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)UHGKROP RSHUDWRUV FRPSULVH D FUXFLDO FODVV RI %DQDFK VSDFH RSHUDWRUV ZKLFK SOD\
D FHQWUDO UROH LQ RSHUDWRU WKHRU\� EHLQJ UDWKHU UHOHYDQW LQ PDQ\ DUHDV RI DQDO\VLV�
ERWK IURP WKHRUHWLFDO DQG DSSOLHG SRLQWV RI YLHZ� )RU D VXUYH\ RQ )UHGKROP WKHRU\
LQ +LOEHUW VSDFH WKH UHDGHU LV UHIHUUHG WR >��@� 6HPL�)UHGKROP RSHUDWRUV DUH GHpQHG
HLWKHU DV WKH XQLRQ RI WKH FODVV RI DOO XSSHU VHPL�)UHGKROP DQG WKH FODVV RI DOO ORZHU
VHPL�)UHGKROP RSHUDWRUV RQ WKH RQH KDQG RU� RQ WKH RWKHU KDQG� DV WKH XQLRQ RI WKH
FODVV RI DOO OHIW VHPL�)UHGKROP DQG WKH FODVV RI DOO ULJKW VHPL�)UHGKROP RSHUDWRUV�
7KHVH WZR ZD\V RI KDQGOLQJ VHPL�)UHGKROP RSHUDWRUV DUH UHIHUUHG WR DV WKH XSSHU�
ORZHU DQG OHIW�ULJKW DSSURDFKHV� 2Q D +LOEHUW VSDFH WKHVH DSSURDFKHV DUH FRLQFLGHQW�
DQG WKH UHDVRQ IRU VXFK D FRLQFLGHQFH LV WKDW LQ D +LOEHUW VSDFH HYHU\ �FORVHG� VXE�
VSDFH LV FRPSOHPHQWHG� 6XFK D FRPSOHPHQWDWLRQ SURSHUW\ PD\ IDLO LQ DQ DUELWUDU\
%DQDFK VSDFH� DQG WKLV LV WKH UHDVRQ ZK\ WKH XSSHU�ORZHU DQG OHIW�ULJKW DSSURDFKHV
PD\ QRW FRLQFLGH IRU VHPL�)UHGKROP RSHUDWRUV RQ D %DQDFK VSDFH�

7KH SXUSRVH RI WKLV SDSHU LV WR GUDZ D SDUDOOHO EHWZHHQ XSSHU�ORZHU DQG OHIW�
ULJKW DSSURDFKHV IRU VHPL�)UHGKROP RSHUDWRUV RQ D %DQDFK VSDFH� 7KH GLoHUHQFH
EHWZHHQ WKHP LV LQYHVWLJDWHG� DQG LW LV VKRZQ ZKHQ WKH XSSHU�ORZHU DQG OHIW�ULJKW
DSSURDFKHV FRLQFLGH� ,Q SDUWLFXODU� LW LV VKRZQ ZKHQ WKHVH DSSURDFKHV FRLQFLGH DV IDU
DV WKH H[LVWHQFH RI SVHXGRKROHV RI WKH HVVHQWLDO �)UHGKROP� VSHFWUXP LV FRQFHUQHG�
7KH PDLQ UHVXOWV DSSHDU LQ 7KHRUHPV ��� DQG ���� DQG DQ DSSOLFDWLRQ LV GLVFXVVHG
LQ 6HFWLRQ � DQG VXPPDUL]HG LQ &RUROODU\ ����

/HW %> ; @ EH WKH %DQDFK DOJHEUD RI DOO ERXQGHG OLQHDU RSHUDWRUV RQ D %DQDFK
VSDFH ; � DQG FRQVLGHU WKH FODVV b o > ; @ RI DOO RSHUDWRUV ZLWK FRPSOHPHQWHG UDQJH
DQG WKH FODVV b p > ; @ RI DOO RSHUDWRUV ZLWK FRPSOHPHQWHG NHUQHO� 6LQFH LQ D +LOEHUW
VSDFH HYHU\ VXEVSDFH LV FRPSOHPHQWHG� LW IROORZV WKDW b o > ; @  b p > ; @  %> ; @ LI ;
LV D +LOEHUW VSDFH� DQG WKLV LV VXrFLHQW �EXW QRW QHFHVVDU\� WR HQVXUH WKDW WKHUH LV
QR GLoHUHQFH EHWZHHQ WKH XSSHU�ORZHU DQG OHIW�ULJKW DSSURDFKHV� +RZHYHU� VXFK DQ
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LGHQWLW\ GRHV QRW KROG LQ JHQHUDO� 7KH SURJUDP IRU LQYHVWLJDWLQJ ZKHQ WKH XSSHU�
ORZHU DQG OHIW�ULJKW DSSURDFKHV FRLQFLGH VWDUWV E\ VKRZLQJ WKDW WKH LQWHUVHFWLRQ
b o > ; @ ? b p > ; @ LV DOJHEUDLFDOO\ DQG WRSRORJLFDOO\ ODUJH� DQG WKHQ LW LV VKRZQ WKDW
LI b o > ; @ DQG b p > ; @ DUH HLWKHU RSHQ� RU FORVHG� RU LI WKH\ FRLQFLGH� WKHQ WKHUH LV QR
GLoHUHQFH EHWZHHQ WKH XSSHU�ORZHU DQG OHIW�ULJKW DSSURDFKHV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � FRQWDLQV QRWDWLRQ� WHUPLQRORJ\� DQG
RQO\ WKH EDVLF UHVXOWV WKDW ZLOO EH IUHTXHQWO\ UHTXLUHG LQ WKH VHTXHO� /HW 7 EH D
ERXQGHG OLQHDU RSHUDWRU DFWLQJ RQ D %DQDFK VSDFH ; � 6HFWLRQ � VKRZV LQ 7KHRUHP
��� WKDW WKH FODVVHV RI DOO RSHUDWRUV ZLWK FRPSOHPHQWHG UDQJH b o > ; @ DQG FRPSOH�
PHQWHG NHUQHO b p > ; @ DUH DOJHEUDLFDOO\ DQG WRSRORJLFDOO\ ODUJH� 7KH UHODWLRQVKLS
EHWZHHQ WKH FODVVHV RI XSSHU RU ORZHU DQG OHIW RU ULJKW VHPL�)UHGKROP RSHUDWRUV
LV GLVFXVVHG LQ 6HFWLRQ �� 6HFWLRQ � SDYHV WKH ZD\ WR FRPSDUH XSSHU DQG ORZHU
VHPL�)UHGKROP VSHFWUD� � ¥*¦ �7 � DQG � ¥>§ �7 �� ZLWK OHIW DQG ULJKW HVVHQWLDO VSHFWUD�
� ¨ ¥ �7 � DQG � © ¥ �7 �� ZKLFK GLoHU E\ WKH VHWV t o �7 �  Iy � & � y, b 7 �� b o > ; @J DQG
t p �7 �  Iy � & � y, b 7 �� b p > ; @J� DV FDUULHG RXW LQ 6HFWLRQ �� 7KHRUHP ��� VD\V
WKDW LI b o > ; @ DQG b p > ; @ DUH FORVHG� VR WKDW t o �7 � DQG t p �7 � DUH RSHQ� WKHQ WKH
OHIW DQG ULJKW HVVHQWLDO VSHFWUD FRLQFLGH ZLWK WKH XSSHU DQG ORZHU VHPL�)UHGKROP
VSHFWUD� 7KHRUHP ��� VD\V WKDW LI HLWKHU b o > ; @ DQG b p > ; @ DUH RSHQ �DUH WKH\ DOZD\V
RSHQ"� VR WKDW t o �7 � DQG t p �7 � DUH FORVHG� RU LI t o �7 � DQG t p �7 � FRLQFLGH� WKHQ
WKH HVVHQWLDO VSHFWUXP KDV QR SVHXGRKROHV LI DQG RQO\ LI WKH OHIW DQG ULJKW HVVHQWLDO
VSHFWUD FRLQFLGH� $Q DSSOLFDWLRQ LQ 6HFWLRQ � VKRZV ZKHQ WKH SUHYLRXV UHVXOWV HQ�
VXUH WKDW ELTXDVLWULDQJXODULW\ LQ D %DQDFK VSDFH ERLOV GRZQ WR WKH VDPH WKLQJ DV
LWV +LOEHUW VSDFH FRXQWHUSDUW�

�� 3U HO LP LQDU LHV

/HW ; EH D OLQHDU VSDFH� OHW , � ; � ; EH WKH LGHQWLW\ WUDQVIRUPDWLRQ� DQG
OHW 0 EH D OLQHDU PDQLIROG RI ; � )RU DQ\ OLQHDU WUDQVIRUPDWLRQ / � ; � ; OHW
1 �/�  / ª � �I�J� EH WKH NHUQHO RI / DQG 5�/�  /� ; � WKH UDQJH RI /� ZKLFK DUH
OLQHDU PDQLIROGV RI ; � $Q DOJHEUDLF FRPSOHPHQW RI 0 LV DQ\ OLQHDU PDQLIROG 1
RI ; VXFK WKDW 0? 1  I�J DQG 0� 1  ; � (YHU\ OLQHDU PDQLIROG 0 KDV DQ
DOJHEUDLF FRPSOHPHQW� HYHU\ DOJHEUDLF FRPSOHPHQW RI 0 KDV WKH VDPH GLPHQVLRQ�
UHIHUUHG WR DV WKH FRGLPHQVLRQ RI 0� ,I ( � ; � ; LV D SURMHFWLRQ �DQ LGHPSRWHQW
OLQHDU WUDQVIRUPDWLRQ�� WKHQ 5�(� DQG 1 �(� DUH FRPSOHPHQWDU\ OLQHDU PDQLIROGV�
FRQYHUVHO\� LI0 DQG 1 DUH FRPSOHPHQWDU\ OLQHDU PDQLIROGV� WKHQ WKHUH LV D XQLTXH
SURMHFWLRQ ( � ; � ; ZLWK 5�(�  0  1 �,b(� DQG 1 �(�  1  5�,b(��
ZKHUH , b( � ; � ; LV WKH FRPSOHPHQWDU\ SURMHFWLRQ RI (� /HW ;  0 EH WKH TXR�
WLHQW VSDFH RI ; PRGXOR0 � WKH OLQHDU VSDFH RI DOO FRVHWV >[@  [�0 RI [ PRGXOR
0� (YHU\ DOJHEUDLF FRPSOHPHQW RI 0 LV LVRPRUSKLF WR WKH TXRWLHQW VSDFH ;  0�
DQG FRGLP0  GLP ;  0 � FRGLPHQVLRQ RI D OLQHDU PDQLIROG LV WKH GLPHQVLRQ RI
DQ\ DOJHEUDLF FRPSOHPHQW RI LW� ZKLFK LV FRQVWDQW DQG FRLQFLGHV ZLWK WKH GLPHQVLRQ
RI WKH TXRWLHQW VSDFH �VHH� H�J�� >��� 6HFWLRQV ��� DQG ���@��

6XSSRVH ; DQG < DUH �FRPSOH[� QRUPHG VSDFHV� $ VXEVSDFH RI D QRUPHG VSDFH LV
D FORVHG OLQHDU PDQLIROG� WKH FORVXUH0 ª RI D OLQHDU PDQLIROG0 LV D VXEVSDFH� /HW
%> ; �< @ GHQRWH WKH QRUPHG VSDFH RI DOO OLQHDU ERXQGHG �L�H�� FRQWLQXRXV� WUDQVIRUPD�
WLRQV RI ; LQWR < � )RU DQ\ 7 � %> ; �< @� LWV NHUQHO 1 �7 � LV D VXEVSDFH �L�H�� D FORVHG
OLQHDU PDQLIROG� RI ; � DQG LWV UDQJH 5�7 � LV D OLQHDU PDQLIROG RI < � %\ DQ RSHUDWRU
ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI ; LQWR LWVHOI� 6HW %> ; @  %> ; � ; @� WKH
QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ ; � ZKLFK LV D %DQDFK DOJHEUD LI ; LV D %DQDFK
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VSDFH� 7DNH WKH PDS N c N � ;  0 � 5 VXFK WKDW N>[@N  LQI ¶X·#¸ N[� XN  G�[�0��
WKH GLVWDQFH RI [ WR0� 7KLV LV D VHPLQRUP WKDW EHFRPHV WKH XVXDO QRUP RQ ;  0
LI 0 LV FORVHG� ,I 0 LV D VXEVSDFH� WKHQ HTXLS ;  0 ZLWK LWV XVXDO QRUP�

$ VXEVSDFH 0 RI D QRUPHG VSDFH ; LV FRPSOHPHQWHG LI LW KDV D VXEVSDFH DV DQ
DOJHEUDLF FRPSOHPHQW� WKDW LV� D FORVHG OLQHDU PDQLIROG 0 RI D QRUPHG VSDFH ; LV
FRPSOHPHQWHG LI WKHUH LV D FORVHG OLQHDU PDQLIROG 1 RI ; VXFK WKDW 0 DQG 1 DUH
DOJHEUDLF FRPSOHPHQWV� ,Q WKLV FDVH� 0 DQG 1 DUH FRPSOHPHQWDU\ VXEVSDFHV �

5HPDUN ���� ,I ; LV D QRUPHG VSDFH DQG ( � ; � ; LV D FRQWLQXRXV SURMHFWLRQ�
WKHQ 5�(� DQG 1 �(� DUH FRPSOHPHQWDU\ VXEVSDFHV RI ; � &RQYHUVHO\� LI0 DQG 1
DUH FRPSOHPHQWDU\ VXEVSDFHV RI D %DQDFK VSDFH ; � WKHQ WKH �XQLTXH� SURMHFWLRQ
( � ; � ; ZLWK 5�(�  0 DQG 1 �(�  1 LV FRQWLQXRXV �LQ IDFW� D SURMHFWLRQ
ZLWK FORVHG UDQJH DQG FORVHG NHUQHO RQ D %DQDFK VSDFH LV FRQWLQXRXV�� 6HH� H�J�� >���
3UREOHP ����@� 6R� LI ; LV D %DQDFK VSDFH� WKHQ WKH DVVHUWLRQV EHORZ DUH HTXLYDOHQW�

�D� $ VXEVSDFH 0 RI ; LV FRPSOHPHQWHG�

�E� 7KHUH H[LVWV D SURMHFWLRQ ( � %> ; @ ZLWK 5�(�  0�

�F� 7KHUH H[LVWV D SURMHFWLRQ , b( � %> ; @ ZLWK 1 �, b(�  0�

7KHUHIRUH� LQ D pQLWH�GLPHQVLRQDO QRUPHG VSDFH HYHU\ VXEVSDFH LV FRPSOHPHQWHG
�LQ D pQLWH�GLPHQVLRQDO QRUPHG VSDFH HYHU\ OLQHDU PDQLIROG LV D VXEVSDFH��

3URSRVLWLRQ ����)LQLWH�GLPHQVLRQDO VXEVSDFHV RI D %DQDFK VSDFH DUH FRPSOHPHQW�

HG� ,I D VXEVSDFH RI D %DQDFK VSDFH KDV pQLWH FRGLPHQVLRQ� WKHQ LW LV FRPSOHPHQWHG�

3URRI� 6HH� H�J�� >��� 7KHRUHP $������L�LL�@�

5HPDUN ���� 7KH DERYH UHVXOW GRHV QRW KROG LI WKH QRUPHG VSDFH ; LV QRW %DQDFK�
)RU LQVWDQFH� OHW &>�� �@ EH WKH OLQHDU VSDFH RI DOO UHDO�YDOXHG FRQWLQXRXV IXQFWLRQ
RQ WKH LQWHUYDO >�� �@ HTXLSSHG ZLWK WKH QRUP N c N � � 7DNH D GLVFRQWLQXRXV IXQFWLRQ�
VD\� Y�W�  � IRU W � >��

�� � DQG Y�W�  � IRU W � >
�� � �@� DQG FRQVLGHU WKH QRUPHG VSDFH

;  &>�� �@�VSDQIYJ� DJDLQ HTXLSSHG WKH QRUP N c N � � ZKLFK LV QRW %DQDFK �UHDVRQ�
&>�� �@ LV GHQVH LQ /

�
>�� �@ DQG VR LV ; � /

�
>�� �@�� &>�� �@ LV QRW FORVHG LQ ; �WKHUH

DUH VHTXHQFHV RI FRQWLQXRXV IXQFWLRQV FRQYHUJLQJ WR Y LQ WKH QRUP N c N � ��
3URSRVLWLRQ ���� /HW 0 DQG 1 EH VXEVSDFHV RI D QRUPHG VSDFH ; � ,I GLP 1 ���

WKHQ 0� 1 LV FORVHG�

3URRI� 6HH� H�J�� >�� 3URSRVLWLRQ ,,,����@�

&RQVLGHU WKH FRQYHUVH WR 3URSRVLWLRQ ���� LV LW WUXH WKDW LI 0� 1 LV FORVHG DQG
GLP 1 � �� WKHQ0 LV FORVHG" ,I0 LV WKH UDQJH RI D ERXQGHG OLQHDU WUDQVIRUPDWLRQ
EHWZHHQ %DQDFK VSDFHV ; DQG < � WKHQ WKH DQVZHU LV \HV�

3URSRVLWLRQ ���� 6XSSRVH ; DQG < DUH %DQDFK VSDFHV� WDNH 7 � %> ; �< @� DQG OHW

1 EH D pQLWH�GLPHQVLRQDO VXEVSDFH RI < � ,I 5�7 � � 1 LV FORVHG� WKHQ VR LV 5�7 ��

3URRI� 6HH� H�J�� >��� /HPPD ����@�

&RUROODU\ ���� 6XSSRVH ; DQG < DUH %DQDFK VSDFHV� ,I 7 � %> ; �< @ LV VXFK WKDW

FRGLP5�7 � � �� WKHQ 5�7 � LV FORVHG�

3URRI� $SSO\ 3URSRVLWLRQ ����
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5HPDUN ���� 7KLV GRHV QRW HQVXUH WKDW 5�7 � LV FORVHG LI FRGLP5�7 � ª LV pQLWH�
7KHUH DUH 7 � %> ; �< @ EHWZHHQ %DQDFK VSDFHV ; DQG < VXFK WKDW FRGLP5�7 � ª  �
DQG 5�7 � LV QRW FORVHG� ([DPSOH� LI 7  GLDJI

�º J RQ ;  C
�
� WKHQ � OLHV LQ WKH FRQ�

WLQXRXV VSHFWUXP � » �7 � RI 7 � DQG KHQFH5�7 � LV QRW FORVHG EXW LV GHQVH LQ C � VR WKDW
WKH XQLTXH DOJHEUDLF FRPSOHPHQW RI 5�7 � ª  C

�
LV I�J� DQG VR FRGLP5�7 � ª  ��

�� 5DQJH�. HU QHO & RP SO HP HQW HG

5HFDOO WKDW LI D %DQDFK VSDFH ; LV FRPSOHPHQWHG �L�H�� LI HYHU\ VXEVSDFH RI ; LV
FRPSOHPHQWHG�� WKHQ LW LV LVRPRUSKLF �L�H�� WRSRORJLFDOO\ LVRPRUSKLF� WR D +LOEHUW
VSDFH >��@� 7KXV FRPSOHPHQWHG %DQDFK VSDFHV DUH LGHQWLpHG ZLWK +LOEHUW VSDFHV _
RQO\ +LOEHUW VSDFHV �XS WR DQ LVRPRUSKLVP� DUH FRPSOHPHQWHG�

'HpQLWLRQ ���� *LYHQ D %DQDFK VSDFH ; � FRQVLGHU WKH IROORZLQJ VXEVHWV RI %> ; @�

b o > ; @  j

7 � %> ; @ � 5�7 � ª LV FRPSOHPHQWHGk�
b p > ; @  j

7 � %> ; @ � 1 �7 � LV FRPSOHPHQWHG
k

�

b> ; @  b o > ; @ ? b p > ; @  j

7 � %> ; @ � 5�7 � ª DQG 1 �7 � DUH FRPSOHPHQWHG
k

�

�1RWH� 7KH FODVV b o > ; @ KDV EHHQ GHQRWHG E\ at�; � LQ >�@��

:H VD\ WKDW D %DQDFK VSDFH ; LV UDQJH FRPSOHPHQWHG LI b o > ; @  %> ; @� NHUQHO
FRPSOHPHQWHG LI b p > ; @  %> ; @� DQG UDQJH�NHUQHO FRPSOHPHQWHG LI b> ; @  %> ; @
�L�H�� LI b o > ; @  b p > ; @  %> ; @�� +LOEHUW VSDFHV DUH FRPSOHPHQWHG� DQG FRQVH�
TXHQWO\ WKH\ DUH UDQJH�NHUQHO FRPSOHPHQWHG� $FWXDOO\� LI D %DQDFK VSDFH ; LV FRP�
SOHPHQWHG �L�H�� LI ; LV HVVHQWLDOO\ D +LOEHUW VSDFH�� WKHQ LW LV WULYLDOO\ UDQJH�NHUQHO
FRPSOHPHQWHG� ,V WKH FRQYHUVH WUXH" +RZHYHU� IRU DQ DUELWUDU\ %DQDFK VSDFH ; �
WKH VHW b> ; @  b o > ; @ ? b p > ; @ LV DOJHEUDLFDOO\ DQG WRSRORJLFDOO\ ODUJH LQ WKH VHQVH
WKDW LW LQFOXGHV QRQHPSW\ RSHQ JURXSV� ,QGHHG� WKH JURXS * > ; @ RI DOO LQYHUWLEOH RS�
HUDWRUV IURP %> ; @ �L�H�� RI DOO RSHUDWRUV IURP %> ; @ ZLWK D ERXQGHG LQYHUVH� LV RSHQ
LQ %> ; @ DQG LV LQFOXGHG LQ b> ; @� ,Q IDFW� DV ZH VKDOO VHH ODWHU LQ 6HFWLRQ �� b o > ; @
DQG b p > ; @ LQFOXGH RSHQ UHJXODULWLHV� QDPHO\ WKH ORZHU DQG XSSHU VHPL�)UHGKROP
RSHUDWRUV j ª > ; @ DQG j ¼ > ; @� ZKLFK LQFOXGH * > ; @�

7KHRUHP ���� &RQVLGHU RSHUDWRUV RQ D %DQDFK VSDFH ; �

�D� (YHU\ pQLWH�UDQN RSHUDWRU OLHV LQ b o > ; @� DQG HYHU\ RSHUDWRU ZLWK pQLWH�GLPHQ�

VLRQDO NHUQHO OLHV LQ b p > ; @�
�E� $Q RSHUDWRU ZKRVH UDQJH KDV D pQLWH FRGLPHQVLRQ OLHV LQ b o > ; @� DQ RSHUDWRU

ZKRVH NHUQHO KDV D pQLWH FRGLPHQVLRQ OLHV LQ b p > ; @�
�F� (YHU\ LQYHUWLEOH RSHUDWRU KDV FORVHG DQG FRPSOHPHQWHG UDQJH DQG NHUQHO� VR

WKDW * > ; @ v b> ; @  b o > ; @ ? b p > ; @� DQG * > ; @ LV RSHQ LQ %> ; @�

�G� ,I 7 � b o > ; @ LV ERXQGHG EHORZ� WKHQ 5�7 �.� LV FORVHG DQG 7 �. � b> ; @  
b o > ; @ ? b p > ; @ IRU HYHU\ FRPSDFW . � %> ; @�

�H� ,I 7 � * > ; @� WKHQ 5�7 �.� LV FORVHG DQG 7 �. � b> ; @  b o > ; @ ? b p > ; @
IRU HYHU\ FRPSDFW . � %> ; @�

�I� ,I 7 LV D FRPSDFW RSHUDWRU RQ D UHqH[LYH %DQDFK VSDFH ; ZLWK D 6FKDXGHU

EDVLV� WKHQ 7 � b o > ; @ DQG LWV DGMRLQW 7 ½ � b o > ; ½ @�
3URRI� �D�E� &OHDU E\ 3URSRVLWLRQ ��� DQG &RUROODU\ ����
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�F� ,I 7 � * > ; @� WKHQ 5�7 �  ; DQG 1 �7 �  I�J� 0RUHRYHU� * >; @ LV RSHQ LQ WKH
XQLIRUP WRSRORJ\ RI %> ; @ �VHH� H�J�� >��� 3UREOHP ����@��

�G� $V IRU WKH UDQJH LVVXH �L�H�� 7 �.� b o > ; @�� VHH >�� 7KHRUHP �@� $V IRU WKH NHU�
QHO LVVXH �L�H�� 7 �.� b p > ; @�� WKLV LV VWUDLJKWIRUZDUG E\ WKH IRUWKFRPLQJ 6HFWLRQ
� �ZKLFK LV LQGHSHQGHQW RI 7KHRUHP ����� VLQFH ERXQGHG EHORZ DUH LQMHFWLYH ZLWK
FORVHG UDQJH �VHH H�J�� >��� &RUROODU\ ����@� DQG VR OLH LQ ) ¨ > ; @ v b p > ; @ �3URSRVL�
WLRQ ����� DQG ) ¨ > ; @ LV LQYDULDQW XQGHU FRPSDFW SHUWXUEDWLRQ E\ LWV YHU\ GHpQLWLRQ
�'HpQLWLRQ ����� VLQFH WKH FRPSDFW RSHUDWRUV FRPSULVH DQ LGHDO RI %> ; @�

�H� 3DUWLFXODU FDVH RI �G�� �$OVR VHH >�� 3URSRVLWLRQ �@��

�I� ,I 7 LV pQLWH�UDQN� WKHQ WKH UHVXOW IROORZV IURP LWHP �D�� 7KXV VXSSRVH 7 � %> ; @
LV QRW pQLWH�UDQN EXW FRPSDFW� DQG ; KDV D 6FKDXGHU EDVLV� VR WKDW WKHUH H[LVWV D VH�
TXHQFH I7 ¿ J RI pQLWH�UDQN RSHUDWRUV 7 ¿ � %> ; @ VXFK WKDW I7 ¿ J FRQYHUJHV XQLIRUPO\
�WKXV VWURQJO\� WR 7 �VHH� H�J�� >��� 3UREOHP ����@� DQG 5�7 ¿ � v 5�7 � ª � 6LQFH HDFK
7 ¿ LV pQLWH�UDQN� LW IROORZV WKDW 5�7 ¿ �  5�7 ¿ � ª DQG� IURP LWHP �D�� 7 ¿ � b o > ; @�
ZKLFK PHDQV WKDW WKHUH H[LVW FRQWLQXRXV SURMHFWLRQV ( ¿ � %> ; @ DQG , b( ¿ � %> ; @
VXFK WKDW 5�( ¿ �  1 �, b( ¿ �  5�7 ¿ � �FI� 5HPDUN ���� DQG 5�, b( ¿ �  1 �( ¿ �
ZLWK I5�( ¿ �J LV LQFUHDVLQJ� 6LQFH I5�( ¿ �J LV PRQRWRQH� OLP ¿ 5�( ¿ � H[LVWV LQ WKH
VHQVH WKDW OLP ¿ 5�( ¿ �  7

¿XÀ �
: º ÀC¿ 5�( º � 

b
6

¿XÀ �
7 º ÀC¿ 5�( º �

c §
�FI� >�� 'HpQL�

WLRQ �@�� VR WKDW OLP ¿ 5�, b( ¿ � DOVR H[LVWV� 6HW5  OLP ¿ 5�( ¿ � VR WKDW5 v 5�7 � ª
�VLQFH 5�7 ¿ � v 5�7 � ª �� 0RUHRYHU� VLQFH ; KDV D 6FKDXGHU EDVLV DQG 7 LV FRPSDFW�
LW IROORZV WKDW WKH VHTXHQFH I( ¿ J FRQYHUJHV VWURQJO\ �VHH� H�J�� >��� +LQW WR 3URE�
OHP ����@�� DQG KHQFH I( ¿ J LV ERXQGHG� 7KXV� VLQFH ; LV UHqH[LYH� >�� 7KHRUHP
�@ HQVXUHV WKDW 7 � b o > ; @� 6LQFH UHqH[LYLW\ DQG FRPSDFWQHVV DUH e�SUHVHUYHG >��
7KHRUHPV 9����� 9,����@� WKH UDQJH RI WKH FRPSDFW 7 ½ RQ ; ½ LV FRPSOHPHQWHG�

�� ) U HGKRO P 2SHU DW RU V

'HpQLWLRQ ���� �6HH� H�J�� >��� 'HpQLWLRQ ����@�� /HW ; EH D %DQDFK VSDFH�

j ¼ > ; @  j

7 � %> ; @ � 5�7 � LV FORVHG DQG GLP 1 �7 � � �
k

LV WKH FODVV RI XSSHU VHPL�)UHGKROP RSHUDWRUV IURP %> ; @�

j ª > ; @  
j

7 � %> ; @ � FRGLP5�7 � � �
k

LV WKH FODVV RI ORZHU VHPL�)UHGKROP RSHUDWRUV IURP %> ; @� DQG

j> ; @  j ¼ > ; @ ? j ª > ; @
LV WKH FODVV RI )UHGKROP RSHUDWRUV IURP %> ; @� 6LQFH FRGLP5�7 �  GLP ;  5�7 ��
DQG VLQFH FRGLP5�7 � � � LPSOLHV WKDW 5�7 � LV FORVHG �&RUROODU\ ����� WKH FODVV RI
ORZHU VHPL�)UHGKROP RSHUDWRUV FDQ EH ZULWWHQ DV

j ª > ; @  
j

7 � %> ; @ � 5�7 � LV FORVHG DQG GLP ;  5�7 � � �
k

�

DQG VR WKH FODVV RI )UHGKROP RSHUDWRUV FDQ EH ZULWWHQ DV

j> ; @  
j

7 � %> ; @ � GLP 1 �7 � � � DQG FRGLP5�7 � � �
k

 
j

7 � %> ; @ � 5�7 � LV FORVHG� GLP 1 �7 � � �� GLP ;  5�7 � � �
k

�

7KH FODVVHV RI RSHUDWRUV j ¼ > ; @ DQG j ª > ; @ DUH RSHQ LQ %> ; @ �VHH� H�J�� >���
3URSRVLWLRQ �����@�� DQG WKH VHWV j ¼ > ; @Qj ª > ; @ DQG j ª > ; @Qj ¼ > ; @ DUH FORVHG LQ
%> ; @ �VHH� H�J�� >��� 3URRI RI &RUROODU\ ����@��
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'HpQLWLRQ ���� �6HH� H�J�� >��� 6HFWLRQ ���@�� /HW ; EH D %DQDFK VSDFH�

) ¨ > ; @  j

7 �%> ; @ � 7 LV OHIW HVVHQWLDOO\ LQYHUWLEOH
k

 
j

7 �%> ; @ � $7  , �. IRU VRPH $ � %> ; @ DQG VRPH FRPSDFW . � %> ; @
k

LV WKH FODVV RI OHIW VHPL�)UHGKROP RSHUDWRUV IURP %> ; @�

) © > ; @  j

7 �%> ; @ � 7 LV ULJKW HVVHQWLDOO\ LQYHUWLEOH
k

 
j

7 �%> ; @ � 7$  , �. IRU VRPH $ � %> ; @ DQG VRPH FRPSDFW . � %> ; @
k

LV WKH FODVV RI ULJKW VHPL�)UHGKROP RSHUDWRUV IURP %> ; @� DQG

) > ; @  ) ¨ > ; @ ? ) © > ; @  j

7 � %> ; @ � 7 LV HVVHQWLDOO\ LQYHUWLEOH
k

�

WKH FODVV RI )UHGKROP RSHUDWRUV IURP %> ; @� 7KH GHpQLWLRQV RI ) ¨ > ; @ DQG ) © > ; @
FDQ EH HTXLYDOHQWO\ VWDWHG LI ?FRPSDFW� LV UHSODFHG ZLWK ?pQLWH�UDQN� �VHH H�J�� >��
5HPDUN �����@ RU >��� 7KHRUHPV ����� DQG �����@��

7KH FODVVHV ) ¨ > ; @ DQG ) © > ; @ DUH RSHQ LQ %> ; @� VLQFH WKH\ DUH WKH LQYHUVH LPDJHV
XQGHU WKH QDWXUDO PDS } � %> ; @� %> ; @ % Â > ; @ �ZKLFK LV FRQWLQXRXV� RI WKH OHIW DQG
ULJKW LQYHUWLEOH HOHPHQWV� UHVSHFWLYHO\� LQ WKH &DONLQ DOJHEUD %> ; @ % Â > ; @ RI %> ; @
PRGXOR WKH LGHDO % Â > ; @ RI FRPSDFW RSHUDWRUV �VHH H�J�� >�� 3URSRVLWLRQ ;,����@��
/HIW DQG ULJKW DQG XSSHU DQG ORZHU VHPL�)UHGKROP RSHUDWRUV DUH OLQNHG E\ UDQJH

DQG NHUQHO FRPSOHPHQWDWLRQ� 7 � ) ¨ > ; @ LI DQG RQO\ LI 7 � j ¼ > ; @ DQG 5�7 � LV FRP�
SOHPHQWHG� DQG 7 � ) © > ; @ LI DQG RQO\ LI 7 � j ª > ; @ DQG 1 �7 � LV FRPSOHPHQWHG�

3URSRVLWLRQ ���� /HIW�ULJKW DQG XSSHU�ORZHU VHPL�)UHGKROP DUH UHODWHG DV IROORZV�

) ¨ > ; @  j ¼ > ; @ ? b o > ; @  j

7 � j ¼ > ; @ � 5�7 � LV D FRPSOHPHQWHG VXEVSDFHk�
) © > ; @  j ª > ; @ ? b p > ; @  

j

7 � j ª > ; @ � 1 �7 � LV D FRPSOHPHQWHG VXEVSDFH
k

�

3URRI� >��� 7KHRUHPV ������ �����@ �VLQFH5�7 � ª  5�7 � LI 7 �j ¼ > ; @ > j ª > ; @��

4XHVWLRQ ���� $UH WKH VHWV b o > ; @ DQG b p > ; @ RSHQ LQ %> ; @"

,Q YLHZ RI 3URSRVLWLRQ ���� RSHUDWRUV LQ ) ¨ > ; @ DQG ) © > ; @ DUH DOVR UHIHUUHG WR DV
$WNLQVRQ RSHUDWRUV >�� 7KHRUHP ���@ �OHIW DQG ULJKW UHVSHFWLYHO\��

/HPPD ���� 7KH FODVVHV RI RSHUDWRUV LQ 'HpQLWLRQV ���� ���� DQG ��� VDWLVI\ WKH

IROORZLQJ UHODWLRQV�

�D� j ¼ > ; @ v b p > ; @ DQG j ª > ; @ v b o > ; @� DQG VR

j> ; @ v b> ; @ DQG j ¼ > ; @ > j ª > ; @ v b o > ; @ > b p > ; @�
�E� ) ¨ > ; @Q) © > ; @  �j ¼ > ; @Qj ª > ; @� ? b o > ; @  �j ¼ > ; @Qj ª > ; @� ? b> ; @� DQG

) © > ; @Q) ¨ > ; @  �j ª > ; @Qj ¼ > ; @� ? b p > ; @  �j ª > ; @Qj ¼ > ; @� ? b> ; @�
�F� ) ¨ > ; @ ? ) © > ; @  ) > ; @  j> ; @  j ¼ > ; @ ? j ª > ; @�
�G� ) ¨ > ; @ > ) © > ; @  �j ¼ > ; @ > j ª > ; @� ? b> ; @ v b> ; @�

IRU HYHU\ %DQDFK VSDFH ; � 1RZ WDNH D %DQDFK VSDFH ; �

�H� ,I j ¼ > ; @  j ª > ; @� WKHQ j ¼ > ; @  ) ¨ > ; @ DQG j ª > ; @  ) © > ; @�
VR WKDW ) ¨ > ; @  ) © > ; @�
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�I� ,I ) ¨ > ; @  ) © > ; @� WKHQ j ¼ > ; @ ? b o > ; @  j ª > ; @ ? b p > ; @  
j ¼ > ; @ ? b> ; @  j ª > ; @ ? b> ; @  
j ¼ > ; @ ?j ª > ; @  �j ¼ > ; @ > j ª > ; @� ? b> ; @�

DQG DOVR �j ¼ > ; @Qj ª > ; @� ? b o > ; @  �j ª > ; @Qj ¼ > ; @� ? b p > ; @  "�

�J� ,I b o > ; @  b p > ; @� WKHQ j ¼ > ; @  ) ¨ > ; @ DQG j ª > ; @  ) © > ; @�
0RUHRYHU�

�K� j ¼ > ; @  ) ¨ > ; @ DQG j ª > ; @  ) © > ; @ LI DQG RQO\ LI j ¼ > ; @ > j ª > ; @ v b> ; @�

3URRI� 7KH SURRI LV HOHPHQWDU\� PRVWO\ EDVHG RQ VWDQGDUG VHW�WKHRUHWLFDO UHODWLRQV�

�D� ,I 7 � j ¼ > ; @� WKHQ WKH VXEVSDFH 1 �7 � LV pQLWH�GLPHQVLRQDO� DQG KHQFH LW LV
FRPSOHPHQWHG E\ 3URSRVLWLRQ ���� 7KXV j ¼ > ; @ v b p > ; @� 2Q WKH RWKHU KDQG� LI
7 � j ª > ; @� WKHQ 5�7 � LV FORVHG DQG FRGLP5�7 � � �� VR WKDW WKH VXEVSDFH5�7 � LV
WULYLDOO\ FRPSOHPHQWHG �FRGLP5�7 � � � LPSOLHV WKDW HYHU\ DOJHEUDLF FRPSOHPHQW
RI 5�7 � LV pQLWH�GLPHQVLRQDO� WKXV FORVHG�� +HQFH j ª > ; @ v b o > ; @�
�E� %\ 3URSRVLWLRQ ��� ZH JHW ) ¨ ; @Q) © > ; @  �j ¼ > ; @ ? b o > ; @�Q�j ª > ; @ ? b p > ; @�
DQG ) © ; @Q) ¨ > ; @  �j ª > ; @ ? b p > ; @�Q�j ¼ > ; @ ? b o > ; @�� %\ LWHP �D� LW IROORZV WKDW
j ¼ > ; @vb p > ; @ DQG j ª > ; @vb o > ; @� 6R ) ¨ > ; @Q) © > ; @  �j ¼ > ; @ ? b o > ; @�Qj ª > ; @  
�j ¼ > ; @Qj ª > ; @� ? b o > ; @� 6LPLODUO\� ) © > ; @Q) ¨ > ; @  �j ª > ; @Qj ¼ > ; @� ? b p > ; @�
�F� $FFRUGLQJ WR 'HpQLWLRQ ��� �ZKHUH 5�7 � PXVW EH FORVHG IRU RSHUDWRUV 7 LQ
j ¼ > ; @ >j ª > ; @� DQG LWHP �D�� LI 7 � j ¼ > ; @ ? j ª > ; @� WKHQ 1 �7 � DQG 5�7 � DUH
FRPSOHPHQWHG VXEVSDFHV� ZKLFK LPSOLHV E\ 3URSRVLWLRQ ��� WKDW j ¼ > ; @ ? j ª > ; @ v
) ¨ > ; @ ? ) © > ; @ v j ¼ > ; @ ?j ª > ; @� 7KHUHIRUH� ) ¨ > ; @ ? ) © > ; @  ) > ; @  j> ; @  
j ¼ > ; @ ?j ª > ; @ E\ 'HpQLWLRQV ��� DQG ����
�G� %\ 3URSRVLWLRQ ���� ) ¨ > ; @ > ) © > ; @  �j ¼ > ; @ ? b o > ; @� > �j ª > ; @ ? b p > ; @�  
�j ¼ > ; @ > j ª > ; @� ? �j ¼ > ; @ > b p > ; @� ? �b o > ; @ > j ª > ; @� ? �b o > ; @ > b p > ; @�� %XW
�j ¼ > ; @ > b p > ; @� ? �b o > ; @ > j ª > ; @� ? �b o > ; @ > b p > ; @�  b> ; @ DFFRUGLQJ WR LWHP
�D� DQG 'HpQLWLRQ ���� 7KH LQFOXVLRQ LV WULYLDO�

�H� ,I j ¼ > ; @  j ª > ; @ WKHQ� E\ LWHP�D�� j ¼ > ; @  j ª > ; @ v b o > ; @ ? b p > ; @� ZKLFK
LPSOLHV E\ 3URSRVLWLRQ ��� WKDW j ¼ > ; @  ) ¨ > ; @ DQG j ª > ; @  ) © > ; @� DQG VR �VLQFH
j ¼ > ; @  j ª > ; @� ) ¨ > ; @  ) © > ; @�
�I� ,I ) ¨ > ; @  ) © > ; @� WKHQ �E\ 'HpQLWLRQ ���� ) > ; @  ) ¨ > ; @ ? ) © > ; @  ) ¨ > ; @  
) © > ; @  ) ¨ > ; @ > ) © > ; @� DQG VR �E\ 3URSRVLWLRQ ��� DQG LWHPV �F� DQG �G�� j> ; @  
j ¼ > ; @ ?j ª > ; @  j ¼ > ; @ ? b o > ; @  j ª > ; @ ? b p > ; @  �j ¼ > ; @ > j ª > ; @� ? b> ; @�
%XW j ¼ > ; @ ? b o > ; @  j ¼ > ; @ ? b> ; @ DQG j ª > ; @ ? b p > ; @  j ª > ; @ ? b> ; @ E\ �D��
0RUHRYHU� LQ WKLV FDVH� ) ¨ > ; @Q) © > ; @  ) © > ; @Q) ¨ > ; @  "� WKXV DSSO\ LWHP �E��
�J� ,I b o > ; @  b p > ; @� WKHQ j ¼ > ; @ v b p > ; @  b o > ; @ DQG j ª > ; @ v b o > ; @  b p > ; @
E\ LWHP �D�� ZKLFK LPSOLHV WKDW ) ¨ > ; @  j ¼ > ; @ ? b o > ; @  j ¼ > ; @ DQG ) © > ; @  
j ª > ; @ ? b p > ; @  j ª > ; @ E\ 3URSRVLWLRQ ����
�K� ,I j ¼ > ; @  ) ¨ > ; @� WKHQ j ¼ > ; @  j ¼ > ; @ ? b o > ; @ �3URSRVLWLRQ ����� +HQFH
j ¼ > ; @ v b o > ; @ DQG VR j ¼ > ; @ v b o > ; @ ? b p > ; @  b> ; @ �E\ LWHP �D��� 6LPLODUO\�
,I j ª > ; @  ) © > ; @� WKHQ j ª > ; @ v b> ; @� &RQYHUVHO\� LI j ¼ > ; @ >j ¼ > ; @ v b> ; @  
b o > ; @ ? b p > ; @� WKHQ ) ¨ > ; @  j ¼ > ; @ DQG ) © > ; @  j ª > ; @ �3URSRVLWLRQ �����
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5HPDUN ���� ,I j ¼ > ; @ v b o > ; @ DQG j ª > ; @ v b p > ; @ �L�H�� LI j ¼ > ; @ > j ª > ; @ v
b> ; @ _ LQ SDUWLFXODU� LI b o > ; @  b p > ; @� PRUH SDUWLFXODUO\� LI b o > ; @  b p > ; @  
%> ; @� HYHQ PRUH SDUWLFXODUO\� LI ; LV FRPSOHPHQWHG�� WKHQ �FI� /HPPD ����D�J�K��

j ¼ > ; @  ) ¨ > ; @ DQG j ª > ; @  ) © > ; @�
7KXV� LQ WKHVH FDVHV� WKH FODVVHV b o > ; @ DQG b p > ; @ SOD\ QR UROH LQ 3URSRVLWLRQ ����

�� (VVHQW LDO 6SHF W U D

'HpQLWLRQ ���� &RUUHVSRQGLQJ WR WKH FODVVHV j ¼ > ; @� j ª > ; @� DQG j> ; @ WKHUH DUH
WKH IROORZLQJ VSHFWUD� 7DNH 7 � %> ; @�

� ¥ ¦ �7 �  � ÅZ¥ �7 �  j

y � & � y, b 7  � j ¼ > ; @k

 
j

y � & � 5�y, b 7 � LV QRW FORVHG RU GLP 1 �y, b 7 �  �
k

LV WKH XSSHU VHPL�)UHGKROP VSHFWUXP RU WKH HVVHQWLDO DSSUR[LPDWH SRLQW VSHFWUXP�

� ¥ ª �7 �  � ÆB¥ �7 �  j

y � & � y, b 7  � j ª > ; @
k

 
j

y � & � FRGLP5�y, b 7 �  �
k

 
j

y � & � 5�y, b 7 � LV QRW FORVHG RU GLP ;  5�y, b 7 �  �
k

LV WKH ORZHU VHPL�)UHGKROP VSHFWUXP RU WKH HVVHQWLDO VXUMHFWLYH VSHFWUXP� DQG

� ¥ �7 �  � ¥1¦ �7 � > � ¥>§ �7 �
 

j

y � & � y, b 7  � �j ¼ > ; @ ? j ª > ; @�
k

 
j

y � & � y, b 7  � j> ; @
k

LV WKH )UHGKROP VSHFWUXP RU WKH HVVHQWLDO VSHFWUXP �FI� &RUROODU\ �����

7KH VHWV � ¥*¦ �7 �� � ¥>§ �7 �� DQG � ¥ �7 � DUH FRPSDFW VXEVHWV RI WKH VSHFWUXP ��7 �
�UHDVRQ� WKH VHWV j ¼ > ; @� j ª > ; @� DQG j> ; @ DUH RSHQ UHJXODULWLHV LQ WKH %DQDFK
DOJHEUD %> ; @ >��� 3URSRVLWLRQ ��� DQG 7KHRUHPV ���� DQG �����@��

'HpQLWLRQ ���� &RUUHVSRQGLQJ WR WKH FODVVHV ) ¨ > ; @� ) © > ; @� DQG ) > ; @ WKHUH DUH
WKH IROORZLQJ VSHFWUD� 7DNH 7 � %> ; @�

� ¨ ¥ �7 �  j

y � & � y, b 7  � ) ¨ > ; @k

 
j

y � & � y, b 7 LV QRW OHIW HVVHQWLDOO\ LQYHUWLEOH
k

LV WKH OHIW HVVHQWLDO VSHFWUXP�

� © ¥ �7 �  j

y � & � y, b 7  � ) © > ; @k

 
j

y � & � y, b 7 LV QRW ULJKW HVVHQWLDOO\ LQYHUWLEOH
k

LV WKH ULJKW HVVHQWLDO VSHFWUXP� DQG

� ¥ �7 �  � ¨ ¥ �7 � > � © ¥ �7 �
 

j

y � & � y, b 7  � �) ¨ > ; @ ? ) © > ; @�k  j

y � & � y, b 7  � ) > ; @
k

LV WKH HVVHQWLDO VSHFWUXP�

7KH VHWV � ¨ ¥ �7 �� � © ¥ �7 �� DQG � ¥ �7 � DUH FRPSDFW VXEVHWV RI WKH VSHFWUXP ��7 �
�UHDVRQ� WKH VHWV ) ¨ > ; @ DQG ) © > ; @ DUH RSHQ UHJXODULWLHV LQ WKH %DQDFK DOJHEUD %> ; @��
0RUHRYHU� � ¨ ¥ �7 � DQG � © ¥ �7 � DUH WKH OHIW DQG ULJKW VSHFWUD RI WKH QDWXUDO LPDJH
}�7 � RI 7 LQ WKH &DONLQ DOJHEUD %> ; @ % Â > ; @� 6HH >��� S��������������@�



��£�£Z«���¬G�(�®e«X�¯��¡C¢ ��«X°Z±�¬ ��².¤$³C±¯��«X´H² ¬ °Z��«�¢�³����´H¡C«��=� Ç

'HpQLWLRQ ���� &RUUHVSRQGLQJ WR WKH FODVVHV b o > ; @� b p > ; @� DQG b> ; @ WKHUH DUH
WKH IROORZLQJ VXEVHWV RI & �DFWXDOO\� VXEVHWV RI ��7 ��� 7DNH 7 � %> ; @�

t o �7 �  j

y � & � y, b 7  � b o > ; @k

 
j

y � & � 5�y, b 7 � ª LV QRW FRPSOHPHQWHGk�
t p �7 �  j

y � & � y, b 7  � b p > ; @k

 
j

y � & � 1 �y, b 7 � LV QRW FRPSOHPHQWHG
k

�

t�7 �  t o �7 � > t p �7 �
 

j

y � & � y, b 7  � b o > ; @ ? b p > ; @k  j

y � & � y, b 7  � b> ; @
k

 
j

y � & � 5�y, b 7 � ª RU 1 �y, b 7 � LV QRW FRPSOHPHQWHG
k

�

3URSRVLWLRQ ����/HIW�ULJKW DQG XSSHU�ORZHU HVVHQWLDO VSHFWUD DUH UHODWHG DV IROORZV�

� ¨ ¥ �7 �  � ¥1¦ �7 � > t o �7 �
 

j

y � & � 5�y, b 7 � LV QRW FORVHG RU� GLP 1 �y, b 7 �  ��

RU 5�y, b 7 � LV QRW D FRPSOHPHQWHG VXEVSDFH
k

�

� © ¥ �7 �  � ¥>§ �7 � > t p �7 �
 

j

y � & � 5�y, b 7 � LV QRW FORVHG� RU GLP ;  5�y, b 7 �  ��

RU 1 �y, b 7 � LV QRW D FRPSOHPHQWHG VXEVSDFH
k

�

3URRI� 6WUDLJKWIRUZDUG E\ 'HpQLWLRQ ���� /HPPD ����D�� 'HpQLWLRQV ��� DQG ����

/HPPD ���� 7KH VHWV LQ 'HpQLWLRQV ���� ���� DQG ��� VDWLVI\ WKH UHODWLRQV�

�D� t p �7 � v � ¥*¦ �7 � DQG t o �7 � v � ¥B§ �7 �� DQG VR

t�7 � v � ¥ �7 � DQG t o �7 � ? t p �7 � v � ¥1¦ �7 � ? � ¥>§ �7 ��
�E� � ¨ ¥ �7 �Q� © ¥ �7 �  �� ¥ ¦ �7 �Q� ¥ § �7 ��Qt p �7 �  �� ¥ ¦ �7 �Q� ¥ § �7 ��Qt�7 �� DQG

� © ¥ �7 �Q� ¨ ¥ �7 �  �� ¥>§ �7 �Q� ¥1¦ �7 ��Qt o �7 �  �� ¥>§ �7 �Q� ¥1¦ �7 ��Qt�7 ��
�F� � ¥ �7 �  � ¨ ¥ �7 � > � © ¥ �7 �  � ¥*¦ �7 � > � ¥>§ �7 ��
�G� t�7 � v �� ¥1¦ �7 � ? � ¥>§ �7 �� > t�7 �  � ¨ ¥ �7 � ? � © ¥ �7 ��

IRU HYHU\ 7 RQ DQ\ %DQDFK VSDFH ; � 1RZ WDNH 7 RQ D %DQDFK VSDFH ; �

�H� ,I � ¥ ¦ �7 �  � ¥ § �7 �� WKHQ � ¥ ¦ �7 �  � ¨ ¥ �7 � DQG � ¥ § �7 �  � © ¥ �7 ��
VR WKDW � ¨ ¥ �7 �  � © ¥ �7 ��

�I� ,I � ¨ ¥ �7 �  � © ¥ �7 �� WKHQ � ¥1¦ �7 � > t o �7 �  � ¥>§ �7 �> t p �7 �  
� ¥ ¦ �7 � > t�7 �  � ¥ § �7 � > t�7 �  

� ¥ ¦ �7 � > � ¥ § �7 �  b

� ¥ ¦ �7 � ? � ¥ § �7 �c > t�7 ��

DQG DOVR � ¥*¦ �7 �Q� ¥B§ �7 �Qt p �7 �  � ¥B§ �7 �Q� ¥*¦ �7 �Qt o �7 ��
�J� ,I t o �7 �  t p �7 �� WKHQ � ¥1¦ �7 �  � ¨ ¥ �7 � DQG � ¥>§ �7 �  � © ¥ �7 ��

0RUHRYHU�

�K� � ¥1¦ �7 �  � ¨ ¥ �7 � DQG � ¥>§ �7 �  � © ¥ �7 � LI DQG RQO\ LI t�7 �v� ¥1¦ �7 � ? � ¥>§ �7 ��
3URRI� 7KLV LV WKH GXDO RI /HPPD ���� IURP LWHP �D� WR LWHP �K�� UHVSHFWLYHO\�
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7KHRUHP ���� 7DNH 7 � %> ; @ RQ D %DQDFK VSDFH ; �

�D� ,I b o > ; @ LV RSHQ �FORVHG� LQ %> ; @� WKHQ t o �7 � LV FORVHG �RSHQ� LQ &�

,I b p > ; @ LV RSHQ �FORVHG� LQ %> ; @� WKHQ t p �7 � LV FORVHG �RSHQ� LQ &�

�E� ,I t o �7 � LV RSHQ LQ &� WKHQ � ¥ ¦ �7 �  � ¨ ¥ �7 ��
,I t p �7 � LV RSHQ LQ &� WKHQ � ¥B§ �7 �  � © ¥ �7 ��

3URRI� /HW 7 EH DQ RSHUDWRU RQ D %DQDFK VSDFH ; �

�D� 5HDGLO\ YHULpHG E\ WKH FRPSOHPHQWDU\ FKDUDFWHU EHWZHHQ b o > ; @ DQG t o �7 ��
DQG EHWZHHQ b p > ; @ DQG t p �7 ��
�E� %\ 3URSRVLWLRQ ���� � ¨ ¥ �7 �  � ¥1¦ �7 � > t o �7 �  � ¥1¦ �7 � > �t o �7 �Q� ¥*¦ �7 ���
ZKHUH I� ¥1¦ �7 �� t o �7 �Q� ¥*¦ �7 �J LV D SDUWLWLRQ RI � ¨ ¥ �7 �� 6XSSRVH � ¨ ¥ �7 � � � ¥1¦ �7 ��
ZKLFK PHDQV WKDW t o �7 � �v � ¥ ¦ �7 �� HTXLYDOHQWO\� t o �7 �Q� ¥ ¦ �7 � � "� 6LQFH � ¨ ¥ �7 �
DQG � ¥1¦ �7 � DUH FORVHG VXEVHWV RI &� LW IROORZV WKDW t o �7 �Q� ¥1¦ �7 � LV QRW RSHQ� ,I
t o �7 � LV RSHQ� WKHQ t o �7 �Q� ¥1¦ �7 �  t o �7 �?�&Q� ¥*¦ �7 �� LV RSHQ �EHFDXVH � ¥1¦ �7 � LV
FORVHG�� ZKLFK LV D FRQWUDGLFWLRQ� 7KXV t o �7 � LV QRW RSHQ� 6LPLODUO\� VLQFH � © ¥ �7 �  
� ¥>§ �7 �>t p �7 � �3URSRVLWLRQ ����� DQG VLQFH � © ¥ �7 � DQG � ¥B§ �7 � DUH FORVHG VHWV LQ &�
WKH VDPH DUJXPHQW HQVXUHV WKDW LI � © ¥ �7 � � � ¥ § �7 �� WKHQ t p �7 � LV QRW RSHQ�

5HPDUN ���� &RQVLGHU /HPPD ����D�J�K�� ,I t o �7 � v � ¥*¦ �7 � DQG t p �7 � v � ¥>§ �7 �
�L�H�� LI t�7 � v � ¥*¦ �7 � ? � ¥*¦ �7 � _ LQ SDUWLFXODU� LI t o �7 �  t p �7 �� PRUH SDUWLFX�
ODUO\� LI t o �7 �  t p �7 �  "� HYHQ PRUH SDUWLFXODUO\� LI ; LV FRPSOHPHQWHG�� WKHQ

� ¥*¦ �7 �  � ¨ ¥ �7 � DQG � ¥>§ �7 �  � © ¥ �7 ��
7KXV� LQ WKHVH FDVHV� WKH VHWV t o �7 � DQG t p �7 � SOD\ QR UROH LQ 3URSRVLWLRQ ����

5HPDUN ���� ,I b o > ; @ DQG b p > ; @ DUH FORVHG� WKHQ t o �7 � DQG t p �7 � DUH RSHQ� 6R
� ¥1¦ �7 �  � ¨ ¥ �7 � DQG � ¥B§ �7 �  � © ¥ �7 �

�7KHRUHP ����� 7KHUH PD\ EH VHTXHQFHV RI RSHUDWRUV 7 ¿ LQ b o >C É @ FRQYHUJLQJ XQL�
IRUPO\ WR DQ RSHUDWRU 7 QRW LQ b o >C É @ IRU � � S � � >�� ([DPSOH �@� DQG VR b o > ; @
PD\ QRW EH FORVHG� 2Q WKH RWKHU KDQG� b o > ; @ DQG b p > ; @ LQFOXGH QRQHPSW\ RSHQ
UHJXODULWLHV �H�J�� j ¼ > ; @ DQG j ª > ; @� ZKLFK LQFOXGH WKH RSHQ JURXS * > ; @��

�� +RO HV DQG 3VHXGR +RO HV RI W KH (VVHQW LDO 6SHF W U XP

/HW = GHQRWH WKH VHW RI DOO LQWHJHUV� DQG OHW =  = > Ib����J EH WKH VHW RI DOO
H[WHQGHG LQWHJHUV� ,I 7 � j ¼ > ; @ >j ª > ; @� WKHQ LQG�7 �  GLP 1 �7 �b FRGLP5�7 �
LV DQ HOHPHQW RI =� 7KLV LV WKH LQGH[ RI 7 � j ¼ > ; @ > j ª > ; @� ,I 7 � j ¼ > ; @ > j ª > ; @
DQG LQG�7 � LV pQLWH� WKHQ 7 � j ¼ > ; @ ? j ª > ; @  j> ; @  ) > ; @� 6HW

� Ê �7 �  j

y � & � y, b 7 LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HUR
k

 
j

y � & � y � � ¥ �7 � RU y, b 7 � j ¼ > ; @ > j ª > ; @ DQG LQG�y, b 7 � � �
k

�

WKH :H\O VSHFWUXP RI 7 � %> ; @� 5HFDOO WKDW � ¥ �7 � v � Ê �7 � v ��7 �� /HW � È �7 �
GHQRWH WKH FRPSOHPHQW RI � Ê �7 � LQ ��7 ��

� È �7 �  ��7 �Q� Ê �7 �
 

j

y � ��7 � � y �� � ¥ �7 � DQG LQG�y, b 7 �  �
k

 
j

y � ��7 � � y, b 7 LV D )UHGKROP RSHUDWRU RI LQGH[ ]HUR
k

�
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0RUHRYHU� IRU HDFK QRQ]HUR H[WHQGHG LQWHJHU N � =QI�J VHW
� º �7 �  j

y � & � y, b 7 � j ¼ > ; @ > j ª > ; @ DQG LQG�y, b 7 �  N � �
k

�

ZKLFK DUH RSHQ VXEVHWV RI ��7 �� )RU HYHU\ QRQ]HUR �pQLWH� LQWHJHU N � =QI�J WKH
VHWV � º �7 � DUH WKH KROHV RI � ¥*¦ �7 � ? � ¥B§ �7 �� DQG WKHUHIRUH WKH\ DUH WKH KROHV RI WKH
HVVHQWLDO VSHFWUXP � ¥ �7 �� VLQFH

� ¼$Â �7 �  � ¥1¦ �7 �Q� ¥>§ �7 � DQG � ª Â �7 �  � ¥B§ �7 �Q� ¥1¦ �7 �
DUH WKH KROHV RI � ¥B§ �7 � DQG � ¥1¦ �7 � LQ � ¥ �7 �� UHVSHFWLYHO\� 7KH VHWV � ¼$Â �7 � DQG
� ª Â �7 � DUH WKH SVHXGRKROHV RI � ¥ �7 � _ ZKLFK DUH QRW KROHV RI � ¥ �7 � �VHH H�J�� >���
S��@� >��� S����@� DQG >��� S����@�� 6XPPLQJ XS� I� º �7 �J º ·�Ë�Ì4Í È4Î LV WKH FROOHFWLRQ RI
DOO KROHV RI WKH HVVHQWLDO VSHFWUXP � ¥ �7 �� DQG I� ª Â �7 �� � ¼$Â �7 �J LV WKH FROOHFWLRQ
RI SVHXGRKROHV RI � ¥ �7 �� DOO RI WKHP RSHQ VXEVHWV RI WKH VSHFWUXP ��7 ��

5HPDUN ���� $W WKLV SRLQW D ZRUG RQ QRWDWLRQ LV LQ RUGHU� +HUH ZH KDYH GHpQHG
� ¥1¦ �7 � DQG � ¥B§ �7 � FRLQFLGHQWO\ ZLWK ZKDW KDV EHHQ GHpQHG DV � ¨ ¥ �7 � DQG � © ¥ �7 �
LQ >�@� >�@� >�@� >��@� >��@� >��@� >��@� DQG >��@ _ WKH VDPH KDSSHQLQJ ZLWK UHVSHFW WR
j ¼ > ; @� j ª > ; @ DQG ) ¨ > ; @� ) © > ; @ _ VLQFH WKHUH �XS WR >��@� WKH\ ZRUN RQ D +LOEHUW
VSDFH� ZKLFK LV FRPSOHPHQWHG� ZKHUH WKHVH VHWV LQGHHG FRLQFLGH �L�H�� LQ WKDW FDVH�
b> ; @  %> ; @� ZKLFK LPSOLHV WKDW j ¼ > ; @  ) ¨ > ; @ DQG j ª > ; @  ) © > ; @ _ WKXV
t�7 �  "� ZKLFK LQ WXUQ LPSOLHV WKDW � ¥*¦ �7 �  � ¨ ¥ �7 � DQG � ¥B§ �7 �  � © ¥ �7 ���

.HHSLQJ 5HPDUN ��� LQ PLQG� UHFDOO WKDW

��7 �  � ¥ �7 � >
>

º ·�Ë � º �7 ��
� ¥ �7 �  b

� ¥ ¦ �7 � ? � ¥ § �7 �c > � ¼$Â �7 � > � ª Â �7 ��
�WKLV SDUWLWLRQ RI ��7 � LV WKH 6SHFWUDO 3LFWXUH� VR WKDW �6FKHFKWHU 7KHRUHP�

� Ê �7 �  ��7 �Q� È �7 �  � ¥ �7 � >
>

º ·�Ë�Ì4Í È4Î � º �7 � �

WKH :H\O VSHFWUXP LV WKH XQLRQ RI WKH HVVHQWLDO VSHFWUXP DQG DOO LWV KROHV >�� 3URSR�
VLWLRQ ;,����� DQG 7KHRUHP ;,�����@ RU >��� &RUROODU\ ���� DQG 7KHRUHP ����@� 7KXV�

� ¥ �7 � KDV QR KROHV LI DQG RQO\ LI � ¥ �7 �  � Ê �7 ��

7KHRUHP ���� 7KH HVVHQWLDO VSHFWUXP KDV QR SVHXGRKROHV LI DQG RQO\ LI WKH XSSHU

DQG ORZHU VHPL�)UHGKROP VSHFWUD FRLQFLGH� ZKLFK LPSOLHV WKDW WKH ULJKW DQG OHIW

HVVHQWLDO VSHFWUD FRLQFLGH� WKDW LV�

�L� � ¼$Â �7 �  � ª Â �7 �  " �� � ¥*¦ �7 �  � ¥B§ �7 �  � � ¨ ¥ �7 �  � © ¥ �7 ��
&RQYHUVHO\�

�LL� � ¨ ¥ �7 �  � © ¥ �7 �  � �¼$Â �7 �  t p �7 �Q� ¥>§ �7 � DQG �ª Â �7 �  t o �7 �Q� ¥*¦ �7 ��
6SHFLDO FDVHV� 6XSSRVH � ¨ ¥ �7 �  � © ¥ �7 ��
�LL Ï � ,I t o �7 � DQG t p �7 � DUH FORVHG� WKHQ �¼$Â �7 �  �ª Â �7 �  "�

�LL Ï Ï � ,I t o �7 � > t p �7 � v � ¥*¦ �7 � ? � ¥>§ �7 � �LQ SDUWLFXODU� LI t o �7 �  t p �7 ���
WKHQ �¼$Â �7 �  �ª Â �7 �  "�

�LL Ï Ï Ï � ,I t o �7 � ? � ¥ ¦ �7 �  " DQG t p �7 � ? � ¥ § �7 �  "�

WKHQ � ¼$Â �7 �  t p �7 � DQG � ª Â �7 �  t o �7 ��
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3URRI� /HW � ¼$Â �7 �  � ¥*¦ �7 �Q� ¥B§ �7 � DQG � ª Â �7 �  � ¥>§ �7 �Q� ¥1¦ �7 � EH WKH SVHX�
GRKROHV RI � ¥ �7 �� DQG FRQVLGHU WKH IROORZLQJ DVVHUWLRQV�
�D� � ¼$Â �7 �  " DQG � ª Â �7 �  " �L�H�� � ¥ �7 � KDV QR SVHXGRKROHV��
�E� � ¥*¦ �7 �  � ¥B§ �7 ��
�F� � ¨ ¥ �7 �  � © ¥ �7 ��
�G� � ¼$Â �7 �  t p �7 �Q� ¥>§ �7 � DQG � ª Â �7 �  t o �7 �Q� ¥1¦ �7 ��

�L� 7KH YHU\ GHpQLWLRQ RI � ¼$Â �7 � DQG � ª Â �7 � HQVXUHV WKDW �D� DQG �E� DUH HTXLY�
DOHQW� DQG IURP /HPPD ����H� LW IROORZV WKDW �E� LPSOLHV �F�� 7KXV �L� KROGV�

�LL� ,I � ¨ ¥ �7 �  � © ¥ �7 �� WKHQ � ¨ ¥ �7 �Q� © ¥ �7 �  � © ¥ �7 �Q� ¨ ¥ �7 �  "� %\ /HPPD
����E� ZH JHW � ¥1¦ �7 �Q� ¥>§ �7 � v t p �7 � DQG � ¥B§ �7 �Q� ¥*¦ �7 � v t o �7 �� %\ /HPPD
����D�� � ¥ ¦ �7 �Q� ¥ § �7 � v t p �7 �Q� ¥ § �7 � v � ¥ ¦ �7 �Q� ¥ § �7 � DQG � ¥ § �7 �Q� ¥ ¦ �7 � v
t o �7 �Q� ¥*¦ �7 � v � ¥>§ �7 �Q� ¥*¦ �7 �� 7KXV �F� LPSOLHV �G�� DQG VR �LL� KROGV�
�LL Ï � 6XSSRVH � ¨ ¥ �7 �  � © ¥ �7 � VR WKDW � ¼$Â �7 �  t p �7 �Q� ¥ § �7 � E\ �LL�� 6XSSRVH
t p �7 � LV FORVHG LQ &� 5HFDOO WKDW � ¼$Â �7 � LV ERXQGHG� $VVXPH WKDW � ¼$Â �7 � � "� ,I
t p �7 � ? � ¥>§ �7 � � "� WKHQ � ¼$Â �7 �  t p �7 �Q� ¥B§ �7 � v t p �7 � LV QRW RSHQ �EHFDXVH
t p �7 � DQG � ¥B§ �7 � DUH FORVHG�� ZKLFK LV D FRQWUDGLFWLRQ �VLQFH � ¼$Â �7 � LV RSHQ�� ,I
t p �7 � ? � ¥>§ �7 �  "� WKHQ � ¼�Â �7 �  t p �7 �� ZKLFK LV DQRWKHU FRQWUDGLFWLRQ �VLQFH
� ¼$Â �7 � LV RSHQ DQG ERXQGHG DQG t p �7 � LV FORVHG�� 7KXV � ¼$Â �7 �  "� 2XWFRPH�
� ¨ ¥ �7 �  � © ¥ �7 � DQG t p �7 � FORVHG LPSO\ � ¼$Â �7 �  "� 6LPLODUO\ �VDPH DUJXPHQW��
� ¨ ¥ �7 �  � © ¥ �7 � DQG t o �7 � FORVHG LPSO\ � ª Â �7 �  "�
�LL Ï Ï � ,I t o �7 �  t p �7 �� WKHQ t o �7 �>t p �7 � v � ¥1¦ �7 � ? � ¥>§ �7 � DFFRUGLQJ WR /HPPD
����D�� ,I � ¨ ¥ �7 �  � © ¥ �7 � DQG t o �7 � > t p �7 � v � ¥1¦ �7 � ? � ¥>§ �7 �� WKHQ � ¼$Â �7 �  
t p �7 �Q� ¥ § �7 �  " DQG � ª Â �7 �  t o �7 �Q� ¥ ¦ �7 �  " IURP �LL��

�LL Ï Ï Ï � 2Q WKH RWKHU KDQG� LI t o �7 � ? � ¥*¦ �7 �  t p �7 � ? � ¥B§ �7 �  " �LQ DGGLWLRQ WR
� ¨ ¥ �7 �  � © ¥ �7 ��� ZH JHW IURP �LL� WKDW � ¼$Â �7 �  t p �7 � DQG � ª Â �7 �  t o �7 ��

5HPDUN ���� 7KH LGHQWLW\ � ¥1¦ �7 �  � ¥>§ �7 � LPSOLHV WKH LGHQWLW\ � ¨ ¥ �7 �  � © ¥ �7 �
E\ 7KHRUHP ����L�� 7KH UHYHUVH LPSOLFDWLRQ KROGV LI t o �7 � DQG t p �7 � DUH RSHQ� RU
FORVHG� RU t o �7 � > t p �7 � v � ¥ ¦ �7 � ? � ¥ § �7 � E\ 7KHRUHPV ����E� DQG ����LL Ï�LL Ï Ï ��
EXW WKH UHYHUVH LPSOLFDWLRQ PLJKW IDLO LI LW LV SRVVLEOH WKDW t o �7 � DQG t p �7 � DUH
QRQFORVHG� RU QRQRSHQ� RU t o �7 � > t p �7 � �v � ¥1¦ �7 � ? � ¥B§ �7 �� )RU LQVWDQFH� WDNH D
FRPSDFW QRQHPSW\ VXEVHW ' RI & �H�J�� WKH FORVHG XQLW GLVN� DQG WZR SURSHU VXEVHWV
' o DQG ' p RI '� QRW ERWK FORVHG QRU ERWK RSHQ� VXFK WKDW �'Q' o � ª � �'Q' p � ª �
,I LW LV SRVVLEOH WKDW t o �7 �  ' o DQG t p �7 �  ' p � DQG LI � ¥1¦ �7 �  �'Q' o � ª DQG
� ¥>§ �7 �  �'Q' p � ª � WKHQ � ¨ ¥ �7 �  � © ¥ �7 �  ' DQG � ¥*¦ �7 � � � ¥>§ �7 ��

�� $Q $SSO LF DW LRQ

$Q RSHUDWRU 7 RQ D �FRPSOH[� LQpQLWH�GLPHQVLRQDO VHSDUDEOH +LOEHUW VSDFH LV
TXDVLWULDQJXODU LI WKHUH H[LVWV D VHTXHQFH I( ¿ J RI pQLWH�UDQN SURMHFWLRQV VXFK WKDW
�L� I( ¿ J FRQYHUJHV VWURQJO\ WR WKH LGHQWLW\ RSHUDWRU , DQG �LL� I�, b( ¿ �7( ¿ J FRQ�
YHUJHV XQLIRUPO\ WR WKH QXOO RSHUDWRU >�� 6HFWLRQ �@� ,I ERWK 7 DQG LWV DGMRLQW 7 ½
DUH TXDVLWULDQJXODU� WKHQ 7 LV ELTXDVLWULDQJXODU� %LTXDVLWULDQJXODU RSHUDWRUV ZHUH
HTXLYDOHQWO\ GHVFULEHG LQ >�� 7KHRUHP ���@� >�� 7KHRUHP ���@ �DOVR VHH >��� S���@� DV
IROORZV� $Q RSHUDWRU 7 LV ELTXDVLWULDQJXODU LI DQG RQO\ LI

��� � ¨ ¥ �7 �  � © ¥ �7 �  � ¥ �7 �  � Ê �7 ��
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ZKLFK LQ D +LOEHUW VSDFH VHWWLQJ PHDQV WKDW � ¥ �7 � KDV QR KROHV DQG QR SVHXGRKROHV
>��� 6HFWLRQ �@� 7KLV LPPHGLDWHO\ H[WHQGV WKH GHpQLWLRQ RI ELTXDVLWULDQJXODULW\ IURP
VHSDUDEOH WR JHQHUDO +LOEHUW VSDFHV� 1RWH WKDW� VLQFH WKH DERYH UHVXOW ZDV ZRUNHG
RXW LQ D +LOEHUW VSDFH VHWWLQJ �ZKHUH � ¥1¦ �7 �  � ¨ ¥ �7 � DQG � ¥B§ �7 �  � © ¥ �7 � _ VHH
5HPDUN ����� LW DFWXDOO\ PHDQV WKDW D +LOEHUW�VSDFH RSHUDWRU 7 LV ELTXDVLWULDQJXODU
LI DQG RQO\ LI

�� Ï � � ¥ ¦ �7 �  � ¥ § �7 �  � ¥ �7 �  � Ê �7 ��
DQG WKLV FDQ EH QDWXUDOO\ H[WHQGHG WR DQ DUELWUDU\ �FRPSOH[� %DQDFK VSDFH� +RZ�
HYHU� DV ZH VDZ LQ WKH SUHFHHGLQJ VHFWLRQ �6SHFWUDO 3LFWXUH DQG 6FKHFKWHU 7KHRUHP�
WKH LGHQWLWLHV LQ �� Ï � DUH HTXLYDOHQW WR VD\LQJ WKDW 7 KDV QR KROHV RU SVHXGRKROHV�
7KHUHIRUH� DQ RSHUDWRU 7 LV ELTXDVLWULDQJXODU LI DQG RQO\ LI

�� Ï Ï � � ¥ �7 � KDV QR KROHV DQG QR SVHXGRKROHV�
ZKHUH �� Ï � DQG �� Ï Ï � DUH HTXLYDOHQW GHpQLWLRQV RI ELTXDVLWULDQJXODULW\ IRU RSHUDWRUV
7 DFWLQJ RQ DQ\ %DQDFK VSDFH >��� /HPPD ����H�@ DQG >�@� �5HFDOO WKDW KHUH ZH KDYH
GHpQHG � ¥*¦ �7 � DQG � ¥B§ �7 � FRLQFLGHQWO\ ZLWK ZKDW KDV EHHQ GHpQHG DV � ¨ ¥ �7 � DQG
� © ¥ �7 � LQ >�@� >�@� >�@� >��@� >��@� >��@� >��@� DQG >��@ _ VHH 5HPDUN �����

$VVHUWLRQV �� Ï � DQG �� Ï Ï � DUH DOZD\V HTXLYDOHQW �L�H�� �� Ï � DQG �� Ï Ï � DUH HTXLYD�
OHQW LQ DQ DUELWUDU\ %DQDFK VSDFH� E\ WKH YHU\ GHpQLWLRQ RI KROHV DQG SVHXGRKROHV
LQ 6HFWLRQ �� $VVHUWLRQV ��� DQG �� Ï � DUH HTXLYDOHQW LQ D +LOEHUW VSDFH� 7KH QH[W
FRUROODU\ VXPPDUL]HV ZKHQ DVVHUWLRQV ��� DQG �� Ï � DUH HTXLYDOHQW LQ D %DQDFK VSDFH�

&RUROODU\ ���� /HW 7 � %> ; @ EH DQ RSHUDWRU DFWLQJ RQ D %DQDFK VSDFH ; � ,I HLWKHU

�D� t o �7 � DQG t p �7 � DUH FORVHG� RU

�E� t o �7 � DQG t p �7 � DUH RSHQ� RU

�F� t o �7 � v � ¥*¦ �7 � DQG t p �7 � v � ¥>§ �7 � �LQ SDUWLFXODU� LI t o �7 �  t p �7 ���
WKHQ ��� DQG �� Ï � DUH HTXLYDOHQW� DQG HDFK RI �D�� �E�� �F� KROGV ZKHQHYHU HDFK RI

�D Ï � b o > ; @ DQG b o > ; @ DUH RSHQ�

�E Ï � b o > ; @ DQG b o > ; @ DUH FORVHG�

�F Ï � j ª > ; @ v b o > ; @ DQG j ¼ > ; @ v b p > ; @ �LQ SDUWLFXODU� LI b o > ; @  b p > ; @�
KROGV� UHVSHFWLYHO\�

3URRI� $SSO\ 7KHRUHPV ��� DQG ��� �VHH 4XHVWLRQ �����

5HI HU HQF HV
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