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$EVW U DF W � 7 K LV S DS HU JLY HV D FK DU DFWHU L]DWLRQ RI WK H DV\ P S WRWLF OLP LW $7

DVVRFLDWHG WR D FRQ WU DFWLRQ 7 WK DW LV VLP LODU WR D Q RU P DO RS HU DWRU �7 K HRU HP
��� ( [ WHQ VLRQ V IU RP FRQ WU DFWLRQ V WR S RZ HU E RX Q G HG RS HU DWRU V LQ WHU WZ LQ HG WR D
FRQ WU DFWLRQ Z LWK D &�c FRP S OHWHO\ Q RQ X Q LWDU \ S DU W �Q RW Q HFHVVDU LO\ D Q RU P DORLG
FRQ WU DFWLRQ � DU H FRQ VLG HU HG DV Z HOO �7 K HRU HP ��� ,W LV DOVR JLY HQ D FK DU DFWHU �
L]DWLRQ RI WK H DV\ P S WRWLF OLP LW $7 IRU D K \ S RQ RU P DO FRQ WU DFWLRQ 7� DQ G LW LV
VK RZ Q WK DW LI D K \ S RQ RU P DO FRQ WU DFWLRQ K DV Q R Q RQ WU LY LDO LQ Y DU LDQ W VX E VS DFH�
WK HQ RQ H RI WK H G HIHFW RS HU DWRU V LV Q RW p Q LWH�U DQ N �& RU ROODU \ ���

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKLV SDSHU + DQG . DUH FRPSOH[ �QRQWULYLDO� +LOEHUW VSDFHV DQG
%>+� . @ GHQRWHV WKH %DQDFK VSDFH RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI+ LQWR . �

1RUPV LQ + DQG . DQG WKH LQGXFHG XQLIRUP QRUP LQ %>+� . @ ZLOO DOO EH GHQRWHG E\
GH VDPH V\PERO N c N� ,QQHU SURGXFWV LQ ERWK LQ + DQG . ZLOO DOVR EH GHQRWHG E\ WKH
VDPH V\PERO Kc � cL� %\ DQ RSHUDWRU RQ + ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ
RI + LQWR LWVHOI� 6HW %>+@  %>+�+@� ZKLFK LV WKH &e DOJHEUD RI DOO RSHUDWRUV RQ
+� /HW 1 �7 � v + GHQRWH WKH NHUQHO RI 7 � %>+� . @ �L�H�� 1 �7 �  7b��I�J�  
I[ � + � 7[  �J�� ZKLFK LV D VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� RI +� DQG OHW
5�7 � v . GHQRWH WKH UDQJH RI 7 �L�H�� 5�7 �  7 �+��� ZKLFK D OLQHDU PDQLIROG RI
+� $ WUDQVIRUPDWLRQ 7 � %>+� . @ LV VDLG WR EH pQLWH�UDQN �RU pQLWH�GLPHQVLRQDO� LI
LWV UDQJH 5�7 � LV D pQLWH�GLPHQVLRQDO �WKXV FORVHG� VXEVSDFH RI . �

$ FRQWUDFWLRQ LV D WUDQVIRUPDWLRQ 7 � %>+� . @ VXFK WKDW N7N x � �L�H�� VXFK WKDW
N7[N x N[N IRU HYHU\ [ LQ +�� $ SRZHU ERXQGHG LV DQ RSHUDWRU 7 � %>+@ VXFK
WKDW VXSQy� N7

QN � � �WULYLDOO\� HYHU\ FRQWUDFWLRQ LQ %>+@ LV SRZHU ERXQGHG��
/HW 7 e� %>. �+@ GHQRWH WKH DGMRLQW RI 7 � %>+� . @� $Q RSHUDWRU 7 � %>+@ LV VHOI�
DGMRLQW LI 7 e  7 � $ VHOI�DGMRLQW RSHUDWRU 7 � %>+@ LV QRQQHJDWLYH LI � x K7[�[L
IRU HYHU\ [ LQ + �QRWDWLRQ� 2 x 7 �� /HW , � %>+@ GHQRWH WKH LGHQWLW\ RSHUDWRU LQ
%>+@� 7KH GHIHFW RSHUDWRU RI 7 � %>+� . @ LV WKH VHOI�DGMRLQW '7  , b 7 e7 � %>+@�
VR WKDW 7 � %>+� . @ LV D FRQWUDFWLRQ LI DQG RQO\ LI '7 LV QRQQHJDWLYH �L�H�� LI DQG
RQO\ LI 7 e7 x , _ WKH GHIHFW RSHUDWRU RI D FRQWUDFWLRQ 7 � %>+@ LV VRPHWLPHV

GHpQHG DV �, b 7 e7 �
�

� � %>+@� KRZHYHU WKH FORVXUH RI WKH UDQJHV RI ERWK IRUPV
FRLQFLGH�� /HW r7  GLP5�'7 � DQG r7 �  GLP5�'7

� � VWDQG IRU WKH UDQN RI WKH
GHIHFW RSHUDWRUV� $Q LVRPHWU\ LV D WUDQVIRUPDWLRQ 9 � %>+� . @ VXFK WKDW 9 e9  ,

�L�H�� VXFK WKDW N9 [N  N[N IRU HYHU\ [ LQ +� WKXV LVRPHWULHV DUH FRQWUDFWLRQV ZKRVH
GHIHFW RSHUDWRUV DUH QXOO�� DQG D FRLVRPHWU\ LV D WUDQVIRUPDWLRQ ZKRVH DGMRLQW LV DQ
LVRPHWU\� $ WUDQVIRUPDWLRQ 8 � %>+� . @ LV XQLWDU\ LI LW LV ERWK DQ LVRPHWU\ DQG D
FRLVRPHWU\ �HTXLYDOHQWO\� LI LW LV D VXUMHFWLYH LVRPHWU\� RU VWLOO DQ LQYHUWLEOH LVRPHWU\��

' DW H� $ S U LO ��� ����� U HY LVHG � - X O\ �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� ��$ ��� 6 HFRQ G DU \ ��% ��� ��% ���
. H\ Z RU GV� $ V\ P S WRWLF OLP LWV� VLP LODU LW\ � Q RU P DO RS HU DWRU V� LQ Y DU LDQ W VX E VS DFHV�

�
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$ WUDQVIRUPDWLRQ ;� %>+� . @ LQWHUWZLQHV DQ RSHUDWRU 7 � %>+@ WR DQ RSHUD�
WRU / � %>. @ LI ;7  /; DQG� LQ WKLV FDVH� 7 LV VDLG WR EH LQWHUWZLQHG WR / YLD
;� LI WKHUH H[LVWV DQ ; ZLWK GHQVH UDQJH� WKHQ 7 LV GHQVHO\ LQWHUWZLQHG ZLWK /� LI
WKHUH H[LVWV D TXDVLLQYHUWLEOH ; �L�H�� LI ; LV LQMHFWLYH ZLWK GHQVH UDQJH�� WKHQ 7

LV D TXDVLDrQH WUDQVIRUP RI /� ,I 7 LV D TXDVLDrQH WUDQVIRUP RI / �YLD D TXDVLLQ�
YHUWLEOH ; � %>+� . @� DQG / LV D TXDVLDrQH WUDQVIRUP RI 7 �YLD D TXDVLLQYHUWLEOH
< � %>. �+@�� WKHQ 7 DQG / DUH TXDVLVLPLODU� ,I WKHUH LV DQ LQYHUWLEOH �RU XQLWDU\�
; � %>+� . @ _ WKDW LV� LI ; LV LQMHFWLYH DQG VXUMHFWLYH �RU LI ; LV D XQLWDU\ WUDQVIRU�
PDWLRQ� _ VXFK WKDW ;7  /;� WKHQ 7 DQG / DUH VLPLODU �RU XQLWDULO\ HTXLYDOHQW��

,I D VHTXHQFH I7QJQy� RI WUDQVIRUPDWLRQV 7Q � %>+� . @ FRQYHUJHV WR 7 � %>+� . @
XQLIRUPO\� VWURQJO\� RU ZHDNO\� WKHQ WKLV ZLOO EH GHQRWHG E\ 7Q

Xb� 7� 7Q
Vb� 7� RU

7Q
Zb� 7 �RU E\ 7  X�OLP7Q� 7  V�OLP7Q� RU 7  Z�OLP7Q�� UHVSHFWLYHO\� $Q

RSHUDWRU 7 � %>+@ LV XQLIRUPO\� VWURQJO\� RU ZHDNO\ VWDEOH LI WKH SRZHU VHTXHQFH
I7QJQy� FRQYHUJHV XQLIRUPO\� VWURQJO\� RU ZHDNO\ WR WKH QXOO RSHUDWRU 2� WKDW LV�

7Q Xb� 2� 7Q Vb� 2� RU 7Q Zb� 2� ,I 7 LV VWURQJO\ VWDEOH� WKHQ 7 LV VDLG WR EH
RI FODVV & �c _ LI 7 e LV VWURQJO\ VWDEOH� WKHQ 7 LV VDLG WR EH RI FODVV & c�� DQG LI
ERWK 7 DQG 7 e DUH VWURQJO\ VWDEOH� WKHQ WKH\ DUH RI FODVV & ��� 8QLIRUP VWDELOLW\
LPSOLHV VWURQJ VWDELOLW\� ZKLFK LPSOLHV ZHDN VWDELOLW\� ZKLFK LQ WXUQ LPSOLHV SRZHU
ERXQGHGQHVV� 8QLIRUP VWDELOLW\ LV HTXLYDOHQW WR U�7 � � �� DQG SRZHU ERXQGHGQHVV
LPSOLHV U�7 � x � �ZKHUH U�7 � VWDQGV IRU WKH VSHFWUDO UDGLXV RI 7 ��

,I 7 � %>+@ LV D FRQWUDFWLRQ� WKHQ I7 eQ7QJQy� LV D ERXQGHG PRQRWRQH VHTXHQFH
RI VHOI�DGMRLQW RSHUDWRUV �D QRQLQFUHDVLQJ VHTXHQFH RI QRQQHJDWLYH FRQWUDFWLRQV�
VR WKDW 7 eQ7Q Vb� $7 � WKDW LV� I7

eQ7QJQy� FRQYHUJHV VWURQJO\ WR DQ RSHUDWRU
$7 � %>+@� ZKLFK LV D QRQQHJDWLYH FRQWUDFWLRQ �L�H�� 2 x $7 x ,�� 5HFDOO WKDW 7 LV
RI FODVV & �c LI DQG RQO\ LI $7  2� )RU D ZLGH�UDQJLQJ UHYLHZ RQ WKH SURSHUWLHV RI $7

VHH� H�J�� >��� &KDSWHU �@ DQG >��@� $ FKDUDFWHUL]DWLRQ RI QRQQHJDWLYH FRQWUDFWLRQV
WKDW PD\ EH WKH VWURQJ OLPLW RI I7 eQ7QJQy� ZDV UHFHQWO\ DFKLHYHG LQ >�� 7KHRUHPV
� DQG �@� 6RPHWLPHV $7 LV UHIHUUHG WR DV WKH DV\PSWRWLF OLPLW RI 7� ZKLFK FDQ EH
H[WHQGHG IURP FRQWUDFWLRQV WR SRZHU ERXQGHG RSHUDWRUV E\ PHDQV RI %DQDFK OLPLWV
>��@� >��@� DQG EH\RQG� IRU RSHUDWRUV ZKRVH SRZHU VHTXHQFH VDWLVpHV VRPH UHJXODULW\
FRQGLWLRQ ZHDNHU WKDQ SRZHU ERXQGHGQHVV >��@� >��@� )RU D GLVFXVVLRQ RQ DV\PSWRWLF
OLPLWV RI SRZHU ERXQGHG RSHUDWRUV VHH >��@� >��@�

�� ,QW U RGXF W LRQ

:H WDNH DV D VWDUWLQJ SRLQW WKH ���� FODVVLFDO 6]��1DJ\
V UHVXOW� ZKLFK VD\V WKDW
DQ RSHUDWRU LV VLPLODU WR D XQLWDU\ RSHUDWRU LI DQG RQO\ LI LW LV DQ LQYHUWLEOH SRZHU

ERXQGHG ZLWK D SRZHU ERXQGHG LQYHUVH >��@ �DOVR VHH >��� 6HFWLRQ ,;��@�� 6LQFH D
XQLWDU\ LV SUHFLVHO\ DQ LVRPHWULF �WKXV FRQWUDFWLYH� QRUPDO RSHUDWRU� WKLV QDWXUDOO\
PRWLYDWHV LQYHVWLJDWLQJ JHQHUDOL]DWLRQV �SHUKDSV ZLWK UHVWULFWLRQV� WR �L� SODLQ FRQ�
WUDFWLRQV� �LL� LVRPHWULHV� DQG �LLL� QRUPDO RSHUDWRUV� ([WHQVLRQV WR SODLQ FRQWUDF�
WLRQV _ ZKLFK RSHUDWRUV DUH VLPLODU WR FRQWUDFWLRQV"_ KDV D ORQJ DQG VXFFHVVIXO
VWRU\� 7KLV TXHVWLRQ ZDV SRVHG E\ 6]��1DJ\ KLPVHOI LQ >��@� DQG KDV SDVVHG DORQJ
VRPH VHPLQDO SDSHUV VXFK DV >�@� >��@� >��@� >�@ �DOVR VHH >��@� >��� 6HFWLRQ ,,��@� >���
6HFWLRQ ���@� DQG WKH UHIHUHQFHV WKHUHLQ�� )XUWKHU GLVFXVVLRQV RQ VLPLODULW\ WR FRQ�
WUDFWLRQV FDQ EH IRXQG LQ >��@� >��@� >��@� $V IRU VLPLODULW\ WR LVRPHWU\ VHH >��@ DJDLQ�
DQG IRU TXDVLVLPLODULW\ WR LVRPHWULHV� VHH >��@� >��@� >��@� 4XDVLVLPLODULW\ WR QRUPDO
RSHUDWRUV ZDV LQYHVWLJDWHG LQ >�@ �DOVR VHH >��@��
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2XU IRFXV LQ WKLV SDSHU ZLOO EH RQ VLPLODULW\ WR QRUPDO RSHUDWRUV� $ GLVWLQJXLVKHG
UHIHUHQFH RQ WKLV WRSLF LV >�@� ,WV PDLQ UHVXOW� >�� 7KHRUHP �����@� LV WKH RQH WKDW
ZLOO EH RI LQWHUHVW WR WKH SUHVHQW SDSHU� 7KLV ZLOO EH VWDWHG LQ 7KHRUHP � EHORZ�
%HIRUH VWDWLQJ LW ZH QHHG VRPH IXUWKHU VWDQGDUG QRWLRQV� 7KH UHVROYHQW VHW ~�7 � RI
7 � %>+@ LV WKH VHW RI DOO FRPSOH[ QXPEHUV y VXFK WKDW y, b 7 LV LQYHUWLEOH �L�H��
KDV D ERXQGHG LQYHUVH�� DQG LWV VSHFWUXP ��7 � LV WKH FRPSOHPHQW ��7 �  &Q~�7 ��
7KH UHVROYHQW IXQFWLRQ RI 7 � %>+@ LV WKH IXQFWLRQ 57 � ~�7 �� %>+@ GHpQHG E\
57 �y�  �y, b 7 �b� IRU HYHU\ y LQ ~�7 �� DQG WKH VSHFWUDO UDGLXV RI 7 � %>+@
LV WKH QRQQHJDWLYH QXPEHU U�7 �  PD[y � ��7 � MyM� ZKLFK LV ERXQGHG E\ WKH QRUP�
� x U�7 � x N7N� 7KH VSHFWUXP RI D SRZHU ERXQGHG RSHUDWRU LV D VXEVHW RI WKH FORVHG
XQLW GLVN 'b �L�H�� LI VXSQy� N7

QN x �� WKHQ ��7 � v 'b�� /HW G�y� ��7 �� GHQRWH WKH
GLVWDQFH RI D SRLQW y � & WR WKH VHW ��7 � ~ &� $Q RSHUDWRU 7 � %>+@ LV VDLG WR
VDWLVI\ WKH OLQHDU UHVROYHQW JURZWK LI VXSy � ~�7 � N57 �y�N G�y� ��7 �� � �� WKDW LV� LI

VXS
y � ~�7 �

N�y, b 7 �b�N G�y� ��7 �� � ��

$Q RSHUDWRU 7 � %>+@ LV QRUPDO LI LW FRPPXWHV ZLWK LWV DGMRLQW �2  7 e7 b 77 e��
TXDVLQRUPDO LI 2  �7 e7 b 77 e�7 � K\SRQRUPDO LI 2 x 7 e7 b 77 e �HTXLYDOHQWO\� LI
N7 e[N x N7[N IRU HYHU\ [ LQ +�� SDUDQRUPDO LI N7[N� x N7[N�N[N IRU HYHU\ [ LQ
+� DQG QRUPDORLG LI U�7 �  N7N� (YHU\ QRUPDO LV TXDVLQRUPDO� HYHU\ TXDVLQRUPDO LV
K\SRQRUPDO� HYHU\ K\SRQRUPDO LV SDUDQRUPDO� HYHU\ SDUDQRUPDO LV QRUPDORLG� DQG
D XQLWDU\ RSHUDWRU LV SUHFLVHO\ D QRUPDO LVRPHWU\� &RTXDVLQRUPDO� FRK\SRQRUPDO�
RU FRSDUDQRUPDO PHDQ WKDW WKH DGMRLQW LV TXDVLQRUPDO� K\SRQRUPDO RU SDUDQRUPDO�

7KHRUHP �� >�@ /HW 7 � %>+@ EH D FRQWUDFWLRQ ZLWK pQLWH�UDQN GHIHFW RSHUDWRUV IRU

7 DQG 7 e �L�H�� r7 ��� r7 � ���� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�L� 7 LV VLPLODU WR D QRUPDO RSHUDWRU�

�LL� ��7 � � 'b �VR WKDW r7  r7 � � DQG 7 VDWLVpHV WKH OLQHDU UHVROYHQW JURZWK

FRQGLWLRQ�

,Q WKLV SDSHU ZH ZLOO FKDUDFWHUL]H WKH QRQQHJDWLYH FRQWUDFWLRQ $7 DVVRFLDWHG WR D
FRQWUDFWLRQ 7 ZKLFK LV VLPLODU WR D QRUPDO RSHUDWRU� 7KLV IROORZV DV D SDUWLFXODU FDVH
RI D FKDUDFWHUL]DWLRQ RI $7 IRU D SRZHU ERXQGHG RSHUDWRU 7 VLPLODU WR D FRQWUDFWLRQ
ZLWK D & �c FRPSOHWHO\ QRQXQLWDU\ SDUW �DOVR VHH >��@��

�� 3U HO LP LQDU \ 5HVXO W V

7KH DX[LOLDU\ UHVXOWV LQ 3URSRVLWLRQV � DQG � EHORZ ZLOO EH DSSOLHG WR SURYH WKH
PDLQ UHVXOW LQ 7KHRUHPV � DQG � �QH[W VHFWLRQ��

3URSRVLWLRQ �� ,I D QRUPDORLG RSHUDWRU LV VLPLODU WR D SRZHU ERXQGHG RSHUDWRU�

WKHQ LW LV D FRQWUDFWLRQ�

3URRI� /HW 7 � %>+@ EH D SRZHU ERXQGHG RSHUDWRU� 6XSSRVH WKHUH H[LVWV DQ LQYHUW�
LEOH WUDQVIRUPDWLRQ ; � %>+� . @ DQG D QRUPDORLG RSHUDWRU 1 � %>. @ VXFK WKDW

;7  1;�

6LQFH VLPLODULW\ SUHVHUYHV WKH VSHFWUXP� DQG VLQFH SRZHU ERXQGHGQHVV LPSOLHV VSHF�
WUDO UDGLXV QRW JUDWHU WKDQ �� ZH JHW

N1N  U�1�  U�;b�1;�  U�7 � x ��
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3URSRVLWLRQ �� /HW 1 �%>. @ EH D FRQWUDFWLRQ DQG FRQVLGHU LWV 1DJ\^)RLD|V^/DQJHU

GHFRPSRVLWLRQ�

1  8 j*�

ZKHUH 8 LV XQLWDU\ �WKH XQLWDU\ SDUW RI 1� DQG * LV D FRPSOHWHO\ QRQXQLWDU\ FRQ�

WUDFWLRQ �WKH FRPSOHWHO\ QRQXQLWDU\ SDUW RI 1�� 6XSSRVH 1 LV LQWHUWZLQHG WR DQ

RSHUDWRU 7 � %>+@�

<1  7<

IRU VRPH QRQ]HUR WUDQVIRUPDWLRQ < � %>. �+@� )RU HDFK LQWHJHU Q y � VHW

$Q  < e7 eQ7Q<

LQ %>. @� 7KHQ

$Q  %Q � &Q �'Q �(Q�

ZKHUH

%Q  �2 j*eQ�< e< �2 j*Q��

&Q  �2 j*eQ�< e< �8Q j2��

'Q  �8
eQ j2�< e< �2 j*Q��

(Q  �8
eQ j2�< e< �8Q j2��

LQ %>. @� ,I

*Q Vb� 2�

WKHQ

%Q
Vb� 2� 'Q

Vb� 2� DQG &Q
Zb� 2�

3URRI� 6LQFH <1  7<� LW IROORZV WKDW <1Q  7Q< � DQG VR < e7 eQ  1eQ< e� DQG
KHQFH� IRU HDFK Q�

$Q  < e7 eQ7Q<  1eQ< e< 1Q  �8eQ j*eQ�< e< �8Q j*Q�

 %Q � &Q �'Q �(Q�

ZKHUH

%Q  �2 j*eQ�< e< �2 j*Q��

&Q  �2 j*eQ�< e< �8Q j2��

'Q  �8
eQ j2�< e< �2 j*Q��

(Q  �8
eQ j2�< e< �8Q j2��

6XSSRVH *Q Vb� 2� 6LQFH 8e LV SRZHU ERXQGHG �DQG DOVR LV * DQG VR LV *e DV ZHOO��
LW IROORZV WKDW %Q

Vb� 2 DQG'Q
Vb� 2�0RUHRYHU� &Q

Zb� 2 EHFDXVH &Q  'e
Q�

5HFDOO WKDW * DOZD\V LV ZHDNO\ VWDEOH� *Q Zb� 2� VLQFH LW LV D FRPSOHWHO\ QRQXQL�
WDU\ FRQWUDFWLRQ >�� S���@ RU >��� S����@ _ D FRQWUDFWLRQ LV FRPSOHWHO\ QRQXQLWDU\
LI LWV XQLWDU\ SDUW LV PLVVLQJ LQ LWV 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ�
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5HPDUN �� %HVLGHV WKH UHVXOWV RI 3URSRVLWLRQ � LW ZLOO EH QHFHVVDU\ WR HQVXUH WKDW
&Q

Vb� 2� &RQVLGHU WKH VHWXS RI 3URSRVLWLRQ �� 1 � %>. @ LV D FRQWUDFWLRQ� LQWHU�
WZLQHG YLD < � %>. �+@ WR DQ RSHUDWRU 7 � %>+@ �L�H�� <1  7<�� ZKRVH FRPSOHWHO\
QRQXQLWDU\ SDUW * LV VWURQJO\ VWDEOH �L�H�� *Q Vb� 2�� 6XSSRVH 7 LV VXFK WKDW

7 eQ7Q Vb� $7

IRU VRPH 2 x $7 � %>+@� ,I� LQ DGGLWLRQ�

N(Q\N x N< e$7 < \N

IRU HYHU\ \ � . � WKHQ

(Q
Vb� < e$7 <�

ZKLFK LV HTXLYDOHQW WR

&Q
Vb� 2�

,QGHHG� LI 7 eQ7Q Vb� $7 � WKHQ $Q
Vb� $  < e$7 <� 6LQFH %Q

Vb� 2 DQG 'Q
Vb� 2

�3URSRVLWLRQ ��� LW IROORZV WKDW &Q �(Q
Vb� $� 6LQFH &Q

Zb� 2 �3URSRVLWLRQ ��� LW
IROORZV WKDW (Q

Zb� $� 1RZ UHFDOO WKDW ZHDN FRQYHUJHQFH IURP EHORZ LPSOLHV VWURQJ

FRQYHUJHQFH �L�H�� LI )Q
Zb� ) DQG N)Q[N x N)[N IRU HYHU\ [� WKHQ )Q

Vb� ) � VHH
H�J�� >��� 3UREOHP �����E�@�� 7KHUHIRUH� LI N(Q\N x N$\N IRU HYHU\ \ � . � WKHQ
(Q

Vb� $� ZKLFK PHDQV WKDW &Q
Vb� 2�

5HPDUN �� :H GLG QRW DVVXPH WKDW 1 LV QRUPDO� DQG WKH DVVXPSWLRQV ?1 LV
QRUPDORLG� DQG ?; LV LQYHUWLEOH� KDYH EHHQ XVHG RQO\ LQ 3URSRVLWLRQ � WR HQVXUH
WKDW 1 LV D FRQWUDFWLRQ� %\ DVVXPLQJ WKDW 1 LV D FRQWUDFWLRQ ZH PD\ GLVPLVV ERWK
WKH QRUPDORLGQHVV DVVXPSWLRQ RQ 1 DQG WKH LQYHUWLELOLW\ DVVXPSWLRQ RQ ;�

�L� $V IRU WKH QRUPDORLGQHVV LVVXH� WKHUH DUH VRPH FODVVLFDO H[DPSOHV RI QRUPDORLG
FRQWUDFWLRQV 1 IRU ZKLFK WKH FRPSOHWHO\ QRQXQLWDU\ SDUW * LV VWURQJO\ VWDEOH� )RU
LQVWDQFH� UHFDOO WKDW SDUDQRUPDO �DQG VR FRSDUDQRUPDO� RSHUDWRUV DUH QRUPDORLG�
DQG DOVR UHFDOO WKDW LI 1 LV D FRSDUDQRUPDO �LQ SDUWLFXODU� D FRK\SRQRUPDO RU� PRUH
SDUWLFXODUO\� D QRUPDO� FRQWUDFWLRQ� WKHQ * LV VWURQJO\ VWDEOH� WKDW LV�

*Q Vb� 2�

,QGHHG� LI D FRQWUDFWLRQ 1 LV FRSDUDQRUPDO� WKHQ LWV FRPSOHWHO\ QRQXQLWDU\ SDUW
* LV RI FODVV & �c >��@� 7KLV ZDV pUVW LQYHVWLJDWHG IRU FRK\SRQRUPDO FRQWUDFWLRQV
LQ >��@� 7KXV LI D FRQWUDFWLRQ 1 LV QRUPDO� WKHQ * LV RI FODVV & ��� $FWXDOO\� WKH
FODVV RI FRQWUDFWLRQV IRU ZKLFK WKH FRPSOHWHO\ QRQXQLWDU\ SDUW LV RI FODVV & c� JRHV
EH\RQG WKH SDUDQRUPDO �LQFOXGLQJ N�SDUDQRUPDO� N�TXDVLK\SRQRUPDO DQG GRPLQDQW
FRQWUDFWLRQV _ H�J�� >��@ DQG WKH UHIHUHQFHV WKHUHLQ��

�LL� $V IRU WKH SRZHU ERXQGHGQHVV �RU HYHQ FRQWUDFWLYHQHVV� RI 7� WKH DVVXPSWLRQ
WKDW 7 eQ7Q Vb� $7 LV DOZD\V VDWLVpHG LI 7 LV D FRQWUDFWLRQ DQG� LQ WKLV FDVH� WKH
QRQQHJDWLYH $7 LV D FRQWUDFWLRQ� ,Q IDFW� LW LV HQRXJK WR DVVXPH VLPSO\ WKDW D
FRQWUDFWLRQ 1 LV LQWHUWZLQHG WR DQ RSHUDWRU 7 VXFK WKDW WKH FRPSOHWHO\ QRQXQLWDU\
SDUW * RI 1 LV VWURQJO\ VWDEOH �DV ZH GLG LQ 3URSRVLWLRQ ��� DQG WKHQ LPSRVH WKDW
7 eQ7Q Vb� $7 �DV LQ 5HPDUN ��� ZKLFK LPSOLHV WKDW 7 PXVW EH SRZHU ERXQGHG�

6XPPLQJ XS� ZH PD\ GLVPLVV WKH DVVXPSWLRQV RI 3URSRVLWLRQ � IRU D ZKLOH� DQG ZH
PD\ UHSODFH WKH DVVXPSWLRQV RI 5HPDUN � ZLWK WKH DVVXPSWLRQV RI WKH IRUWKFRPLQJ
7KHRUHP � �ZKHUH LW LV SURYHG WKDW &Q

Vb� 2 XQGHU ZHDNHU K\SRWKHVHV�� \LHOGLQJ
WKH PRVW JHQHUDO VHWXS IRU RXU SXUSRVH VR IDU�
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�� $V\P SW RW LF /LP LW V I RU 7 ,QW HU W Z LQHG W R D & RQW U DF W LRQ 1

1H[W ZH FKDUDFWHUL]H WKH OLPLW $7 IRU SRZHU ERXQGHG RSHUDWRUV 7 VXFK WKDW
I7 eQ7QJQy� FRQYHUJHV VWURQJO\ �LQ SDUWLFXODU� IRU FRQWUDFWLRQV 7 �� ZKHQHYHU D
FRQWUDFWLRQ 1 ZLWK D & �c FRPSOHWHO\ QRQXQLWDU\ SDUW LV LQWHUWZLQHG WR 7� 6XFK D
FKDUDFWHUL]DWLRQ LV DOVR FRQVLGHUHG LQ 7KHRUHP � IRU WKH VSHFLDO FDVH ZKHQ LQWHU�
WZLQHPHQW LV VWUHQJWKHQHG WR VLPLODULW\ DQG WKH FRQWUDFWLRQ 1 LV FRSDUDQRUPDO �LQ
SDUWLFXODU� LI 1 LV QRUPDO�� 7KH RYHUDOO VHWXS RI 7KHRUHP � UHDGV DV IROORZV� /HW D
FRQWUDFWLRQ 1� ZKRVH FRPSOHWHO\ QRQXQLWDU\ SDUW * LV VWURQJO\ VWDEOH �L�H�� * LV RI

FODVV & �c�� EH LQWHUWZLQHG WR DQ RSHUDWRU 7 VXFK WKDW 7 eQ7Q Vb� $7 IRU VRPH $7 �

7KHRUHP �� /HW 1 � %>. @� 7 � %>+@� DQG $7 � %>+@ EH RSHUDWRUV RQ +LOEHUW

VSDFHV + DQG . � DQG FRQVLGHU WKH IROORZLQJ SURSHUWLHV�

�D� N1N x ��

�E� 1  8 j* ZLWK *Q Vb� 2�

�F� <1  7< IRU VRPH QRQ]HUR WUDQVIRUPDWLRQ < � %>. �+@�

�G� 7 eQ7Q Vb� $7 �

,I �G� KROGV� WKHQ

��� $7 LV QRQQHJDWLYH� DQG 7 LV SRZHU ERXQGHG�

)URP QRZ RQ VXSSRVH �D�� �E�� �F�� DQG �G� KROG� 7KHQ

��� &Q
Vb� 2�

ZKHUH &Q � %>. @ ZDV GHpQHG LQ 3URSRVLWLRQ �� DQG

��� < e$7<  V�OLP8eQ48Q j2�

ZKHUH 2 x 4 GHQRWHV WKH XSSHU OHIW EORFN RI < e< ZLWK UHVSHFW WR WKH 1DJ\^)RLD|V^

/DQJHU GHFRPSRVLWLRQ IRU WKH FRQWUDFWLRQ 1 LQ �E� �L�H�� < e<  
b

4 6
�

6 5

c

��

��� ,I� LQ DGGLWLRQ WR �F�� 7 DQG 1 DUH VLPLODU� WKHQ WKHUH LV DQ LQYHUWLEOH WUDQVIRU�

PDWLRQ < � %>. �+@ VDWLVI\LQJ �F�� ZLWK LQYHUVH ;  < b� � %>+� . @� VXFK WKDW

$7  ;e�V�OLP8eQ48Q j2�;�

VR WKDW� LI 1 LV FRPSOHWHO\ QRQXQLWDU\� WKHQ $7  2 �L�H�� 7 LV VWURQJO\ VWDEOH��

���L� :LWK UHVSHFW WR WKH VDPH GHFRPSRVLWLRQ LQ �E�� < LV ORZHU �XSSHU� WULDQJXODU

LI DQG RQO\ LI ; LV �L�H�� <  
b

< ��� 2
< ��� < ���

c

LI DQG RQO\ LI ;  
b

; ��� 2
; ��� ; ���

c

DQG <  
b

< ��� < ���

2 < ���

c

LI DQG RQO\ LI ; 
b

; ��� < ���

2 ; ���

c

�� ,I WKH\ DUH ORZHU WULDQJXODU� WKHQ

$7  V�OLP;e
��8

eQ48Q;�� j2�

���LL� ,I WKH\ DUH XSSHU WULDQJXODU� WKHQ

4  < e
��<��  �;��;

e
���

b��

DQG 4  , LI DQG RQO\ LI ;�� �HTXLYDOHQWO\� <��� LV XQLWDU\� ,Q WKLV FDVH

$7  ;e�, j2�;  ;e$1;�

ZKHUH 1eQ1Q Vb� $1  , j2 �L�H�� $1  V�OLP1eQ1Q��
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���LLL� ,I WKH\ DUH ORZHU DQG XSSHU �L�H�� EORFN GLDJRQDO ZLWK UHVSHFW WR WKH VDPH

GHFRPSRVLWLRQ LQ �E��� DQG LI <�� �HTXLYDOHQWO\� ;��� LV XQLWDU\� WKHQ

$7  $1  , j2�

3URRI� ��� ,I �G� KROGV� WKHQ $7 PXVW EH QRQQHJDWLYH EHFDXVH WKH FRQH RI DOO QRQ�
QHJDWLYH RSHUDWRUV LV ZHDNO\� WKXV VWURQJO\� FORVHG� 0RUHRYHU� VLQFH 2 x $7 � LW

IROORZV E\ �G� WKDW N7Q[N � N$7

�

�

[N IRU HYHU\ [ LQ +� DQG VR VXSQ N7
QN � � E\

WKH %DQDFK^6WHLQKDXV 7KHRUHP�

��� $VVXPSWLRQ �D�� �E�� �F�� DQG �G� DUH HQRXJK WR HQVXUH WKDW $Q
Vb� < e$7<�

%Q
Vb� 2� DQG 'Q

Vb� 2 DFFRUGLQJ 3URSRVLWLRQ �� DQG KHQFH

(Q � &Q  $Q b%Q b'Q
Vb� < e$7<�

:LWK UHVSHFW WR WKH VDPH GHFRPSRVLWLRQ LQ �E� ZULWH < e<  
b

4 6
�

6 5

c

� VR WKDW

&Q  
b

2 2
*

��	

6 8
	

2

c

DQG (Q  
b

8
��	

48
	

2
2 2

c

� 7KXV

(Q � &Q  

v

8eQ48Q 2

*eQ6 8Q 2

w

�

&ODLP� 7KHUH H[LVWV D ERXQGHG OLQHDU WUDQVIRUPDWLRQ = VXFK WKDW

*eQ6 8Q Vb� =�

3URRI� )LUVW REVHUYH WKH IROORZLQJ VWULQJ RI HTXLYDOHQFHV�
b

: 	 2
= 	 2

c

Vb�
b

: d
= d




c

��
b

: 	 b: bd
= 	 b= bd




c

[ � � IRU HYHU\ [ �� N�:Qb: �XbdY� �=Qb =�Xbd�YN�� � IRU

HYHU\ [  �X� Y���N�:Q b: �XbdYN��N�=Q b =�Xbd�YN�� � IRU HYHU\ �X� Y��
6HW X  �� DQG JHW d  2 DQG d�  2� 6R N�:Qb: �XN� � N�=Qb =�XN� � � IRU
HYHU\ X� ZKLFK PHDQV WKDW :Q

Vb� : DQG =Q
Vb� =� 6LQFH (Q � &Q

Vb� < e$7<�
LW WKHQ IROORZV WKDW WKHUH H[LVW : DQG = VXFK WKDW
v

: 2

= 2

w

 

v

V�OLP8eQ48Q 2

V�OLP*eQ6 8Q 2

w

 V�OLP

v

8eQ48Q 2

*eQ6 8Q 2

w

 < e$7<� e

7KH DERYH &ODLP HQVXUHV WKDW WKHUH LV D &  
b

2 2
= 2

c

VXFK WKDW &Q
Vb� &� DQG VR

&Q
Zb� &� %XW &Q

Zb� 2 �3URSRVLWLRQ ��� DQG WKHUHIRUH &  2� 2XWFRPH�

&Q
Vb� 2�

��� 6LQFH &Q �(Q
Vb� < e$7<� &Q

Vb� 2� DQG (Q
Vb�

b

: 2
2 2

c

 : j2� ZH JHW

< e$7<  : j2  V�OLP8eQ48Q j2�

��� 7KH UHVXOW LQ ��� IROORZV DW RQFH IURP ����

���L�LL�LLL� 7R YHULI\ LWHPV �L�LL�LLL� RI ���� pUVW REVHUYH WKDW < DQG ;  < b� DUH ORZHU
�XSSHU� WULDQJXODU WRJHWKHU� ,QGHHG� D VLPSOH DOJHEUDLF PDQLSXODWLRQ VKRZV WKDW

LI
b

; ��� 2
; ��� ; ���

cb

< ��� < ���

< ��� < ���

c

 
b

< ��� < ���

< ��� < ���

cb

; ��� 2
; ��� ; ���

c

 
b

, 2
2 ,

c

� WKHQ <��  ;b�
�� � <��  2�

<��  b;b�
�� ;��;

b�
�� � DQG <��  ;b�

�� � 7KXV < DQG; DUH ORZHU WULDQJXODU WRJHWKHU�
'XDOO\� < DQG ; DUH XSSHU WULDQJXODU WRJHWKHU� 1RZ VHW 0Q  8eQ48Q DQG 0  
V�OLP0Q� ,I < DQG ; DUH ORZHU WULDQJXODU� WKHQ ;e�0 j2�;  ;e

��0;�� j2�
LPSO\LQJ ���L�� �,QGHHG� N;e

���0Q b0�;��XN x N;��N N�0Q b0�;��XN � ��� ,I

< DQG ; DUH XSSHU WULDQJXODU� WKHQ < e<  
b

4 6
�

6 5

c

ZLWK 4  < e
��<��� 6  < e

��<���
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DQG 5  < e
��<�� � < e

��<��� $OVR� LI 4  ,� WKHQ <�� LV DQ LQYHUWLEOH LVRPHWU\� ZKLFK
PHDQV WKDW LW LV XQLWDU\ �WKH FRQYHUVH LV WULYLDO�� 7KLV LPSOLHV� E\ ���� WKH H[SUHVVLRQ
IRU $7 LQ ���LL�� 7KH UHVXOW LQ ���LLL� IROORZV IURP ���L� DQG ���LL��

2EVHUYH WKDW LQ 7KHRUHP � WKH RSHUDWRU 7 ZDV QRW VXSSRVHG WR EH D FRQWUDFWLRQ
�WKHUH DUH SRZHU ERXQGHG QRQFRQWUDFWLRQV WKDW VDWLVI\ �G�� WULYLDO H[DPSOH� QLOSR�
WHQW QRQFRQWUDFWLRQV�� DQG 1 ZDV QRW VXSSRVHG WR EH HYHQ QRUPDORLG� DQG LWHPV
���LL�LLL� GR QRW UHTXLUH WKDW ; LV XQLWDU\�

7KHRUHP �� /HW 1 � %>. @� 7 � %>+@� DQG $7 � %>+@ EH RSHUDWRUV RQ +LOEHUW

VSDFHV + DQG . �

�L� ,I 7 VDWLVpHV SURSHUW\ �G� LQ WKH VWDWHPHQW RI 7KHRUHP �� DQG LI 7 LV VLPLODU

WR D FRSDUDQRUPDO RSHUDWRU 1 � WKHQ 7 LV SRZHU ERXQGHG� 1 LV D FRQWUDFWLRQ

ZKRVH FRPSOHWHO\ QRQXQLWDU\ SDUW LV VWURQJO\ VWDEOH� DQG $7 LV JLYHQ DV LQ

SDUW ��� RI WKH VWDWHPHQW RI 7KHRUHP ��

�LL� ,I D FRQWUDFWLRQ 7 LV VLPLODU WR D QRUPDO RSHUDWRU 1 � WKHQ 1 LV D FRQWUDFWLRQ

ZKRVH FRPSOHWHO\ QRQXQLWDU\ SDUW LV VWURQJO\ VWDEOH� DQG $7 LV JLYHQ DV LQ

SDUW ��� RI WKH VWDWHPHQW RI 7KHRUHP ��

3URRI� &RQVLGHU SURSHUWLHV �D�� �E�� �F� XQGHU VLPLODULW\� DQG �G� DV LQ WKH VWDWHPHQW
RI 7KHRUHP ��

�L� 6XSSRVH 7 LV VXFK WKDW SURSHUW\ �G� KROGV VR WKDW 7 LV SRZHU ERXQGHG �DFFRUGLQJ
WR WKH SURRI RI SDUW ��� LQ 7KHRUHP ��� DQG VXSSRVH 1 LV FRSDUDQRUPDO� 3DUDQRUPDO
RSHUDWRUV DUH QRUPDORLG� DQG VR DUH FRSDUDQRUPDO RSHUDWRUV� ,I D QRUPDORLG 1

LV VLPLODU WR D SRZHU ERXQGHG 7 � WKHQ 1 LV D FRQWUDFWLRQ E\ 3URSRVLWLRQ �� VR
WKDW SURSHUWLHV �G� DQG �F� XQGHU VLPLODULW\ LPSO\ SURSHUW\ �D�� ,I D FRQWUDFWLRQ
1 LV FRSDUDQRUPDO� WKHQ SURSHUW\ �E� KROGV >��@ E\ XQLTXHQHVV RI WKH 1DJ\^)RLD|V^
/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV �L�H�� WKH FRPSOHWHO\ QRQXQLWDU\ SDUW RI D
FRSDUDQRUPDO FRQWUDFWLRQ LV RI FODVV & �c _ VHH 5HPDUN ��L��� 7KXV LI �G� KROGV DQG
7 LV VLPLODU WR D FRSDUDQRUPDO 1 � WKHQ SURSHUWLHV �D�� �E�� �F� XQGHU VLPLODULW\� DQG
�G� KROG� DQG VR 7KHRUHP � HQVXUHV WKDW $7 LV JLYHQ DV LQ SDUW ����

�LL� 6LQFH FRQWUDFWLRQV GR VDWLVI\ SURSHUW\ �G�� DQG VLQFH QRUPDO RSHUDWRUV DUH FR�
SDUDQRUPDO �DQG DOVR SDUDQRUPDO�� LWHP �LL� LV D SDUWLFXODU FDVH RI LWHP �L��

5HPDUN �� $FFRUGLQJ WR 7KHRUHP �� LI 7 LV D FRQWUDFWLRQ VLPLODU WR D QRUPDO
RSHUDWRU 1 � WKHQ 7 DQG 1 VDWLVI\ WKH DVVXPSWLRQV RI 7KHRUHP ��:KDW HOVH FDQ EH
VDLG LI ZH DVVXPH WKDW 1 LV QRUPDO �DQG SHUKDSV WKDW 7 LV D FRQWUDFWLRQ DQG < LV
LQYHUWLEOH�" +HUH LV D UHVXOW WKDW FDQ EH KHOSIXO� $V ZH VDZ LQ 5HPDUN ��L� D QRUPDO
FRQWUDFWLRQ 1 KDV D FRPSOHWHO\ QRQXQLWDU\ SDUW * RI FODVV & �c �L�H�� *Q Vb� 2��
ZKHUH * DFWXDOO\ LV D & ���FRQWUDFWLRQ� ,Q IDFW PRUH LV WUXH DV VWDWHG EHORZ� EHFDXVH
LI D QRUPDO RSHUDWRU LV VWURQJO\ VWDEOH� WKHQ LW LV D SURSHU FRQWUDFWLRQ RI FODVV & ���
,QGHHG� FRQVLGHU WKH IROORZLQJ UHVXOW IURP >�� /HPPD �@�

/HW / EH DQ\ RSHUDWRU DQG FRQVLGHU WKH IROORZLQJ DVVHUWLRQV�

�L� / LV VWURQJO\ VWDEOH�

�LL� / LV D SURSHU FRQWUDFWLRQ �L�H�� N/[N � N[N ZKHQHYHU [ � ���

�LLL� / LV D & ���FRQWUDFWLRQ�
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,I / LV SDUDQRUPDO� WKHQ �L� LPSOLHV �LL� DQG �LLL�� ,I / LV TXDVLQRUPDO�

WKHQ DVVHUWLRQV �L�� �LL�� DQG �LLL� DUH SDLUZLVH HTXLYDOHQW �

7KH DERYH VWDWHPHQW DOORZV XV WR VWUDLJKWHQ 7KHRUHP � IRU WKH FDVH RI 1 QRUPDO�
�5HFDOO� WKH FRPSOHWHO\ QRQXQLWDU\ SDUW RI D QRUPDO RSHUDWRU LV QRUPDO��

,I D FRQWUDFWLRQ 7 � %>+@ LV VLPLODU WR D QRUPDO RSHUDWRU 1 � %>. @�
WKHQ 1 LV D FRQWUDFWLRQ ZKRVH FRPSOHWHO\ QRQXQLWDU\ SDUW LV D SURSHU

FRQWUDFWLRQ RI FODVV & ��� DQG

$7  ;e�V�OLP8eQ48Q j2�;�

$7
�  < �V�OLP8Q4b� 8eQ j2�< e�

ZKHUH ;� <� 8� DQG 4 DUH GHpQHG DV LQ 7KHRUHP �� DQG 7 LV RI FODVV

& �� �L�H�� $7  $7
�  2� LI 1 LV FRPSOHWHO\ QRQXQLWDU\ �

&RUROODU\ �� ,I 7 � %>+@ LV D K\SRQRUPDO FRQWUDFWLRQ IRU ZKLFK 7 DQG 7 e KDYH

pQLWH�UDQN GHIHFW RSHUDWRUV �L�H�� r7 � � DQG r7 � � ��� WKHQ

�L� 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

�LL� WKH VSHFWUXP RI 7 LV D SURSHU VXEVHW RI WKH FORVHG XQLW GLVN LI DQG RQO\ LI 7

LV VLPLODU WR QRUPDO FRQWUDFWLRQ 1 � %>. @ DQG� LQ WKLV FDVH�

$7  ;e�V�OLP8eQ48Q j2�;

IRU WKH LQYHUWLEOH WUDQVIRUPDWLRQ ;� %>+� . @ WKDW LQWHUWZLQHV 7 WR 1 �L�H��

;7  1;�� ZKHUH 4 GHQRWHV WKH XSSHU OHIW EORFN RI �;;e�b�  
b

4 6
�

6 5

c

�

DQG 8 WKH LV XQLWDU\ SDUW RI WKH FRQWUDFWLRQ 1 �

3URRI� �L� 6LQFH VLPLODULW\ SUHVHUYHV QRQWULYLDO LQYDULDQW VXEVSDFH� LI DQ RSHUDWRU KDV
QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW LV QRW VLPLODU WR D QRUPDO RSHUDWRU �IRU
QRUPDO RSHUDWRUV KDYH QRQWULYLDO LQYDULDQW VXEVSDFH E\ WKH 6SHFWUDO 7KHRUHP��
$OVR� LI D FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ #' �v ��7 � E\
WKH %URZQ^&KHYUHDX^3HDUF\ 7KHRUHP >�@� DQG VR ��7 � � 'b� ,I DQ RSHUDWRU LV
K\SRQRUPDO� WKHQ N�y, b 7 �b�N  G�y� ��7 ��b� IRU HYHU\ y � ~�7 � �VHH� H�J�� >��
S���@ RU >��� 3UREOHP �����E�@�� DQG WKHUHIRUH LW VDWLVpHV WKH OLQHDU UHVROYHQW JURZWK
FRQGLWLRQ� +HQFH� E\ WKH %HQDPDUD^1LNROVNL 7KHRUHP �7KHRUHP ��� WKH GHIHFW
RSHUDWRU RI 7 RU WKH GHIHFW RSHUDWRU RI 7 e LV QRW pQLWH�UDQN� &RQFOXVLRQ�

,I D K\SRQRUPDO FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ
r7  � RU r7 �  � �RQH RI WKH GHIHFW RSHUDWRUV LV QRW pQLWH�UDQN��

�LL� 6XSSRVH 7 LV D K\SRQRUPDO FRQWUDFWLRQ IRU ZKLFK WKH GHIHFW RSHUDWRUV RI 7
DQG RI 7 e DUH pQLWH�UDQN� 6LQFH 7 LV K\SRQRUPDO� LW VDWLVpHV WKH UHVROYHQW JURZWK
FRQGLWLRQ �DV ZH VDZ LQ LWHP �L� DERYH�� 7KHUHIRUH� ��7 � ~ 'b �SURSHU LQFOXVLRQ� LI
DQG RQO\ LI 7 LV VLPLODU WR D QRUPDO RSHUDWRU 1 � E\ DQRWKHU DSSOLFDWLRQ RI 7KHRUHP
�� 0RUHRYHU� VLQFH FRQWUDFWLRQV VDWLVI\ DVVXPSWLRQ �G� RI 7KHRUHP �� DQG QRUPDO
RSHUDWRUV DUH FRSDUDQRUPDO� WKH FODLPHG UHVXOW IROORZV IURP 7KHRUHP ��

$ FROOHFWLRQ RI SURSHUWLHV WKDW D SRVVLEOH K\SRQRUPDO FRQWUDFWLRQ ZLWKRXW D
QRQWULYLDO LQYDULDQW VXEVSDFH PXVW SRVVHVV KDV EHHQ GLVFXVVHG LQ >��@� 7KH SUHFHGLQJ
FRUROODU\ DGGV DQRWKHU RQH� ,Q FRQQHFWLRQ ZLWK LW� LW LV ZRUWK UHPDUNLQJ RQ WKH
IROORZLQJ SRLQWV� )LUVW UHFDOO WKDW LI 7 LV D & ���FRQWUDFWLRQ� RU LI DQ RSHUDWRU 7
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LV VLPLODU WR D QRUPDO RSHUDWRU� WKHQ r7  r7 � >��� 3URRI RI 7KHRUHP ���@ RU >��
&RUROODU\ ���@� DQG >�� &RUROODU\ �����@� $OVR UHFDOO WKH IROORZLQJ ZHOO�NQRZQ UHVXOW�

,I D FRQWUDFWLRQ 7 RI FODVV & �� KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ
r7  � RU r7 �  � �RQH RI WKH GHIHFW RSHUDWRUV LV QRW pQLWH�UDQN��

HTXLYDOHQWO\� WKHQ r7  � >��� 7KHRUHPV 9,���� DQG ,,,����@ RU >�� 3URSRVLWLRQ
���� DQG &RUROODU\ ���@� +RZHYHU� LW LV QRW NQRZQ ZKHWKHU D K\SRQRUPDO FRQWUDF�
WLRQ ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH LV RI FODVV & �� �LW OLHV LQ & �� > & �� >���
7KHRUHP �@� EXW LW UHPDLQV DV DQ RSHQ TXHVWLRQ ZKHWKHU LW OLHV LQ & ����

$F N QRZ O HGJP HQW

, WKDQN *\�RUJ\ 3wDO *HKwHU IRU KLV FRQWULEXWLRQ� ZKLFK EHJDQ ZLWK WKH SDSHU WRSLF
LWVHOI� SDVVHG WKURXJK 3URSRVLWLRQ �� DQG LQFOXGHG PDQ\ VHQVLEOH UHPDUNV�

5HI HU HQF HV

�� & � $ S RVWRO� 2SHU DW RU V TXDVLVLPLODU W R D Q RU PDO RSHU DW RU � 3 U RF� $ P HU � 0DWK � 6 RF� �� �������

���^����
�� 1 ��'� % HQ DP DU D DQ G 1 � 1 LN ROVN L� 5 HVROYHQ W W HVW V IRU VLPLODU LW \ W R D Q RU PDO RSHU DW RU � 3 U RF�

/RQ G RQ 0DWK � 6 RF� �� ������� ���^����
�� 6 �: � % U RZ Q � % � & K HY U HDX DQ G & � 3 HDU F\ � 2Q W KH VW U XFW XU H RI FRQ W U DFW LRQ V RSHU DW RU V ,, � - �

)X Q FWLRQ DO $ Q DO� �� ������� ��^���
�� .�5� 'DY LG VRQ DQ G 9 �,� 3 DX OVHQ � 3 RO\ Q RPLDOO\ ERXQ GHG RSHU DW RU V� - � 5HLQ H $ Q JHZ � 0DWK �

��� ������� ���^����
�� 5�*� 'RX JODV� & DQ RQ LFDO PRGHOV� 7 RS LFV LQ 2S HU DWRU 7 K HRU \ �0DWK HP DWLFDO 6 X U Y H\ V 1 R����

$ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �Q G S U � ������ ���^����
�� % �3 � 'X JJDO� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 3 DU DQ RU PDO FRQ W U DFW LRQ V DQ G LQ YDU LDQ W VXEVSDFHV�

- � .RU HDQ 0DWK � 6 RF� �� ������� ���^����
�� 3 �$ � )LOOP RU H� 1 RW HV RQ 2SHU DW RU 7 KHRU \ � 9 DQ 1 RVWU DQ G � 1 HZ < RU N � �����
�� 6 �5� )RJX HO� $ FRXQ W HU H[DPSOH W R D SU REOHP RI 6 ] �� 1 DJ\ � 3 U RF� $ P HU � 0DWK � 6 RF� �� �������

���^����
�� *�3 � *HK wHU � 3 RVLW LYH RSHU DW RU V DU LVLQ J DV\ PSW RW LFDOO\ IU RP FRQ W U DFW LRQ V� $ FWD 6 FL� 0DWK �

�6 ]HJHG � �� ������� ���^����
��� *�3 � *HK wHU � & KDU DFW HU L] DW LRQ RI & HVvDU R DQ G /� DV\ PSW RW LF OLPLW V RI PDW U LFHV� /LQ HDU DQ G

0X OWLOLQ HDU $ OJHE U D� �� ������� ���^����
��� *�3 � *HK wHU � $ V\ PSW RW LF OLPLW V RI RSHU DW RU V VLPLODU W R Q RU PDO RSHU DW RU V� 3 U RF� $ P HU � 0DWK �

6 RF� ������� WR DS S HDU �
��� *�3 � *HK wHU DQ G /� .wHU FK \ � 2Q W KH FRPPXW DQ W RI DV\ PSW RW LFDOO\ Q RQ � YDQ LVKLQ J FRQ W U DFW LRQ V�

3 HU LRG � 0DWK � + X Q JDU � �� ������� ���^����
��� 3 �5� + DOP RV� $ JOLPSVH LQ W R + LOEHU W VSDFH� /HFWX U HV RQ 0RG HU Q 0DWK HP DWLFV ,� : LOH\ � 1 HZ

< RU N � ������� �^���
��� 3 �5� + DOP RV� 2Q )RJXHO
V DQ VZ HU W R 1 DJ\ 
V TXHVW LRQ � 3 U RF� $ P HU � 0DWK � 6 RF� �� �������

���^����
��� /� .wHU FK \ � ,VRPHW U LF DV\ PSW RW HV RI SRZ HU ERXQ GHG RSHU DW RU V� ,Q G LDQ D 8 Q LY � 0DWK � - � ��

������� ���^����
��� /� .wHU FK \ � 8 Q LW DU \ DV\ PSW RW HV RI + LOEHU W VSDFH RSHU DW RU V� )X Q FWLRQ DO $ Q DO\ VLV DQ G 2S HU DWRU

7 K HRU \ � % DQ DFK & HQ WHU 3 X E OLFDWLRQ V� 9 RO� ��� 3 ROLVK $ FDG � 6 FL�� : DU V]DZ D� ������� ���^����
��� /� .wHU FK \ � 4XDVL� VLPLODU LW \ LQ YDU LDQ FH RI U HqH[LYLW \ � /LQ HDU DQ G & RP S OH[ $ Q DO\ VLV 3 U RE OHP

% RRN �� 3 DU W �� /HFWX U H 1 RWHV LQ 0DWK � 9 RO� ����� 6 S U LQ JHU � % HU OLQ � ������� ���^����
��� /� .wHU FK \ � 2SHU DW RU V Z LW K U HJXODU Q RU P� VHTXHQ FHV� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^

����
��� & �6 � .X E U X VO\ � 6 W U RQ J VW DELOLW \ GRHV Q RW LPSO\ VLPLODU LW \ W R D FRQ W U DFW LRQ � 6 \ VWHP V & RQ WU RO

/HWW� �� ������� ���^����
��� & �6 � .X E U X VO\ � 6 LPLODU LW \ W R FRQ W U DFW LRQ V DQ G Z HDN VW DELOLW \ � $ G Y � 0DWK � 6 FL� $ S S O� � �������

���^����
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��� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ � % LU N �
K �DX VHU � % RVWRQ � �����

��� & �6 � .X E U X VO\ � 7 KH ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU �6 S U LQ JHU � 1 HZ < RU N � �����

��� & �6 � .X E U X VO\ � & RQ W U DFW LRQ V 7 IRU Z KLFK $ LV D SU RMHFW LRQ � $ FWD 6 FL� 0DWK � �6 ]HJHG �� ��

������� ���^����
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� $ Q RW H RQ N � SDU DQ RU PDO RSHU DW RU V� 2S HU � 0DWU LFHV � �������

���^����
��� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 3 U RSHU FRQ W U DFW LRQ V DQ G LQ YDU LDQ W VXEVSDFHV� ,Q W� - � 0DWK �

0DWK � 6 FL� �� ������� ���^����
��� 9 � 0�X OOHU DQ G < � 7 RP LORY � 4XDVLVLPLODU LW \ RI SRZ HU ERXQ GHG RSHU DW RU V DQ G %OXP^+ DQ VRQ

SU RSHU W \ � - � )X Q FWLRQ DO $ Q DO� ��� ������� ���^����
��� .� 2N X E R� 7 KH XQ LW DU \ SDU W RI SDU DQ RU PDO RSHU DW RU V� + RN N DLG R 0DWK � - � � ������� ���^����
��� *� 3 LVLHU � $ SRO\ Q RPLDOO\ ERXQ GHG RSHU DW RU RQ + LOEHU W VSDFH Z KLFK LV Q RW VLPLODU W R D FRQ �

W U DFW LRQ � - � $ P HU � 0DWK � 6 RF� �� ������ ���^����
��� & �5� 3 X WQ DP � + \ SRQ RU PDO FRQ W U DFW LRQ V DQ G VW U RQ J SRZ HU FRQ YHU JHQ FH� 3 DFLp F - � 0DWK � ��

������� ���^����
��� % � 6 ]��1 DJ\ � 2Q XQ LIRU PO\ ERXQ GHG OLQ HDU W U DQ VIRU PDW LRQ V LQ + LOEHU W VSDFH� $ FWD 6 FL� 0DWK �

�6 ]HJHG � �� ������� ���^����
��� % � 6 ]��1 DJ\ � & RPSOHW HO\ FRQ W LQ XRXV RSHU DW RU V Z LW K XQ LIRU PO\ ERXQ GHG LW HU DW HV� 0DJ\ DU 7 X G �

$ N DG � 0DW� .X WDWwR ,Q W� .�R]O� � ������� ��^���
��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH� 1 RU WK �+ ROODQ G �

$ P VWHU G DP � �����
��� 3 �< � : X � : KHQ LV D FRQ W U DFW LRQ TXDVL� VLPLODU W R DQ LVRPHW U \ " � $ FWD 6 FL� 0DWK � �6 ]HJHG � ��

������� ���^����
��� 3 �< � : X � + \ SRQ RU PDO RSHU DW RU V TXDVLVLPLODU W R DQ LVRPHW U \ � 7 U DQ V� $ P HU � 0DWK � 6 RF� ���

������� ���^����

��� 3 �< � : X � & RQ W U DFW LRQ V TXDVLVLPLODU W R DQ LVRPHW U \ � $ FWD 6 FL� 0DWK � �6 ]HJHG � �� �������
���^����

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


