ LVWV D K RORP RU �
S K LF IX Q FWLRQ I RQ D Q HLJK E RX U K RRG 1 RI WK H VS HFWU X P ��$� RI $ VX FK WK DW I
LV Q RQ �FRQ VWDQ W RQ FRQ Q HFWHG FRP S RQ HQ WV RI 1 DQ G I�$� OLHV LQ &� /HW 5 >; @
G HQ RWH WK H FODVV RI 5LHV] RS HU DWRU V LQ % >; @� 7 K LV S DS HU FRQ VLG HU V S HU WX U E DWLRQ
RI RS HU DWRU V $ � j ��; � > j b�; � �WK H FODVV RI DOO X S S HU RU ORZ HU >VHP L@ )U HG �
K ROP RS HU DWRU V� E \ FRP P X WLQ J RS HU DWRU V LQ % � +RORb��5 >; @�� : H S U RY H
�DP RQ JVW RWK HU U HVX OWV� WK DW LI }%�%�  

4
P

L �
�% b zL� LV 5LHV]� WK HQ WK HU H

H[ LVW G HFRP S RVLWLRQ V ;  jP

L �
;L DQ G %  jP

L �
%M; �  jP

L �
%L VX FK WK DW�

�L� ,I y � �� WK HQ }%�$� y�  
4

P

L �
�$b yzL�

o �
� j ��; � �U HVS �� � j b�; �� LI

DQ G RQ O\ LI $ b y%� b yzL � j ��; � �U HVS �� � j b�; ��� DQ G �LL� �FDVH y  ��
$ � j ��; � �U HVS �� � j b�; �� LI DQ G RQ O\ LI $b%� � j ��; � �U HVS �� � j b�; ���
Z K HU H %�  jP

L �
�%L b zL�� �LLL� LI }%�$� y� � j ��; � �U HVS �� � j b�; �� IRU

VRP H y � �� WK HQ $b y% � j ��; � �U HVS �� � j b�; ���

�� ,QW U RGXF W LRQ

*LYHQ DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ %DQDFK VSDFH ; � OHW %> ; @ GHQRWH WKH
DOJHEUD RI RSHUDWRUV �HTXLYDOHQWO\� ERXQGHG OLQHDU WUDQVIRUPDWLRQV� RI ; LQWR LWVHOI�
/HW $b���� DQG $�; � GHQRWH� UHVSHFWLYHO\� WKH QXOO VSDFH DQG WKH UDQJH RI DQ
RSHUDWRU $ � %> ; @� 7KH RSHUDWRU $ KDV DQ LQQHU JHQHUDOL]HG LQYHUVH LI WKHUH H[LVWV
DQ RSHUDWRU % � %> ; @ VXFK WKDW $%$  $� ,W LV HDVLO\ VHHQ WKDW LI % LV DQ LQQHU
JHQHUDOL]HG LQYHUVH RI $� WKHQ $% LV D SURMHFWLRQ IURP ; RQWR $�; � DQG ,; b%$
LV D SURMHFWLRQ IURP ; RQWR $b���� � ,QGHHG� $ LV LQQHU UHJXODU �L�H�� $ KDV DQ LQQHU
JHQHUDOL]HG LQYHUVH� LI DQG RQO\ LI $�; � DQG $b���� DUH FRPSOHPHQWHG �LQ ; �� 7KH
VWXG\ RI LQQHU UHJXODU RSHUDWRUV KDV D ORQJ DQG ULFK KLVWRU\� DQG WKHUH LV D ODUJH ERG\
RI LQIRUPDWLRQ DYDLODEOH RQ LQQHU UHJXODU RSHUDWRUV LQ WKH H[WDQW OLWHUDWXUH�VHH� IRU
H[DPSOH� >�@�� $Q LPSRUWDQW FODVV RI LQQHU UHJXODU %DQDFK VSDFH RSHUDWRUV LV WKDW
RI RSHUDWRUV $ � %> ; @ ZKLFK DUH HLWKHU OHIW RU ULJKW )UHGKROP� +HUH ZH VD\ WKDW $ �
%> ; @ LV OHIW )UHGKROP� $ � jC� ; � �UHVS� ULJKW )UHGKROP� $ � jU� ; ��� LI $ � j� �; �
DQG 5�$� LV FRPSOHPHQWHG �UHVS�� $ � jb�; � DQG $b���� LV FRPSOHPHQWHG��
j� � ; �  I$ � %> ; @ � $� ; � LV FORVHG DQG GLP�$b����� � �J LV WKH FODVV RI XSSHU
VHPL�)UHGKROP RSHUDWRUV DQG jb� ; �  I$ � %> ; @ � GLP�;  $�; �� � �J LV WKH
FODVV RI ORZHU VHPL�)UHGKROP RSHUDWRUV �VHH� H�J�� >��@��

7KH SUREOHP RI WKH SHUWXUEDWLRQ RI LQQHU UHJXODU RSHUDWRUV E\ FRPSDFW RSHUDWRUV
LV RI VRPH LQWHUHVW� DQG KDV EHHQ FRQVLGHUHG LQ WKH QRW WRR GLVWDQW SDVW� 7KXV LI DQ
$ � %> ; @ LV OHIW )UHGKROP �RU ULJKW )UHGKROP�� DQG 6 � %> ; @ LV D FRPSDFW RSHUDWRU�
WKHQ $� 6 LV OHIW )UHGKROP �UHVS�� ULJKW )UHGKROP� >��� �@� 7KLV UHVXOW LV LQ D ZD\
WKH EHVW SRVVLEOH� ,I $ � %> ; �<@ IRU %DQDFK VSDFHV ; DQG <� $b���� LV LQpQLWH
GLPHQVLRQDO DQG FRPSOHPHQWHG LQ ; � $�; � LV FORVHG� FRPSOHPHQWHG DQG RI LQpQLWH
FRGLPHQVLRQ LQ <� WKHQ WKH FORVXUH RI �$� 6�� ; � LV FRPSOHPHQWHG LQ < IRU HYHU\

' DW H� 2FWRE HU � �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� /HIW DQ G U LJK W )U HG K ROP RS HU DWRU V� S HU WX U E DWLRQ � 5LHV] RS HU DWRU � LQ Q HU LQ Y HU VH�
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FRPSDFW 6 � %> ; �<@ RQO\ LI $�; � KDV D FRPSOHPHQWDU\ VXEVSDFH LVRPRUSKLF WR D
+LOEHUW VSDFH >��� 7KHRUHP �@�

)RU DQ RSHUDWRU $ � %> ; @� OHW +���$�� GHQRWH WKH VHW RI IXQFWLRQV I ZKLFK DUH
KRORPRUSKLF RQ D QHLJKERXUKRRG 1 RI WKH VSHFWUXP ��$� RI $� DQG OHW +F���$�  
II � +���$�� � I LV QRQ�FRQVWDQW RQ WKH FRQQHFWHG FRPSRQHQWV RI 1 J� /HW . > ; @ GH�
QRWH WKH LGHDO RI FRPSDFW RSHUDWRUV� DQG OHW5> ; @ GHQRWH WKH FODVV RI 5LHV] RSHUDWRUV
�L�H�� RSHUDWRUV ZKRVH QRQ]HUR WUDQVODWHV DUH )UHGKROP�� 7KH RSHUDWRU $ LV KROR�
PRUSKLFDOO\ FRPSDFW �UHVS�� 5LHV]�� $ � +RORb��. > ; @� �UHVS�� $ � +RORb��5> ; @���
LI WKHUH H[LVWV DQ I � +F���$�� VXFK WKDW I�$� LV FRPSDFW �UHVS�� 5LHV]��

7KLV SDSHU FRQVLGHUV SHUWXUEDWLRQ RI RSHUDWRUV LQ jh� ; �  j� � ; � > jb�; �
E\ FRPPXWLQJ RSHUDWRUV LQ �+RORb��. > ; @�� PRUH JHQHUDOO\� +RORb��5> ; @�� ,W LV
NQRZQ WKDW LI % � +RORb��. > ; @� �UHVS�� % � +RORb��5> ; @��� WKHQ WKHUH H[LVWV
D SRO\QRPLDO }%�]�  

4P

L � �] b zL�
o �
IRU VRPH FRPSOH[ QXPEHUV zL DQG SRVLWLYH

LQWHJHUV oL �UHVS�� }%�]�  
4P

L � �]L b zL��� ZKLFK LV WKH PLQLPDO SRO\QRPLDO }%���
RI %� VXFK WKDW }%�%� LV FRPSDFW �UHVS�� 5LHV]��

/HW jd� ; � GHQRWH HLWKHU RI j� �; � DQG jb� ; �� :H SURYH �D PRUH JHQHUDO
YHUVLRQ RI WKH UHVXOW� WKDW LI }%�$� � jd�; �� LI >$�%@  $% b %$  � �RU�
PRUH JHQHUDOO\� >$�%@ LV LQ WKH ?SHUWXUEDWLRQ FODVV� 3WUE�jd�; �� RI jd�; �� DQG
}%�%� LV 5LHV]� WKHQ $ b % � jd� ; �� 7KH K\SRWKHVLV % � +RORb��. > ; @� �RU�
% � +RORb��5> ; @�� HQIRUFHV D GHFRPSRVLWLRQ ;  

/P

L � ; L RI ; VXFK WKDW
%  

/P

L �%L  
/P

L � %M; � ZLWK
/P

L � �%L b zL�
o �
FRPSDFW �UHVS��

/P

L � �%L b zL�
5LHV]�� /HW %�  jP

L ��%L b zL�� ZKHUH P DQG zL DUH DV DERYH� ,W LV SURYHG WKDW LI

>$�%@  � DQG % � +RORb��5> ; @�� WKHQ� �D� }%�$�y�  
4P

L � �$b yzL� � jd�; �
IRU D FRPSOH[ QXPEHU y � � LI DQG RQO\ LI $by�%�bzL� � jd�; �� DQG $ � jd�; �
LI DQG RQO\ LI $ b %� � jd�; �� �E� }%�$� y� � jd� ; � IRU VRPH y � � LPSOLHV
$ b y% � jd�; �� 7KH FDVH RI RSHUDWRU $ VXFK }%�$� y� KDV 69(3� WKH VLQJOH�
YDOXHG H[WHQVLRQ SURSHUW\� RU HVVHQWLDO 69(3� DW � LV DOVR FRQVLGHUHG�

�� $X[LO LDU \ 5HVXO W V

/HW ,QYC� ; � �,QYU� ; �� GHQRWH WKH FODVV RI RSHUDWRUV $ � %> ; @ ZKLFK DUH OHIW
LQYHUWLEOH �UHVS�� ULJKW LQYHUWLEOH�� /HW 7 GHQRWH WKH &DONLQ KRPRPRUSKLVP 7 �
%> ; @� %> ; @ . > ; @� 7KHQ $ � . > ; @ LI DQG RQO\ LI 7 �$�  �� $ � 5> ; @ LI DQG RQO\
LI 7 �$� LV D TXDVLQLOSRWHQW RSHUDWRU� DQG DQ $ � %> ; @ LV LQ jC� ; � �UHVS�� jU� ; ��
LI DQG RQO\ LI 7 �$� � ,QYC�; � �UHVS�� 7 �$� � ,QYU� ; ��� /HW % � +RORb��. > ; @��
7KHQ WKHUH H[LVWV D IXQFWLRQ I � +F���%�� VXFK WKDW I�%� � . > ; @� DQG KHQFH
VXFK WKDW 7 �I�%��  I�7 �%��  �� 6LQFH I�]� KDV DW EHVW D pQLWH QXPEHU RI
]HURV� WKHUH H[LVWV D SRO\QRPLDO S��� VXFK WKDW I�7 �%��  S�7 �%��J�7 �%��  ��
ZKHUH WKH �KRORPRUSKLF RQ ��%�� IXQFWLRQ J VDWLVpHV WKH SURSHUW\ WKDW J�]� � 
� RQ ��%�� %XW WKHQ S�7 �%��  �� DQG KHQFH WKHUH H[LVWV D PRQLF LUUHGXFLEOH
SRO\QRPLDO� WKH PLQLPDO SRO\QRPLDO RI %� ZKLFK GLYLGHV HYHU\ RWKHU SRO\QRPLDO
T�]� VXFK WKDW T�7 �%��  �� ,I ZH OHW }%�]�  

4P

L � �] b zL�
o �
GHQRWH WKH PLQLPDO

SRO\QRPLDO RI %� WKHQ }%�%� � . > ; @� ,Q WKH FDVH LQ ZKLFK % � +RORb��5> ; @��
VR WKDW I�%� � 5> ; @ IRU VRPH I � +F���%��� I�7 �%�� LV D TXDVLQLOSRWHQW VXFK
WKDW I�7 �%��  S�7 �%��J�7 �%�� IRU VRPH SRO\QRPLDO S��� VXFK WKDW S�7 �%�� LV
TXDVLQLOSRWHQW DQG WKH IXQFWLRQ J��� LV LQYHUWLEOH� 2QFH DJDLQ WKHUH H[LVWV D PLQLPDO
SRO\QRPLDO }%��� RI % VXFK WKDW }%�%� � 5> ; @� :H KDYH �>��� ��� ��@��
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3URSRVLWLRQ ���� 7KH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW IRU RSHUDWRUV % � %> ; @�

�L� % � +RORb��. > ; @� �UHVS�� % � +RORb��5> ; @���

�LL� % LV SRO\QRPLDOO\ FRPSDFW �UHVS�� SRO\QRPLDOO\ 5LHV]��

�LLL� 7KHUH H[LVWV D PRQLF LUUHGXFLEOH SRO\QRPLDO }%�]�  
4P

L � �] b zL�
o �

�UHVS��
}%�]�  

4P

L � �] b zL��� WKH PLQLPDO SRO\QRPLDO RI %� VXFK WKDW }%�%� LV FRPSDFW
�UHVS�� 5LHV]��

,I I�%� � . > ; @>5> ; @ LV VXFK WKDW �WKH )UHGKROP HVVHQWLDO VSHFWUXP� �H�I�%�� � 
�� WKHQ �LW IROORZV IURP WKH FRQVLGHUDWLRQV DERYH WKDW� WKHUH H[LVWV D pQLWH VXEVHW
Iz�� z�� c c c � zPJ RI WKH VHW RI FRPSOH[ QXPEHUV & VXFK WKDW I�zL�  � IRU DOO
� x L x P� DQG WKHUH H[LVW GLVMRLQW FRXQWDEOH VXEVHWV 6L  IzL � J ~ & VXFK WKDW
zL � FRQYHUJHV WR zL � 6L DQG 6� >6� > c c c > 6P  ��%�� �+HUH HLWKHU RI WKH VHWV 6L

PD\ FRQVLVW MXVW RI WKH VLQJOHWRQ zL� DQG WKHQ WKH TXDVLQLOSRWHQW SDUW +��%bzL�  

I[ � ; � OLPQ� � MM�% b zL�
Q[MM

�
�  �J RI % b zL LV LQpQLWH GLPHQVLRQDO�� /HWWLQJ

3L GHQRWH WKH VSHFWUDO SURMHFWLRQ DVVRFLDWHG ZLWK WKH VSHFWUDO VHW 6L ZH WKHQ REWDLQ
VSHFWUDO VXEVSDFHV ; L RI ; DQG RSHUDWRUV %L  %M; � VXFK WKDW ;  jP

L � ; L�
%  jP

L �%L DQG �H�%L�  IzLJ� )XUWKHUPRUH� HDFK �%L b zL�
o �
LV FRPSDFW LQ

WKH FDVH LQ ZKLFK % � +RORb��. > ; @�� DQG �VLQFH� IRU DQ RSHUDWRU ( � %> ; @�
(o �

� 5> ; @ LI DQG RQO\ LI ( � 5> ; @� HDFK %L b zL LV 5LHV] LQ WKH FDVH LQ ZKLFK
% � +RORb��5> ; @�� :H KDYH�

3URSRVLWLRQ ���� >�� ��@ ,I % � +RORb��. > ; @� �UHVS�� % � +RORb��5> ; @��� WKHQ
WKHUH H[LVWV D pQLWH VXEVHW Iz�� z�� c c czPJ ~ &� D VXEVHW Io�� o�� c c c � oPJ RI SRVL�
WLYH LQWHJHUV� D GHFRPSRVLWLRQ ;  jP

L � ; L RI ; LQWR FORVHG %�LQYDULDQW VXEVSDFHV
DQG D GHFRPSRVLWLRQ %  jP

L �%L RI % VXFK WKDW HDFK �%LbzL�
o �

LV FRPSDFW �UHVS��
HDFK %L b zL LV 5LHV]��

�� 5LHV] 3HU W XU EDW LRQV

*LYHQ RSHUDWRUV $�% � %> ; @� OHW r$�% � %>%> ; @@ GHQRWH WKH JHQHUDOL]HG GHULYD�
WLRQ r$�%�;�  $; b;%� DQG OHW rQ$�%�;�  rQb�

$�% �r$�%�;��� 7KH RSHUDWRUV $�%
DUH VDLG WR EH TXDVLQLOSRWHQW HTXLYDOHQW LI

OLP
Q� �

MMrQ$�%�,�MM
�

�  OLP
Q � �

MMrQ%�$�,�MM
�

�  ��

7KH IROORZLQJ SURSRVLWLRQ LV ZHOO NQRZQ �VHH >��� 3URSRVLWLRQ ������@� >�� 7KHRUHP
���@��

3URSRVLWLRQ ���� ,I $�% DUH TXDVLQLOSRWHQW HTXLYDOHQW RSHUDWRUV� WKHQ �d�$�  
�d�%�� ZKHUH �d VWDQGV IRU HLWKHU RI WKH OHIW VSHFWUXP� WKH ULJKW VSHFWUXP� WKH
DSSUR[LPDWH SRLQW VSHFWUXP �D� WKH VXUMHFWLYLW\ VSHFWUXP �V DQG WKH VSHFWUXP ��

:H DVVXPH LQ WKH IROORZLQJ WKDW LI DQ RSHUDWRU % � %> ; @ LV VXFK WKDW % �
+RORb��. > ; @� RU +RORb��5> ; @�� WKHQ LW KDV WKH PLQLPDO SRO\QRPLDO IXQFWLRQ RI
3URSRVLWLRQ ���� WKH %DQDFK VSDFH ; DQG WKH RSHUDWRU % KDYH WKH GHFRPSRVLWLRQV
;  jP

L � ; L DQG %  jP
L �%L RI 3URSRVLWLRQ ���� 7KH RSHUDWRU %� � %> ; @ VKDOO

KHQFHIRUWK EH GHpQHG E\ %�  
/P

L � �%L b zL�� ZKHUH WKH VFDODUV zL DUH DV GHpQHG LQ
3URSRVLWLRQ ���� /HW ,QYd� ; � GHQRWH RSHUDWRUV $ � %> ; @ ZKLFK DUH HLWKHU ERXQGHG
EHORZ RU VXUMHFWLYH�

*LYHQ RSHUDWRUV $�% � %> ; @� OHW >$�%@ GHQRWH WKH FRPPXWDWRU >$�%@  $% b
%$ RI $ DQG %� ,I jd� ; � GHQRWHV HLWKHU RI jC� ; � RU jU�; � RU jh�; �  j� � ; �>
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jb� ; �� WKHQ WKH SHUWXUEDWLRQ FODVV RI jd� ; �� 3WUE�jd�; ��� LV WKH FORVHG WZR VLGHG
LGHDO

3WUE�jd�; ��  I$ � %> ; @ � $ � % � jd�; � IRU HYHU\ % � jd�; �J�

,W LV VHHQ WKDW

3WUE�jC� ; ��  3WUE�jU� ; ��  3WUE�j�; �� w 3WUE�j� � ; �� > 3WUE�jb�; ���

/HW 7S GHQRWH WKH KRPRPRUSKLVP

7S � %> ; @� %> ; @ 3WUE�jd� ; ��

ZKLFK LV HoHFWHG E\ WKH QDWXUDO SURMHFWLRQ RI WKH DOJHEUD %> ; @ LQWR WKH TXRWLHQW
DOJHEUD %> ; @ 3WUE�jd� ; ��� ,W LV WKHQ FOHDU WKDW >$�%@  $%b%$ � 3WUE�jd� ; ��
LI DQG RQO\ LI 7S�$% b %$�  7S�$�7S�%� b 7S�%�7S�$�  �� IXUWKHUPRUH� LI

WKH IXQFWLRQ I � +RORb����$� > ��%��� LQ SDUWLFXODU LI I LV D SRO\QRPLDO� WKHQ
>$�%@ � 3WUE�jd� ; �� LPSOLHV I�$�I�%� b I�%�I�$� � 3WUE�jd�; ��� DQG KHQFH
7S�I�$�I�%�b I�%�I�$��  ��

7KHRUHP ���� /HW $�% � %> ; @ EH VXFK WKDW % � +RORb��5> ; @��

�D� ,I }%�$� y�  
4P

L � �$b yzL� � jd� ; � IRU VRPH FRPSOH[ QXPEHU y DQG
>$�%@ � 3WUE�jd� ; ��� WKHQ $ b y% � jd� ; � LI y � �� DQG $ b %� � jd�; �
ZKHQHYHU y  ��

�E� 6XSSRVH WKDW >$�%@  ��

�L� ,I y � �� WKHQ }%�$� y�  
4P

L � �$b yzL�
o �

� jd�; � LI DQG RQO\ LI $ b
y%� b yzL � jd�; ��

�LL� �&DVH y  �� $ � jd�; � LI DQG RQO\ LI $b%� � jd� ; ��

�F� ,I y � �� >$�%@  � DQG }%�$� y� � jd�; �� WKHQ $b y% � jd�; ��

3URRI� �D� 'HpQH WKH RSHUDWRUV '�( DQG ) E\

'  ( b )� (  }%�$� y� LI y � � DQG (  $P LI y  ��

)  yP}%�%� LI y � � DQG )  %P
� LI y  ��

7KHQ ) � 5> ; @� DQG WKH K\SRWKHVLV WKDW >$�%@ � 3WUEjd� ; � LPSOLHV

7S>(�) @  7S�(�7S�) �b 7S�) �7S�(�  ��

7KH RSHUDWRU 7S�) � EHLQJ TXDVLQLOSRWHQW� ZH KDYH

rQ7 � �'��7 � �(��,�  rQb�
7 � �'��7 � �(���b��7S�) ��

 c c c  �b��Q7S�) �
Q  c c c  �b��QrQ7 � �(��7 � �'��,��

DQG KHQFH 7S�'� DQG 7S�(� DUH TXDVLQLOSRWHQW HTXLYDOHQW� 6LQFH ( � jd�; ��

7S�(� � ,QYd� ; ��� 7S �'� � ,QYd� ; ��

$JDLQ� VLQFH

7S�'�  �7S�$�b 7S�%��J�7S�$�� 7S�%�� y�

 J�7S�$�� 7S�%�� y��7S�$�b y7S�%�� LI y � ��

DQG

7S�'�  7S�$�
P b 7S�%��

P  �7S�$�b 7S�%���J��7S�$�� 7S�%�� y�

 J��7S�$�� 7S�%�� y��7S�$�b 7S�%��� LI y  ��
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LW IROORZV WKDW

7S�$�b y7S�%� � ,QYd� ; � LI y � � DQG

7S�$�b 7S�%�� � ,QYd� ; � LI y  ��

6LQFH

$b y% �UHVS�� $b%�� � j� �; � LI DQG RQO\ LI

7S�$�b y7S�%� �UHVS�� 7S�$�b 7S�%��� LV ERXQGHG EHORZ DQG

$b y% �UHVS�� $b%�� � jb�; � LI DQG RQO\ LI

7S�$�b y7S�%� �UHVS�� 7S�$�b 7S�%��� LV VXUMHFWLYH�

WKH SURRI IROORZV�

�E� 7KH SURRI DW SODFHV LV VLPLODU WR WKH RQH DERYH� VR ZH VKDOO DW SRLQWV EH EULHI�
/HW 7 � %> ; @ � %> ; @ . > ; @ GHQRWH WKH &DONLQ KRPRPRUSKLVP� 6XSSRVH WKDW
>$�%@  �� /HWWLQJ %  jP

L �%L ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ ;  jP
L � ; L RI

; � LW LV VHHQ WKDW $ KDV D PDWUL[ UHSUHVHQWDWLRQ $  �$LM�
P
L�M  � VXFK WKDW

$LM%M  %L$LM IRU DOO � x L� M x P

�� $LM�%M b zL�  �%L b zL�$LM IRU DOO � x L� M x P��

+HUH� WKH FRPSOH[ QXPEHUV zL� � x L x P� DUH GLVWLQFW� WKH RSHUDWRUV %LbzL EHLQJ
5LHV] IRU DOO � x L x P DQG �VLQFH zL  � ��%M� IRU DOO � x L � M x P� WKH RSHUDWRU
7 �%M b zL� LV LQYHUWLEOH IRU DOO � x L � M x P� &RQVHTXHQWO\�

7 �$LM�7 �%M b zL�
Q  7 �%L b zL�

Q7 �$LM�

�� 7 �$LM�  7 �%M b zL�
bQ7 �%L b zL�

Q7 �$LM��

:H KDYH WZR SRVVLELOLWLHV� (LWKHU 7 �$LM� � � RU 7 �$LM�  �� ,I 7 �$LM� � �� WKHQ
�VLQFH 7 �%L b zL� LV TXDVLQLOSRWHQW�

MM7 �$LM�MM x MM7 �$LM�MMMM7 �%M b zL�
b�MMQMM7 �%L b zL�

QMM

 � � x MM7 �%M b zL�
b�MM OLP

Q� �
MM7 �%L b zL�

QMM
�

�  ��

7KLV EHLQJ D FRQWUDGLFWLRQ� ZH PXVW KDYH

7 �$�  jP
L �7 �$LL�� 7 �$LM�  � DQG >$LL� %L@  � IRU DOO � x L � M x P�

'HpQH WKH RSHUDWRUV 0M � 1M � %> ; M @� � x M x P� E\

0M  �$MM b y%M�b y�zL b zM�� 1M  $MM b yzL IRU DOO � x L� M x P LI y � ��

DQG

0M  $MM b%M � zM � 1M  $MM IRU DOO � x M x P LI y  ��

7KHQ WKH HTXLYDOHQFHV

}%�%� � 5> ; @ ��
P
<

L �

�% b zL�  
P
<

L �

IjP
M  ��%M b zL�J � 5> ; @

��
P
<

L �

�%M b zL� � 5> ; M @ IRU DOO � x M x P

�� %M b zM � 5> ; M @ IRU DOO � x M x P
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DQG

}%�$� y� � jd� ; � ��
P
<

L �

7 �$b yzL�  
P
<

L �

IjP
M  �7 �$MM b yzL�J � ,QYd� ; �

��
P
<

L �

7 �$MM b yzL�  7 I
P
<

L �

�$MM b yzL�J � ,QYd� ; M�

IRU DOO � x L� M x P

��
P
<

L �

�$MM b yzL� � jd�; M� IRU DOO � x L� M x P

�� $MM b yzL � jd�; M� IRU DOO � x L� M x P

LPSO\ WKDW

rQ7 �0 � ��7 �1 � ��,M�  �by�rQb�
7 �0 � ��7 �1 � �7 �%M b zM�  c c c  �by�Q7 �%M b zM�

Q

 c c c  rQ7 �1 � ��7 �0 � ��,M��

7KLV LPSOLHV WKDW WKH RSHUDWRUV 7 �0M� DQG 7 �1M� DUH TXDVLQLOSRWHQW HTXLYDOHQW�
DQG KHQFH

0M � jd�; M��� 1M � jd� ; �� � x M x P�

1RZ LI ZH GHpQH %� � %> ; @ �DV DERYH� E\ %�  jP
M  ��%M b zM�� WKHQ

7 �$b y%� b yzL�  jP
M  �I7 ��$MM b y%M�b y�zL b zM��J � ,QYd�; �

IRU DOO � x L x P

�� jP
M  �7 �$MM b yzL� � ,QYd� ; � IRU DOO � x L x P

��
P
<

L �

IjP
M  �7 �$MM b yzL�J � ,QYd�; �

 
P
<

L �

7 �$b yzL� � ,QYd�; �

�� }%�$�y� � jd�; �

LI y � �� DQG

jP
M  �7 �0M�  jP

M  �7 �$MM b%M � zM�  7 �$b%�� � ,QYd� ; �

�� jP
M  �7 �1M�  jP

M  �7 �$MM�  7 �}%�$� ��� � ,QYd� ; �

�� }%�$� �� � jd�; �

LI y  ��

�F� /HW y � �� &KRRVLQJ L  M LQ

}%�$� y� � jd� ; ��� $b y�jP
M  ��%M b zM � zL� � jd� ; �

IRU DOO � x L x P� LW WKHQ IROORZV WKDW

}%�$� y� � jd� ; �  � $b y% � jd�; ��

5HPDUN ���� �L� 6RPH K\SRWKHVLV RI WKH W\SH >$�%@ � 3WUEjd� ; �� RU >$�%@  ��
LV HVVHQWLDO WR WKH YDOLGLW\ RI 7KHRUHP ���� 7R VHH WKLV� FRQVLGHU RSHUDWRUV $�%
VXFK WKDW }%�$� y� � jd�; � DQG }%�%� LV FRPSDFW� 7KHQ� VLQFH 7S�}%�%��  
�  7 �}%�%��� }%�$� y� b yP}%�%� � jd� ; � �� }%�$� y� � jd�; �� 7KLV
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GRHV QRW KRZHYHU LPSO\ $ b y% �RU� $ b %� LI y  �� RU $ b y%� b zL LI y � ��
� jd� ; �� DV WKH IROORZLQJ HOHPHQWDU\ H[DPSOH VKRZV� /HWWLQJ , GHQRWH WKH LGHQWLW\
RI %> ; @� GHpQH WKH SRO\QRPLDOO\ FRPSDFW RSHUDWRU % �ZLWK PLQLPDO SRO\QRPLDO

}%�]�  �] b ���� E\ %  

v

, ,
� ,

w

� DQG OHW $  

v

�, �
, �

w

� 7KHQ� ZLWK y  ��

}%�$� y�  

v

, �
, b,

w

LV LQYHUWLEOH �KHQFH� )UHGKROP�� +RZHYHU WKH RSHUDWRU

$ b y% �ZKLFK VDWLVpHV �$ b y%��  �� LV QRW HYHQ VHPL�)UHGKROP� $JDLQ� LI ZH

GHpQH $ E\ $  

v

, �
, b,

w

� WKHQ �$b%��
�  � DQG $b%� LV QRW VHPL�)UHGKROP�

2EVHUYH WKDW QHLWKHU RI WKH K\SRWKHVHV >$�%@  � RU >$�%@ � 3WUE�jd�; � LV
VDWLVpHG�

�LL� /HW $ DQG % EH WKH RSHUDWRUV RI 7KHRUHP ���� SDUWV �E� DQG �F�� 7KHQ $byzL �
jd� ; � LI DQG RQO\ LI $MM b yzL � jd� ; M� IRU DOO � x M x P DQG 7 �$LM�  � IRU
DOO � x L � M x P� 7KH FRQFOXVLRQ 7 �$LM�  � IRU DOO � x L � M x P LPSOLHV WKDW
WKH RSHUDWRU $  >$LM @�xL�MxP PD\ EH ZULWWHQ DV WKH VXP $  $� � $�� ZKHUH
$�  jP

M  �$MM DQG WKH FRPSDFW �KHQFH� 5LHV]� RSHUDWRU $� LV GHpQHG E\

$�  >$LM @�xL�MxP ZLWK $LL  � IRU DOO � x L x P�

5HFDOOLQJ WKDW WKH VXP RI WZR FRPPXWLQJ 5LHV] RSHUDWRUV LV D 5LHV] RSHUDWRU� LW
IROORZV WKDW WKH RSHUDWRUV �

y
$� b %� �FDVH y � �� DQG $� b %� �FDVH y  �� DUH

5LHV] RSHUDWRUV� ,W LV QRZ VHHQ WKDW WKH RSHUDWRUV

$b yzL b y%�  �$� b yzL� � y�
�

y
$� b%�� DQG $� b yzL �y � ���

$b%�  $� � �$� b%�� DQG $� �y  ��

DUH TXDVLQLOSRWHQW HTXLYDOHQW� +HQFH

$� b yzL � jd� ; ��� $b yzL b y%� � jd�; �� y � �

DQG

$ � jd� ; ��� $b%� � jd� ; ��

7KLV SURYLGHV DQ DOWHUQDWLYH WR VRPH RI WKH DUJXPHQW XVHG WR SURYH SDUWV �E� DQG
�F� RI 7KHRUHP ����

/HW y�W� GHQRWH D FRQWLQXRXV IXQFWLRQ IURP D FRQQHFWHG VXEVHW , RI WKH UHDOV
LQWR & VXFK WKDW y�W��  � DQG y�W��  � IRU VRPH W�� W� � ,� W� � W�� 7KHQ �WKH
DUJXPHQW RI WKH SURRI RI 7KHRUHP ��� KROGV ZLWK y UHSODFHG E\ y�W� DQG ZH KDYH��

&RUROODU\ ���� /HW $�% � %> ; @ EH VXFK WKDW % � +RORb��5> ; @��

�D� ,I }%�$� y�  
4P

L � �$b y�W�zL� � jd�; � DQG >$�%@ � 3WUE�jd�; ��� WKHQ
$b y�W�% � jd�; � IRU DOO W � >W�� W�@�

�E� ,I $�% FRPPXWH� WKHQ�

�L� }%�$� y�W��  
4P

L � �$b y�W�zL� � jd� ; � LI DQG RQO\ LI $b y�W��%�� zL� �
jd� ; �� � x L x P� IRU DOO W � >W�� W�@�

�LL� }%�$� y�W��� � jd� ; � LI DQG RQO\ LI $b%� � jd�; ��

�LLL� }%�$� y�W�� � jd�; � LPSOLHV $b y�W�% � jd� ; � IRU DOO W � >W�� W�@�

5HFDOOLQJ WKH IDFW WKDW ?HYHU\ ORFDOO\ FRQVWDQW IXQFWLRQ RQ D FRQQHFWHG VHW LV
FRQVWDQW�� LW IROORZV IURP WKH ORFDO FRQVWDQF\ RI WKH LQGH[ IXQFWLRQ ?LQG� WKDW



� %�3� ' 8**$/ $1' &�6 � . 8%586 / <

LQG�$�  LQG�$b%�  LQG�$by�W�%� IRU DOO W � >W�� W�@� ,Q SDUWLFXODU� LI $ � jC�; �
�UHVS�� $ � jU� ; ��� WKHQ �$by�W�%��; � �UHVS�� �$by�W�%�b����� LV FRPSOHPHQWHG
E\ D pQLWH GLPHQVLRQDO VXEVSDFH LI DQG RQO\ LI $� ; � �UHVS�� $b����� LV FRPSOHPHQWHG
E\ D pQLWH GLPHQVLRQDO VXEVSDFH�

�� 2SHU DW RU V Z LW K 69(3

$ � %> ; @ KDV WKH VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\ DW y� � &� 69(3 DW y� IRU
VKRUW� LI IRU HYHU\ RSHQ GLVF 'y � FHQWHUHG DW y� WKH RQO\ KRORPRUSKLF IXQFWLRQ
I � 'y � � ; ZKLFK VDWLVpHV

�7 b y�I�y�  � IRU DOO y � 'y �

LV WKH IXQFWLRQ I u �� 7 KDV 69(3 LI LW KDV 69(3 DW HYHU\ y � &� 2SHUDWRUV
ZLWK FRXQWDEOH VSHFWUXP KDYH 69(3� ,I $ � 5> ; @� WKHQ ERWK $ DQG �WKH FRQMXJDWH
RSHUDWRU� $e KDYH 69(3� ,W LV NQRZQ WKDW I�$�� $ � %> ; @ DQG I � +F���$��� KDV
69(3 DW D SRLQW y LI DQG RQO\ LI $ KDV 69(3 DW HYHU\ z VXFK WKDW I�z�  y �VHH
>�� 7KHRUHP ����@ DQG >��@�� ,I DQ $ � %> ; @ KDV 69(3 DW D SRLQW y� WKHQ 69(3 IRU
% � %> ; @ DW y GRHV QRW WUDQVIHU WR $�%� HYHQ LI $ DQG % FRPPXWH� +RZHYHU�

3URSRVLWLRQ ���� >�� 7KHRUHP ���@ ,I $ DQG % FRPPXWH� DQG LI % � 5> ; @� WKHQ
69(3 DW y IRU $ LPSOLHV 69(3 IRU $b% DW y�

5HFDOO WKDW WKH DVFHQW �UHVS�� GHVFHQW� RI $ � %> ; @� DVF�$� �UHVS�� GVF�$��� LV
WKH OHDVW QRQ�QHJDWLYH LQWHJHU Q VXFK WKDW $bQ���  $b�Q� ����� �UHVS�� $Q� ; �  
$Q� �� ; ��� LI QR VXFK LQWHJHU H[LVWV� WKHQ DVF�$�  � �UHVS�� GVF�$�  ��� )LQLWH
DVFHQW �UHVS�� GHVFHQW� DW D SRLQW y IRU $ LPSOLHV LQG�$b y� x � DQG $ KDV 69(3
DW y �UHVS�� LQG�$b y� y � DQG $e KDV 69(3 DW y�� FRQYHUVHO\� LI $b y � jd�; �
�UHVS�� $e b y � jd� ; �� KDV 69(3 DW �� WKHQ DVF�$ b y� � � DQG � � LVR�D�$�
�UHVS�� GVF�$b y� � � DQG � � LVR�V�$�� >�� 7KHRUHPV ����� ����� ����� ����@� 7KH
RSHUDWRU $ LV XSSHU %URZGHU �UHVS�� ORZHU %URZGHU� OHIW %URZGHU� ULJKW %URZGHU� RU
�VLPSO\� %URZGHU� LI LW LV XSSHU )UHGKROP ZLWK DVF�$� � � �UHVS�� ORZHU %URZGHU
ZLWK GVF�$� � �� OHIW %URZGHU ZLWK DVF�$� � �� ULJKW %URZGHU ZLWK GVF�$� � ��
)UHGKROP ZLWK DVF�$�  GVF�$� � ��� /HW $ � db%URZGHU GHQRWH WKDW $ LV RQH RI
XSSHU %URZGHU� ORZHU %URZGHU� OHIW %URZGHU� ULJKW %URZGHU RU �VLPSO\� %URZGHU�
,W LV ZHOO NQRZQ� VHH >�� 7KHRUHP �����@ RU >�� 3URSRVLWLRQ ���@� WKDW LI $�% � %> ; @
DUH FRPPXWLQJ RSHUDWRUV� WKHQ $% � db%URZGHU LI DQG RQO\ LI $�% � db%URZGHU�
,I DQ RSHUDWRU $ � Ij� � ; � > jC�; �J �UHVS�� $ � Ijb�; � > jU�; �J DQG $e� KDV
69(3 DW �� WKHQ $ LV XSSHU RU OHIW �UHVS�� ORZHU RU ULJKW� %URZGHU >�� 7KHRUHP
����@� $V EHIRUH� WKH RSHUDWRU %� � %> ; @ LV GHpQHG E\ %�  jP

M  ��%M b zM��

7KH IROORZLQJ WKHRUHP JHQHUDOL]HV >�� 7KHRUHP ���@�

7KHRUHP ���� /HW $�% � %> ; @ EH VXFK WKDW >$�%@  �� }%�%�  
4P

L � �%b zL� �
5> ; @ DQG }%�$� y�  

4P

L � �$b yzL� � jd� ; � IRU VRPH FRPSOH[ QXPEHU y� 7KHQ�

�D� $ � db%URZGHU LI DQG RQO\ LI $b%� � db%URZGHU�

�E� �L� }%�$� y� � db%URZGHU LPSOLHV $b y% � db%URZGHU� DQG �LL� }%�$� y� �
db%URZGHU LI DQG RQO\ LI $b y%� b yzL � db%URZGHU IRU DOO � x L x P�

�F� ,I $ � Ij� � ; � > jC� ; �J KDV 69(3 DW � �UHVS�� $ � Ijb� ; � > jU� ; �J DQG
$e KDV 69(3 DW ��� WKHQ $ b y% LV XSSHU RU� UHVSHFWLYHO\� OHIW �UHVS�� ORZHU RU�
UHVSHFWLYHO\� ULJKW� %URZGHU�
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3URRI� :H FRQVLGHU WKH FDVH db%URZGHU  XSSHU %URZGHU RU OHIW %URZGHU RQO\
�WKXV d LQ jd VKDOO VWDQG IRU XSSHU RU OHIW�� WKH SURRI IRU WKH RWKHU FDVHV LV VLPLODU�

�D� 7KH RSHUDWRU %�  jP
L ��%L b zL� EHLQJ WKH GLUHFW VXP RI 5LHV] RSHUDWRUV LV

D 5LHV] RSHUDWRU� 6LQFH $ FRPPXWHV ZLWK %�� $ b %� KDV 69(3 DW � LI DQG RQO\
LI $ KDV 69(3 DW �� $JDLQ� E\ 7KHRUHP ����E�LL�� $b %� � jd�; � LI DQG RQO\ LI
$ � jd� ; �� +HQFH� VLQFH DQ RSHUDWRU 7 LV db%URZGHU LI DQG RQO\ LI 7 � jd�; �
DQG 7 KDV 69(3 DW � >�� 7KHRUHP ����@� $ b %� � db %URZGHU LI DQG RQO\ LI
$ � db%URZGHU�

�E�L� 7KH K\SRWKHVLV }%�$�y� � db%URZGHU LPSOLHV $b yzL � db%URZGHU LI DQG
RQO\ LI $byzL � jd� ; � DQG $byzL KDV 69(3 DW �� 6LQFH }%�%�  

4P

L ��%bzL�
LV 5LHV]� WKHUH DQ LQWHJHU L� � x L x P� VXFK WKDW y�%bzL� LV 5LHV] �DQG FRPPXWHV
ZLWK $ b yzL�� +HQFH $ b y%  �$ b yzL� b �% b yzL� KDV 69(3 DW �� 6LQFH
$b y% � jd�; � E\ 7KHRUHP ����F�� $b y% � db%URZGHU�

�E�LL� 7KH FDVH y  � EHLQJ HYLGHQW� ZH FRQVLGHU y � �� ,W LV FOHDU IURP 7KHRUHP
����E�L� WKDW

}%�$� y� � jd� ; ��� $b y% b yzL � jd�; ��

6LQFH

}%�$�y� � db%URZGHU �� $b yzL � db%URZGHU IRU DOO � x L x P

�� $b yzL � jd� ; �� $b yzL KDV 69(3 DW �

IRU DOO � x L x P�

7KH RSHUDWRU %� EHLQJ D 5LHV] RSHUDWRU ZKLFK FRPPXWHV ZLWK $b yzL� LW IROORZV
WKDW $b yzL b y%� KDV 69(3 DW � LI DQG RQO\ LI $b yzL KDV 69(3 DW �� +HQFH

}%�$� y� � db%URZGHU�� $b y%� b yzL � db%URZGHU�

�F� 5HFDOO IURP DERYH WKDW LI DQ RSHUDWRU $ � jd� ; � KDV 69(3 DW �� WKHQ � �
LVR�D�$�� 6LQFH �D�$b yzL� ~ �D�$�b IyzLJ� LW IROORZV IURP RXU K\SRWKHVHV WKDW
�DW ZRUVW� yzL � LVR�D�$� IRU DOO � x L x P� +HQFH $byzL KDV 69(3 DW �� $V VHHQ
DERYH� $b y% � jd� ; �� +HQFH� VLQFH WKH RSHUDWRU % b zL LV 5LHV] DQG FRPPXWHV
ZLWK $byzL� $by%L  �$byzL�by�%LbzL� KDV 69(3 DW �� 7KLV� >�� 7KHRUHP
����@� LPSOLHV WKDW $b y% � db%URZGHU�

5HPDUN ���� $Q DOWHUQDWLYH DUJXPHQW SURYLQJ 7KHRUHP ����E�L� JRHV DV IROORZV�
,I d  XSSHU RU OHIW� WKHQ WKH K\SRWKHVHV LPSO\ WKDW }%�$�y� KDV 69(3 DW � DQG
WKH 5LHV] RSHUDWRU }%�%� FRPPXWHV ZLWK }%�$� y�� +HQFH }%�$� y� b yP}%�%�
KDV 69(3 DW �� $OUHDG\ ZH NQRZ IURP �WKH SURRI RI� 7KHRUHP ��� WKDW }%�$�y�b
yP}%�%� � jd� ; �� ZKHUH jd�; �  j� � ; �>jC�; �� +HQFH }%�$� y�byP}%�%�  
�$ b y%�J�$�%� y�  J�$�%� y��$ b y%� LV XSSHU RU �UHVS�� OHIW %URZGHU� 7KLV
LPSOLHV $b y% LV XSSHU RU �UHVS�� OHIW %URZGHU�

(VVHQWLDO 69(3� /HW 7T � %> ; @ � %> ; T@� ; T  C� � ; � P�; �� GHQRWH WKH KRPR�
PRUSKLVP HoHFWLQJ WKHCHVVHQWLDO HQODUJHPHQW $ � 7T�$�  $T� RI >�@ �DQG >���
7KHRUHPV ���� DQG ����@�� 7KHQ $ � %> ; @ LV XSSHU VHPL�)UHGKROP �ORZHU VHPL�
)UHGKROP�� $ � j� �; � �UHVS�� $ � jb�; ��� LI DQG RQO\ LI $T LV ERXQGHG EHORZ
�UHVS�� $T LV VXUMHFWLYH�� $T  � IRU DQ RSHUDWRU $ LI DQG RQO\ LI $ LV FRPSDFW�
DQG LI $ � 5> ; @� WKHQ $T LV D TXDVLQLOSRWHQW� 5HFDOO IURP 7KHRUHP ����E�LL� DQG
�F� WKDW LI $�% � %> ; @ DUH VXFK WKDW >$�%@  �� }%�%�  

4P

L � �% b zL� � 5> ; @
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DQG }%�$� y�  
4P

L � �$b yzL� � jh� ; �� WKHQ $ b y% � jh� ; � LI y � � DQG
$b%� � jh�; � LI y  �� ,I ZH QRZ DVVXPH WKDW }%�$� y� � jb� ; � �UHVS�� WKH FRQ�
MXJDWH RSHUDWRU }%�$� y�

e � jb�; ��� y � �� KDV 69(3 DW �� WKHQ $b y% � j�; �
LV LQQHU UHJXODU� $JDLQ� LI ZH DVVXPH y  � DQG $ � jb� ; � �UHVS�� $e � jb� ; ��
KDV 69(3 DW �� WKHQ $ b %� � j� ; � LV LQQHU UHJXODU� 69(3 IRU DQ RSHUDWRU QHL�
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>�� ��� 5HPDUN@� :H VD\ LQ WKH IROORZLQJ WKDW $ KDV HVVHQWLDO 69(3 DW D SRLQW y
LI $T  7T�$� KDV 69(3 DW y� 7KH IROORZLQJ FRUROODU\ VD\V WKDW D UHVXOW VLPLODU
WR WKH RQH DERYH RQ WKH LQQHU UHJXODULW\ RI $ b y% DQG $ b %� KROGV ZLWK WKH
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