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�� ,QW U RGXF W LRQ

7KH WHQVRU SURGXFW RI WZR +LOEHUW VSDFHV FDQ EH FRQVWUXFWHG DV WKH FRPSOHWLRQ RI
WKH VSDQ RI D FROOHFWLRQ RI FRQMXJDWH ELOLQHDU PDSV RQ WKHLU &DUWHVLDQ SURGXFW� 7KH
WHQVRU SURGXFW RI WZR +LOEHUW�VSDFH RSHUDWRUV DUH WKHQ QDWXUDOO\ GHpQHG VR WKDW
WKH\ FDQ EH YLHZHG DV DQ H[WHQWLRQ WR LQpQLWH�GLPHQVLRQDO VSDFHV RI WKH VWDQGDUG
.URQHFNHU SURGXFW RI PDWULFHV RQ pQLWH�GLPHQVLRQDO VSDFHV� ,PSRUWDQW UHVXOWV RQ
WHQVRU SURGXFW RI �ERXQGHG OLQHDU� RSHUDWRUV KDYH EHHQ FRQWLQXRXVO\ FRQVLGHUHG LQ
WKH OLWHUDWXUH �VHH� H�J�� >�@� >��@� >�@� >��@� >�@� >��@� >��@� >��@� >�@� DQG >�@��

,Q WKLV SDSHU ZH GHDO ZLWK SUHVHUYDWLRQ RI FRPSDFWQHVV IRU WHQVRU SURGXFW RI RSHU�
DWRUV� &RPSDFWQHVV IRU WHQVRU SURGXFW RI RSHUDWRUV KDV VHYHUDO UHOHYDQW DVSHFWV IURP
ERWK WKHRUHWLFDO DQG DSSOLHG SRLQWV RI YLHZ �H�J�� DSSOLFDWLRQV WR SDUWLDO LQWHJUDO
RSHUDWRUV KDYH EHHQ FRQVLGHUHG LQ >�� �@�� 7KH IROORZLQJ UHVXOW ZDV HVWDEOLVKHG LQ
>��@� ,I D WHQVRU SURGXFW $n% LV FRPSDFW DQG RQH RI WKH RSHUDWRUV $ RU % KDV D
QRQ]HUR HLJHQYDOXH� WKHQ WKH RWKHU LV FRPSDFW� :H LPSURYH WKH SUHYLRXV VWDWHPHQW
E\ GLVPLVVLQJ WKH VSHFWUDO FRQGLWLRQ� DQG VKRZLQJ WKDW D QRQ]HUR WHQVRU SURGXFW
$n% LV FRPSDFW LI DQG RQO\ LI $ DQG % DUH QRQ]HUR FRPSDFW RSHUDWRUV�

�� 3U HO LP LQDU LHV

1RWDWLRQ� WHUPLQRORJ\� DQG EDVLF UHVXOWV DUH SRVHG LQ WKLV VHFWLRQ� 7KURXJKRXW
WKH SDSHU + DQG . DUH FRPSOH[ LQpQLWH�GLPHQVLRQDO +LOEHUW VSDFHV� ,QQHU SURGXFW
LQ DQ\ RI WKHP ZLOO EH GHQRWHG E\ Kc � cL� /HW %>+� . @ VWDQG IRU WKH %DQDFK VSDFH
RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI + LQWR . � $ +LOEHUW�VSDFH RSHUDWRU LV D
ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI D +LOEHUW VSDFH LQWR LWVHOI� 6HW %>+@  %>+�+@�
WKH XQLWDO %DQDFK DOJHEUD RI DOO RSHUDWRUV RQ +� /HW 7 [ � %>+@ EH WKH DGMRLQW RI
7 � %>+@� $Q RSHUDWRU 7 � %>+@ LV FRPSDFW LI LW PDSV ERXQGHG VHTXHQFHV LQWR
VHTXHQFHV WKDW KDYH D FRQYHUJHQW VXEVHTXHQFH �VHH� H�J�� >��� 7KHRUHP ���� �G�@��
)RU HTXLYDOHQW GHpQLWLRQV VHH� IRU LQVWDQFH� >�� 6HFWLRQ ,,��@ RU >��� 6HFWLRQ ���@�
7KXV 7 � %>+@ LV FRPSDFW LI IRU HYHU\ ERXQGHG VHTXHQFH I[ \ J RI YHFWRUV [ \ LQ +
WKHUH H[LVWV D VXEVHTXHQFH I[ \I] J RI I[ \ J VXFK WKDW I7[ \I] J FRQYHUJHV LQ +�
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7KH FRQFHSW RI WHQVRU SURGXFW RI WZR +LOEHUW VSDFHV FDQ EH GHpQHG LQ WHUPV RI
VLQJOH WHQVRUV� ZKLFK LQ WXUQ FDQ EH GHpQHG DV FRQMXJDWH ELOLQHDU IXQFWLRQDOV RQ WKH
&DUWHVLDQ SURGXFW RI +d . �VHH� H�J�� >�@�� 7KH VLQJOH WHQVRU RI [ � + DQG \ � .
LV WKH FRQMXJDWH ELOLQHDU IXQFWLRQDO [n \ � +d . � & GHpQHG E\ �[n \��X� Y�  
K[ �XLK\ � YL IRU HYHU\ �X� Y� LQ +d . � 7KH WHQVRU SURGXFW VSDFH +n . RI + DQG .
LV WKH FRPSOHWLRQ RI WKH LQQHU SURGXFW VSDFH FRQVLVWLQJ RI DOO �pQLWH� VXPV RI VLQJOH
WHQVRUV [ � n \ � ZLWK [ � � + DQG \ � � . � 7KH LQQHU SURGXFW RQ +n . LV GHpQHG E\
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IRU HYHU\
3

� [ � n \ � DQG
3 � Z � n ] � LQ +n . � 7KH QRUP RQ +n . LV WKH RQH

LQGXFHG E\ WKH LQQHU SURGXFW� 7KH WHQVRU SURGXFW RI WZR RSHUDWRUV 7 � %>+@ DQG
6 � %>. @ LV WKH RSHUDWRU 7 n 6 � +n . � +n . GHpQHG E\

�7 n 6�
;

�
[ � n \ �  

;
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7[ � n 6\ � IRU HYHU\

;

�
[ � n \ � � +n . �

ZKLFK OLHV LQ %>+n . @� 7KH SURSRVLWLRQ EHORZ VXPPDUL]HV VRPH EDVLF ZHOO�NQRZQ
SURSHUWLHV RI WHQVRU SURGXFWV LQ D +LOEHUW VSDFH VHWWLQJ WKDW ZLOO EH UHTXLUHG LQ WKH
VHTXHO �VHH� H�J�� >�@�� �+HUH N7N GHQRWHV WKH LQGXFHG XQLIRUP QRUP RI 7 RQ %>+@�
DQG N7 n 6N WKH LQGXFHG XQLIRUP QRUP RI 7 n 6 RQ %>+n . @��

3URSRVLWLRQ �� 7DNH o� p � &� [�Z � +� \� ] � . � 7�$� %>+@� DQG 6�%� %>. @
DUELWUDU\� 7KH IROORZLQJ LGHQWLWLHV KROG WUXH�

�D� op�[n \�  o[n p \�

op�7 n 6�  o7 n p 6�

�E� �[� Z�n �\ � ]�  [n \ � Z n \ � [n ] � Z n ]�

�7 �$�n �6 �%�  7 n 6 � $n 6 � 7 n% �$n%�

�F� 7$n 6%  �7 n 6��$n%��

�G� �7 n 6� [  �7 [ n 6 [ ��
�H� N[n \N  N[N N\N�

N7 n 6N  N7N N6N�

)RU IXUWKHU SURSHUWLHV RQ WHQVRU SURGXFWV VHH� IRU LQVWDQFH� >�@ DQG >��@�

�� 7 HQVRU 3U RGXF W DQG & RP SDF W 2SHU DW RU V

&RQVLGHU WKH IROORZLQJ UHVXOW SUHVHQWHG LQ WKLV MRXUQDO >��� 7KHRUHP �@�

7KHRUHP �� ,I $ � %>+@ DQG % � %>. @ DUH FRPSDFW� WKHQ $n% � %>+n . @ LV
FRPSDFW� &RQYHUVHO\� LI $n% � %>+n . @ LV FRPSDFW DQG RQH RI $ � %>+@ RU
% � %>. @ KDV D QRQ]HUR HLJHQYDOXH� WKHQ WKH RWKHU LV FRPSDFW�

5HPDUN �� ,W LV ZRUWK QRWLFLQJ WKDW SDUW RI WKH UHVXOWV LQ >��@ ZDV ZRUNHG RXW IRU
VHSDUDEOH +LOEHUW VSDFHV� DOWKRXJK WKH SUHFHGLQJ 7KHRUHP � GRHV QRW UHTXLUH WKDW
WKH +LOEHUW VSDFHV DUH VHSDUDEOH� DV ZHOO DV WKH IRUWKFRPLQJ 7KHRUHP �� ,QGHHG� WKH
GLUHFW DVVHUWLRQ LQ 7KHRUHP � �EXW QRW WKH FRQYHUVH� ZDV SURYHG LQ >��@ E\ XVLQJ
WKH IDFW WKDW D FRPSDFW RSHUDWRU RQ D +LOEHUW VSDFH �QRW QHFHVVDULO\ VHSDUDEOH� LV
WKH XQLIRUP OLPLW RI pQLWH�UDQN RSHUDWRUV _ VHH� H�J�� >�� 7KHRUHP ,,����@ RU >���
3UREOHP �����E�@� 7KLV� KRZHYHU� DOVR KROGV LQ D %DQDFK VSDFH ZLWK D 6FKDXGHU
EDVLV �ZKLFK WXUQV RXW WR EH VHSDUDEOH� _ VHH� H�J�� >��� 3UREOHP ����@�
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:H LPSURYH WKH FRQYHUVH LQ 7KHRUHP � E\ VKRZLQJ LQ 7KHRUHP � WKDW LI $n%

LV QRQ]HUR DQG FRPSDFW� WKHQ VR DUH ERWK $ DQG %� ZLWKRXW DQ\ UHVWULFWLRQ RQ WKHLU
VSHFWUD� )LUVW ZH QHHG WKH IROORZLQJ HOHPHQWDU\ DX[LOLDU\ UHVXOW� ZKLFK VD\V WKDW LI
D VHTXHQFH RI VLQJOH WHQVRUV FRQYHUJHV� WKHQ LW PXVW FRQYHUJH WR D VLQJOH WHQVRU�

/HPPD �� 7DNH V \  [n \ \ � +n . � ZLWK [ � + DQG \ \ � . IRU HDFK SRVLWLYH

LQWHJHU Q� ,I IV \ J FRQYHUJHV LQ +n . WR V � +n . � WKHQ V  [n \ IRU VRPH \ � . �

3URRI� /HW IV \ J EH D VHTXHQFH RI YHFWRUV LQ +n . DV LQ WKH OHPPD VWDWHPHQW� ,I
IV \ J FRQYHUJHV LQ +n . WKHQ IV \ J LV D &DXFK\ VHTXHQFH�

NV ¥ b V \ N � � DV P�Q � ��

6LQFH V ¥ b V \  [n \ ¥ b [n \ \  [n �\ \ b \ ¥ �� DQG VLQFH N[n �\ \ b \ ¥ �N  
N[N N\ \ b \ ¥ N� LW IROORZV WKDW

N[N N\ \ b \ ¥ N � � DV P�Q � ��

7KXV I\ \ J LV D &DXFK\ VHTXHQFH LQ . � 6LQFH . LV D +LOEHUW VSDFH� I\ \ J FRQYHUJHV
LQ . WR� VD\� \ � . � 6LQFH IV \ J FRQYHUJHV� OHW V EH LWV OLPLW LQ +n . � VR WKDW �E\
FRQWLQXLW\ RI WKH FRQMXJDWH ELOLQHDU IXQFWLRQDO�

V  OLP\ V \  OLP\ �[n \ \ �  [n OLP\ \ \  [n \�

7KHRUHP �� ,I $n% LV D QRQ]HUR FRPSDFW WHQVRU SURGXFW LQ %>+n . @� WKHQ ERWK

$ � %>+@ DQG % � %>. @ DUH QRQ]HUR FRPSDFW RSHUDWRUV�

3URRI� 6XSSRVH $n% � 2 LQ %>+n . @� 7KXV $ � 2 DQG % � 2 LQ %>+@ DQG
%>. @� 6LQFH $ � 2� WKHUH H[LVWV [ � � LQ + VXFK WKDW N$[N � �� 7DNH DQ DUEL�
WUDU\ ERXQGHG VHTXHQFH I\ \ J RI YHFWRUV \ \ LQ . � DQG OHW IV \ J EH D VHTXHQFH RI
VLQJOH WHQVRUV V \ LQ +n . JLYHQ E\ V \  [n \ \ IRU HDFK SRVLWLYH LQWHJHU Q� 1RWH
WKDW IV \ J LV ERXQGHG EHFDXVH I\ \ J LV� ,Q IDFW�

VXS\ NV \ N  VXS\ N[n \ \ N  VXS\ N[N N\ \ N  N[N VXS\ N\ \ N � ��

7KXV� LI $n% LV FRPSDFW� WKHQ WKHUH H[LVWV D VXEVHTXHQFH IV \ ] J RI IV \ J VXFK WKDW
I�$n%�V \¦] J FRQYHUJHV LQ +n . � +HQFH� E\ /HPPD ��

�$n%�V \¦]  �$n%��[n \ \I] �  $[n%\ \I] � $[n ]

IRU VRPH ] � . �QRW QHFHVVDULO\ LQ WKH UDQJH RI %� VLQFH WKH UDQJH RI % LV QRW
QHFHVVDULO\ FORVHG LQ . �� 7KHQ� E\ 3URSRVLWLRQ ��D�E�H��

N$[NN%\ \I] b ]N  N$[n �%\ \I] b ]�N

 N$[n%\ \I] b$[n ]�N

 N�$n%��[n \ \I] �b$[n ]N

 N�$n%�V \ ] b$[n ]N � ��

7KHUHIRUH� VLQFH N$[N � �� LW IROORZV WKDW %\ \ ] � ]� 2XWFRPH� 5HFDOOLQJ WKDW I\ \ J
ZDV WDNHQ WR EH DQ DUELWUDU\ ERXQGHG VHTXHQFH� WKHQ ZH FDQ FRQFOXGH WKDW IRU HYHU\
ERXQGHG VHTXHQFH I\ \ J RI YHFWRUV \ \ LQ . WKHUH H[LVWV D VXEVHTXHQFH I\ \I] J RI LW
VXFK WKDW I%\ \I] J FRQYHUJHV LQ . � 7KLV PHDQV WKDW % LV FRPSDFW� 6\PPHWULFDOO\� LI
$n% LV QRQ]HUR DQG FRPSDFW� WKHQ $ LV FRPSDFW�

7KHRUHPV � DQG � WRJHWKHU \LHOG D FRPSOHWH FKDUDFWHUL]DWLRQ RI FRPSDFWQHVV
SUHVHUYDWLRQ IRU WHQVRU SURGXFWV�
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&RUROODU\ �� $ WHQVRU SURGXFW $n% � %>+n . @ LV QRQ]HUR DQG FRPSDFW LI DQG

RQO\ LI $ � %>+@ DQG % � %>. @ DUH ERWK QRQ]HUR DQG FRPSDFW�

5HI HU HQF HV
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