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$EVW U DF W � $ % DQ DFK VS DFH RS HU DWRU LV E LT X DVLWU LDQ JX ODU LI LWV HVVHQ WLDO VS HF�
WU X P K DV Q R K ROHV RU S VHX G R K ROHV� % LT X DVLWU LDQ JX ODU % DQ DFK VS DFH RS HU DWRU V
$�% K DY H D E LT X DVLWU LDQ JX ODU WHQ VRU S U RG X FW� D E LT X DVLWU LDQ JX ODU OHIW�U LJK W
P X OWLS OLFDWLRQ RS HU DWRU /$5% � DQ G D E LT X DVLWU LDQ JX ODU JHQ HU DOLVHG G HU LY D�
WLRQ /$ b 5% � 0RU HRY HU � WK H : H\ O VS HFWU DO LG HQ WLW\ � Q DP HO\ � �Z�$n%�  
��$� c �Z�%� > �Z�$� c ��%�� WK H D�: H\ O VS HFWU DO LG HQ WLW\ � �DZ�$n%�  
��$� c �DZ�%� > �DZ�$� c ��%�� WK H r�: H\ O VS HFWU DO LG HQ WLW\ � �Z�/$b5%�  
���$�b �Z�%��>��Z�$�b ��%��� DQ G WK H D�r�: H\ O VS HFWU DO LG HQ WLW\ � Q DP HO\ �
�DZ�/$b5%�  ���$�b �DZ�%e�� > ��DZ�$�b ��%�� K ROG �

�� ,QW U RGXF W LRQ

/HW ; �UHVS�� +� GHQRWH DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ %DQDFK VSDFH �UHVS��
VHSDUDEOH +LOEHUW VSDFH�� DQG OHW %> ; @ �UHVS�� %>+@� GHQRWH WKH DOJHEUD RI RSHUDWRUV
�HTXLYDOHQWO\� ERXQGHG OLQHDU WUDQVIRUPDWLRQV� RQ ; �UHVS�� +�� )RU DQ RSHUDWRU
$ � %> ; @� OHW 1 �$�  $b���� DQG 5�$�  $�; � GHQRWH� UHVSHFWLYHO\� WKH NHUQHO
DQG WKH UDQJH RI $� $Q RSHUDWRU $ � %>+@ LV TXDVLWULDQJXODU LI WKHUH LV D VHTXHQFH
I3QJ RI pQLWH�UDQN SURMHFWLRQV WKDW FRQYHUJHV VWURQJO\ WR WKH LGHQWLW\ RSHUDWRU
, DQG I�, b 3Q�$3QJ FRQYHUJHV XQLIRUPO\ WR WKH QXOO RSHUDWRU >�� 6HFWLRQ �@� ,I
ERWK $ DQG LWV DGMRLQW $e DUH TXDVLWULDQJXODU� WKHQ $ LV ELTXDVLWULDQJXODU �%47��
%LTXDVLWULDQJXODU RSHUDWRUV DUH HTXLYDOHQWO\ GHVFULEHG DV IROORZV�

��� $ LV %47 LI DQG RQO\ LI �CH�$�  �UH�$�  �H�$�  �Z�$�

>�� 7KHRUHP ���@ DQG >�� 7KHRUHP ���@ �DOVR VHH >��� S���@�� ,Q JHQHUDO �L�H� LQ
D %DQDFK VSDFH VHWWLQJ�� IRU DQ RSHUDWRU $ � %> ; @ ZLWK LQGH[ LQG�$�� WKH OHIW

HVVHQWLDO � ULJKW HVVHQWLDO � HVVHQWLDO � DQG :H\O VSHFWUD DUH JLYHQ� UHVSHFWLYHO\� E\

�CH�$�  
j

y � ��$� � GLP�1 �$b y,��  �� RU 5�$b y,� LV QRW FORVHG�

RU 5�$b y,� LV QRW FRPSOHPHQWHG LQ ;
k

�

�UH�$�  
j

y � ��$� � GLP�;  5�$b y,��  �� RU 5�$b y,� LV QRW FORVHG�

RU 1 �$b y,� LV QRW FRPSOHPHQWHG LQ ;
k

 
j

y � ��$� � GLP� ;  5�$b y,��  ��

RU 1 �$b y,� LV QRW FRPSOHPHQWHG LQ ;
k

�

�H�$�  �CH�$� > �UH�$��

�Z�$�  
j

y � ��$� � y � �H�$� RU LQG�$b y,� � �
k

 Iy � & � y � �H�$� RU LQG�$b y,� � �J
 

j

y � & � $b y, � LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HUR
k

�

' DW H� - DQ X DU \ �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� % DQ DFK VS DFH� E LT X DVLWU LDQ JX ODU RS HU DWRU V� G HU LY DWLRQ V� WHQ VRU S U RG X FW�

: H\ O VS HFWU DO LG HQ WLW\ � S HU WX U E DWLRQ �

�
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�VHH� H�J�� >��� 7KHRUHPV ����� DQG �����@�� ,W FOHDU WKDW LQ D +LOEHUW VSDFH VHW�
WLQJ WKH FRPSOHPHQWHG UHTXLUHPHQW LV QDWXUDOO\ GLVPLVVHG �VLQFH LW LV DXWRPDWLFDOO\
VDWLVpHG _ VHH H�J�� >��� &RUROODU\ ����@��

/HW = GHQRWH WKH VHW RI DOO LQWHJHUV� DQG VHW =  = > Ib����J� WKH VHW RI DOO
H[WHQGHG LQWHJHUV� /HW 6) GHQRWH WKH VHW RI RSHUDWRUV $ � %>+@ ZKLFK DUH HLWKHU
OHIW VHPL�)UHGKROP RU ULJKW VHPL�)UHGKROP� ) WKH VHW RI RSHUDWRUV $ � %>+@ ZKLFK
DUH )UHGKROP� 0RUHRYHU� VHW

�N�$�  
j

y � & � $b y, � 6) DQG LQG�$b y,�  N
k

IRU HDFK N � =QI�J� DQG

���$�  ��$�Q�Z�$�  
j

y � ��$� � $b y, � ) DQG LQG�$b y,�  �
k

�

7KHQ �H�$� v �Z�$� v ��$�� DQG �N�$� LV D VXEVHW RI WKH SRLQW VSHFWUXP RI $ IRU
HYHU\ H[WHQGHG LQWHJHU N � =� $OVR UHFDOO WKDW �VHH H�J�� >��� S��@ DQG >��� S����@��
IRU HDFK QRQ]HUR LQWHJHU N � =QI�J� �N�$� LV D KROH RI �H�$�� DQG �� � �$�  
�CH�$�Q�UH�$� DQG �b� �$�  �UH�$�Q�CH�$� DUH WKH SVHXGR KROHV RI �H�$�� $OVR�

�Z�$�  �H�$� >
>

N � =QI�J
�N�$�  ��$�Q���$��

VR WKDW WKH :H\O VSHFWUXP LV WKH XQLRQ RI WKH HVVHQWLDO VSHFWUXP ZLWK DOO LWV KROHV�
7KLV LV WKH 6FKHFKWHU 7KHRUHP �VHH� H�J�� >��� 7KHRUHP ����@�� ZKLFK ZKHQ DSSOLHG
WR WKH GHpQLWLRQ RI %47 LQ ��� LPSOLHV

���� $ LV %47 LI DQG RQO\ LI �H�$� KDV QR KROHV DQG QR SVHXGR KROHV

�VHH >��@�� 7KLV YHUVLRQ RI WKH GHpQLWLRQ RI %47 KDV D QDWXUDO H[WHQVLRQ WR %DQDFK
VSDFH RSHUDWRUV�

:H VD\ >��� 'HpQLWLRQ ,,,�����@ WKDW $ LV

XSSHU VHPL�)UHGKROP� $ � j6) � � ; �� LI 5�$� LV FORVHG DQG GLP 1 �$� � ��

ORZHU VHPL�)UHGKROP� $ � j6) � � ; �� LI FRGLP 5�$� � ��

VHPL�)UHGKROP� LI $ � j6) �; �  j6) � �; � >j6) � �; ��

)UHGKROP� LI $ � j� ; �  j6) � � ; � ? j6) � � ; ��

&RUUHVSRQGLQJ WR WKHVH FODVVHV RI RSHUDWRUV ZH KDYH WKH IROORZLQJ VSHFWUD�
�6) � �$�  Iy � & � $b y,  � j6) � � ; �J� WKH XSSHU VHPL�)UHGKROP VSHFWUXP�

�6) � �$�  Iy � & � $b y,  � j6) � �; �J� WKH ORZHU VHPL�)UHGKROP VSHFWUXP�

�H�$� Iy � & � $b y,  �j� ; �J �6) � �$� > �6) � �$�� WKH )UHGKROP VSHFWUXP�

VN�$�  Iy � & � $b y, � j6) � ; � DQG LQG�$b y,�  NJ IRU HDFK N � =QI�J�

5HFDOO WKDW D KROH RI D VHW LQ D WRSRORJLFDO VSDFH LV DQ\ ERXQGHG FRPSRQHQW RI LWV
FRPSOHPHQW� ,W LV VHHQ WKDW VN�$� ZLWK N � =QI�J LV D KROH RI �H�$�� 7KH VHW VN�$�
ZLWK N  �� LV D KROH RI �6) � �$� ZKLFK OLHV LQ �6) � �$� DQG WKH VHW VN�$� ZLWK
N  b� LV D KROH RI �6) � �$� ZKLFK OLHV LQ �6) � �$� � 6HWV VN�$� ZLWK N  h�
DUH SVHXGR KROHV RI �H�$�� :H VD\ LQ WKH IROORZLQJ WKDW D %DQDFK VSDFH RSHUDWRU

$ � %> ; @ LV ELTXDVLWULDQJXODU� $ � %47� LI �H�$� KDV QR KROHV RU SVHXGR KROHV �
,W LV LPPHGLDWH IURP WKH GHpQLWLRQ WKDW �H�$�  �Z�$� IRU HYHU\ $ � %47 �
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7KLV SDSHU FRQVLGHUV %DQDFK VSDFH %47 RSHUDWRUV�:H VWDUW E\ FRQVLGHULQJ VRPH
HOHPHQWDU\ SURSHUWLHV RI %47 RSHUDWRUV LQ 6HFWLRQ �� LQFOXGLQJ SUHVHUYDWLRQ XQGHU
VLPLODULW\� DV ZHOO DV FRPSDFW DQG FRPPXWLQJ 5LHV] SHUWXUEDWLRQV �VHH 7KHRUHP
��� 0DLQ UHVXOW DUH SURYHG LQ 6HFWLRQ �� 7KHVH IRFXV RQ WHQVRU SURGXFWV $n% DQG
GHULYDWLRQV r$�%  /$b5% � $�% � %> ; @� 7KHRUHP � GHDOV ZLWK WKH WHQVRU SURGXFW
$n% RI %47 RSHUDWRUV $ DQG % � %> ; @� 7HQVRU SURGXFWV SUHVHUYH ELTXDVLWULDQ�
JXODULW\ DQG WKH ELTXDVLWULDQJXODULW\ SURSHUW\ RI WHQVRU SURGXFWV LPSOLHV WKDW WKH
:H\O VSHFWUDO LGHQWLW\ KROGV >��@� 7KXV� LI $ DQG % DUH ELTXDVLWULDQJXODU� WKHQ VR
LV WKHLU WHQVRU SURGXFW $n%� DQG WKH :H\O VSHFWUDO LGHQWLW\

�Z�$n%�  ��$� c �Z�%� > �Z�$� c ��%�

KROGV� 7KHVH UHVXOWV �DV ZHOO DV WKHLU H[WHQVLRQV� DUH FDUULHG IURP WHQVRU SURGXFWV WR
WKH OHIW�ULJKW PXOWLSOLFDWLRQ RSHUDWRU /$5% LQ &RUROODU\ �� DQG WKHQ WR GHULYDWLRQV
r$�%  /$ b5% LQ 7KHRUHPV � DQG � �ZKHUH WKH WHQVRU SURGXFW $n% LV UHSODFHG
E\ WKH GHULYDWLRQ r$�%��

�� (O HP HQW DU \ SU RSHU W LHV RI %47 RSHU DW RU V

,Q WKH IROORZLQJ ZH JDWKHU WRJHWKHU VRPH EDVLF SURSHUWLHV RI %47 RSHUDWRUV LQ
%> ; @� 7KXV� IRUP QRZ RQ� WKURXJKRXW WKH SDSHU� VXSSRVH $ � %> ; @� ZKHUH ; LV D
%DQDFK VSDFH� /HW $ EH VXFK WKDW $b y, � j6) � � ; �� 7KHQ HLWKHU LQG�$b y,� ! �
RU LQG�$b y,� x �� 6LQFH LQG�$b y,� ! � LPSOLHV y � j�; �� ZH FRQFOXGH WKDW
y  � �H�$� DQG WKH VHW VN�$�  Iy � & � y � j6) � � ; �� � � LQG�$b y,�  NJ IRU
N � � LV HLWKHU D KROH RU D SVHXGR KROH RI �H�$�� $JDLQ� LI LQG�$b y,� � �� WKHQ
HLWKHU y  � �H�$� DQG LQG�$b y,�  N � � RU LQG�$b y,�  b�� WKXV HLWKHU
y  � �H�$� DQG LQG�$b y,�  �� RU VN�$� �N � �� LV HLWKHU D KROH RU D SVHXGR KROH RI
�H�$�� &RQFOXVLRQ� ,I $ � %47 � WKHQ �6) � �$�  �H�$�� $ VLPLODU DUJXPHQW ZRUNV
IRU ZKHQ $b y, � j6) � �; �� 7KLV \LHOGV D SURRI RI WKH HTXLYDOHQFH EHWZHHQ ���
DQG ���� IRU %DQDFK VSDFH %47 RSHUDWRUV�

3URSRVLWLRQ �� $ � %47 LI DQG RQO\ LI �6) � �$�  �6) � �$�  �H�$�  �Z�$��

/HW �D�$� DQG �V�$� GHQRWH� UHVSHFWLYHO\� WKH DSSUR[LPDWH SRLQW VSHFWUXP DQG
WKH VXUMHFWLYLW\ VSHFWUXP RI $ � %� ; �� 7KDW LV OHW�

�D�$�  Iy � & � $b y, LV QRW ERXQGHG EHORZJ�

�V�$�  Iy � & � $b y, LV QRW VXUMHFWLYHJ�

,I $ � %47 DQG y  � �V�$�� WKHQ y  � �6) � �$�  �Z�$� �� y  � ��$�� +HQFH�
�V�$�  ��$�� $ VLPLODU DUJXPHQW VKRZV WKDW $ � %47 LPSOLHV �D�$�  ��$�� 6R�

3URSRVLWLRQ �� >��@ ,I $ � %47� WKHP ��$�  �D�$�  �V�$��

$Q RSHUDWRU $ � %> ; @� KDV WKH VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\ DW y� � &� 69(3
DW y� IRU VKRUW� LI IRU HYHU\ RSHQ GLVF 'y � FHQWHUHG DW y� WKH RQO\ DQDO\WLF IXQFWLRQ
I � 'y � � ; ZKLFK VDWLVpHV

�$b y,�I�y�  � IRU DOO y � 'y �

LV WKH IXQFWLRQ I u �� $ KDV 69(3 LI LW KDV 69(3 DW HYHU\ y � &� (YLGHQWO\� $
KDV 69(3 DW SRLQWV LQ WKH UHVROYHQW VHW DQG WKH ERXQGDU\ #��$� RI ��$�� $OVR� $
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�UHVS�� $e� KDV 69(3 DW � LI DVF�$� � � �UHVS�� GVF�$� � ��� ZKHUH DVF�$� �UHVS��
GVF�$��� WKH DVFHQW RI $ �UHVS�� WKH GHVFHQW RI $�� LV WKH OHDVW QRQ�QHJDWLYH LQWHJHU
S VXFK WKDW $bS���  $b�S� ����� �UHVS�� $S�; �  $S� �� ; ��� /HW

�E�$�  Iy � ��$� � $b y,  � j�; � RU DVF�$b y,� � GVF�$b y,�J

GHQRWH WKH %URZGHU VSHFWUXP RI $� 5HFDOO WKDW �H�$� v �Z�$� v �E�$� v ��$��

3URSRVLWLRQ �� ,I $ � %47� WKHQ WKH IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

�L� �Z�$�  �E�$��

�LL� $ KDV 69(3 RQ ��$�Q�6) � �$��

�LLL� $ KDV 69(3 RQ ��$�Q�6) � �$��

�LY� $ KDV 69(3 RQ ��$�Q�H�$��

�Y� $ KDV 69(3 RQ ��$�Q�Z�$��

3URRI� 6LQFH $ � %47 � LW ZRXOG VXrFH WR SURYH �L��� �Y�� ,I �E�$�  �Z�$�� WKHQ
y �� �Z�$� LPSOLHV DVF�$b y,� � �� DQG WKLV LQ WXUQ LPSOLHV WKDW $ KDV 69(3 RQ
��$�Q�Z�$�� &RQYHUVHO\� LI $ KDV 69(3 DW HYHU\ y  � �Z�$�� WKHQ DVF�$b y,�  
GVF�$b y,� � �� L�H�� y  � �E�$� �VHH >�� 7KHRUHPV ��� DQG ����@��

2SHUDWRUV $ � %> ; @ VDWLVI\LQJ �Z�$�  �E�$� KDYH EHHQ GHVFULEHG LQ WKH OLWHU�
DWXUH DV VDWLVI\LQJ %URZGHU
V WKHRUHP �VHH� H�J�� >�@��

5HFDOO IURP >�� 3URSRVLWLRQ ����@ WKDW WKH FODVV RI +LOEHUW VSDFH %47 RSHUDWRUV
LV VWDEOH XQGHU VLPLODULWLHV DQG XQGHU SHUWXUEDWLRQ E\ FRPSDFW RSHUDWRUV� 7KLV UH�
VXOW KDV D QDWXUDO H[WHQVLRQ WR %DQDFK VSDFH %47 RSHUDWRUV� ,QGHHG� DORQJ ZLWK
EHLQJ LQYDULDQW XQGHU VLPLODULWLHV� WKH FODVV %47 LV LQYDULDQW XQGHU SHUWXUEDWLRQV
E\ FRPPXWLQJ 5LHV] RSHUDWRUV� %XW EHIRUH ZH JR RQ WR SURYH WKLV� ZH LQWURGXFH
VRPH FRPSOHPHQWDU\ QRWDWLRQ DQG UHVXOWV� 5HFDOO WKDW DQ $ � %> ; @ LV D 5LHV] RS�
HUDWRU� $ � 5> ; @� LI HYHU\ RI LWV QRQ]HUR VSHFWUDO SRLQWV LV D pQLWH UDQN SROH RI WKH
�UHVROYHQW RI WKH� RSHUDWRU� �7KXV� LI $ � 5> ; @� WKHQ �H�$�  I�J�� /HW C� �; � GH�
QRWH WKH %DQDFK VSDFH RI DOO ERXQGHG VHTXHQFHV RI HOHPHQWV RI ; �ZLWK LWV QDWXUDO
VXSUHPXP QRUP�� OHW P� ; � GHQRWH WKH VSDFH RI DOO SUHFRPSDFW VHTXHQFHV RI ; �
DQG OHW ; T  C� �; � P� ; �� 7KH XQLWDO KRPRPRUSKLVP 7T� ZLWK NHUQHO WKH LGHDO RI
FRPSDFW RSHUDWRUV .> ; @� HoHFWLQJ WKH HVVHQWLDO HQODUJHPHQW

7T � %> ; @� %> ; T@ VR WKDW 7T � $ �� $T

LV WKHQ D QRUP GHFUHDVLQJ PRQRPRUSKLVP IURP %> ; @ .> ; @� %> ; T@ VXFK WKDW 7T

PDSV XSSHU VHPL�)UHGKROP �UHVS�� ORZHU VHPL�)UHGKROP� RSHUDWRUV LQ %> ; @ RQWR
ERXQGHG EHORZ �UHVS�� VXUMHFWLYH� RSHUDWRUV LQ %> ; T@ �VHH >�@ DQG >��@� 7KHRUHPV
���� DQG ����� UHVSHFWLYHO\��:H VKRZ WKDW %47 LV VLPLODULW\ LQYDULDQW� /HW o�$�  
GLP 1 �$� DQG p�$�  FRGLP 5�$� GHQRWH WKH GHpFLHQF\ LQGLFHV RI $ � %> ; @�

3URSRVLWLRQ �� /HW $�%� 6 � %> ; @ EH VXFK WKDW $ � %47� 6 LV LQYHUWLEOH� DQG

$6  6%� 7KHQ % � %47�

3URRI� 8VLQJ WKH QRWDWLRQ DERYH� WKH K\SRWKHVHV LPSO\ $T6T  6T%T� ZKHUH 6T LV
LQYHUWLEOH LQ %>;T@� 6LQFH VLPLODU RSHUDWRUV KDYH WKH VDPH VSHFWUD� �[�%�  �[�$�
IRU �[  �6) � RU �6) � RU �H� ,W EHLQJ HYLGHQW WKDW o�$b y,�  o�% b y,� DQG
p�$b y,�  p�% b y,� IRU DOO FRPSOH[ y� WKH SURRI LV FRPSOHWH�
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/HW r$�% � %>%> ; @@� GHQRWH WKH JHQHUDOL]HG GHULYDWLRQ r$�%�;�  $; b;%�
:H VD\ WKDW WKH RSHUDWRUV $�% � %> ; @ DUH TXDVLQLOSRWHQW HTXLYDOHQW LI

G�$�%�  OLP
Q � �

NrQ$�%�,�N
�

�  OLP
Q� �

NrQ%�$�,�N
�

�  ��

4XDVLQLOSRWHQW HTXLYDOHQW RSHUDWRUV KDYH WKH VDPH DSSUR[LPDWH SRLQW DQG VXU�
MHFWLYLW\ VSHFWUXP >��� 3URSRVLWLRQ ������@� &OHDUO\� LI $�% � %> ; @ DUH VXFK WKDW
G�7T$� 7T%�  �� WKDW LV LI $T DQG %T DUH TXDVLQLOSRWHQW HTXLYDOHQW� WKHQ �D�$T�  
�D�%T� DQG �V�$T�  �V�%T�� DQG KHQFH �[�$�  �[�%�� ZKHUH �[  �6) � RU �6) �

RU �H� 7KLV LPSOLHV WKDW LI $ � %47 � DQG $T DQG %T DUH TXDVLQLOSRWHQW HTXLYDOHQW�
WKHQ �6) � �%�  �6) � �%�  �H�%�  �Z�$�� 'RHV �H�%�  �Z�%�" 7KH IROORZ�
LQJ WKHRUHP VD\V WKDW WKH DQVZHU LV LQ WKH DrUPDWLYH LQ WKH FDVH LQ ZKLFK % LV D
SHUWXUEDWLRQ RI $ E\ D FRPSDFW RSHUDWRU RU E\ D FRPPXWLQJ 5LHV] RSHUDWRU�

7KHRUHP �� 7KH FODVV RI %47 RSHUDWRUV LV VWDEOH XQGHU SHUWXUEDWLRQ E\ �L� FRP�

SDFW RSHUDWRUV DQG �LL� FRPPXWLQJ 5LHV] RSHUDWRUV�

3URRI� /HW $�% � %> ; @� ZKHUH $ � %47 � /HW 7T EH WKH KRPRPRUSKLVP GHpQHG
DERYH�

�L� ,I % � . > ; @� WKHQ 7T�$b W%�  $T IRU DOO � x W x �� DQG VR �[�7T�$b W%��  
�[�7T$� IRU �[  �D RU �V RU � DQG DOO � x W x �� +HQFH �[�$b W%�  �[�$� IRU
�[  �6) � RU �6) � RU �H DQG DOO � x W x �� 7KH ORFDO FRQVWDQF\ RI WKH LQGH[ LPSOLHV
LQG�$b%�  LQG�$�� KHQFH ZH KDYH DOVR WKDW �Z�$b%�  �Z�$��

�LL� $VVXPH QRZ WKDW % � 5> ; @� DQG $%  %$� 7KHQ 7T�$b W%�  $T b W%T IRU
DOO � x W x �� ZKHUH %T LV TXDVLQLOSRWHQW DQG $T%T  %T$T� 6LQFH

rQ$ � bW% � �$ � �,�  �b��
QWQ%Q

T  �b��
QrQ$ � �$ � bW% � �,��

LW IROORZV WKDW G�$T b W%T� $T�  � DQG KHQFH $T b W%T DQG $T DUH TXDVLQLOSRWHQW
HTXLYDOHQW IRU DOO � x W x �� 7KXV� DV EHIRUH� �[�$b W%�  �[�$� IRU �[  �6) � RU
�6) � RU �H DQG DOO � x W x �� 2QFH DJDLQ WKH ORFDO FRQVWDQF\ RI WKH LQGH[ LPSOLHV
WKDW ZH DOVR KDYH �Z�$b%�  �Z�$��

�� 0 DLQ U HVXO W V� 7 HQVRU SU RGXF W V DQG W KH RSHU DW RU r$�%  /$ b5%�

$ SDLU K; � a; L RI %DQDFK VSDFHV LV D GXDO SDLULQJ LI HLWKHU a;  ; e� WKH GXDO VSDFH

RI ; � RU ;  a; e� /HW

; d a; � &� �[� X� �� K[� XL�

GHQRWH WKH FDQRQLFDO ELOLQHDU PDSSLQJ �LQ ERWK FDVHV�� DQG OHW /> ; @ GHQRWH WKH
VXEDOJHEUD RI %> ; @ FRQVLVWLQJ RI RSHUDWRUV 7 � %> a; @ IRU ZKLFK WKHUH H[LVWV DQ
RSHUDWRU 7 � � %> a; @ ZLWK K7[� XL  K[� 7 �XL IRU DOO [ � ; DQG X � a; � ,W LV WKHQ
FOHDU WKDW �L� LI WKH GXDO SDLULQJ LV K; e� ; L� WKHQ /> ; e@  %> ; e@� DQG �LL� HDFK UDQN

RQH RSHUDWRU I\�Y � ; � ; � [ �� K[� YL\� \ � ; DQG Y � a; � LV FRQWDLQHG LQ /> ; @�
)ROORZLQJ (VFKPHLHU >�� S���@� ZH VD\ WKDW D WHQVRU SURGXFW RI %DQDFK VSDFHV ;
DQG < UHODWLYH WR WKH GXDO SDLULQJV K; � a; L� K<� a<L LV D %DQDFK VSDFH ; an< WRJHWKHU
ZLWK FRQWLQXRXV ELOLQHDU PDSSLQJV

; d < � ; an<� �[� \� �� [n \�
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/> ; @d /><@� %> ; an<@� �7� 6� �� 7 n 6�

ZKLFK VDWLVI\ WKH IROORZLQJ FRQGLWLRQV�

�L� N[n \N  N[N N\N�

�LL� �7 n 6��[n \�  7[n 7\�

�LLL� �7� n 6�� r �7� n 6��  7�7� n 6�6�� , n ,  ,�

�LY� 5�I[�X�n ,� ~ I[n \ � \ � <J� 5�, n I\�Y� ~ I[n \ � [ � ; J�

7KH FRPSOHWLRQ ; an< � ; ano<� RI WKH DOJHEUDLF WHQVRU SURGXFW RI ; DQG <
ZLWK UHVSHFW WR D TXDVL�XQLIRUP QRUP o WKHQ GHpQHV LQ D QDWXUDO ZD\ D WHQVRU SURG�
XFW UHODWLYH WR WKH GXDO SDLULQJV K; � ; eL DQG K<�<eL� *LYHQ RSHUDWRUV $ � %> ; @
DQG % � %><@� OHW $n% � %> ; an<@ GHQRWH WKH WHQVRU SURGXFW RI $ DQG %� 7KHQ�
VHH >�@ DQG >�� ��@�

�6) � �$n%�  �D�$� c �6) � �%� > �6) � �$� c �D�%��

�6) � �$n%�  �V�$� c �6) � �%� > �6) � �$� c �V�%��

�H�$n%�  ��$� c �H�%� > �H�$� c ��%��

�E�$n%�  ��$� c �E�%� > �E�$� c ��%��

�Z�$n%� v ��$� c �Z�%� > �Z�$� c ��%��

&RQVLGHU WKH DERYH LQFOXVLRQ LQYROYLQJ WKH :H\O VSHFWUXP RI WHQVRU SURGXFWV� )RO�
ORZLQJ WKH WHUPLQRORJ\ LQWURGXFHG LQ >��@� ZKHQ WKLV LQFOXVLRQ EHFRPHV DQ LGHQWLW\
ZH VD\ WKDW $ DQG % VDWLVI\ WKH :H\O VSHFWUDO LGHQWLW\ �:6,� �VHH >��� ��@ IRU D
GHWDLOHG DFFRXQW RQ WKH :6,�� ,W KDV EHHQ SURYHG LQ >��� 7KHRUHP �@ WKDW WKH ELTXD�
VLWULDQJXODU SURSHUW\ WUDQVIHUV IURP $ � %> ; @ DQG % � %><@ WR $n% � %> ; an<@�
DQG DOVR WKDW� LQ WKLV FDVH� $ DQG % VDWLVI\ WKH :H\O VSHFWUDO LGHQWLW\�

7KHRUHP �� >��@ $ DQG % ELTXDVLWULDQJXODU LPSOLHV $n% ELTXDVLWULDQJXODU �L�H��
LI $�% � %47� WKHP $n% � %47�� )XUWKHUPRUH� LI $ DQG % DUH ELTXDVLWULDQ�

JXODU� WKHQ $n% VDWLVpHV WKH :H\O VSHFWUDO LGHQWLW\� 7KDW LV� LI $�% � %47� WKHQ

�Z�$n%�  ��$� c �Z�%� > �Z�$� c ��%��

7KH WKHRUHP LPSOLHV WKDW LI $�% � %47 � WKHQ

��$n%�  �D�$n%�  �V�$n%��

�DZ�$n%�  �VZ�$n%�  �Z�$n%�

 ��$� c �Z�%� > �Z�$� c ��%�

 �DZ�$� c �V�%� > �D�$� c �VZ�%�

 �VZ�$� c �D�%� > �D�$� c �VZ�%��

ZKHUH

�DZ�$�  Iy � �D�$� � HLWKHU y � �6) � �$�
RU $b y, LV XSSHU VHPL�)UHGKROP RI SRVLWLYH LQGH[J�

�VZ�$�  Iy � �V�$� � HLWKHU y � �6) � �$�
RU $b y, LV ORZHU VHPL�)UHGKROP RI QHJDWLYH LQGH[J�

$Q RSHUDWRU LGHDO - EHWZHHQ %DQDFK VSDFHV < DQG ; LV D OLQHDU VXEVSDFH RI
%�<� ; � HTXLSSHG ZLWK D %DQDFK QRUP o VXFK WKDW
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�L� [n \� � - DQG o�[n \��  N[N N\N�

�LL� �67 �$�  /657 �$�  6$7 DQG o�6$7 � x N6No�$�N7N�

IRU DOO [ � ; � \� � <e� $ � - � 6 � %> ; @ DQG 7 � %><@ >�� S���@� 7KXV GHpQHG�
HDFK - LV D WHQVRU SURGXFW UHODWLYH WR WKH GXDO SDLULQJV K; � ; eL DQG K<e�<L DQG
WKH ELOLQHDU PDSSLQJV

; d <e � -� �[� \��� [n \��

%> ; @d%><e@� %�-�� �6� 7 e�� 6 n 7 e�

ZKHUH 6 n 7 e�$�  6$7 � /657 �$�  �6�7 �$��� 7KH QH[W UHVXOW LV LPPHGLDWH
IURP WKH DERYH DQG 7KHRUHP ��

&RUROODU\ �� ,I $�% � %47 �VR DOVR %e � %47�� WKHQ /$5% � %47 LV VXFK WKDW

�Z�/$5%�  ��$� c �Z�%� > �Z�$� c ��%��

1RWH WKDW WKH DERYH LV WKH DQDORJRXV RI :6, �ZKLFK ZDV GHpQHG IRU WHQVRU
SURGXFWV�� UHSODFLQJ $n% ZLWK /$5% � 7KH FRUROODU\ LPSOLHV� LQ SDUWLFXODU� WKDW
$ � %47 LPSOLHV /$� 5$ � %47 �:H SURYH EHORZ WKDW $�% � %47 LPSOLHV r$�%  
/$ b5% � %47 � DQG DOVR WKDW r$�%  /$ b5% VDWLVpHV WKH DQDORJRXV RI :6,�
2EVHUYH �IURP DQ DSSOLFDWLRQ RI WKH VSHFWUDO PDSSLQJ WKHRUHP� WKDW

�D�r$�%�  �D�$�b �V�%��

�V�r$�%�  �V�$�b �D�%��

��r$�%�  ��$�b ��%��

�H�r$�%�  
b

��$�b �H�%�
c

>
b

�H�$�b ��%�
c

�

�6) � �r$�%�  
b

�D�$�b �6) � �%�
c

>
b

�6) � �$�b �V�%�
c

�

�6) � �r$�%�  
b

�V�$�b �6) � �%�
c

>
b

�6) � �$�b �D�%�
c

�

�E�r$�%�  
b

��$�b �E�%�
c

>
b

�E�$�b ��%�
c

�

ZKHUH �[�$�b �\�%� PHDQV �V\PPHWULFDO� QXPHULFDO GLoHUHQFH �QRW VHW GLoHUHQFH��

7KH UHODWLRQVKLS EHWZHHQ WKH YDULRXV :H\O VSHFWUD RI r$�% LV D ELW PRUH GHOLFDWH�

/HW+��$� GHQRWH WKH TXDVLQLOSRWHQW SDUW +��$�  I[ � ; � OLPQ� � MM$Q[MM
�

�  �J
RI $ � %> ; @ >�� S���@�

7KHRUHP �� :H FODLP WKDW

�Z�r$�%� v
b

��$�b �Z�%�
c

>
b

�Z�$�b ��%�
c

�

�DZ�r$�%� v
b

�D�$�b �VZ�%�
c

>
b

�DZ�$�b �V�%�
c

�

IRU HYHU\ $ � %> ; @ DQG % � %><@�

3URRI� ,I y  �
b

��$�b �Z�%�
c

>
b

�Z�$�b ��%�
c

DQG y � ��$�b ��%�� WKHQ WKHUH
DUH pQLWH VHTXHQFHV IzLJQL � DQG I{LJQL �� RI SRLQWV zL � ��$� DQG {L � ��%�� DQG DQ
LQWHJHUP y � VXFK WKDW y  zL b {L� {L  � �Z�%� w �H�%� DQG zL  � �Z�$� w �H�$��
� x L x Q� zL � LVR��$� IRU DOO � x L x P DQG {L � LVR��%� IRU DOO P� � x L x Q�
(YLGHQWO\� y  � �H�r$�%�� :H SURYH WKDW LQG�r$�% b y,�  �� 5HFDOO IURP >�� 7KHR�
UHP ���@ WKDW
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LQG�r$�% b y,�  
Q
;

L P� �

GLP+��% b {L,� LQG�$b zL,�

b
P
;

L �

GLP+��$b zL,� LQG�% b {L,��

$V VHHQ DERYH� zL  � �H�$� DQG zL � LVR��$� IRU DOO � x L x P� KHQFH $b zL, KDV p�
QLWH DVFHQW �DQG GHVFHQW�� +��$b zL,�  �$b zL,�

bV��� IRU VRPH SRVLWLYH LQWHJHU
V ZLWK GLP+��$b zL,� � � IRU DOO � x L x P� 6LPLODUO\� $b zL, KDV pQLWH DV�
FHQW �DQG GHVFHQW�� +��% b {L,�  �% b {L,�

bW��� IRU VRPH SRVLWLYH LQWHJHU W ZLWK
GLP+��% b {L,� � � IRU DOO P� � x L x Q� 6LQFH DOUHDG\ LQG�$b zL,�  � IRU DOO
P� � x L x Q �zL  � �Z�$�� DQG LQG�% b {L,�  � IRU DOO � x L x P �{L  � �Z�%���
ZH FRQFOXGH WKDW LQG�r$�% b y,�  �� 6R y  � �Z�r$�%�� DQG WKH LQFOXVLRQ LV SURYHG�

7KH RWKHU LQFOXVLRQ LV VLPLODU� ,I y  �
b

�D�$�b �VZ�%�
c

>
b

�DZ�$�b �V�%�
c

DQG
y � �D�$�b �V�%�� WKHQ IRU HYHU\ zL � �D�$� DQG {L � �V�%� VXFK WKDW y  zL b {L
ZH PXVW KDYH WKDW {L  � �VZ�%� w �6) � �%� DQG zL  � �DZ�$� w �6) � �$�� 7KXV
y  � �6) � �r$�%��:H FODLP WKDW LQG�r$�% b y,�x�� )RU LI QRW� WKHQ LQG�r$�% b y,�!
� LPSOLHV y  � �H�r$�%�� 8VLQJ WKH DUJXPHQW IURP WKH SURRI RI WKH pUVW LQFOXVLRQ LW
WKHQ IROORZV WKDW LQG�r$�%b y,�  �� ZKLFK LV D FRQWUDGLFWLRQ�+HQFH y  � �DZ�r$�%��
DQG WKH LQFOXVLRQ LV SURYHG�

/HW D�:6, GHQRWH WKH DSSUR[LPDWH SRLQW :H\O VSHFWUXP YHUVLRQ RI :6,� $ DQG
% VDWLVI\ WKH D�:6, �RU WKH D�:6, KROGV IRU WKH WHQVRU SURGXFW $n%� LI >��@

�DZ�$n%�  �DZ�$� c �D�%� > �D�$� c �DZ�%�

�DOVR VHH >�@�� /HW r�:6, DQG r�D�:6,� EH WKH YHUVLRQV RI :6, DQG D�:6,� UHVSHF�
WLYHO\� ZLWK $n% UHSODFHG ZLWK r$�%� 7KH IROORZLQJ WKHRUHP SURYHV WKDW� LI $ DQG
% DUH ELTXDVLWULDQJXODU� WKHQ WKH\ VDWLVI\ WKH r�:6, DQG r�D�:6,�

�Z�r$�%�  
b

�Z�$�b ��%�
c

>
b

��$�b �Z�%�
c

�
DQG DOVR

�DZ�r$�%�  
b

�D�$�b �DZ�%
e�
c

>
b

�DZ�$�b �D�%
e�
c

 
b

��$�b �DZ�%
e�
c

>
b

�DZ�$�b ��%�
c

�

7KHRUHP �� ,I $ � %> ; @ DQG % � %><@ DUH %47 RSHUDWRUV� WKHQ r$�% � %47�
DQG VDWLVpHV ERWK r�:6, DQG r�D�:6,�

3URRI� ,I $�% � %47 � WKHQ �6) � �7 �  �6) � �7 �  �H�7 �  �Z�7 �� DQG ��7 �  
�D�7 �  �V�7 � DQG �DZ�7 �  �VZ�7 �  �Z�7 �  �H�7 �� ZKHUH 7  $ RU %� +HQFH

�6) � �r$%�  
b

�D�$�b �6) � �%�
c

>
b

�6) � �$�b �V�%�
c

 
b

�V�$�b �6) � �%�
c

>
b

�6) � �$�b �D�%�
c

 �6) � �r$�%�

 
b

��$�b �H�%�
c

>
b

�H�$�b ��%�
c

 �H�r$�%��

�Z�r$�%� v
b

��$�b �Z�%�
c

>
b

�Z�$�b ��%�
c

 
b

��$�b �H�%�
c

>
b

�H�$�b ��%�
c

 �H�r$�%� v �Z�r$�%�

� �H�r$�%�  �Z�r$�%�  
b

��$�b �Z�%�
c

>
b

�Z�$�b ��%�
c

�
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DQG

�DZ�r$�%� v
b

�D�$�b �VZ�%�
c

>
b

�DZ�$�b �V�%�
c

 
b

�D�$�b �6) � �%�
c

>
b

�6) � �$�b �V�%�
c

 �6) � �r$�%� v �DZ�r$�%�

� �DZ�r$�%�  
b

�D�$�b �VZ�%�
c

>
b

�DZ�$�b �V�%�
c

�

ZKLFK OHDGV WR WKH FODLPHG UHVXOWV�

5HI HU HQF HV

�� 3 � $ LHQ D� )U HGKROP DQ G / RFDO 6 SHFW U DO 7 KHRU \ � Z LW K $ SSOLFDW LRQ V W R 0XOW LSOLHU V� .OX Z HU �
'RU G U HFK W� �����

�� & � $ S RVWRO� & � )RLD|V DQ G '� 9 RLFX OHVFX � 6 RPH U HVXOW V RQ Q RQ � TXDVLW U LDQ JXODU RSHU DW RU V ,9 �
5HY � 5RP DLQ H 0DWK � 3 X U H $ S S O� �� ������� ���^����

�� & � $ S RVWRO� & � )RLD|V DQ G '� 9 RLFX OHVFX � 6 RPH U HVXOW V RQ Q RQ � TXDVLW U LDQ JXODU RSHU DW RU V 9 , �
5HY � 5RP DLQ H 0DWK � 3 X U H $ S S O� �� ������� ����^����

�� - �- � % X RQ L� 5�( � + DU WH DQ G $ �: � : LFN VWHDG � 8 SSHU DQ G ORZ HU )U HGKROP VSHFW U D� 3 U RF� $ P HU �
0DWK � 6 RF� �� ������� ���^����

�� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF DQ G & �6 � .X E U X VO\ � 2Q W KH D� %U RZ GHU DQ G D� : H\ O VSHFW U D RI

W HQ VRU SU RGXFW V� 5HQ G � & LU F� 0DW� 3 DOHU P R �� ������� ���^����
�� 3 �5� + DOP RV� 4XDVLW U LDQ JXODU RSHU DW RU V� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
�� - � ( VFK P HLHU � 2Q W KH VSHFW U D RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V LQ %DQ DFK VSDFHV� - � 5HLQ H
$ Q JHZ � 0DWK � ��� ������� ���^����

�� '�$ � + HU U HU R� $ SSU R[LPDW LRQ RI + LOEHU W 6 SDFH 2SHU DW RU V ^ 9 ROXPH , � /RQ JP DQ � + DU ORZ � �����
�Q G HG Q � �����

�� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V , � 7 U DQ V� $ P HU � 0DWK �
6 RF� ��� ������� ��^����

��� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V ,,� 7 KH DSSU R[LPDW H

SRLQ W VSHFW U XP DQ G . DW R HVVHQ W LDO VSHFW U XP� 7 U DQ V� $ P HU � 0DWK � 6 RF� ��� ������� ���^����
��� & �6 � .X E U X VO\ � 6 SHFW U DO 7 KHRU \ RI 2SHU DW RU V RQ + LOEHU W 6 SDFHV� % LU N K �DX VHU �6 S U LQ JHU � 1 HZ

< RU N � �����

��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O DQ G %U RZ GHU VSHFW U D RI W HQ VRU SU RGXFW V� *ODVJRZ
0DWK � - � �� ������� ���^����

��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O
V W KHRU HP DQ G W HQ VRU SU RGXFW V� *ODVJRZ � 0DWK � - �
�� ������� ���^����

��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� : H\ O VSHFW U DO LGHQ W LW \ DQ G ELTXDVLW U LDQ JXODU LW \ � WR DS S HDU �
��� .�% � /DX U VHQ DQ G 0�0� 1 HX P DQ Q � ,Q W U RGXFW LRQ W R ORFDO VSHFW U DO W KHRU \ � & ODU HQ G RQ 3 U HVV�

2[ IRU G � �����
��� 9 � 0�X OOHU � 6 SHFW U DO 7 KHRU \ RI / LQ HDU 2SHU DW RU V ^ DQ G 6 SHFW U DO 6 \ VW HPV LQ %DQ DFK $ OJHEU DV�

�Q G HG Q � % LU N K �DX VHU � % DVHO� �����
��� & �0� 3 HDU F\ � 6 RPH 5 HFHQ W ' HYHORSPHQ W V LQ 2SHU DW RU 7 KHRU \ � & % 06 5HJLRQ DO & RQ IHU HQ FH

6 HU LHV LQ 0DWK HP DWLFV 1 R� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �����

%�3� 'XJJDO � 5HGZ RRG * U RYH� /RQGRQ : � � 6=� (QJO DQG� 8� . �

( � PDLO DGGU HVV� ESGXJJDO#\DKRR�FR�XN

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


