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7KURXJKRXW WKLV SDSHU WKH WHUP RSHUDWRU PHDQV D ERXQGHG OLQHDU WUDQVIRUPDWLRQ
RI D +LOEHUW VSDFH LQWR LWVHOI� 3RVLQRUPDO RSHUDWRUV ZKHUH LQWURGXFHG LQ >��@ DV WKH
FODVV RI RSHUDWRUV 7 VXFK WKDW 7 7 [  7 [ 47 IRU VRPH QRQQHJDWLYH RSHUDWRU 4�
ZKLFK WXUQV RXW WR EH HTXLYDOHQW WR VD\LQJ WKDW 7 7 [ x o \ 7 [ 7 IRU VRPH QRQQHJDWLYH
UHDO QXPEHU o� ,W ZDV QRWLFHG WKHQ WKDW WKLV ZDV D YHU\ ODUJH FODVV� LQFOXGLQJ WKH
GRPLQDQW �DQG VR WKH K\SRQRUPDO� RSHUDWRUV� DV ZHOO DV WKH LQYHUWLEOH RSHUDWRUV�

,W LV ZHOO NQRZQ WKDW WKH VTXDUH RI D K\SRQRUPDO RSHUDWRU LV QRW QHFHVVDULO\ K\�
SRQRUPDO� 6LQFH K\SRQRUPDO RSHUDWRUV DUH SRVLQRUPDO� LW LV VHQVLEOH WR DVN ZKHWKHU
WKH VTXDUH RI D SRVLQRUPDO RSHUDWRU LV SRVLQRUPDO� $OWKRXJK RSHQ IRU D ZKLOH� WKLV
TXHVWLRQ KDG EHHQ WDFNOHG EHIRUH� )RU LQVWDQFH� DQ RSHUDWRU 7 LV S�SRVLQRUPDO IRU
VRPH SRVLWLYH UHDO QXPEHU S ! � LI �7 7 [ � ] x o \ �7 [ 7 � ] IRU VRPH SRVLWLYH UHDO QXP�
EHU o ! � �FI� >�@� >�@�� VR WKDW D ��SRVLQRUPDO RSHUDWRU LV SRVLQRUPDO� ,W ZDV VKRZQ
LQ >�� &RUROODU\ �@ WKDW� IRU HDFK LQWHJHU Q y �� LI 7 LV S�SRVLQRUPDO� WKHQ 7 ^ LV ]^ �SRVLQRUPDO� +RZHYHU� WKH RULJLQDO VLPSOH TXHVWLRQ UHPDLQHG XQDQVZHUHG� QDPHO\ LV
WKH VTXDUH RI D SRVLQRUPDO RSHUDWRU SRVLQRUPDO" :H VKRZ WKDW WKLV IDLOV LQ JHQHUDO�
DQG LQYHVWLJDWH FRQGLWLRQV WR HQVXUH WKDW QDWXUDO SRZHUV RI D SRVLQRUPDO RSHUDWRU
DUH SRVLQRUPDO� ,Q SDUWLFXODU� ZH VKRZ WKDW HDFK QDWXUDO SRZHU RI D SRVLQRUPDO RS�
HUDWRU ZLWK pQLWH GHVFHQW LV SRVLQRUPDO� QDWXUDO SRZHUV RI RSHUDWRUV WKDW DUH ERWK
SRVLQRUPDO DQG FRSRVLQRUPDO DUH SRVLQRUPDO DQG FRSRVLQRUPDO� QDWXUDO SRZHUV RI
VHPL�)UHGKROP SRVLQRUPDO RSHUDWRUV DUH SRVLQRUPDO� DQG HYHU\ QDWXUDO SRZHU RI D
TXDVLSRVLQRUPDO RSHUDWRU L TXDVLSRVLQRUPDO�

�� 3RVLQRU P DO 2SHU DW RU V

/HW + EH D FRPSOH[ +LOEHUW VSDFH� DQG OHW %>+@ GHQRWH WKH %DQDFK DOJHEUD
RI DOO RSHUDWRUV RQ +� ,I 0 LV D OLQHDU PDQLIROG RI + WKHQ 0 _ DQG 0 ` VWDQG
IRU FORVXUH DQG RUWKRJRQDO FRPSOHPHQW RI 0� UHVSHFWLYHO\� )RU DQ\ 7 � %>+@� VHW
1 �7 �  NHU7  7 _1a I�J �WKH NHUQHO RU QXOO VSDFH RI 7 � ZKLFK LV D VXEVSDFH _ WKDW
LV� D FORVHG OLQHDU PDQLIROG _ RI +� DQG 5�7 �  UDQ7  7 �+� �WKH UDQJH RI 7 �
ZKLFK LV D OLQHDU PDQLIROG RI +�� /HW 7 [ � %>+@ GHQRWH WKH DGMRLQW RI 7 � %>+@� $
QRQQHJDWLYH RSHUDWRU4 � %>+@ LV D VHOI�DGMRLQW �L�H�� 4 [  4� VXFK WKDW � x K4[ �[L
IRU HYHU\ [ � +� ZKLFK LV GHQRWHG E\ 2 x 4 �RU 4 y 2�� ZKHUH K � L VWDQGV IRU WKH
LQQHU SURGXFW LQ +� DQG 2 VWDQGV IRU WKH QXOO RSHUDWRU� ,I $ DQG % DUH RSHUDWRUV
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RQ + VXFK WKDW 2 x $b%� WKHQ ZH ZULWH % x $� 5HFDOO WKDW 7 [ 7 �DQG VR 77 [ �
LV DOZD\V QRQQHJDWLYH� $Q RSHUDWRU 7 V QRUPDO LI LW FRPPXWHV ZLWK LWV DGMRLQW �L�H��
77 [  7 [ 7 �� K\SRQRUPDO LI 77 [ x 7 [ 7 � DQG FRK\SRQRUPDO LI 7 [ LV K\SRQRUPDO�
7KHUH DUH VHYHUDO HTXLYDOHQW GHpQLWLRQV RI SRVLQRUPDOLW\ DV LW ZLOO EH OLVWHG LQ 'HI�
LQLWLRQ �� ZKRVH SURSHUWLHV WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO ZLOO EH SUHVHQWHG LQ
3URSRVLWLRQ �� )RU SURRIV FRQFHUQLQJ WKH HTXLYDOHQFHV LQ 'HpQLWLRQ � DQG WKH SURS�
HUWLHV LQ 3URSRVLWLRQ �� WKH UHDGHU LV UHIHUUHG WR >��� 7KHRUHPV ���� ���� &RUROODU\
���� 3URSRVLWLRQ ���@� >�� 3URSRVLWLRQ �� 5HPDUNV ���@� DQG >�� 7KHRUHP �� 3URSR�
VLWLRQ �@�� 7KH PDLQ LQJUHGLHQW IRU SURYLQJ WKH HTXLYDOHQFHV LQ 'HpQLWLRQ � LV D
FODVVLFDO UHVXOW GXH WR 'RXJODV >�� 7KHRUHPV ���@� ZKLFK UHDGV DV IROORZV�

/HPPD � >�@� )RU DUELWUDU\ RSHUDWRUV $ DQG % LQ %>+@� WKH IROORZLQJ DVVHUWLRQV
DUH SDLUZLVH HTXLYDOHQW �

�D� $$ [ x o \ %% [ IRU VRPH o y ��

�E� 5�$� v 5�%��

�F� 7KHUH H[LVWV & � %>+@ VXFK WKDW $  %&�

'HpQLWLRQ � >��� �� �@� 7DNH DQ DUELWUDU\ RSHUDWRU 7 � %>+@�

�D� 7 LV SRVLQRUPDO LI DQ\ RI WKH IROORZLQJ HTXLYDOHQW DVVHUWLRQV DUH IXOpOOHG�

�D a � 77 [  7 [ 47 IRU VRPH 4 y 2�

�D \ � 77 [ x 7 [ 47 IRU VRPH 4 y 2�

�D ½ � 7  7 [ / IRU VRPH / � %>+@�

�D ¾ � 5�7 � v 5�7 [ ��
�D ¿ � 77 [ x o \ 7 [ 7 IRU VRPH o y ��

�D À � N7 [ [N x oN7[N IRU VRPH o y � DQG HYHU\ [ � +�

�E� 7 LV FRSRVLQRUPDO LI 7 [ LV SRVLQRUPDO�
�F� 7 LV GRPLQDQW LI DQ\ RI WKH IROORZLQJ HTXLYDOHQW DVVHUWLRQV DUH IXOpOOHG�

�F a � y, b 7 LV SRVLQRUPDO IRU HYHU\ y � &�
�F \ � 5�y, b 7 � v 5�y, b 7 [ � IRU HYHU\ y � &�
�F ½ � )RU HDFK y � & WKHUH LV D UHDO QXPEHU o Á ! � VXFK WKDW

N�y, b 7 [ �[N x o Á N�y, b 7 �[N IRU HYHU\ [ � +�

�G� 7 LV FRGRPLQDQW LI 7 [ LV GRPLQDQW�
$ IXUWKHU FKDUDFWHUL]DWLRQ IRU SRVLQRUPDOLW\ ZDV ZRUNHG RXW LQ >�� 7KHRUHP �@�

%DVLF SURSHUWLHV RI SRVLQRUPDO RSHUDWRUV WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO DUH
VXPPDUL]HG LQ 3URSRVLWLRQ � EHORZ� 1RWH IURP 'HpQLWLRQ � WKDW

r 7 LV SRVLQRUPDO DQG FRSRVLQRUPDO LI DQG RQO\ LI 5�7 �  5�7 [ ��
r 7 LV GRPLQDQW DQG FRGRPLQDQW LI DQG RQO\ LI 5�y,b7 �  5�y,b7 [ � IRU DOO y�

3URSRVLWLRQ � >��� �� �@� 7DNH DQ DUELWUDU\ RSHUDWRU 7 � %>+@�

�D� ,I 7 LV SRVLQRUPDO� WKHQ

�D a � 1 �7 � v 1 �7 [ ��
�D \ � 1 �7 \ �  1 �7 ��

�E� (YHU\ LQYHUWLEOH �LQ IDFW� HYHU\ LQMHFWLYH ZLWK FORVHG UDQJH� LV SRVLQRUPDO �
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�F� 7KH FODVV RI K\SRQRUPDO RSHUDWRUV LV SURSHUO\ LQFOXGHG LQ WKH FODVV RI GRPLQDQW

RSHUDWRUV� ZKLFK LV SURSHUO\ LQFOXGHG LQ WKH FODVV RI SRVLQRUPDO RSHUDWRUV �

5HPDUN �� �D� 3URSRVLWLRQ ��D a � LV DQ LPPHGLDWH FRQVHTXHQFH RI 'HpQLWLRQ ��D À ��
DQG 3URSRVLWLRQ ��D \ � KDV EHHQ YHULpHG LQ >�� 3URSRVLWLRQ �@ DQG >�� 5HPDUN �@�
�E� $Q RSHUDWRU LV VXUMHFWLYH LI DQG RQO\ LI LWV DGMRLQW LV LQMHFWLYH ZLWK FORVHG UDQJH�
�,QGHHG� IRU DQ\ $ � %>+@� 5�$�  + LI DQG RQO\ LI 5�$� LV FORVHG DQG GHQVH� DQG
5�$� LV FORVHG LI DQG RQO\ LI 5�$ [ � LV FORVHG� DQG 5�$� _  + �� 5�$� `  I�J
�� 1 �$ [ �  I�J�� 1RZ REVHUYH WKDW� LI 7 [ LV VXUMHFWLYH� WKHQ 7 LV WULYLDOO\ SRVL�
QRUPDO �FI� 'HpQLWLRQ ��D ¾ ��� HTXLYDOHQWO\� LI 7 LV LQMHFWLYH ZLWK FORVHG UDQJH� WKHQ
7 LV SRVLQRUPDO � DQG WKLV OHDGV WR 3URSRVLWLRQ ��E��

�F� 7KDW WKH LQFOXVLRQV LQ 3URSRVLWLRQ ��F� DUH DOO SURSHU KDV EHHQ VKRZQ� IRU
LQVWDQFH� LQ >�� S��@� 6LQFH D QRUPDO RSHUDWRU LV SUHFLVHO\ DQ RSHUDWRU WKDW LV ERWK
K\SRQRUPDO DQG FRK\SRQRUPDO� LW LV ZRUWK QRWLFLQJ LQ OLJKW RI WKH SURSHU LQFOXVLRQ
LQ 3URSRVLWLRQ ��F� WKDW HYHQ WKH FRPELQHG LQFOXVLRQ RI GRPLQDQW ZLWK FRGRPLQDQW�
DQG SRVLQRUPDO ZLWK FRSRVLQRUPDO� UHPDLQ SURSHU� ,Q RWKHU ZRUGV�

QRUPDO  K\SRQRUPDO ? FRK\SRQRUPDO

~ GRPLQDQW ? FRGRPLQDQW �v K\SRQRUPDO

~ SRVLQRUPDO ? FRSRVLQRUPDO �v GRPLQDQW�

,Q IDFW� D ELODWHUDO ZHLJKWHG VKLIW RQ C \ ZLWK ZHLJKWV IMNM _1a J Ç _�Ç LV TXDVLQLOSRWHQW�
SRVLQRUPDO� DQG FRSRVLQRUPDO� DQG VR LW LV GRPLQDQW DQG FRGRPLQDQW� EXW LW LV
QRW K\SRQRUPDO� WKXV VKRZLQJ WKDW WKHUH H[LVW QRQK\SRQRUPDO RSHUDWRUV VXFK WKDW
5�y, b 7 �  5�y, b 7 [ � IRU DOO y � &� 0RUHRYHU� IRU DQ H[DPSOH RI D SRVLQRUPDO
DQG FRSRVLQRUPDO ZKLFK LV QRW GRPLQDQW WDNH DQ LQYHUWLEOH QRQGRPLQDQW RSHUDWRU�

H�J�� 7  
b aSaÈ a

c

ZKHUH 5�, b 7 � �v 5�, b 7 [ �� WKLV FDQ EH JHQHUDOL]HG E\ WDNLQJ WKH
VXP RI �, ZLWK D EDFNZDUG XQLODWHUDO VKLIW� DOVR \LHOGLQJ DQ LQYHUWLEOH QRQGRPLQDQW�

�� $Q $X[LO LDU \ 5HVXO W

5HFDOO WKH QRWLRQ RI DVFHQW RI DQ RSHUDWRU� ,I $ � %>+@� WKHQ

�L� 1 �$ ^ � v 1 �$ ^�É�a � IRU HYHU\ LQWHJHU Q y �� DQG

�LL� LI 1 �$ ^'Ê �  1 �$ ^'ÊPÉ�a � IRU VRPH LQWHJHU Q È y �� WKHQ 1 �$ ^ �  1 �$ ^�É�a � IRU
HYHU\ LQWHJHU Q y Q È �

ZKHUH �L� LV FOHDU� DQG �LL� LV ZHOO�NQRZQ �VHH� H�J�� >�� /HPPD ����@�� ,I WKHUH H[LVWV DQ
LQWHJHU Q È y � VXFK WKDW 1 �$ ^'Ê �  1 �$ ^'ÊPÉ�a �� WKHQ WKH OHDVW LQWHJHU IRU ZKLFK WKH
LGHQWLW\ KROGV LV WKH �pQLWH� DVFHQW RI $ _ QRWDWLRQ� DVF�$� _ VR WKDW 1 �$ ^ �  
1 �$ ËGÌfÍ�Î Ï1Ð � IRU HYHU\ Q y DVF�$�� LI WKHUH LV QR VXFK DQ LQWHJHU� WKHQ ZH ZULWH
DVF�$�  �� 6XPPLQJ XS� DVF�$�  PLQIQ � 1 �$ ^�É�a �  1 �$ ^ �J�
'XDOO\� UHFDOO WKH QRWLRQ RI GHVFHQW RI DQ RSHUDWRU� ,I $ � %>+@� WKHQ

�L Ñ � 5�$ ^�É�a � v 5�$ ^ � IRU HYHU\ LQWHJHU Q y �� DQG

�LL Ñ Ñ � LI 5�$ ^'ÊPÉ�a �  5�$ ^'Ê � IRU VRPH LQWHJHU Q È y �� WKHQ 5�$ ^�É�a �  5�$ ^ � IRU
HYHU\ LQWHJHU Q y Q È �

ZKHUH DJDLQ �L Ñ � LV FOHDU� DQG �LL Ñ Ñ � LV ZHOO�NQRZQ �VHH� H�J�� >�� /HPPD ����@�� ,I WKHUH
H[LVWV DQ LQWHJHU Q È y � VXFK WKDW 5�$ ^'Ê6É�a �  5�$ ^'Ê �� WKHQ WKH OHDVW LQWHJHU IRU
ZKLFK WKH LGHQWLW\ KROGV LV WKH �pQLWH� GHVFHQW RI $ _ QRWDWLRQ� GVF�$� _ VR WKDW
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5�$ ^ �  5�$ ÒBÌEÍ'Î Ï1Ð � IRU HYHU\ Q y GVF�$�� LI WKHUH LV QR VXFK DQ LQWHJHU� WKHQ ZH
ZULWH GVF�$�  �� 6XPPLQJ XS� GVF�$�  PLQ

j

Q � 5�$ ^�É�a �  5�$ ^ �k�
5HPDUN �� 7KXV ZKDW 3URSRVLWLRQ ��D \ � VD\V LV
�D� $ LV SRVLQRUPDO  � DVF�7 � x ��

7KH IROORZLQJ EDVLF SURSHUWLHV RI DVFHQW DQG GHVFHQW DUH UHDGLO\ YHULpHG�

�E� DVF�$�  � �� $ LV LQMHFWLYH DQG GVF�$�  � �� $ LV VXUMHFWLYH�

)RU DUELWUDU\ LQWHJHUV M� N y ��

�F� DVF�$ Ó � x M �� DVF�$� x MN DQG GVF�$ Ó � x M �� GVF�$� x MN�

�,QGHHG� 1 �$ ÓB^'Ê �  1 �$ Ó%Î ^'ÊPÉ�a � �� 1 �$ Ó:^'Ê � v 1 �$ ÓB^'Ê6É�a � v c c c v 1 �$ ÓB^'ÊPÉ�Ó �
 1 �$ ÓB^ Ê � �� 1 �$ Ó:^ Ê �  1 �$ ÓB^ Ê É�a �  c c c  1 �$ ÎzÓ:^ Ê É�aGÐ �  � IDVF�$ Ó � x Q È
�� DVF�$� x NQ È J� %\ D VLPLODU DUJXPHQW� GVF�$ Ó � x Q È �� GVF�$� x NQ È ��
/HPPD �� 7DNH DQ\ RSHUDWRU $ � %>+@ DQG DQ DUELWUDU\ LQWHJHU N y �� ,I

DVF�$� x N DQG GVF�$� � � RU DVF�$� � � DQG GVF�$� x N�

WKHQ

GVF�$�  DVF�$� x N�
DQG VR

5�$ ^ �  5�$ Ó � DQG 1 �$ ^ �  1 �$ Ó � IRU HDFK LQWHJHU Q y N�

,I� LQ DGGLWLRQ� 5�$ ^ � LV FORVHG IRU HYHU\ Q� WKHQ

GVF�$ [ �  DVF�$ [ � x N�

DQG VR

5�$ [G^ �  5�$ [PÓ � DQG 1 �$ [G^ �  1 �$ [PÓ � IRU HDFK LQWHJHU Q y N�

3URRI � 7DNH DQ DUELWUDU\ $ � %>+@� &RQVLGHU WKH IROORZLQJ DX[LOLDU\ UHVXOWV�

& O DLP �L�� DVF�$� � � DQG GVF�$� � �  � DVF�$�  GVF�$��

3URRI RI &ODLP �L�� 6HH� H�J�� >��� 7KHRUHP ���@�

& O DLP �LL��

�D� GVF�$ [ � � �  � DVF�$� � ��

�E� DVF�$� � �  � GVF�$ [ � � � LI 5�$ ^ � LV FORVHG IRU HYHU\ LQWHJHU Q y ��

�F� DVF�$� � �  � GVF�$ [ � � � LI 5�$ ^ � LV QRW FORVHG IRU VRPH LQWHJHU Q y ��

3URRI RI &ODLP �LL�� 7DNH DQ DUELWUDU\ SRVLWLYH LQWHJHU Q�

�D� ,I DVF�$�  �� WKHQ 1 �$ ^ � ~ 1 �$ ^�É�a � VR WKDW 1 �$ ^�É�a � ` ~ 1 �$ ^ � ` �VLQFH
1 �c� LV FORVHG _ LQGHHG� 0 ~ 1  � 1 ` v 0 ` DQG 1 `  0 `  � 0 _  1 _ ��
(TXLYDOHQWO\� 5�$ [:Î ^�É�aGÐ � _ ~ 5�$ [G^ � _ � $V 5�$ [G^�É�a � v 5�$ [G^ �� WKH DERYH SURSHU
LQFOXVLRQ HQVXUHV WKH SURSHU LQFOXVLRQ 5�$ [:Î ^�É�aGÐ � ~ 5�$ [G^ �� 6R GVF�$ [ �  �� DQG

DVF�$�  �  � GVF�$ [ �  ��
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�E� ,I GVF�$�  �� WKHQ 5�$ ^�É�a � ~ 5�$ ^ �� 6XSSRVH 5�$ ^ � LV FORVHG VR WKDW
5�$ ^�É�a �~5�$ ^ � LPSOLHV 5�$ ^ � ` ~ 5�$ ^�É�a � ` � 7KDW LV� 1 �$ [G^ � ~ 1 �$ [:Î ^�É�aGÐ ��
+HQFH DVF�$ [ �  �� 7KHUHIRUH

GVF�$�  �  � DVF�$ [ �  � LI 5�$ ^ � LV FORVHG IRU HYHU\ LQWHJHU Q y ��

'XDOO\ �DV $ [6[  $ DQG 5�$ ^ � FORVHG �� 5�$ [G^ � FORVHG��
GVF�$ [ �  �  � DVF�$�  � LI 5�$ ^ � LV FORVHG IRU HYHU\ LQWHJHU Q y ��

�F� 7R YHULI\ �F� FRQVLGHU WKH IROORZLQJ H[DPSOH� 7DNH $ VXFK WKDW 1 �$ [ �  I�J
DQG 5�$ [ � � 5�$ [ � _  +� 7KHQ 1 �$�  5�$ [ � `  I�J� DQG KHQFH DVF�$�  ��
:H VKRZ WKDW GVF�$ [ �  ��

6LQFH 5�$ [ � � 5�$ [ � _  +� WDNH Y � +Q5�$ [ �� 6XSSRVH GVF�$ [ � � �� VD\� VXS�
SRVH GVF�$ [ �  Q� 7KHQ 5�$ [G^ �  5�$ [G^�É�a �� DQG VR WKHUH H[LVWV Z � + VXFK WKDW
$ [G^�É�a Z  $ [G^ Y� 7KXV $ [G^ �$ [G^ Z b Y�  � VR WKDW $ [ Z  Y �VLQFH DVF�$ [ �  �  �
1 �$ [G^ �  I�J��+HQFH Y � 5�$ [ �� ZKLFK LV D FRQWUDGLFWLRQ� 7KXV GVF�$ [ �  ��

& O DLP �LLL�� GVF�$� � �  � DVF�$ [ � x GVF�$��
3URRI RI &ODLP �LLL�� &RQVLGHU WKH DUJXPHQW LQ WKH SURRI RI &ODLP �LL�D�� 6R GVF�$�  
Q È LPSOLHV 5�$ ^ �  5�$ ^'Ê � IRU HYHU\ Q y Q È � 7KXV 5�$ ^ � _  5�$ ^'Ê � _ � (TXLYD�
OHQWO\� 1 �$ [G^ �  1 �$ [G^'Ê � �DV 5� c � `  1 � c [ ��� ZKLFK LPSOLHV DVF�$ ^ � x Q È �
,I DVF�$� x N DQG GVF�$� � � �RU LI DVF�$� � � DQG GVF�$� x N�� WKHQ

GVF�$�  DVF�$� x N

E\ &ODLP �L�� 0RUHRYHU� WKLV LPSOLHV WKDW DVF�$ [ � x GVF�$� x N E\ &ODLP �LLL��
1RZ VXSSRVH 5�$ ^ � LV FORVHG IRU HYHU\ Q� 6LQFH DVF�$� x N� ZH JHW GVF�$ [ � � �
E\ &ODLP �LL�E�� 7KHQ� VLQFH DVF�$ [ � x N� &ODLP �L� HQVXUHV WKDW

GVF�$ [ �  DVF�$ [ � x N�

7KH UDQJH DQG NHUQHO LGHQWLWLHV IROORZ IURP WKH GHpQLWLRQ RI DVFHQW DQG GHVFHQW�

/HPPD � ZLOO EH QHHGHG LQ WKH QH[W VHFWLRQ�

�� 3RZ HU V RI D 3RVLQRU P DO 2SHU DW RU

:H EHJLQ ZLWK DQ H[DPSOH RI D SRVLQRUPDO 7 ZKRVH VTXDUH LV QRW SRVLQRUPDO�

1RWDWLRQ� VLQFH $ [G^  $ ^N[ IRU HYHU\ $ � %>+@ DQG HYHU\ Q y �� ZH ZLOO GHQRWH
WKH DGMRLQW RI $ ^ E\ $ [G^ IRU HYHU\ SRVLWLYH LQWHJHU Q�
([DPSOH �� 6HW 3  

t a ÈÈ�È u� 3 Ó  aÓ
t Ó%_1a
Ô Ó%_1aÔ Ó�_1aÕa

u

VR WKDW �3 � 3 Ó � \  aÓ
t ¾ Ó�_ ½ \:Ô Ó%_1a\ Ô Ó%_�aÖa

u

LQ %>& \ @ IRU HDFK SRVLWLYH LQWHJHU N� ZKHUH 3 DQG HDFK 3 Ó DUH RUWKRJRQDO SURMHFWLRQV�
6HW $  

/

Ó 3 DQG %  $�
/

Ó 3 Ó  
/

Ó �3 � 3 Ó � LQ %>C \ É �& \ �@ VR WKDW
2 x $ x %�

6LQFH 2 x $ aC×P\ $ aC×P\ x % aC×P\ % aC×P\ � /HPPD � HQVXUHV WKDW
5�$ aC×P\ � v 5�% aC×P\ ��

,I 2 x �3 � 3 Ó � \ bp3 IRU VRPH LQWHJHU N y �� WKHQ p x aÓ � 7KLV LPSOLHV WKDW WKHUH
LV QR FRQVWDQW o ! � IRU ZKLFK � � 

/

Ó 3 x o \ / Ó �3 � 3 Ó � \ � 7KXV �VLQFH $  $ \ �
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WKHUH LV QR o y � VXFK WKDW $$  $ x o \ % \  o \ %%� ZKLFK PHDQV WKDW

5�$� �v 5�%�

E\ /HPPD �� 1RZ FRQVLGHU WKH RSHUDWRU 7 � %>C \ É �C \ É �& \ ��@ GHpQHG E\

7  

�

%

%

%

%

%

%

%

#

2
$ aC×P\ 2

$ aC×P\ 2
% aC×P\ 2

% aC×P\ � � �
� � �

�

&

&

&

&

&

&

&

$

�

ZKHUH HYHU\ HQWU\ QRW GLUHFWO\ EHORZ WKH PDLQ EORFN GLDJRQDO LV QXOO� 7KXV

7 \  

�

%

%

%

%

%

%

%

%

%

#

2
2 2
$ 2 2

% aC×P\ $ aC×P\ 2 2

% 2
� � �

%
� � �
� � �

�

&

&

&

&

&

&

&

&

&

$

�

2EVHUYH WKDW

5�7 �  I�J j 5�$ aC×P\ � j 5�$ aC×P\ � j 5�% aC×P\ � j
/ ÇÓ�Ø ¿ 5�% aC×P\ ��

5�7 [ �  5�$ aC×P\ � j 5�$ aC×P\ � j 5�% aC×P\ � j 5�% aC×P\ � j
/ ÇÓ�Ø ¿ 5�% aC×P\ ��

5�7 \ �  I�J j I�J j 5�$� j 5�% aC×P\ $ aC×P\ � j / ÇÓ�Ø ¿ 5�%��
5�7 [G\ �  5�$� j 5�$ aC×P\ % aC×P\ � j 5�%� j 5�%� j

/ ÇÓ�Ø ¿ 5�%��
6LQFH 5�$ aC×P\ � v 5�% aC×P\ �� LW IROORZV WKDW 5�7 � v 5�7 [ �� DQG VR 7 LV SRVLQRUPDO�
6LQFH 5�$� �v 5�%�� LW IROORZV WKDW 5�7 \ � �v 5�7 [G\ �� DQG VR 7 \ LV QRW SRVLQRUPDO�
:KHQ ZH UHIHU WR D SRZHU RI DQ RSHUDWRU ZH PHDQ D SRVLWLYH LQWHJHU SRZHU�

1RZ ZH LQYHVWLJDWH XQGHU ZKLFK FRQGLWLRQV SRZHUV RI SRVLQRUPDO RSHUDWRUV UHPDLQ
SRVLQRUPDO� 7KHRUHP � EHORZ HQVXUHV WKDW HYHU\ SRZHU RI DQ RSHUDWRU LV HYHQWXDOO\
SRVLQRUPDO LI LW KDV D SRVLQRUPDO SRZHU DQG D SRZHU ZLWK pQLWH GHVFHQW� DQG DOVR
WKDW HYHU\ SRZHU RI DQ RSHUDWRU KDYLQJ D SRVLQRUPDO SRZHU DQG D FRSRVLQRUPDO
SRZHU LV HYHQWXDOO\ ERWK SRVLQRUPDO DQG FRSRVLQRUPDO� 7KHVH KROG XQGHU WKH DV�
VXPSWLRQ WKDW DOO UDQJHV DUH FORVHG� /HW N�P�Q VWDQG IRU SRVLWLYH LQWHJHUV�

7KHRUHP �� 7DNH 7 � %>+@� 6XSSRVH 5�7 ^ � LV FORVHG IRU HYHU\ Q y ��

�D� ,I 7 Ó LV SRVLQRUPDO IRU VRPH N y � DQG GVF�7 Ù � � � IRU VRPH P y �� WKHQ
7 ^ LV SRVLQRUPDO IRU HYHU\ Q y N�

�E� ,I 7 Ó LV SRVLQRUPDO IRU VRPH N y � DQG 7 [GÙ LV SRVLQRUPDO IRU VRPH P y N�
WKHQ 7 ^ LV SRVLQRUPDO IRU HYHU\ Q y N DQG FRSRVLQRUPDO IRU HYHU\ Q y P�

3URRI � �D� /HW 7 Ó EH SRVLQRUPDO IRU VRPH N y �� VR WKDW DVF�7 Ó � x � �FI� 5HPDUN
��D��� IRU ZKLFK GVF�7 Ù � � � IRU VRPH P y �� 6LQFH DVF�7 Ó � x � LI DQG RQO\ LI
DVF�7 � x N DQG GVF�7 Ù � � � LI DQG RQO\ LI GVF�7 � � � �FI� 5HPDUN ��F���

DVF�7 � x N DQG GVF�7 � � ��
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6XSSRVH 5�7 ^ � LV FORVHG IRU HYHU\ Q y �� 7KHQ E\ /HPPD �

GVF�7 � x N DQG GVF�7 [ � x N�

7KHUHIRUH� VLQFH 5�7 Ó � v 5�7 [PÓ � �L�H�� VLQFH 7 Ó LV SRVLQRUPDO�� ZH JHW
5�7 ^ �  5�7 Ó � v 5�7 [6Ó �  5�7 [G^ ��

LPSO\LQJ WKDW 7 ^ LV SRVLQRUPDO� IRU HYHU\ LQWHJHU Q y N�

�E� ,I 7 Ó LV SRVLQRUPDO IRU VRPH N y � DQG 7 [GÙ LV SRVLQRUPDO �L�H�� 7 Ù LV FRSRVLQRU�
PDO� IRU VRPH P y �� WKHQ DVF�7 Ó � x � DQG DVF�7 [GÙ � x � E\ 5HPDUN ��D� DQG VR

DVF�7 � x N DQG DVF�7 [ � x P

E\ 5HPDUN ��F�� 6XSSRVH 5�7 ^ � LV FORVHG IRU HYHU\ Q y �� DQG VR LV 5�7 [G^ � �VLQFH
WKHVH UDQJHV DUH FORVHG WRJHWKHU�� 7KXV E\ &ODLP �LL�E� LQ WKH SURRI RI /HPPD ��

GVF�7 [ � � � DQG GVF�7 � � ��

$SSO\LQJ &ODLP �L� LQ WKH SURRI RI /HPPD ��

GVF�7 � x N DQG GVF�7 [ � x P�

7KXV E\ &ODLP �LLL� LQ WKH SURRI RI /HPPD ��

DVF�7 [ � x N DQG DVF�7 � x P�

6R DSSO\LQJ &ODLP �L� LQ WKH SURRI RI /HPPD � RQFH DJDLQ�

GVF�7 � x N DQG GVF�7 [ � x N DQG GVF�7 [ � x P DQG GVF�7 � x P�

6LQFH GVF�7 � x N DQG GVF�7 [ � x N �VR WKDW 5�7 ^ �  5�7 Ó � DQG 5�7 [G^ �  5�7 [PÓ �
IRU HYHU\ Q y N�� DQG VLQFH 7 Ó LV SRVLQRUPDO �VR WKDW 5�7 Ó � v 5�7 [PÓ ���

5�7 ^ �  5�7 Ó � v 5�7 [6Ó �  5�7 [G^ ��
DQG VR 7 ^ LV SRVLQRUPDO IRU HYHU\ Q y N� 6LQFH GVF�7 [ � x P DQG GVF�7 � x P �VR
WKDW 5�7 [G^ �  5�7 [GÙ � DQG 5�7 ^ �  5�7 [GÙ � IRU HYHU\ Q y P�� DQG VLQFH 7 [GÙ LV
SRVLQRUPDO �VR WKDW 5�7 [GÙ � v 5�7 Ù ���

5�7 [G^ �  5�7 [GÙ � v 5�7 Ù �  5�7 ^ ��
DQG KHQFH 7 [G^ LV SRVLQRUPDO IRU HYHU\ Q y P�

$Q LPSRUWDQW SDUWLFXODU FDVH RI 7KHRUHP � IRU N  P  � UHDGV DV IROORZV�

&RUROODU\ �� 7DNH 7 � %>+@� 6XSSRVH 5�7 ^ � LV FORVHG IRU HYHU\ Q y ��

�D� ,I 7 LV SRVLQRUPDO DQG GVF�7 � � �� WKHQ 7 ^ LV SRVLQRUPDO IRU HYHU\ Q y ��

�E� ,I 7 LV SRVLQRUPDO DQG FRSRVLQRUPDO� WKHQ 7 ^ LV SRVLQRUPDO DQG FRSRVLQRUPDO
IRU HYHU\ Q y ��

([DPSOH � DQG 7KHRUHP ��D� �RU &RUROODU\ ��D�� VXJJHVW WKH H[LVWHQFH RI SRVL�
QRUPDO RSHUDWRUV 7 ZLWK GVF�7 �  �� 3RVLQRUPDO RSHUDWRUV 7 ZLWK GVF�7 �  ��
KRZHYHU� GR QRW QHHG WR KDYH D QRQSRVLQRUPDO VTXDUH� $ W\SLFDO H[DPSOH LV WKH
FDQRQLFDO XQLODWHUDO VKLIW 7 RI PXOWLSOLFLW\ � DFWLQJ RQ C \ É � ZKLFK LV K\SRQRUPDO�
DQG KHQFH SRVLQRUPDO� 6LQFH 7 LV DQ LVRPHWU\� LW LV LQMHFWLYH� DQG VR DVF�7 �  ��
0RUHRYHU� IRU HDFK SRVLWLYH LQWHJHU Q� 5�7 ^ �  C \ É k & ^ �ZKLFK LV FORVHG EHFDXVH
7 ^ LV DQ LVRPHWU\� VR WKDW GVF�7 �  �� )XUWKHUPRUH� 7 ^ LV D XQLODWHUDO VKLIW RI PXO�
WLSOLFLW\ Q� WKXV K\SRQRUPDO� DQG VR SRVLQRUPDO� 7KH QH[W WKHRUHP VKRZV WKDW WKLV
DUJXPHQW FDQ EH H[WHQGHG DORQJ WKH VDPH OLQH WR LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIWV
6� VR WKDW GVF�6�  �� DOWKRXJK 5�6� LV QRW QHFHVVDULO\ FORVHG� DQG DVF�6�  ��
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7KHRUHP �� ,I DQ LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW 6 LV SRVLQRUPDO� WKHQ 6 ^ LV
SRVLQRUPDO IRU HYHU\ LQWHJHU Q y ��

3URRI � /HW

6  VKLIW�I� Ó J ÇÓ�Ø�a �  

�

%

%

%

%

%

%

%

#

�
� a �

� \ �
� ½ �

� ¾ � � �
� � �

�

&

&

&

&

&

&

&

$

EH D XQLODWHUDO ZHLJKWHG VKLIW RQ C \É � ZKLFK LV LQMHFWLYH LI DQG RQO\ LI WKH ZHLJKW
VHTXHQFH I� Ó J KDV QR ]HUR WHUP �L�H�� � Ó � � IRU HYHU\ N y ��� 6XSSRVH 6 LV DQ
LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW� ,W LV NQRZ WKDW

6 LV SRVLQRUPDO LI DQG RQO\ LI VXS Ó�Ü1a
Ý Þ�ß0ÝÝ Þ�ßCà�á6Ý � �

>�� S��@� 7KLV FDQ EH H[WHQGHG WR HYHU\ LQWHJHU SRZHU RI LQMHFWLYH XQLODWHUDO ZHLJKWHG
VKLIWV DV IROORZV� 7DNH DQ DUELWUDU\ LQWHJHU Q y �� 2EVHUYH WKDW

6 ^ 6 [G^  GLDJb�� � � � � ��4 ^ Ó�Ø�a M� Ó M \ �
4 ^NÉ1aÓ�Ø�\ M� Ó M \ � � � �

c

�

D GLDJRQDO RSHUDWRU RQ C \ É ZLWK ]HURV DW WKH pUVW Q HQWULHV� DQG
6 [G^ 6 ^  GLDJb4 ^ Ó�Ø�a M� Ó M \ � � � � �

4 \P^o_1aÓ�Ø�^ M� Ó M \ �
4 \6^Ó�Ø�^�É�a M� Ó M \ �

4 \P^�É�aÓBØ�^�É�\ M� Ó M \ � � � �
c

�

DQRWKHU GLDJRQDO RSHUDWRU RQ C \ É � $FFRUGLQJ WR 'HpQLWLRQ ��D ¿ �� IRU HDFK Q WKH
RSHUDWRU 6 ^ LV SRVLQRUPDO LI DQG RQO\ LI WKHUH H[LVWV D QRQQHJDWLYH QXPEHU o ^
�FRQVWDQW ZLWK UHVSHFW WR WKH YDULDEOH N� VXFK WKDW 6 ^ 6 [G^ x o \^ 6 [G^ 6 ^ � 7KLV PHDQV
WKDW

4 ^�É�âÓ�Ø�âPÉ�a M� Ó M \ x o \^
4 \P^�É�âÓBØ�^�É�â6É�a M� Ó M \ IRU HYHU\ M y �� (TXLYDOHQWO\�

4 ^NÉ�âÓ�Ø�â6É�a M� Ó M
4 \6^�É�âÓ�Ø�^�É�â6É�a M� Ó M

x o ^ IRU HYHU\ M y ��

7KHUHIRUH�

6 ^ LV SRVLQRUPDO LI DQG RQO\ LI VXS âBÜ È
4 ã à'äßCå0ä>à�á Ý Þ�ß%Ý
4 æ ã à'äßCå ã à'ä>à�á Ý Þ�ß%Ý � ��

6LQFH

VXS
âBÜ È

4 ^�É�âÓBØ�â6É�a M� Ó M
4 \P^�É�âÓBØ�^�É�â6É�a M� Ó M

x

v

VXS
Ó%Ü1a

M� Ó M
M� Ó�É�^ M

w ^
x

v

VXS
Ó%Ü�a

M� Ó M
M� ÓBÉ�a M

w ^ æ
�

LW IROORZV WKH FODLPHG UHVXOW� LI 6 LV SRVLQRUPDO� WKHQ 6 ^ LV SRVLQRUPDO�
,I 7 LV LQYHUWLEOH� WKHQ 7 ^ LV SRVLQRUPDO IRU HYHU\ Q y �� �,QGHHG� LI 7 LV LQ�

YHUWLEOH� WKHQ 7 ^ LV LQYHUWLEOH IRU HYHU\ Q y �� DQG KHQFH SRVLQRUPDO HYHU\ Q y ���
5HFDOO WKDW 7 � 7 [ � 7 [ 7 DQG 77 [ DUH LQYHUWLEOH �RU QRW� WRJHWKHU�
$QRWKHU VSHFLDO FODVV RI SRVLQRUPDO RSHUDWRUV IRU ZKLFK WKH VTXDUH LV DJDLQ SRVL�

QRUPDO ZLOO EH JLYHQ LQ 7KHRUHP ��F� EHORZ� &RQVLGHU WKH FODVV RI DOO SRVLQRUPDO
RSHUDWRUV VXFK WKDW 77 [ FRPPXWHV ZLWK 7 [ 7� 7ULYLDO H[DPSOHV� QRUPDO RSHUDWRUV�
RU PXOWLSOHV RI LVRPHWULHV �ZKRVH SRZHUV DUH FOHDUO\ QRUPDO� RU PXOWLSOH RI DQ LVRP�
HWU\� UHVSHFWLYHO\� WKXV SRVLQRUPDO�� ,Q IDFW� HYHU\ SRVLQRUPDO RSHUDWRU 7 VXFK WKDW
7 [ 7  S�77 [ � �RU 77 [  S�7 [ 7 �� IRU VRPH SRO\QRPLDO S OLHV LQ WKLV FODVV� 1RWH
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WKDW 77 [ FRPPXWHV ZLWK 7 [ 7 LI DQG RQO\ LI 77 [ 7 [ 7 LV VHOI�DGMRLQW �ZKLFK KDS�
SHQV LI DQG RQO\ LI 77 [ 7 [ 7 LV QRQQHJDWLYH� EHFDXVH WKH SURGXFW RI FRPPXWLQJ
QRQQHJDWLYH RSHUDWRUV LV DJDLQ QRQQHJDWLYH�� 7KXV� LQ SDUWLFXODU� LI WKH QRQQHJD�
WLYH RSHUDWRUV 7 [ 7 DQG 77 [ DUH ERWK GLDJRQDO �GLDJRQDOL]HG ZLWK UHVSHFW WR WKH
VDPH RUWKRQRUPDO EDVLV IRU +�� WKHQ WKH\ PXVW FRPPXWH�

7KHRUHP �� 7DNH DQ DUELWUDU\ RSHUDWRU 7 � %>+@ VR WKDW

5�77 [ � v 5�7 [ 7 � LI DQG RQO\ LI �77 [ � \ x p \ �7 [ 7 � \ IRU VRPH FRQVWDQW p ! ��

1RZ VXSSRVH 7 LV SRVLQRUPDO �

�D� ,I 5�7 [ 7 �  5�7 [ �� WKHQ 7 \ LV SRVLQRUPDO DQG 5�77 [ � v 5�7 [ 7 ��
�E� ,I 5�77 [ � v 5�7 [ 7 �� WKHQ 7 \ LV SRVLQRUPDO �

�F� ,I 7 [ 7 DQG 77 [ FRPPXWH� WKHQ 7 \ DQG 7
½
DUH SRVLQRUPDO �

3URRI � 7DNH $ DQG % LQ %>+@� ,I $ DQG % DUH VHOI�DGMRLQW �DV LW LV WKH FDVH IRU 77 [
DQG 7 [ 7 �� WKHQ 5�$� v 5�%� LV HTXLYDOHQW WR $ \ x p \ % \ IRU VRPH p ! � DFFRUG�
LQJ WR /HPPD �� 5HFDOO WKDW 5�$ [ $� v 5�$ [ � DQG 5�$ [ $� _  5�$ [ � _ IRU HYHU\
RSHUDWRU $ LQ %>+@�

6XSSRVH 7 LV SRVLQRUPDO� ZKLFK PHDQV WKDW 5�7 � v 5�7 [ �� HTXLYDOHQWO\� WKHUH
H[LVWV D FRQVWDQW o ! � VXFK WKDW N7 [ \N x oN7\N IRU HYHU\ \ � +� VWLOO HTXLYDOHQWO\�
WKHUH H[LVWV D FRQVWDQW o ! � VXFK WKDW 77 [ x o \ 7 [ 7 �FI� 'HpQLWLRQ ���
�D� 6LQFH5�7 � v 5�7 [ �� LW IROORZV WKDW LI 5�7 [ 7 �  5�7 [ �� WKHQ5�7 \ � v 5�7 � v
5�7 [ �  5�7 [ 7 �  7 [ �5�7 �� v 7 [ �5�7 [ ��  5�7 [G\ �� DQG 7 \ LV SRVLQRUPDO�
0RUHRYHU� 5�77 [ � v 5�7 � v 5�7 [ �  5�7 [ 7 �� FRPSOHWLQJ WKH SURRI RI �D��
�E� 6LQFH 5�77 [ � v 5�7 [ 7 � LV HTXLYDOHQW WR VD\LQJ WKDW WKHUH LV D p ! � VXFK WKDW
�77 [ � \ x p \ �7 [ 7 � \ � ZKLFK LQ WXUQ LV HTXLYDOHQW WR N77 [ [N \ x p \ N7 [ 7[N \ IRU HYHU\
[ � +� LW IROORZV WKDW LI 5�77 [ � v 5�7 [ 7 � DQG 7 LV SRVLQRUPDO� WKHQ

N7 [ 7 [ [N x oN77 [ [N x opN7 [ 7[N x o \ pN77[N
IRU HYHU\ [ � +� DQG VR 7 \ LV SRVLQRUPDO� ZKLFK SURYHV �E��
5HFDOO� LI 4 DQG 5 DUH RSHUDWRUV LQ %>+@ VXFK WKDW 2 x 4 x 5� DQG LI 45  54�
WKHQ 2 x 45 DQG 2 x 4 \ x 5 \ �VHH� H�J�� >�� 3UREOHPV ���� DQG ����@��
�F� 6LQFH 7 LV SRVLQRUPDO� LW IROORZV WKDW 2 x 77 [ x o \ 7 [ 7 � ,I WKH QRQQHJDWLYH
RSHUDWRUV 77 [ DQG 7 [ 7 FRPPXWH� WKHQ �77 [ � \ x o

¾
�7 [ 7 � \ � ZKLFK PHDQV WKDW

N77 [ [N \ x o
¾
N7 [ 7[N \ IRU HYHU\ [ � +� HTXLYDOHQWO\� 5�77 [ � v 5�7 [ 7 �� 7KXV

7 \ LV SRVLQRUPDO E\ �E� ZLWK
N7 [ 7 [ [N x oN77 [ [N x o

½
N7 [ 7[N x o

¾
N77[N

IRU HYHU\ [ � +� 7DNH DQ DUELWUDU\ [ � +� 7KH DERYH LQHTXDOLWLHV LPSO\ WKDW

N7 [ 7 [ 7 [ [N x o
¾
N777 [ [N DQG N7 [ 7 [ 7[N x o

¾
N777[N�

+RZHYHU� VLQFH 77 [ DQG 7 [ 7 FRPPXWH� DQG VLQFH 7 LV SRVLQRUPDO�
N777 [ [N \  K777 [ [ �777 [ [L  K7 [ 777 [ [ �77 [ [L  K77 [ 7 [ 7[ �77 [ [L

 K7 [ 7 [ 7[ �7 [ 77 [ [Lx N7 [ 7 [ 7[NN7 [ 77 [ [N x oN7 [ 7 [ 7[NN777 [ [N�
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DQG KHQFH 7

½
LV SRVLQRUPDO�

:KHQ LV WKH SURGXFW RI WZR FRPPXWLQJ SRVLQRUPDO RSHUDWRUV SRVLQRUPDO"

5HPDUN �� �D� 7KH FROOHFWLRQ RI DOO SRVLQRUPDO RSHUDWRUV LV D FRQH LQ %>+@ �L�H��
q7 LV SRVLQRUPDO IRU DQ\ q y � ZKHQHYHU 7 LV SRVLQRUPDO��

�E� 6XP RI WZR SRVLQRUPDO RSHUDWRUV PD\ QRW EH SRVLQRUPDO� &OHDU� LI 7 LV QRW
SRVLQRUPDO DQG y LV LQ WKH UHVROYHQW VHW RI 7� WKHQ y, DQG 7 b y, DUH ERWK LQYHUWLEOH�
WKXV SRVLQRUPDO�

�F� 2UWKRJRQDO GLUHFW VXPV RI SRVLQRUPDO RSHUDWRUV DUH WULYLDOO\ SRVLQRUPDO� DQG
WHQVRU SURGXFWV RI SRVLQRUPDO RSHUDWRUV DUH SRVLQRUPDO DV ZHOO >�� 7KHRUHP �@�

�G� 3URGXFW RI WZR SRVLQRUPDO RSHUDWRUV LV QRW QHFHVVDULO\ SRVLQRUPDO� )RU FRP�
PXWLQJ RSHUDWRUV� VHH ([DPSOH �� )RU RSHUDWRUV WKDW GR QRW FRPPXWH� FRQVLGHU�
IRU LQVWDQFH� D XQLODWHUDO ZHLJKWHG VKLIW� ZKLFK LV WKH SURGXFW RI WZR QRQFRPPXW�
LQJ SRVLQRUPDO RSHUDWRUV� QDPHO\� D GLDJRQDO �QRUPDO� DQG WKH FDQRQLFDO XQLODWHUDO
VKLIW �K\SRQRUPDO�� EXW H[DPSOHV RI �LQMHFWLYH� XQLODWHUDO ZHLJKWHG VKLIWV WKDW DUH
QRW SRVLQRUPDO ZHUH H[KLELWHG LQ >�� S��@� 7KHUHIRUH� WKLV VKRZV WKDW HYHQ WKH SURG�
XFW RI D SRVLWLYH RSHUDWRU DQG D TXDVLQRUPDO �LQ SDUWLFXODU� DQG D K\SRQRUPDO�
RSHUDWRU PD\ QRW EH SRVLQRUPDO�

�H� ,W LV ZRUWK QRWLFLQJ WKDW� LI 6 DQG 7 FRPPXWH� DQG LI 67 LV SRVLQRUPDO� WKHQ

5�67 � v 5�6� ? 5�7 � ? 5�6 [ � ? 5�7 [ ��
�,I 6 DQG 7 FRPPXWH� WKHQ 5�67 � v 5�6�?5�7 � DQG 5�7 [ 6 [ � v 5�7 [ �?5�6 [ ��
VR WKDW� LI 67 LV SRVLQRUPDO� WKHQ 5�67 � v 5��67 � [ �  5�7 [ 6 [ ���
7KHRUHP �� 6XSSRVH 7 LV SRVLQRUPDO �

�D� ,I 6 LV SRVLQRUPDO DQG 6 [ DQG 7 FRPPXWH� WKHQ 67 LV SRVLQRUPDO �

�E� ,I 6 LV QRUPDO DQG 6 DQG 7 FRPPXWH� WKHQ 67 LV SRVLQRUPDO �

3URRI � �D� ,I 7 DQG 6 DUH SRVLQRUPDO LQ %>+@� DQG LI 76 [  6 [ 7 � WKHQ WKHUH H[LVW
SRVLWLYH FRQVWDQWV o è DQG o é VXFK WKDW N�67 � [ [N  N7 [ 6 [ [N x o è N76 [ [N  
o è N6 [ 7[N x o è o é N67[N IRU HYHU\ [ � +� DQG VR 67 LV SRVLQRUPDO�

�E� ,I 7 LV SRVLQRUPDO� 6 LV QRUPDO� DQG 67  76� WKHQ WKH )XJOHGH 7KHRUHP
HQVXUHV WKDW 6 [ 7  76 [ �VHH� H�J�� >�� &RUROODU\ ����@�� VR WKDW �E� IROORZV IURP �D�
VLQFH 6 LV SRVLQRUPDO�

�� 3RZ HU V RI D 4XDVLSRVLQRU P DO 2SHU DW RU

'HpQLWLRQ �� 7DNH D DUELWUDU\ RSHUDWRU 7 � %>+@�

�D� 7 LV TXDVLSRVLQRUPDO LI DQ\ RI WKH IROORZLQJ HTXLYDOHQW DVVHUWLRQV DUH IXOpOOHG�

�D a � 5�7 � _ v 5�7 [ � _ �
�D \ � 1 �7 � v 1 �7 [ ��

�E� 7 LV FRTXDVLSRVLQRUPDO LV 7 [ LV TXDVLSRVLQRUPDO�
7KH DERYH HTXLYDOHQFH LV UHDGLO\ YHULpHG� ,Q IDFW� WDNH DQ DUELWUDU\ RSHUDWRU $

RQ +� DQ DUELWUDU\ SDLU RI OLQHDU PDQLIROGV0 DQG 1 RI +� DQG UHFDOO WKDW $ [6[  $�
5�$� _  1 �$ [ � ` � 1 �$�  1 �$� _ � DQG 0 ` v 1 ` LI DQG RQO\ LI 1 _ v 0 _ � 7KXV
5�$� _ v 5�$ [ � _ LI DQG RQO\ LI 1 �$� v 1 �$ [ ��
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$V HYHU\ VXUMHFWLYH RSHUDWRU LV WULYLDOO\ FRSRVLQRUPDO� HYHU\ LQMHFWLYH RSHUDWRU

LV WULYLDOO\ TXDVLSRVLQRUPDO� ,Q SDUWLFXODU� HYHU\ LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW
LV TXDVLSRVLQRUPDO � $ORQJ WKLV OLQH LW LV DOVR ZRUWK UHPDUNLQJ WKDW LI 7 LV QRW
TXDVLSRVLQRUPDO �RU QRW FRTXDVLSRVLQRUPDO VR WKDW HLWKHU 7 RU 7 [ LV QRW LQMHFWLYH��
WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH �FI� >�� 6HFWLRQ �@��

&OHDUO\� HYHU\ SRVLQRUPDO LV TXDVLSRVLQRUPDO �HLWKHU E\ 'HpQLWLRQV ��D ¾ � DQG
��D a �� RU E\ 3URSRVLWLRQ ��D a � DQG 'HpQLWLRQ ��D \ ��� 7KH FRQYHUVH KROGV IRU RSHUD�
WRUV ZLWK FORVHG UDQJH� LI 5�7 � LV FORVHG �HTXLYDOHQWO\� LI 5�7 [ � LV FORVHG� DQG LI 7
LV TXDVLSRVLQRUPDO� WKHQ 7 LV SRVLQRUPDO� ,I 7 LV SRVLQRUPDO DQG GVF�7 � � �� WKHQ
7 ^ SRVLQRUPDO E\ &RUROODU\ ��D�� VR WKDW 7 ^ LV TXDVLSRVLQRUPDO� 0RUH LV WUXH�
7KHRUHP �� ,I 7 LV TXDVLSRVLQRUPDO� WKHQ 7 ^ LV TXDVLSRVLQRUPDO IRU HYHU\ Q y ��

3URRI � 7KH UHVXOW LQ 3URSRVLWLRQ ��D \ �� QDPHO\� 1 �7 \ �  1 �7 � ZKHQHYHU 7 LV
SRVLQRUPDO � FDQ EH H[WHQGHG WR TXDVLSRVLQRUPDO RSHUDWRUV� ,QGHHG� WKH YHU\ VDPH
SURRI LQ >�� 5HPDUN �@ VXUYLYHV� LI 7 LV TXDVLSRVLQRUPDO� WKHQ 1 �7 \ �  1 �7 ��
7KLV PHDQV �DV LQ 5HPDUN ��D�� WKDW

LI 7 LV TXDVLSRVLQRUPDO� WKHQ DVF�7 � x ��

ZKLFK LPSOLHV WKDW 1 �7 ^ �  1 �7 � �E\ WKH GHpQLWLRQ RI DVFHQW�� 6XPPLQJ XS�

1 �7 � v 1 �7 [ �  � 1 �7 \ �  1 �7 �  � 1 �7 ^ �  1 �7 �

IRU HYHU\ Q y �� 7KHUHIRUH� LI 1 �7 � v 1 �7 [ � �L�H�� LI 7 LV TXDVLSRVLQRUPDO�� WKHQ
1 �7 ^ �  1 �7 � v 1 �7 [ � v 1 �7 [G^ ��

VR WKDW 7 ^ LV TXDVLSRVLQRUPDO� IRU HYHU\ Q y ��

6LQFH SRVLQRUPDOLW\ LPSOLHV TXDVLSRVLQRUPDOLW\� DQG VLQFH TXDVLSRVLQRUPDOLW\
DQG FORVHG UDQJH LPSO\ SRVLQRUPDOLW\� ZH JHW WKH IROORZLQJ LPPHGLDWH FRQVHTXHQFHV
RI 7KHRUHP �� �5HFDOO DJDLQ� 5�7 � LV FORVHG LI DQG RQO\ LI 5�7 [ � LV FORVHG��
&RUROODU\ �� ,I 7 LV SRVLQRUPDO� WKHQ 7 ^ LV TXDVLSRVLQRUPDO IRU HYHU\ Q y ��

&RUROODU\ �� ,I 7 LV SRVLQRUPDO DQG 5�7 ^ � LV FORVHG IRU HYHU\ LQWHJHU Q y ��
WKHQ 7 ^ LV SRVLQRUPDO �

%\ &RUROODU\ �� DVVXPSWLRQ GVF�7 � � � LQ &RUROODU\ ��D� FDQ EH GLVPLVVHG� 7KH
QH[W UHVXOW LV UHPLQLVFHQW RI )UHGKROP 7KHRU\� D VSHFLDO FDVH RI &RUROODU\ ��

7KHRUHP �� ,I D VHPL�)UHGKROP RSHUDWRU 7 LV SRVLQRUPDO� WKHQ 7 ^ LV SRVLQRUPDO
�DQG VHPL�)UHGKROP� IRU HYHU\ LQWHJHU Q y ��

3URRI � 1RWH WKDW WKH DERYH VWDWHPHQW LV HTXLYDOHQW WR WKH IROORZLQJ RQH� LI 7 LV
SRVLQRUPDO� LI 5�7 � LV FORVHG� DQG LI GLP 1 �7 � � � RU GLP�7 [ � � �� WKHQ 7 ^ LV
SRVLQRUPDO IRU HYHU\ LQWHJHU Q y ��

,QGHHG� VXSSRVH 7 LV SRVLQRUPDO� &RUROODU\ � VD\V WKDW 7 ^ LV TXDVLSRVLQRUPDO IRU
HYHU\ Q y �� ,Q DGGLWLRQ� VXSSRVH 5�7 � LV FORVHG DQG 1 �7 � RU 1 �7 [ � LV pQLWH�
GLPHQVLRQDO� ZKLFK PHDQV WKDW 7 LV VHPL�)UHGKROP �VHH� H�J�� >�� &RUROODU\ ���@��
6LQFH 7 LV VHPL�)UHGKROP� LW IROORZV WKDW 7 ^ LV VHPL�)UHGKROP� DQG WKLV LPSOLHV
WKDW 5�7 ^ � LV FORVHG� IRU HYHU\ Q y � �VHH� H�J�� >�� &RUROODULHV ��� DQG ���@ _ DOVR
VHH >�� &RUROODU\ �@�� %HLQJ TXDVLSRVLQRUPDO ZLWK D FORVHG UDQJH �VR WKDW WKH UDQJH
RI 7 [G^ LV DOVR FORVHG�� 7 ^ LV SRVLQRUPDO IRU HDFK Q y ��
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7KH QRWLRQ RI VXSUDSRVLQRUPDO RSHUDWRUV ZDV UHFHQWO\ LQWURGXFHG DQG LQYHVWL�

JDWHG LQ >��@� DQ RSHUDWRU 7 LV VXSUDSRVLQRUPDO LI WKHUH H[LVW QRQQHJDWLYH RSHUDWRUV
3 DQG 4� DW OHDVW RQH RI WKHP ZLWK GHQVH UDQJH� VXFK WKDW 73 7 [  7 [ 47 _ D
SRVLQRUPDO RSHUDWRU LV D SDUWLFXODU FDVH RI D VXSUDSRVLQRUPDO ZLWK 3  ,� DQG
D FRSRVLQRUPDO RSHUDWRU LV D SDUWLFXODU FDVH RI D VXSUDSRVLQRUPDO ZLWK 4  ,�
,W LV FOHDU WKDW LI 7 LV SRVLQRUPDO RU FRSRVLQRUPDO� WKHQ LW LV TXDVLSRVLQRUPDO RU
FRTXDVLSRVLQRUPDO� +RZHYHU� LW ZDV VKRZQ LQ >��� 7KHRUHP �@ WKDW D VXSUDSRVLQRU�
PDO RSHUDWRU LV TXDVLSRVLQRUPDO RU FRTXDVLSRVLQRUPDO �DFFRUGLQJ WR ZKHWKHU 3 RU
4 KDV GHQVH UDQJH� UHVSHFWLYHO\�� 7KLV OHDGV WR DQRWKHU FRQVHTXHQFH RI 7KHRUHP ��

&RUROODU\ �� ,I 7 LV VXSUDSRVLQRUPDO� WKHQ 7 ^ RU 7 [G^ LV TXDVLSRVLQRUPDO IRU
HYHU\ LQWHJHU Q y ��

$F N QRZ O HGJP HQW

:H WKDQN DQ DQRQ\PRXV UHIHUHH ZKR EURXJKW RXU DWWHQWLRQ WR ([DPSOH �� :H
DOVR WKDQN 3DXO 6� %RXUGRQ DQG 'HUHN 7KRPSVRQ ZKR SRLQWHG RXW DQ HUURU LQ
WKH SUHYLRXV YHUVLRQ RI /HPPD � �DW WKH SUHYLRXV YHUVLRQ RI &ODLP �LL�E��� 7KH
FRXQWHUH[DPSOH LQ &ODLP �LL�F� ZDV FRPPXQLFDWHG WR XV E\ 3DXO 6� %RXUGRQ�
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