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/HW + GHQRWH D FRPSOH[ LQpQLWH GLPHQVLRQDO +LOEHUW VSDFH DQG OHW %�+� GHQRWH WKH DO�
JHEUD RI RSHUDWRUV �HTXLYDOHQWO\� ERXQGHG OLQHDU WUDQVIRUPDWLRQV� RQ + LQWR LWVHOI� $Q
RSHUDWRU $ � %�+�� ZLWK SRODU GHFRPSRVLWLRQ $  8 M$M� LV K\SRQRUPDO LI M$eM� x M$M��
S�K\SRQRUPDO IRU VRPH � � S x � LI M$eM�S x M$M�S� Z�K\SRQRUPDO �RU� ZHDNO\ K\SRQRUPDO�
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� � FODVV $ �RU� VHPL�TXDVLK\SRQRUPDO� LI

M$M� x M$�M DQG SDUDQRUPDO LI MM$[MM� x MM$�[MM IRU DOO XQLW YHFWRUV [ � +� 7KH IROORZLQJ
LQFOXVLRQ LV ZHOO NQRZQ�

+\SRQRUPDO ~ S�K\SRQRUPDO ~ Z�K\SRQRUPDO ~ FODVV $ ~ SDUDQRUPDO�

0LKDL 3XWLQDU >��@ SURYHG WKDW K\SRQRUPDO RSHUDWRUV VDWLVI\ �%LVKRS
V� SURSHUW\ �p�� DQG
WKLV UHVXOW KDV VLQFH EHHQ H[WHQGHG WR Z�K\SRQRUPDO RSHUDWRUV �VHH� IRU H[DPSOH� >�@�� 3DUD�
QRUPDO RSHUDWRUV GR QRW VDWLVI\ SURSHUW\ �p� >��@� DQG WKLV QDWXUDOO\ OHDGV WR WKH TXHVWLRQ�
'R FODVV $ RSHUDWRUV VDWLVI\ SURSHUW\ �p�" >�� 7KHRUHP ���@ FODLPV SURSHUW\ �p� IRU FODVV
$ RSHUDWRUV� EXW WKH DXWKRUV KDYH UHFHQWO\ ZLWKGUDZQ WKHLU FODLP� ,Q WKLV SDSHU ZH SURYH
WKDW FODVV $ RSHUDWRUV VDWLVI\ SURSHUW\ �p� �HYHQ SURSHUW\ �p�s XQGHU FHUWDLQ FRQGLWLRQV��

,I $�% � %�+� DUH QRUPDO RSHUDWRUV� WKHQ WKH FODVVLFDO 3XWQDP^)XJOHGH WKHRUHP
VD\V WKDW rb�

$�%��� v rb�
$ � �% � ��� >��@� ZKHUH r$�% � %�%�+�� LV WKH JHQHUDOL]HG GHULYDWLRQ

r$�%�;�  $; b ;%� $Q DV\PPHWULF YHUVLRQ RI WKLV FODVVLFDO UHVXOW KROGV IRU FODVVHV
RI +LOEHUW VSDFH RSHUDWRUV PRUH JHQHUDO WKDQ WKH FODVV RI QRUPDO RSHUDWRUV� 7KXV� LI
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$�%e � %�+� DUH K\SRQRUPDO RSHUDWRUV� WKHQ rb�
$�%��� v rb�

$ � �% � ��� >��� �@� /HH DQG -HRQ

>��@ DVN WKH TXHVWLRQ� 'RHV rb�
$�%��� v rb�

$ � �% � ��� KROG IRU RSHUDWRUV $�%
e � $" :H DQVZHU

WKLV TXHVWLRQ LQ WKH DrUPDWLYH WR VKRZ WKDW LI $�%e DUH FODVV $�V� W�� � � V� W x �� RSHUDWRUV
VXFK WKDW � LV D QRUPDO HLJHQHYDOXH RI ERWK $ DQG %e� WKHQ rb�

$�%��� v rb�
$ � �% � ���� �$�V� W�

RSHUDWRUV DUH GHpQHG LQ WKH IROORZLQJ VHFWLRQ� ZH QRWH WKDW FODVV $ FRLQFLGHV ZLWK $��� ����

)LQDOO\� ZH FRQVLGHU ZHDNO\ VXSHUF\FOLF RSHUDWRUV LQ %�+�� $QVZHULQJ D TXHVWLRQ RI
6DQGHUV >��� 4XHVWLRQ ���@� %D\DUW DQG 0DWKHURQ SURYHG LQ >�� 7KHRUHP ���@ WKDW D ZHDNO\
VXSHUF\FOLF K\SRQRUPDO RSHUDWRU LV QHFHVVDULO\ D VFDODU PXOWLSOH RI D XQLWDU\ RSHUDWRU�
7KH DUJXPHQW XVHG E\ %D\DUW DQG 0DWKHURQ GHSHQGV LQ DQ HVVHQWLDO ZD\ RQ WKH %HUJHU�
6KDZ WKHRUHP� D UHVXOW �DW OHDVW FXUUHQWO\� QRW DYDLODEOH IRU FODVVHV RI RSHUDWRUV VXFK DV
Z�K\SRQRUPDO RSHUDWRUV� 8VLQJ DQ DOWHUQDWLYH DUJXPHQW� ZH SURYH WKDW D ZHDNO\ VXSHUF\FOLF
FODVV $�V� W� RSHUDWRU LV D VFDODU PXOWLSOH RI D XQLWDU\ RSHUDWRU�

�� 5HVXOWV

*LYHQ DQ $ � %�+�� ZH VD\ WKDW WKH RSHUDWRU $ LV D FODVV $�V� W� �� � V� W� RSHUDWRU LI
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�L�H�� $ � $��� �� LI DQG RQO\ LI $ LV VHPL�TXDVLK\SRQRUPDO >��@ RU FODVV $ >��@�� ,W LV NQRZQ�
>��� 7KHRUHP �@� WKDW $ � $�V� W� LPSOLHV $ � $�o� p� IRU HYHU\ � � V x o DQG � � W x p�
DQG LI � � V� W x � WKHQ $ � $�V� W� LPSOLHV $Q � $� V

Q
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Q
� IRU HYHU\ Q � 1� &RQVHTXHQWO\�

IRU DQ RSHUDWRU $ � $�V� W�� LI � � V� W x �
� WKHQ $ LV Z�K\SRQRUPDO� DQG LI �

� � V� W x � WKHQ
$ LV D FODVV $ RSHUDWRU DQG $� LV D Z�K\SRQRUPDO RSHUDWRU� &RQFOXVLRQ� ,I $ � $�V� W��
� � V� W x �� WKHQ �HLWKHU $ RU� $� LV Z�K\SRQRUPDO�

��� 3 U RSHU WLHV � p � DQG � p � s IRU $� V� W � RSHU DWRU V

)RU D %DQDFK VSDFH ; DQG RSHQ VXEVHW 8 RI &� OHW (� 8 � ; � �UHVS�� 2� 8 � ; �� GHQRWH WKH
)UwHFKHW VSDFH RI DOO LQpQLWHO\ GLoHUHQWLDEOH ; �YDOXHG IXQFWLRQV RQ 8 HQGRZHG ZLWK WKH
WRSRORJ\ RI XQLIRUP FRQYHUJHQFH RI DOO GHULYDWLYHV RQ FRPSDFW VXEVHWV RI 8 �UHVS�� RI DOO
DQDO\WLF ; �YDOXHG IXQFWLRQV RQ 8 HQGRZHG ZLWK WKH WRSRORJ\ RI XQLIRUP FRQYHUJHQFH RQ
FRPSDFW VXEVHWV RI 8 �� :H VD\ WKDW $ � %� ; � VDWLVpHV� �%LVKRS
V� SURSHUW\ �p� DW y � & LI
WKHUH H[LVWV D QHLJKELRXUKRRG 1 RI y VXFK WKDW� IRU HDFK RSHQ VXEVHW 8 RI 1 DQG VHTXHQFH
IIQJ RI ; �YDOXHG IXQFWLRQV LQ 2� 8 � ; ��

�7 b ]�IQ�]� b� � LQ 2�8 � ; �  � IQ�]� b� � LQ 2� 8 � ; ��

�(VFKPHLHU^3XWLQDU^%LVKRS
V� SURSHUW\ �p�s DW y � & LI WKHUH H[LVWV DQ U ! � VXFK WKDW� IRU
HYHU\ RSHQ VXEVHW 8 RI WKH RSHQ GLVF '�y� U� RI UDGLXV U FHQWHUHG DW y DQG VHTXHQFH IIQJ
RI ; �YDOXHG IXQFWLRQV LQ (�8 � ; ��

�7 b ]�IQ�]� b� � LQ (�8 � ; �  � IQ�]� b� � LQ (�8 � ; ��

5HFDOO WKDW DQ RSHUDWRU $ � %� ; � KDV WKH VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\ DW D SRLQW
y� � &� 69(3 DW y�� LI IRU HYHU\ RSHQ GLVF ' FHQWHUHG DW y� WKH RQO\ DQDO\WLF IXQFWLRQ
I � ' b� ; VDWLVI\LQJ �$b y�I�y�  � LV WKH IXQFWLRQ I u �� $ KDV 69(3 LI LW KDV 69(3
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DW HYHU\ y � &� (YLGHQWO\� SURSHUW\ �p�s LPSOLHV SURSHUW\ �p�� DQG RSHUDWRUV VDWLVI\LQJ
SURSHUW\ �p�s DUH VXEVFDODU >��@� ,W LV ZHOO NQRZQ WKDW SURSHUW\ �p� LPSOLHV �'XQIRUG
V
FRQGLWLRQ �&� � ZKLFK LQ WXUQ LPSOLHV� 69(3 >��� SS� ��^��@�

7KHRUHP ��� ,I $ � $�V� W�� � � V� W x �� WKHQ�

�L� $ VDWLVpHV SURSHUW\ �p��

�LL� $ VDWLVpHV SURSHUW\ �p�s ZKHQHYHU � � V� W x � ��

�LLL� ,I �
� � V� W x � DQG ��$� LV FRQWDLQHG LQ DQ DQJOH / � }� WKHQ �DJDLQ� $ VDWLVpHV

SURSHUW\ �p�s

3URRI� �L� $V REVHUYHG DERYH� $ � $�V� W�� � � V� W x �� LPSOLHV $� LV Z�K\SRQRUPDO�
5HFDOO IURP >�� 3URSRVLWLRQ ���@ WKDW Z�K\SRQRUPDO RSHUDWRUV VDWLVI\ SURSHUW\ �p�� KHQFH
$� VDWLVpHV SURSHUW\ �p�� 5HFDOO QRZ IURP >��� 7KHRUHP �����@ WKDW LI 7 LV D %DQDFK VSDFH
RSHUDWRU VXFK WKDW I�7 � VDWLVpHV SURSHUW\ �p� IRU D IXQFWLRQ I DQDO\WLF RQ� DQG QRQ�FRQVWDQW
RQ DOO FRQQHFWHG FRPSRQHQWV RI� D QHLJKERXUKRRG RI ��7 �� WKHQ 7 VDWLVpHV SURSHUW\ �p��
+HQFH $ VDWLVpHV SURSHUW\ �p��

�LL� DQG �LLL� ,I � � V� W x � �� WKHQ $ LV Z�K\SRSQRUPDO DQG VR VDWLVpHV SURSHUW\ �p�s
>�� 3URSRVLWLRQ ���@� ,I� LQVWHDG� �

� � V� W x �� WKHQ $� VDWLVpHV SURSHUW\ �p�s� 5HFDOO
IURP >�� 7KHRUHP ���@ WKDW LI 7 LV D %DQDFK VSDFH RSHUDWRU DQG I LV EL�KRORPRUSKLF RQ D
QHLJKERXUKRRG RI ��7 �� WKHQ 7 VDWLVpHV SURSHUW\ �p�s LI DQG RQO\ LI I�7 � VDWLVpHV SURSHUW\
�p�s� +HQFH $ VDWLVpHV SURSHUW\ �p�s �LQ WKLV FDVH DOVR��

5HPDUN ��� �L� :H WKDQN D UHIHUHH IRU SRLQWLQJ RXW UHIHUHQFH >��@� ZKHUH LW LV SURYHG�
XVLQJ D WRWDOO\ GLoHUHQW DUJXPHQW� WKDW FODVV $ RSHUDWRUV DUH VXEVFDODU RI RUGHU ���

�LL� $ %DQDFK VSDFH RSHUDWRU $ VDWLVpHV SURSHUW\ �p�s LI DQG RQO\ LI LW LV VXEVFDODU >��@�
KHQFH RSHUDWRUV $ � $�V� W� VDWLVI\LQJ HLWKHU RI WKH FRQGLWLRQV LQ 7KHRUHP ��� �LL� DQG �LLL�
DUH VXEVFDODU DQG VR VDWLVI\ WKH FRQGLWLRQ WKDW WKHLU TXDVLQLOSRWHQW SDUW +��$b y�  I[ �

+ � OLPQ� � MM�$b y�Q[MM
�
�  �J LV QLOSRWHQW IRU DOO FRPSOH[ y �VHH >�� S� ���@ DQG >��@�� ,W

LV ZHOO NQRZQ >�@ WKDW SDUDQRUPDO RSHUDWRUV DUH VLPSO\ SRODURLG �L�H�� WKH LVRODWHG SRLQWV RI
WKH VSHFWUXP RI D SDUDQRUPDO RSHUDWRU DUH UDQN RQH SROHV RI WKH UHVROYHQW RI WKH RSHUDWRU��
KHQFH $�V� W�� � � V� W x �� RSHUDWRUV DUH VLPSO\ SRODURLG� 7KLV� FRXSOHG ZLWK WKH IDFW WKDW
FODVV $�V� W� �� � V� W x �� RSHUDWRUV KDYH 69(3� LPSOLHV WKDW WKH RSHUDWRUV LQ WKLV FODVV
VDWLVI\ :H\O
V WKHRUHP �LQGHHG� JHQHUDOL]HG :H\O
V WKHRUHP�� �:H VKDOO VD\ QR PRUH DERXW
:H\O
V RU JHQHUDOL]HG :H\O
V WKHRUHP� DQG UHIHU WKH UHDGHU WR >�@ IRU PRUH LQIRUPDWLRQ��

�LLL� 7KH IDFW WKDW $�V� W� RSHUDWRUV� � � V� W x �� VDWLVI\ SURSHUW\ �p� KDV D QXPEHU RI
RWKHU LQWHUHVWLQJ FRQVHTXHQFHV� 7KXV� LI $�% � $�V� W� �� � V� W x �� VDWLVI\ $;  ;%
DQG %<  < $ IRU VRPH RSHUDWRUV ;�< � %�+� ZLWK GHQVH UDQJH� WKHQ $ DQG % KDYH
WKH VDPH VSHFWUXP� WKH VDPH �)UHGKROP� HVVHQWLDO VSHFWUXP� DQG WKH VDPH �)UHGKROP�
LQGH[ DW HYHU\ SRLQW RI WKHLU )UHGKROP GRPDLQ >��� 7KHRUHP ������@� LI 1 � %�+� LV DQ
DOJHEUDLF RSHUDWRU �L�H�� WKHUH H[LVWV D QRQ�WULYLDO SRO\QRPLDO S�]� VXFK WKDW S�1�  ��
ZKLFK FRPPXWHV ZLWK $� LQ SDUWLFXODU LI 1 LV D QLOSRWHQW ZKLFK FRPPXWHV ZLWK $� WKHQ
$�1 VDWLVpHV SURSHUW\ �p� �UHVS�� �p�s LI $ VDWLVpHV �p�s� >�� 7KHRUHP ���@� $JDLQ� LI ��$�
LV WKLFN� WKHQ $ KDV D QRQ�WULYLDO LQYDULDQW VXEVSDFH >��� 7KHRUHP ������@� +HUH D FRPSDFW
VXEVHW ) v & LV WKLFN LI WKHUH H[LVWV D QRQ�HPSW\� ERXQGHG DQG RSHQ VHW ( v & LQ ZKLFK )
LV GRPLQDWLQJ� ) LV GRPLQDWLQJ LQ ( LI MMI MM �  VXSII�yM � y � ) ? (J IRU DOO I � 3 � �(��
ZKHUH 3 � �8� ~ + � �8� LV WKH ZHDN VWDU FORVXUH RI FRPSOH[ SRO\QRPLDOV RQ 8 >��� S� ���@�
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��� $ &RPPXWDWLYLW\ WKHRU HP IRU $� V� W � RSHU DWRU V

7KH FODVVLFDO 3XWQDP^)XJOHGH FRPPXWDWLYLW\ WKHRUHP >��@ VD\V WKDW LI $�% � %�+� DUH
QRUPDO RSHUDWRUV� WKHQ $;  ;% LPSOLHV $e;  ;%e IRU HYHU\ ; � %�+�� $Q DV\P�
PHWULF YHUVLRQ RI WKLV WKHRUHP KROGV IRU FODVVHV RI +LOEHUW VSDFH RSHUDWRUV PRUH JHQHUDO
WKDQ WKH FODVV RI QRUPDO RSHUDWRUV �VHH� IRU H[DPSOH� >�@�� ,Q WKHLU FRQVLGHUDWLRQ RI DQ
DV\PPHWULF 3XWQDP^)XJOHGH FRPPXWDWLYLW\ WKHRUHP IRU TXDVL�FODVV $ RSHUDWRUV �L�H�� RS�
HUDWRU $ � $��� �� VXFK WKDW $eM$M�$ x $eM$�M$�� /HH DQG -HRQ >��@ DVN WKH TXHVWLRQ
RI ZKHWKHU $;  ;% LPSOLHV $e;  ;%e IRU RSHUDWRU $�%e � $� :H DQVZHU WKLV
TXHVWLRQ KHUH� 2EVHUYH WKDW LI r$�%�;�  �  � r$ � �% � �;�  � IRU DOO ; � %�+�� WKHQ
�DOVR� r$�%�$;�  �  � r$ � �% � �$;�  �� KHQFH �$e$ b $$e�;  ;�%e% b %%e�  
$;;e b;;e$  ;e;% b%;e;  �� :H KDYH�

/HPPD ��� >��@ /HW $�% � %�+�� ,I ; � rb�
$�%��� v rb�

$ � �% � ���� WKHQ UDQ�;� UHGXFHV $�

NHU�;�" UHGXFHV %� DQG $MUDQ�;�
DQG %MNHU�;�

	 DUH XQLWDULO\ HTXLYDOHQW QRUPDO RSHUDWRUV�

,I $;  ;$e LPSOLHV $e;  ;$ IRU DQ RSHUDWRU $ � %�+�� WKHQ QHFHVVDULO\
$b���� v $eb����� +HQFH WKH 3XWQDP^)XJOHGH WKHRUHP IDLOV IRU RSHUDWRUV $�%e � $�V� W��
� � V� W x �� VXFK WKDW � LV QRW D QRUPDO HLJHQYDOXH �L�H�� VXFK WKDW WKH HLJHQVSDFH
FRUUHVSRQGLQJ WR WKH HLJHQYDOXH LV QRW UHGXFLQJ�� +RZHYHU� LI $b���� v $eb���� DQG
%eb���� v %b����� WKHQ WKH SUHVHQFH RI � LV LQ WKH SRLQW VSHFWUXP RI HLWKHU RI $ �UHVS��
%e� LPSOLHV WKDW $  �j $� �UHVS�� %

e  �j%e
�� IRU VRPH LQMHFWLYH $��� �� RSHUDWRUV $�

�UHVS�� %e
��� +HQFH� LI � LV LQ WKH SRLQW VSHFWUXP RI ERWK $ DQG %e� DQG LI ; � rb�

$�%���

KDV WKH �FRUUHVSRQGLQJ� PDWUL[ UHSUHVHQWDWLRQ ;  ><LM @
�
L�M  �� WKHQ r$ � �% � �<���  �� DQG

LW LV VHHQ WKDW r$�%�;�  � LPSOLHV r$ � �% � �;�  � LI DQG RQO\ LI r$ � �% � �<���  � LPSOLHV
r$ � � �% �� �<���  �� 6LQFH D VLPLODU VWDWHPHQW KROGV IRU ZKHQ RQO\ RQH �RU� QRQH� RI $ DQG
%e KDV � LQ LWV SRLQW VSHFWUXP� ZH PD\ DV ZHOO DVVXPH WKDW $�%e DUH LQMHFWLYH $��� ��
RSHUDWRUV �DQG SURYH r$�%�;�  �  � r$ � �% � �;�  ���

/HW� DV DERYH� a$ GHQRWH WKH �pUVW� $OXWKJH WUDQVIRUP RI $ � %�+�� DQG OHW aa$ GHQRWH
WKH VHFRQG $OXWKJH WUDQVIRUP RI $� �7KXV� LI a$ KDV WKH SRODU GHFRPSRVLWLRQ a$  9 M a$M�

WKHQ aa$  M a$M
�
� 9 M a$M

�
� �� ,I DQ $ � %�+� LV Z�K\SRQRUPDO� WKHQ LWV VHFRQG $OXWKJH WUDQVIRUP

aa$ LV K\SRQRUPDO� LI $b���� v $eb���� WKHQ �$b y�b���� v �$e b y�b���� IRU DOO FRPSOH[

y LQ WKH SRLQW VSHFWUXP RI $� DQG LI aa$ LV QRUPDO WKHQ $  a$  aa$ >�@� 7KH SURRI RI WKH
IROORZLQJ �NQRZQ� OHPPD LV LQFOXGHG IRU FRPSOHWHQHVV�

/HPPD ��� ,I $�%e � %�+� DUH Z�K\SRQRUPDO RSHUDWRUV VXFK WKDW $b���� v $eb����
DQG %eb���� v %b����� WKHQ rb�

$�%��� v rb�
$ � �% � ����

3URRI� $V VHHQ DERYH� ZH PD\ DVVXPH $ DQG %e WR EH LQMHFWLYH DQG SURYH ; � rb�
$�%���  �

; � rb�
$ � �% � ���� (YLGHQWO\� UDQ�;� LV LQYDULDQW IRU $ DQG NHU�;�" LV LQYDULDQW IRU %e� OHW

$�  $M
UDQ �;�

� %e
�  %eMNHU�;�

	 � DQG GHpQH ;� � NHU�;�
" � UDQ�;� E\ VHWWLQJ ;�[  ;[

IRU HDFK [ � NHU�;�"� 7KHQ $� DQG %
e
� DUH Z�K\SRQRUPDO� DQG;� LV D TXDVLDrQW\� /HW &  

aa$�� '
e  aa%e

� DQG <  M a$�M
�
� M$�M

�
� ;�M%e

� M
�
� M a%e

� M
�
� � WKHQ r$�%�;�  � LPSOLHV r&�'�< �  ��

ZKHUH &�'e DUH K\SRQRUPDO RSHUDWRUV LQ%�+�� $SSO\LQJ WKH DV\PPHWULF 3XWQDP^)XJOHGH
WKHRUHP IRU K\SRQRUPDO RSHUDWRUV >�� ��@ ZH KDYH r& � �' � �< �  �� DQG KHQFH �E\ /HPPD ����
&  $� DQG '  %� DUH �XQLWDULO\� HTXLYDOHQW QRUPDO RSHUDWRUV� %XW WKHQ &< b < '  �

LPSOLHV M a$�M
�
� M$�M
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� �$e
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e
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e
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�
� M a%e

� M
�
�  M$�M�$

e
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e
��M%

e
� M  �� 6LQFH $�� %

e
�

DUH LQMHFWLYH� $e
�;� b ;�%

e
�  �� &RQFOXVLRQ� $; b ;%  � LPSOLHV UDQ�;� UHGXFHV $�
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NHU�;�" UHGXFHV %� DQG $M
UDQ �;�

DQG %MNHU�;�
	 DUH XQLWDULO\ HTXLYDOHQW QRUPDO RSHUDWRUV

�FRQVHTXHQWO\� $ DQG %e FDQ QRW EH SXUH RU FRPSOHWHO\ QRQ�QRUPDO�� 1RZ GHFRPSRVH $�%e

LQWR WKHLU QRUPDO DQG SXUH SDUWV E\ $  $Q j $S �ZLWK UHVSHFW WR VRPH GHFRPSRVLWLRQ
+  +Q j+S� DQG %e  %e

Q j %e
S �ZLWK UHVSHFW WR +  +� j+��� /HW ; � +� j+� �

+Q j +S KDYH WKH PDWUL[ UHSUHVHQWDWLRQ ;  >;LM @
�
L�M  �� 7KHQ $L;LM  ;LM%M LPSOLHV

$e
L;LM  ;LM%

e
M � ZKHUH $L  $Q LI L  �� $L  $S LI L  �� %M  %Q LI M  �� %M  %S LI

M  � DQG � x L� M x �� 6LQFH $S DQG %S DUH SXUH� LW IROORZV IURP RXU FRQFOXVLRQ DERYH WKDW
;LM  � IRU DOO � x L� M x � H[FHSW IRU L  M  �� %XW WKHQ $e;  ;%e�

2XU SURPLVHG WKHRUHP IROORZV�

7KHRUHP ��� ,I $ � $�V�� W�� DQG %e � $�V�� W��� � � V�� V�� W�� W� x �� DUH VXFK WKDW
$b���� v $eb���� DQG %eb���� v %b����� WKHQ rb�

$�%��� v Gb�
$ � �% � ����

3URRI� :LWKRXW ORVV RI JHQHUDOLW\� ZH PD\ DVVXPH WKDW ERWK $�%e DUH $��� �� DQG $�� %e�

DUH Z�K\SRQRUPDO� ,I r$�%�;�  � IRU VRPH ; � %�+� DQG LQMHFWLYH $�%e � $��� ��� WKHQ
r$

�
�%

� �;�  �� ZKHUH $� DQG %e� DUH LQMHFWLYH Z�K\SRQRUPDO RSHUDWRUV� $SSO\ /HPPD

��� WR FRQFOXGH WKDW r$ �
�
�% �

� �;�  �� +HQFH �VHH /HPPD ���� UDQ�;� UHGXFHV $�� NHU�;�"

UHGXFHV %�� DQG $�MUDQ�;�
DQG %�MNHU�;�

	 DUH XQLWDULO\ HTXLYDOHQW QRUPDO RSHUDWRUV /HW

$�  $MUDQ�;�
DQG %e

�  %eMNHU�;�
	 � 2EVHUYH WKDW LI 0 LV DQ LQYDULDQW FORVHG VXEVSDFH RI

$ � $��� �� DQG 3 LV WKH RUWKRJRQDO SURMHFWLRQ RQWR 0 � WKHQ

M$M0 M�  3 M$M�3 x 3 M$�M3  3 �$e�$��
�
� x �3$e�$�3 �

�
�
 �3$e�33$�3 �

�
�
 M$M�0 M�

+HQFH $� DQG %e
� DUH $��� �� RSHUDWRUV� 7KH QRUPDOLW\ RI $

�
� LPSOLHV �E\ >��� 7KHRUHP �@�

WKH H[LVWHQFH RI QRUPDO RSHUDWRUV (�) DQG D SRVLWLYH LQMHFWLYH RSHUDWRU * ZKLFK FRPPXWHV
ZLWK ) VXFK WKDW

$�  ( j

v

) *
� b)

w

 ( j+�

:H SURYH WKDW WKH XSSHU WULDQJXODU EORFN PDWUL[ RSHUDWRU + LQ WKLV H[SUHVVLRQ LV WKH WULYLDO
RSHUDWRU� 6XSSRVH WKXV WKDW + LV QRQ�WULYLDO� 7KH RSHUDWRU + EHLQJ DQ $��� �� RSHUDWRU�
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M) M� �
� M) M�
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� b) e*
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w

�� *  ��

6LQFH * LV LQMHFWLYH� WKLV FRQWUDGLFWLRQ LPSOLHV WKDW + DFWV RQ WKH WULYLDO VSDFH� +HQFH
$� LV QRUPDO� 6LPLODUO\� %� LV QRUPDO� $SSO\LQJ WKH FODVVLFDO 3XWQDP^)XJOHGH WKHRUHP
IRU QRUPDO RSHUDWRUV LW IROORZV WKDW r$ � � �% �� �;��  �� 6LQFH WKH QRQ�]HUR HLJHQYDOXHV RI DQ
$��� �� RSHUDWRU DUH QRUPDO �L�H�� WKH FRUUHVSRQGLQJ HLJHQVSDFHV DUH UHGXFLQJ� >�� /HPPD
���@� WKLV LPSOLHV WKDW LI (= b )=  � LPSOLHV (e= b =) e  � IRU VRPH (�) � $��� ���
WKHQ QHLWKHU RI ( DQG ) e FDQ EH SXUH� 'HFRPSRVLQJ $�%e � $��� �� LQWR WKHLU QRUPDO DQG
SXUH SDUWV DQG DUJXLQJ DV LQ WKH SURRI RI /HPPD ��� LW LV QRZ VHHQ WKDW r$ � �% � �;�  ��

,W LV ZHOO NQRZQ �LQGHHG� HDVLO\ SURYHG� WKDW K\SRQRUPDO� S�K\SRQRUPDO �� � S x �� DQG
TXDVLK\SRQRUPDO RSHUDWRUV DUH $�V� W� RSHUDWRUV� KHQFH HLWKHU RI WKH K\SRWKHVHV WKDW $ DQG
%e DUH $�V� W�� � � V� W x �� RSHUDWRUV LQ 7KHRUHP ��� PD\ EH UHSODFHG E\ WKH K\SRWKHVLV
WKDW WKH RSHUDWRU LV K\SRQRUPDO RU S�K\SRQRUPDO RU TXDVLK\SRQRUPDO� $Q LQWHUHVWLQJ FDVH
RI 7KHRUHP ��� LV REWDLQHG LQ WKH FDVH LQ ZKLFK %e  9 LV DQ LVRPHWU\� 5HFDOO IURP >��@
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WKDW DQ RSHUDWRU $ � %�+� VDWLVpHV SURSHUW\ 3)�r� �UHVS�� SURSHUW\ 3)���� LI IRU HYHU\
LVRPHWU\ 9 � %�+� IRU ZKLFK WKH HTXDWLRQ r$�9 � �;�  $;b;9 e  � �UHVS�� WKH HTXDWLRQ
�$�9 � �;�  $;9 e b ;  �� KDV D QRQ�WULYLDO VROXWLRQ ; � %�+�� WKH VROXWLRQ ; DOVR
VDWLVpHV r$ � �9 �;�  � �UHVS�� �$ � �9 �;�  ��� ,W LV NQRZQ WKDW $ � %�+� VDWLVpHV SURSHUW\
3)�r� LI DQG RQO\ LI LW VDWLVpHV SURSHUW\ 3)��� >��@� (YLGHQWO\� $�V� W� �� � V� W x ��
RSHUDWRUV VDWLVI\ SURSHUW\ 3)�r�� 5HFDOO� KRZHYHU� WKDW SDUDQRUPDO RSHUDWRUV IDLO WR VDWLVI\
SURSHUW\ 3)�r� >��� ��@�

��� :HDN VXSHU F\FOLFLW\

$ %DQDFK VSDFH RSHUDWRU $ � %� ; � LV Q�VXSHUF\FOLF IRU VRPH Q � 1 LI ; KDV DQ Q�
GLPHQVLRQDO VXEVSDFH 0 ZLWK GHQVH RUELW 2UE0 �$�  

6

P � 1$
P 0� D ��VXSHUF\FOLF RS�

HUDWRU LV VXSHUF\FOLF� DQG ZH VD\ WKDW $ LV ZHDNO\ VXSHUF\FOLF LI WKHUH H[LVWV D YHFWRU
[ � ; � ZLWK 0 WKH FRUUHVSRQGLQJ RQH GLPHQVLRQDO VXEVSDFH JHQHUDWHG E\ [� VXFK WKDW
2UE0 �$�  &�2UE[�$� LV ZHDNO\ GHQVH �HTXLYDOHQWO\� LI WKH VFDOHG RUELW RI [ LV GHQVH LQ WKH
ZHDN WRSRORJ\� LQ ; � 5HFDOO IURP >�@ WKDW SDUDQRUPDO� KHQFH DOVR $�V� W� �� � V� W x ���
RSHUDWRUV DUH QRW VXSHUF\FOLF� 5HFDOO DOVR IURP %D\DUW DQG 0DWKHURQ >�� 7KHRUHP ���@ WKDW
D ZHDNO\ VXSHUF\FOLF K\SRQRUPDO RSHUDWRU LV QHFHVVDULO\ D VFDODU PXOWLSOH RI D XQLWDU\ RSHU�
DWRU� 7KH DUJXPHQW XVHG E\ %D\DUW DQG 0DWKHURQ WR SURYH WKLV UHVXOW GHSHQGV LQ HVVHQWLDO
ZD\ RQ WKH %HUJHU^6KDZ WKHRUHP �UHODWLQJ WKH WUDFH RI WKH FRPPXWDWRU RI D K\SRQRUPDO
RSHUDWRU WR WKH /HEHVJXH DUHD RI LWV VSHFWUXP�� 8VLQJ DQ DOWHUQDWLYH DUJXPHQW� LQYROYLQJ
SURSHUW\ �p�� ZH SURYH LQ WKH IROORZLQJ WKDW D VLPLODU UHVXOW KROGV IRU ZHDNO\ VXSHUF\FOLF
$�V� W� RSHUDWRUV� :H VWDUW E\ UHFDOOLQJ VRPH FRPSOHPHQWDU\ UHVXOWV DQG WHUPLQRORJ\�

$Q RSHUDWRU $ LV QRUPDORLG LI U�$�  MM$MM� ZKHUH U�$�  OLPQ � � MM$QMM
�
� LV WKH VSHFWUDO

UDGLXV RI $� ,W LV ZHOO NQRZQ WKDW SDUDQRUPDO� LQ SDUWLFXODU $�V� W� �� � V� W x �� RSHUD�
WRUV� RSHUDWRUV DUH QRUPDORLG >��� 3URSRVLWLRQ ����@� )XUWKHUPRUH� WKH LQYHUVH �ZKHQHYHU LW
H[LVWV� RI D SDUDQRUPDO RSHUDWRU LV SDUDQRUPDO �KHQFH� QRUPDORLG��

:HDN VXSHUF\FOLFLW\ LPSOLHV WKH H[LVWHQFH RI D ZHDNO\ F\FOLF YHFWRU �LQGHHG� D YHFWRU
[ � ; LV D ��ZHDNO\ VXSHUF\FOLF YHFWRU IRU $ � %�; � LI DQG RQO\ LI [ LV D F\FOLF YHFWRU
IRU $�� DQG VLQFH F\FOLFLW\ LQ WKH ZHDN WRSRORJ\ LV HTXLYDOHQW WR F\FOLFLW\ LQ WKH VWURQJ
WRSRORJ\� HYHU\ ZHDNO\ VXSHUF\FOLF RSHUDWRU KDV D VWURQJO\ F\FOLF YHFWRU� )XUWKHUPRUH� VHH
>��� 3URSRVLWLRQ ���@� WKH VHW RI ZHDNO\ VXSHUF\FOLF YHFWRUV RI DQ RSHUDWRU LV �QRW RQO\ GHQVH
LQ WKH ZHDN RSHUDWRU WRSRORJ\� EXW DOVR� GHQVH LQ WKH VWURQJ RSHUDWRU WRSRORJ\� �7KXV�
ZHDNO\ VXSHUF\FOLF RSHUDWRU KDYH D GHQVH UDQJH�� ,Q YLHZ RI WKLV� DQG WKH IDFW WKDW $�V� W�
�� � V� W x �� RSHUDWRUV VDWLVI\ SURSHUW\ �p�� LW IROORZV IURP WKH DUJXPHQW RI WKH SURRI RI
>��� 3URSRVLWLRQ ������@ WKDW�

/HPPD ��� ,I DQ $ � $�V� W�� � � V� W x �� LV ZHDNO\ VXSHUF\FOLF� WKHQ MyM  � IRU HYHU\
y � ��$��

7KH IROORZLQJ WKHRUHP JHQHUDOL]HV >�� 7KHRUHP ���@� /HW 'U GHQRWH WKH GLVF RI UDGLXV U
FHQWHUHG DW WKH RULJLQ LQ WKH FRPSOH[ SODQH� DQG OHW #'U GHQRWH LWV ERXQGDU\�

7KHRUHP ��� ,I DQ $ � $�V� W�� � � V� W x �� LV ZHDNO\ VXSHUF\FOLF� WKHQ LW LV D VFDODU
PXOWLSOH RI D XQLWDU\ RSHUDWRU�

3URRI� 6LQFH RSHUDWRUV $ � $�V� W� DUH SDUDQRUPDO DQG SDUDQRUPDO RSHUDWRUV DUH QRUPDORLG�
ZH PD\ DVVXPH WKDW $ � $�V� W� LV D ZHDNO\ VXSHUF\FOLF FRQWUDFWLRQ ZKLFK VDWLVpHV SURSHUW\
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�p�� +HQFH� E\ /HPPD ���� ��$� v #'�� &RQVHTXHQWO\� $
b� LV ZHOO GHpQHG DV D ERXQGHG

SDUDQRUPDO RSHUDWRU VXFK WKDW ��$b�� v #'�� %XW WKHQ MM$MM  MM$b�MM  �� KHQFH

MM[MM  MM$b�$[MM x MM$b�MMMM$[MM  MM$[MM x MM[MM

IRU DOO [ � +� ZKLFK LPSOLHV WKDW $ LV DQ LQYHUWLEOH LVRPHWU\� KHQFH D XQLWDU\�

5HFDOO IURP >��� &RUROODU\ ���@ WKDW SDUDQRUPDO RSHUDWRUV GR QRW VDWLVI\ SURSHUW\ �p�� KHQFH
WKH DUJXPHQW DERYH GRHV QRW H[WHQG WR SDUDQRUPDO RSHUDWRUV� 7KH TXHVWLRQ KRZHYHU VWLOO
UHPDLQV� 'RHV WKH ZHDN VXSHUF\FOLFLW\ RI D SDUDQRUPDO RSHUDWRU IRUFH LW WR EH D VFDODU
PXOWLSOH RI D XQLWDU\"

$FNQRZOHGJPHQW

7KH DXWKRUV DUH JUDWHIXO WR D UHIHUHH IRU KLV WKRURXJK UHDGLQJ RI WKH RULJLQDO GUDIW RI WKH
SDSHU� +LV FRPPHQWV KDYH EHHQ LQVWUXPHQWDO LQ DGGLQJ FODULW\ WR VRPH RI WKH SURRIV�

7KH WKLUG QDPHG DXWKRU ZDV VXSSRUWHG E\ WKH 1DWLRQDO 5HVHDUFK )RXQGDWLRQ RI .RUHD�
*UDQW IXQGHG E\ WKH .RUHDQ *RYHUQPHQW �1R� ����5�$�$���������

5HIHU HQFHV

>� @ 3� $ LH QD � ) UHGKROP DQG / RFDO 6SHFWUDO 7 KHRU\� ZLWK $ SSOLFDWLRQV WR 0 X OWLSOLHUV � . OXZ H U� 6SULQ�
J H U� 1 H Z < R UN � � � � � �

>� @ $ � $ OXWKJ H D QG ' � :D QJ � Z�K\SRQRUPDO RSHUDWRUV � ,QWH J UD O (T XD WLR QV 2SH UD WR U 7 KH R U\ ��
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>� @ ) � %D \ D UW D QG (� 0 D WKH UR Q� + \SRQRUPDO RSHUDWRUV � ZHLJKWHG V KLIWV DQG ZHDN IRUPV RI V X SHU�

F\FOLFLW\ � 3UR F � (GLQE� 0 D WK� 6R F � �� �� � � � �� � ^ � � �

>� @ & � %H QKLGD D QG (�+ � =H UR XD OL� / RFDO V SHFWUDO WKHRU\ RI OLQHDU RSHUDWRUV 56 DQG 65� ,QWH J UD O
(T XD WLR QV 2SH UD WR U 7 KH R U\ �� �� � � � �� � ^ � �

>� @ 3�6� %R XUGR Q� 2 UELWV RI K\SRQRUPDO RSHUDWRUV � 0 LF KLJ D Q 0 D WK� -� ���� � � � �� � � � ^ � � � �

>� @ 0 � & KzR D QG 7 � < D PD ] D N L� $ Q RSHUDWRU WUDQV IRUP IURP FODV V $ WR WKH FODV V RI K\SRQRUPDO RSHU�

DWRUV DQG LWV DSSOLFDWLRQ� ,QWH J UD O (T XD WLR QV 2SH UD WR U 7 KH R U\ �� �� � � � �� � � � ^ � � � � �(UUD WXP�
7 R D SSH D U LQ ,QWH J UD O (T XD WLR QV 2SH UD WR U 7 KH R U\ ��

>� @ %�3� ' XJ J D O� 2 Q GRPLQDQW RSHUDWRUV � $ UF KLY H GH U 0 D WK� �� �� � � � �� � � � ^ � � � �

>� @ %�3� ' XJ J D O� ) LQLWH LQWHUWZLQLQJV DQG V X EV FDODULW\� 2SH UD WR UV D QG 0 D WULF H V � �� � � � �� � � � ^ � � � �

>� @ %�3� ' XJ J D O� + HUHGLWDULO\ SRODURLG RSHUDWRUV � 69 ( 3 DQG :H\O
V WKHRUHP� -� 0 D WK� $ QD O� $ SSO�
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>� � @ %�3� ' XJ J D O D QG & �6� . XEUXVO\ � $ 3 X WQDP )̂ X JOHGH FRPPX WDWLYLW\ SURSHUW\ IRU + LOEHUW V SDFH
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>� � @ %�3� ' XJ J D O D QG & �6� . XEUXVO\ � 3 ) SURSHUW\ DQG SURSHUW\ �p� IRU SDUDQRUPDO RSHUDWRUV � 5H QG�
& LUF � 0 D W� 3D OH UPR �� �� � � � �� � � � ^ � � � �

>� � @ -� (VF KPH LH U D QG 0 � 3XWLQD U� %LV KRS
V FRQGLWLRQ �p� DQG ULFK H[ WHQV LRQV RI OLQHDU RSHUDWRUV �
,QGLD QD 8 QLY � 0 D WK� -� �� �� � � � �� � � � ^ � � � �

>� � @ + �*� + H XVH U� ) X QFWLRQDO $ QDO\V LV � :LOH \ � & KLF KH VWH U� � � � � �

>� � @ 0 � ,WR D QG 7 � < D PD ] D N L� 5HODWLRQV EHWZHHQ LQHTX DOLWLHV �%
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 DQG WKHLU DSSOLFDWLRQV � ,QWH J UD O (T XD WLR QV 2SH UD WR U 7 KH R U\ �� �� � � � �� � � � ^

� � � �
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>� � @ . �%� /D XUVH Q D QG 0 �0 � 1 H XPD QQ� ,QWURGX FWLRQ WR / RFDO 6SHFWUDO 7 KHRU\ � & OD UH QGR Q 3UH VV�
2[ IR UG� � � � � �
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