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$EVW U DF W � /HW $ DQ G % E H RS HU DWRU V DFWLQ J RQ LQ p Q LWH�G LP HQ VLRQ DO FRP S OH[
% DQ DFK VS DFHV� : H VD\ WK DW WK H : H\ O 6 S HFWU DO ,G HQ WLW\ K ROG V IRU WK H WHQ VRU
S U RG X FW $n% LI �Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�� Z K HU H �� c � DQ G
�Z� c � VWDQ G IRU VS HFWU X P DQ G : H\ O VS HFWU X P � U HVS HFWLY HO\ � & RQ G LWLRQ V RQ $

DQ G % IRU Z K LFK WK H : H\ O 6 S HFWU DO ,G HQ WLW\ K ROG V DU H LQ Y HVWLJDWHG � ( VS HFLDOO\ �

LW LV VK RZ Q WK DW LI $ DQ G % DU H E LT X DVLWU LDQ JX ODU �LQ S DU WLFX ODU � LI WK H VS HFWU D
RI $ DQ G % K DY H HP S W\ LQ WHU LRU �� WK HQ WK H : H\ O 6 S HFWU DO ,G HQ WLW\ K ROG V� ,W
LV DOVR S U RY HG WK DW LI $ DQ G % DU H E LT X DVLWU LDQ JX ODU � WK HQ WK H WHQ VRU S U RG X FW
$n% LV E LT X DVLWU LDQ JX ODU �

�� ,QW U RGXF W LRQ

*LYHQ D SDLU RI RSHUDWRUV $ DQG % LW LV D UHOHYDQW TXHVWLRQ WR HQTXLUH ZKHWKHU WKH
:H\O 6SHFWUDO ,GHQWLW\ KROGV� $Q H[DPSOH ZKHUH WKLV FRQGLWLRQ SOD\V DQ LPSRUWDQW
UROH LV WKH UHVXOW WKDW VD\V WKDW LI $ DQG % DUH LVRORLG� VDWLVI\ :H\O
V WKHRUHP� DQG

WKH :H\O 6SHFWUDO ,GHQWLW\ KROGV� WKHQ WKH WHQVRU SURGXFW $n% VDWLVpHV :H\O
V WKH�

RUHP >��� 7KHRUHP �@ �DOVR VHH >��� 3URRI RI 7KHRUHP �@� >��� &RUROODU\ �@�� 7KH DLP
RI WKLV SDSHU LV WR LQYHVWLJDWH FRQGLWLRQV RQ $ DQG % IRU ZKLFK WKH :H\O 6SHFWUDO
,GHQWLW\ KROGV� 7KH PDLQ UHVXOW �7KHRUHP �� VD\V WKDW LI $ DQG % DUH ELTXDVLWUL�

DQJXODU RSHUDWRUV �LQ SDUWLFXODU� LI WKH VSHFWUD RI $ DQG % KDYH HPSW\ LQWHULRU��
WKHQ WKH :H\O 6SHFWUDO ,GHQWLW\ KROGV� DQG WKLV LPSOLHV WKDW ELTXDVLWULDQJXODULW\ LV

WUDQVIHUUHG IURP WKH RSHUDWRUV WR WKHLU WHQVRU SURGXFW $n%�

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

1RWDWLRQ LQ WKLV DUHD LV QRW VWDQGDUG� 7KXV� WR EHJLQ ZLWK� ZH SRVH WKH QRWDWLRQ
DQG WHUPLQRORJ\ WKDW ZLOO EH XVHG WKURXJKRXW WKH WH[W� %\ DQ RSHUDWRU ZH PHDQ D
ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI D QRUPHG VSDFH LQWR LWVHOI� 7KURXJKRXW WKLV SDSHU
7 ZLOO GHQRWH DQ DUELWUDU\ RSHUDWRU DFWLQJ RQ D FRPSOH[ LQpQLWH�GLPHQVLRQDO %DQDFK
VSDFH ; � DQG , ZLOO GHQRWH WKH LGHQWLW\ RSHUDWRU RQ ; � /HW WKH NHUQHO DQG UDQJH RI 7
EH GHQRWHG E\ 1 �7 � DQG 5�7 �� UHVSHFWLYHO\� OHW ;  5�7 �b EH WKH TXRWLHQW VSDFH RI
; PRGXOR WKH FORVXUH RI 5�7 � �ZKLFK LQ D +LOEHUW VSDFH LV LGHQWLpHG ZLWK 1 �7 e���
OHW ��7 � DQG �3 �7 � VWDQG IRU WKH VSHFWUXP DQG SRLQW VSHFWUXP �L�H�� WKH VHW RI DOO
HLJHQYDOXHV� RI 7� DQG OHW �$3 �7 �  Iy � & � y, b 7 LV QRW ERXQGHG EHORZJ EH WKH
DSSUR[LPDWH SRLQW VSHFWUXP RI 7� 5HFDOO WKDW ��7 � LV FRPSDFW DQG QRQHPSW\� 6HW

�CH�7 �  
j

y � & � 5�y, b 7 � LV QRW FORVHG RU GLP 1 �y, b 7 �  �
k

�

�UH�7 �  
j

y � & � 5�y, b 7 � LV QRW FORVHG RU GLP ;  5�y, b 7 �  �
k

�

WKH OHIW DQG ULJKW HVVHQWLDO VSHFWUD LQ D +LOEHUW�VSDFH VHWWLQJ� RU WKH XSSHU DQG ORZHU
VHPL�)UHGKROP VSHFWUD LQ D %DQDFK�VSDFH VHWWLQJ� DQG OHW

' DW H� 2FWRE HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 7 HQ VRU S U RG X FW� : H\ O VS HFWU DO LG HQ WLW\ � % LT X DVLWU LDQ JX ODU RS HU DWRU V�

�
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�H�7 �  �CH�7 � > �UH�7 �  
j

y � & � y, b 7 LV QRW D )UHGKROP RSHUDWRU
k

EH WKH HVVHQWLDO VSHFWUXP �DOVR FDOOHG WKH )UHGKROP VSHFWUXP� RI 7� /HW

�Z�7 �  
j

y � & � y, b 7 LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HUR
k

EH WKH :H\O VSHFWUXP RI 7� 6HW

���7 �  ��7 �Q�Z�7 ��

WKH FRPSOHPHQW RI WKH :H\O VSHFWUXP �Z�7 � LQ WKH ZKROH VSHFWUXP ��7 �� 7KH SDLU
RI VHWV I�Z�7 �� ���7 �J IRUPV D SDUWLWLRQ RI WKH VSHFWUXP ��7 �� 2EVHUYH WKDW LQ D
+LOEHUW VSDFH� ZKHUH 7 e GHQRWHV WKH DGMRLQW RI 7� ZH JHW

���7 �  
j

y � �3 �7 � � 5�y, b 7 � LV FORVHG DQG

GLP 1 �y, b 7 �  GLP 1 �y, b 7 e� � �
k

�VHH� H�J�� >��� [���@ _ LQ D %DQDFK VSDFH WKH VDPH UHVXOW VWLOO KROGV ZLWK 1 �y,b7 e�
UHSODFHG ZLWK WKH TXRWLHQW VSDFH ;  5�y, b 7 �b� WKH XSSHU EDU b VWDQGLQJ IRU
FORVXUH�� &RQVLGHU WKH VHW �3) �7 � RI DOO HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\�

�3) �7 �  Iy � �3 �7 � � GLP 1 �y, b 7 � � �
k

�

VR WKDW ���7 � v �3) �7 �� DQG VHW

}���7 �  �LV R�7 � ? �3) �7 ��

ZKHUH �LV R�7 � GHQRWHV WKH VHW RI DOO LVRODWHG SRLQWV RI WKH VSHFWUXP ��7 �� ,WV FRP�
SOHPHQW �DFF�7 � LQ ��7 � LV WKH VHW RI DOO DFFXPXODWLRQ SRLQWV RI WKH VSHFWUXP�
�DFF�7 �  ��7 �Q�LV R�7 � _ WKHVH DUH VRPHWLPHV DOVR GHQRWHG E\ LVR��7 � DQG
DFF��7 �� UHVSHFWLYHO\� 2QH VD\V WKDW DQ RSHUDWRU 7 VDWLVpHV :H\O
V WKHRUHP LI

���7 �  }���7 ��

DQG LW LV VDLG WR VDWLVI\ %URZGHU
V WKHRUHP LI

���7 � v }���7 ��

6HW

}��7 �  �LV R�7 � ? ���7 ��

7KH VHW

�E�7 �  ��7 �Q}��7 �

LV UHIHUUHG WR DV WKH %URZGHU VSHFWUXP RI 7� DQG VR I�E�7 �� }��7 �J IRUPV DQRWKHU
SDUWLWLRQ RI WKH VSHFWUXP ��7 �� 5HFDOO WKDW

�H�7 � v �Z�7 � v �E�7 � v ��7 ��

DQG

�Z�7 �  �E�7 � LI DQG RQO\ LI 7 VDWLVpHV %URZGHU
V WKHRUHP�

7KHVH DUH ZHOO�NQRZQ UHVXOWV �VHH� H�J�� >��� &KDSWHU �@�� $Q RSHUDWRU 7 LV LVRORLG LI
�LV R�7 � v �3 �7 � �L�H�� LI HYHU\ LVRODWHG SRLQW RI WKH VSHFWUXP LV DQ HLJHQYDOXH��
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�� $X[LO LDU \ 5HVXO W V

,Q WKLV VHFWLRQ ZH H[SORUH WKH UHODWLRQVKLS DPRQJ ELTXDVLWULDQJXODU RSHUDWRUV�
RSHUDWRUV ZLWKRXW LVRODWHG SRLQWV LQ WKHLU VSHFWUD DQG� RQ WKH RWKHU HQG� RSHUDWRUV
ZKRVH VSHFWUD KDYH HPSW\ LQWHULRU� ZKLFK ZLOO EH QHHGHG LQ WKH VHTXHO� /HW ��7 �r

GHQRWH WKH LQWHULRU RI WKH VSHFWUXP ��7 � RI 7 �

$Q RSHUDWRU 7 RQ D FRPSOH[ LQpQLWH�GLPHQVLRQDO VHSDUDEOH +LOEHUW VSDFH LV TXD�
VLWULDQJXODU LI WKHUH LV D VHTXHQFH I3QJ RI pQLWH�UDQN SURMHFWLRQV WKDW FRQYHUJHV
VWURQJO\ WR WKH LGHQWLW\ RSHUDWRU , DQG I�, b 3Q�73QJ FRQYHUJHV XQLIRUPO\ WR WKH
QXOO RSHUDWRU >��� [�@� ,I ERWK 7 DQG 7 e DUH TXDVLWULDQJXODU� WKHQ 7 LV ELTXDVL�
WULDQJXODU �%47�� %LTXDVLWULDQJXODU RSHUDWRUV DUH HTXLYDOHQWO\ GHVFULEHG DV IROORZV�

7 LV %47 LI DQG RQO\ LI �CH�7 �  �UH�7 �  �H�7 �  �Z�7 �

>�� 7KHRUHP ���@� >�� 7KHRUHP ���@ �DOVR VHH >��� S���@�� ZKLFK PHDQV WKDW >��� [�@

7 LV %47 LI DQG RQO\ LI �H�7 � KDV QR KROHV DQG QR SVHXGRKROHV

�VHH WKH IRUWKFRPLQJ /HPPD ��H��� 7KXV ZH WDNH WKH DERYH HTXLYDOHQW VWDWHPHQW DV
WKH GHpQLWLRQ RI D %47 RSHUDWRU RQ D %DQDFK VSDFH� %\ WKH DERYH FKDUDFWHUL]DWLRQ�
LI WKHUH LV DQ RSHUDWRU RQ D FRPSOH[ LQpQLWH�GLPHQVLRQDO VHSDUDEOH +LOEHUW VSDFH
ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW PXVW EH ELTXDVLWULDQJXODU >��� S���@�
,QGHHG� VLQFH ��7 �Q�H�7 � v �3) �7 � > �3) �7

e�e� �CH�7 �Q�UH�7 � v �3 �7 �Q�3) �7 ��
�UH�7 �Q�CH�7 � v �3 �7

e�eQ�3) �7 e�e �VHH H�J�� >��� 7KHRUHP ���� DQG &RUROODU\
����@�� DQG UHFDOOLQJ WKDW �CH�7 � > �UH�7 �  �H�7 � v�Z�7 � v�E�7 � v��7 �� ZH JHW

�CH�7 �  �UH�7 �  �H�7 �  �Z�7 �  �E�7 �  ��7 �

ZKHQHYHU �3 �7 �  �3 �7
e�  "� ,Q SDUWLFXODU�

�3 �7 �  �3 �7
e�  " LPSOLHV WKDW 7 LV %47 �

(TXLYDOHQWO\�
��7 �  �&�7 � LPSOLHV WKDW 7 LV %47 �

ZKHUH �&�7 �  ��7 �
sb

�3 �7 � > �3 �7
e�e

c

VWDQGV IRU WKH FRQWLQXRXV VSHFWUXP RI 7�
5HFDOOLQJ WKDW LI 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ ��7 �  �&�7 �� LW
IROORZV WKDW LI 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ 7 LV %47 �

/HPPD �� /HW 7 EH DQ DUELWUDU\ RSHUDWRU�

�D� ,I �LV R�7 �  "� WKHQ �E�7 �  ��7 ��

�E� ,I ���7 �  "� WKHQ �Z�7 �  �E�7 �  ��7 ��

�F� ,I �LV R�7 �  ���7 �  "� WKHQ 7 VDWLVpHV :H\O
V WKHRUHP�

�G� ,I ���7 �  " DQG �H�7 � KDV QR KROHV� WKHQ �H�7 �  �Z�7 �  �E�7 �  ��7 ��

�H� �H�7 � KDV QR KROHV DQG QR SVHXGRKROHV LI DQG RQO\ LI 7 LV %47�

3URRI� ,I �LV R�7 �  "� WKHQ }��7 �  "� DQG KHQFH �D� �E�7 �  ��7 �� 5HFDOO WKDW
�H�7 � v �Z�7 � v �E�7 � v ��7 �� ,I ���7 �  ��7 �Q�Z�7 �  "� WKHQ �E� �Z�7 �  
�E�7 �  ��7 � �ZKLFK LPSOLHV WKDW 7 VDWLVpHV %URZGHU
V WKHRUHP�� ,I� LQ DGGLWLRQ�
�LV R�7 �  "� WKHQ �F� 7 VDWLVpHV :H\O
V WKHRUHP DV ZHOO �VLQFH }��  " WULYLDOO\��
6LQFH �Z�7 � LV WKH XQLRQ RI �H�7 � DQG LWV KROHV �WKH 6FKHFKWHU 7KHRUHP� VHH� H�J��
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>��� 7KHRUHP ����@�� ZH JHW �G� IRUP �E�� &RQVHTXHQWO\� �H�7 � KDV QR KROHV _ ZKLFK
PHDQV WKDW �H�7 �  �Z�7 � _ DQG WKH SVHXGRKROHV �� � �7 �  �CH�7 �Q�UH�7 � DQG
�b� �7 �  �UH�7 �Q�CH�7 � �VHH� H�J�� >��� 7KHRUHP ����@� RI �H�7 � DUH HPSW\ _ VR
WKDW �CH�7 �  �UH�7 �  �H�7 � _ LI DQG RQO\ LI �CH�7 �  �UH�7 �  �H�7 �  �Z�7 ��
ZKLFK PHDQV WKDW 7 LV %47 �

/HPPD �� 6XSSRVH ��7 �r  "� 7KHQ

�D� �CH�7 �  �UH�7 �  �H�7 �  �Z�7 �  �E�7 �
�L�H�� 7 LV %47 DQG VDWLVpHV %URZGHU
V WKHRUHP��

�E� �CH�7 �  �UH�7 �  �H�7 �  �Z�7 �  �E�7 �  ��7 � LI DQG RQO\ LI ���7 �  "�

3URRI� 5HFDOO WKDW ���7 �  ���7 � > }��7 �� ZKHUH ���7 �  ���7 �Q}��7 � LV DQ RSHQ
VHW LQ & �FI� >��� &RUROODU\ ����@�� 6XSSRVH ��7 �r  "� 7KHQ ���7 �  }��7 �� ZKLFK
LV HTXLYDOHQW WR VD\LQJ WKDW �Z�7 �  �E�7 � �L�H�� 7 VDWLVpHV %URZGHU
V WKHRUHP _
VHH� H�J�� >��� &RUROODU\ ����@�� 0RUHRYHU� VLQFH WKH KROHV RI �H�7 � DUH RSHQ VHWV�
WKH 6FKHFKWHU 7KHRUHP �VHH� H�J�� >��� 7KHRUHP ����@� HQVXUHV WKDW �H�7 �  �Z�7 ��
)XUWKHUPRUH� WKH SVHXGRKROHV RI �H�7 � DUH DOVR RSHQ VHWV� VR WKDW �CH�7 �  �UH�7 �  
�H�7 � �VHH� H�J�� >��� 7KHRUHP ����@�� 7KLV FRQFOXGHV WKH SURRI RI �D�� )URP �D��
���7 �  " �L�H�� �Z�7 �  ��7 �� LI DQG RQO\ LI �CH�7 �  �UH�7 �  �H�7 �  �Z�7 �  
�E�7 �  ��7 � �VLQFH �Z�7 � v �E�7 � v ��7 ��� DQG VR ZH JHW �E��

5HPDUN �� �D� /HW 7 DFW RQ ; � 5HFDOO WKDW

�H�7 �  �CH�7 � > �UH�7 �  
b

�CH�7 � ? �UH�7 �
c

> �� � �7 � > �b� �7 ��

WKDW �CH�7 �� �UH�7 �� �H�7 �� �Z�7 �� DQG �E�7 � DUH VXEVHWV RI ��7 � ZKLFK DUH DOO
FORVHG LQ &� DQG DOVR WKDW WKH SVHXGRKROHV RI �H�7 �� YL]�� �� � �7 �  �CH�7 �Q�UH�7 �
DQG �b� �7 �  �UH�7 �Q�CH�7 �� ZKLFK DUH KROHV RI �UH�7 � DQG �CH�7 �� DUH RSHQ LQ
&� 7KHUHIRUH� LW FDQ EH YHULpHG �FI� >��� 7KHRUHP ����� &RUROODU\ ����� 5HPDUNV
�����D�� �����D�� �����D�@� WKDW DVVHUWLRQV �L� WR �LLL� EHORZ DUH SDLUZLVH HTXLYDOHQW�

�L� GLP ;  ��

�LL� 2QH RI WKH VHWV �CH�7 �� �UH�7 �� �H�7 �� �Z�7 �� RU �E�7 � LV QRW HPSW\�

�LLL� $OO WKH VHWV �CH�7 �� �UH�7 �� �H�7 �� �Z�7 �� DQG �E�7 � DUH QRW HPSW\�

�E� 7KXV WKH VHWV LQ /HPPD ��D� DUH QRQHPSW\� ,I �LV R�7 �  ��7 �� WKHQ ���7 � � �
�� PHDQV FDUGLQDOLW\�� DQG VR ��7 �r  "� LPSO\LQJ WKH DVVXPSWLRQ RI /HPPD ��
�F� 7KH UHVXOW LQ /HPPD ��E� DOVR KROGV LI 7 LV %47 � 7KDW LV� LI 7 LV %47� WKHQ
�CH�7 �  �UH�7 �  �H�7 �  �Z�7 �  �E�7 �  ��7 � LI DQG RQO\ LI ���7 �  "�
�G� 7KH FRQYHUVH RI /HPPD ��D� IDLOV� �CH�7 �  �UH�7 �  �H�7 �  �Z�7 �  �E�7 �
GRHV QRW LPSO\ ��7 �r  "� ,W ZDV H[KLELWHG LQ >��� ([DPSOH ��+ �3DUW ��@ D +LOEHUW
VSDFH RSHUDWRU VXFK WKDW ��7 �  �&�7 �  '� WKH FORVHG XQLW GLVF� DQG VR �3 �7 �  
�3 �7

e�  "� ZKLFK LPSOLHV �CH�7 �  �UH�7 �  �H�7 �  �Z�7 �  �E�7 �  ��7 ��

�� : H\O 6SHF W U DO ,GHQW LW \

%\ D WHQVRU SURGXFW VSDFH ; n < RI �FRPSOH[ LQpQLWH�GLPHQVLRQDO� %DQDFK VSDFHV
; DQG < ZH PHDQ WKH FRPSOHWLRQ HQGRZHG ZLWK D UHDVRQDEOH XQLIRUP FURVV QRUP
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>��� [���@ RI WKH DOJHEUDLF WHQVRU SURGXFW RI ; DQG < >�� S���^��@� >��� [���@� /HW WKH
�ERXQGHG OLQHDU� RSHUDWRU $n% RQ ; n < GHQRWH WKH WHQVRU SURGXFW RI �ERXQGHG
OLQHDU� RSHUDWRUV $ RQ ; DQG % RQ <� �$ DQG % ZLOO DOZD\V VWDQG IRU RSHUDWRUV
RQ %DQDFK VSDFHV�� $V IDU DV WHQVRU SURGXFW SURSHUWLHV XVHG LQ WKLV SDSHU DUH
FRQFHUQHG WKHUH ZLOO EH QR IXVV LQ FRQVLGHULQJ WHQVRU SURGXFWV HLWKHU LQ D %DQDFK
RU LQ D +LOEHUW VSDFH VHWWLQJ >��� [�@� )RU LQVWDQFH� WKDW WKH VSHFWUXP RI D WHQVRU
SURGXFW FRLQFLGHV ZLWK WKH SURGXFW RI WKH VSHFWUD RI WKH IDFWRUV�

��$n%�  ��$� c ��%��

ZDV SURYHG LQ D +LOEHUW VSDFH VHWWLQJ >�� [�@� EXW LW LV ZHOO NQRZQ >��� 7KHRUHP ���@�
>��� 7KHRUHP ����@� >�� 7KHRUHP ���@ WKDW WKLV KDV D QDWXUDO H[WHQVLRQ WR D %DQDFK
VSDFH VHWWLQJ �UHDVRQDEO\ XQLIRUPO\ FURVV QRUPHG�� )RU WKH HVVHQWLDO DQG %URZGHU
VSHFWUD LW ZDV SURYHG LQ >��� 7KHRUHP ����F�D�@ WKDW

�H�$n%�  �H�$� c ��%� > ��$� c �H�%��

�E�$n%�  �E�$� c ��%� > ��$� c �E�%��

ZKLOH IRU WKH :H\O VSHFWUXP LW ZDV DOVR SURYHG LQ >��� 7KHRUHP ����I�@ WKDW

�Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%��

,W UHPDLQHG DV DQ RSHQ TXHVWLRQ ZKHWKHU WKH DERYH LQFOXVLRQ PLJKW EH DQ LGHQWLW\�
7KLV TXHVWLRQ ZDV VROYHG TXLWH UHFHQWO\ E\ XVLQJ WKH FRXQWHUH[DPSOH IURP >��� [�@
�ZKLFK H[KLELWV D SDLU RI RSHUDWRUV WKDW VDWLVI\ :H\O
V WKHRUHP ZKRVH WHQVRU SURGXFW
GRHV QRW VDWLVI\ %URZGHU
V WKHRUHP� WRJHWKHU ZLWK D UHVXOW IURP >��� &RUROODU\ �@
�ZKLFK VD\V WKDW %URZGHU
V WKHRUHP LV WUDQVIHUUHG IURP D SDLU RI RSHUDWRUV WR WKHLU
WHQVRU SURGXFW LI DQG RQO\ LI WKH DERYH LQFOXVLRQ LV DQ LGHQWLW\�� 7KLV HQVXUHV WKH
H[LVWHQFH RI SDLUV RI RSHUDWRUV IRU ZKLFK WKH DERYH LQFOXVLRQ LV SURSHU� ,I D SDLU RI
RSHUDWRUV I$�%J LV VXFK WKDW

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%��

WKHQ ZH VD\ WKDW WKH :H\O 6SHFWUDO ,GHQWLW\ �:6,� KROGV IRU $n%�

,W LV DQ LPSRUWDQW TXHVWLRQ WR HQTXLUH ZKHWKHU WKH :6, KROGV� $Q H[DPSOH ZKHUH
WKLV FRQGLWLRQ SOD\V D FUXFLDO UROH LV WKH UHVXOW WKDW VD\V WKDW LI $ DQG % DUH LVRORLG�

VDWLVI\ :H\O
V WKHRUHP� DQG WKH :6, KROGV� WKHQ $n% VDWLVpHV :H\O
V WKHRUHP

>��� 7KHRUHP �@ �DOVR VHH >��� 3URRI RI 7KHRUHP �@� >��� &RUROODU\ �@��

,Q WKH QH[W VHFWLRQV ZH LQYHVWLJDWH FRQGLWLRQV RQ $ DQG % IRU ZKLFK WKH :H\O
6SHFWUDO ,GHQWLW\ �:6,� KROGV� :H EHJLQ ZLWK D FROOHFWLRQ RI LQWHUPHGLDWH UHVXOWV�
H[KLELWLQJ FRQGLWLRQV WKDW LPSO\ WKH :H\O 6SHFWUDO ,GHQWLW\� RU DUH LPSOLHG E\ LW�
ZKLFK DUH FORVHO\ OLQNHG ZLWK %URZGHU
V WKHRUHP�

/HPPD �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ LQpQLWH�GLPHQVLRQDO VSDFHV�

�D� ,I �Z�$n%�  �E�$n%�� WKHQ WKH :6, KROGV

�L�H�� LI $n% VDWLVpHV %URZGHU
V WKHRUHP� WKHQ WKH :6, KROGV��

�E� ,Q SDUWLFXODU� LI ���$n%�  "� WKHQ WKH :6, KROGV

ZLWK �Z�$n%�  �E�$n%�  ��$n%��
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�F� ,I �H�$�QI�J  �Z�$�QI�JDQG �H�%�QI�J  �Z�%�QI�J� WKHQ WKH :6, KROGV

ZLWK �H�$n%�  �Z�$n%��

�G� ,I �Z�$�  �Z�%�  I�J� WKHQ WKH :6, KROGV

ZLWK ���$n%�  ���$� c ���%��

�H� ,I �Z�$�  ��$� RU �Z�%�  ��%�� DQG LI WKH :6, KROGV� WKHQ

�Z�$n%�  �E�$n%�  ��$n%� DQG ���$n%�  ���$�c���%�  "�

�I� ,I �Z�$�  �E�$�� �Z�%�  �E�%�� DQG WKH :6, KROGV� WKHQ �Z�$n%�  
�E�$n%� �L�H�� LI $ DQG % VDWLVI\ %URZGHU
V WKHRUHP� DQG LI WKH :6,

KROGV� WKHQ WKH WHQVRU SURGXFW $n% VDWLVpHV %URZGHU
V WKHRUHP��

3URRI� �D� 6LQFH �Z�7 � v �E�7 �� LI �Z�$n%�  �E�$n%�� WKHQ

�Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%�

v �E�$� c ��%� > ��$� c �E�%�  �E�$n%�  �Z�$n%�

>��� 7KHRUHP ����I�D�@�

�E� 6LQFH �Z�7 � v �E�7 � v ��7 �� LI ���$n%�  "� HTXLYDOHQWO\� LI �Z�$n%�  
��$n%�� WKHQ �Z�$n%�  �E�$n%�� DQG ZH JHW EDFN WR LWHP �D��

�F� 6XSSRVH �H�$�QI�J  �Z�$�QI�J DQG �H�%�QI�J  �Z�%�QI�J� DQG UHFDOO WKDW
�H�7 � v �Z�7 �� 7KHUHIRUH� VLQFH �Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%�� DQG
�H�$n%�  �H�$� c ��%� > ��$� c �H�%� >��� 7KHRUHP ����I�F�@� ZH JHW

�Z�$n%�QI�J v
b

�Z�$� c ��%�
cs

I�J >
b

��$� c �Z�%�
cs

I�J

 �Z�$�QI�J c ��%�QI�J > ��$�QI�J c �Z�%�QI�J

 �H�$�QI�J c ��%�QI�J > ��$�QI�J c �H�%�QI�J

 
b

�H�$� c ��%�
cs

I�J >
b

��$� c �H�%�
cs

I�J

 �H�$n%�QI�J v �Z�$n%�QI�J�

DQG VR

�Z�$n%�QI�J  �Z�$�QI�J c ��%�QI�J > ��$�QI�J c �Z�%�QI�J�

ZKLFK LQ WXUQ LPSOLHV WKDW WKH :6, KROGV� VLQFH � � ��$� > ��%� LI DQG RQO\ LI
� � �Z�$n%�� EHFDXVH � �� ���$n%� >��� 3URSRVLWLRQ ��D�@��

�G� 5HFDOO WKDW WKH :H\O VSHFWUXP LV QRQHPSW\ RQ LQpQLWH�GLPHQVLRQDO VSDFHV� 6LQFH
�Z�$n%� v �Z�$�c��%�> ��$�c�Z�%�� LW IROORZV WKDW� LI �Z�$�  �Z�%�  I�J�
WKHQ �Z�$n%�  I�J �EHFDXVH � �� ���$n%��� DQG VR WKH :6, KROGV� 0RUHRYHU�
VLQFH ��$n%�  ��$� c ��%� DQG �Z�$n%�  �Z�$�  �Z�%�  I�J� LW IROORZV
WKDW ��$n%�Q�Z�$n%�  ��$�Q�Z�$� c ��%�Q�Z�%��

�H� ,I �Z�$�  ��$� �HTXLYDOHQWO\� LI ���$�  "�� DQG LI WKH :6, KROGV� WKHQ

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�

 ��$� c ��%� > �Z�$� c �Z�%�  ��$� c ��%�  ��$n%��

DQG KHQFH ���$n%�  "� ZKLFK OHDGV WR WKH FODLPHG LGHQWLWLHV� &OHDUO\� WKH DV�
VXPSWLRQ �Z�$�  ��$� FDQ EH UHSODFHG ZLWK �Z�%�  ��%��

�I� ,I �Z�$�  �E�$� DQG �Z�%�  �E�%�� DQG LI WKH :6, KROGV� WKHQ
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�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�

 �E�$� c ��%� > ��$� c �E�%�  �E�$n%��

7KDW LV� LI $ DQG % VDWLVI\ %URZGHU
V WKHRUHP� DQG LI WKH :6, KROGV� WKHQ $n%
VDWLVpHV %URZGHU
V WKHRUHP�

5HPDUN �� /HPPD ��I� SURYLGHV D ZD\ WR ORRN IRU RSHUDWRUV IRU ZKLFK WKH :6,
GRHV QRW KROG�

,I $ DQG % VDWLVI\ %URZGHU
V WKHRUHP� DQG LI $n% GRHV QRW VDWLVI\ %URZGHU
V
WKHRUHP� WKHQ WKH :6, GRHV QRW KROG�

7KH UHVXOWV LQ /HPPD ��D� DQG ��I� ZHUH RULJLQDOO\ SUHVHQWHG LQ >��� 3URSRVLWLRQV
��D� DQG ��D�@�� OHDGLQJ WR WKH IROORZLQJ HTXLYDOHQFHV �FI� >��� &RUROODU\ �@��

�D� $ DQG % VDWLVI\ %URZGHU
V WKHRUHP  �
j

$n% VDWLVpHV %URZGHU
V WKHRUHP �� WKH :6, KROGV
k

�

(TXLYDOHQWO\�

�E�
j

$ DQG % VDWLVI\ %URZGHU
V WKHRUHP  �$n% VDWLVpHV %URZGHU
V WKHRUHP
k

�� WKH :6, KROGV�

0RUHRYHU� WKH IROORZLQJ LPSOLFDWLRQ ZDV VKRZQ LQ >��� 3URSRVLWLRQ �@�

�F� ,I WKH :6, KROGV� WKHQ ���$n%� v ���$� c ���%��

DQG WKH LQFOXVLRQ PD\ EH SURSHU HYHQ LI WKH :6, KROGV� ZLWK $� % DQG $n% EH�
LQJ LVRORLG RSHUDWRUV VDWLVI\LQJ :H\O
V WKHRUHP �>��� 5HPDUN �@�� /HPPD ��H� LV D
SDUWLFXODU FDVH RI �F� JLYLQJ DQRWKHU ZD\ WR YHULI\ ZKHWKHU WKH :6, GRHV QRW KROG�

,I ���$�  " DQG LI ���$n%� � " IRU VRPH %� WKHQ WKH :6, GRHV QRW KROG�

�� %LTXDVLW U LDQJXO DU

7KH FODVV RI DOO ELTXDVLWULDQJXODU RSHUDWRUV LV TXLWH D ODUJH FODVV� )RU LQVWDQFH�
OHW 1 � . � $OJ� 1 LO DQG 41 LO GHQRWH WKH FODVVHV RI QRUPDO� FRPSDFW� DOJHEUDLF�
QLOSRWHQW� DQG TXDVLQLOSRWHQW RSHUDWRUV� UHVSHFWLYHO\� /HW 1 � . EH WKH FODVV RI DOO
VXPV RI QRUPDO SOXV FRPSDFW� ZKLFK WULYLDOO\ LQFOXGHV 1 DQG . LQGLYLGXDOO\� 7KHVH
FODVVHV DUH LQFOXGHG LQ WKH FODVV RI ELTXDVLWULDQJXODU RSHUDWRUV� DQG DUH UHODWHG DV
IROORZV �VHH H�J�� >��� SS���^�����@� _ ZKHUH WKH XSSHU EDU b VWDQGV IRU FORVXUH�

1 � . ~ %47� 1 LO ~ $OJ ~ $OJb %47 � 1 LO ~ 41 LO ~ 1 LOb~ %47 �

7KHRUHP �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ LQpQLWH�GLPHQVLRQDO VSDFHV�

�D� ,I $ DQG % DUH %47� WKHQ WKH :6, KROGV�

�E� ,I $ DQG % DUH %47� WKHQ WKH WHQVRU SURGXFW $n% LV %47 DV ZHOO�

3URRI� �D� ,I $ DQG % DUH %47 � WKHQ �H�$�  �Z�$� DQG �H�%�  �Z�%�� VR WKDW
�H�$�QI�J  �Z�$�QI�J DQG �H�%�QI�J  �Z�%�QI�J� DQG WKHUHIRUH /HPPD ��F�
HQVXUHV WKDW WKH :6, KROGV�

�E� 6XSSRVH $ DQG % DUH %47 � ZKLFK PHDQV WKDW

�CH�$�  �UH�$�  �H�$�  �Z�$� DQG �CH�%�  �UH�%�  �H�%�  �Z�%��
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,WHP �D� VD\V WKDW WKH:6, KROGV �WKH VSHFWUDO LGHQWLW\ KROGV IRU WKH:H\O VSHFWUXP��
6LQFH WKH VSHFWUDO LGHQWLW\ DOZD\V KROGV IRU WKH HVVHQWLDO VSHFWUXP �DQG VLQFH $ DQG
% DUH %47 � ZKLFK LPSOLHV WKDW �H�$�  �Z�%� DQG �H�$�  �Z�%��� ZH JHW

�H�$n%�  �Z�$n%��

&ODLP� ,I 7 LV %47 � WKHQ �$3 �7 �  ��7 ��

3URRI RI &ODLP� 5HFDOO WKDW� IRU DQ\ RSHUDWRU 7 �VHH� H�J�� >��� S����@��

�$3 �7 �  �CH�7 � > �3) �7 ��

7KHUHIRUH� LI 7 LV %47 � WKHQ

�$3 �7 �  �Z�7 � > �3) �7 ��

+RZHYHU� VLQFH ��7 �Q�Z�7 �  ���7 � v �3) �7 �� LW IROORZV WKDW

��7 �  �Z�7 � > ���7 � v �Z�7 � > �3) �7 �  �$3 �7 � v ��7 ��

ZKLFK FRQFOXGHV WKH SURRI RI WKH FODLPHG LGHQWLW\�

1RZ UHFDOO IURP >��� 7KHRUHP ����D�E�@ WKDW �$3 �$n%�  �$3 �$� c �$3 �%�� DQG

�CH�$n%�  �CH�$� c �$3 �%� > �$3 �$� c �CH�%��

7KXV� LI $ DQG % DUH %47 � WKHQ WKH DERYH &ODLP HQVXUHV WKDW

�CH�$n%�  �H�$� c ��%� > ��$� c �H�%�  �H�$n%��

'XDOO\� WKH DERYH LGHQWLW\ LPSOLHV WKDW� LI $ DQG % DUH %47 � WKHQ

�UH�$n%�  �H�$n%��

�7KH GXDOLW\ KROGV LQ DQ\ DSSURSULDWH %DQDFK VSDFH VHWWLQJ� DQG KDV D QLFH SURRI
LQ D +LOEHUW VSDFH VHWWLQJ� ,QGHHG� VLQFH �H�7 �  �H�7

e�e� �UH�7 �  �CH�7
e�e� 7 LV

%47 LI DQG RQO\ LI 7 e LV %47� DQG �$n%�e $en%e� LW IROORZV WKDW �UH�$n%�  
�CH��$n%�e�e �CH��$

en%e��e �H��$
en%e��e �H��$n%�e�e �H�$n%���

2XWFRPH�

�CH�$n%�  �UH�$n%�  �H�$n%�  �Z�$n%��

ZKLFK PHDQV WKDW $n% LV %47 �

$ QRWH RQ D�:6,� 7KH QRWLRQ RI D�:6, LV DQ H[WHQVLRQ RI :6,� 7DNH WKH VHW

�DZ�7 �  
j

y � �$3 �7 � � HLWKHU y � �CH�7 � RU y, b 7 KDV SRVLWLYH LQGH[
k

�

ZKLFK ZH UHIHU WR DV WKH DSSUR[LPDWH :H\O VSHFWUXP RI DQ RSHUDWRU 7� :H VD\
WKDW WKH D�:6, KROGV IRU D WHQVRU SURGXFW $n% LI WKH RULJLQDO :6, KROGV ZLWK
VSHFWUD UHSODFHG ZLWK DSSUR[LPDWH SRLQW VSHFWUD DQG :H\O VSHFWUD UHSODFHG ZLWK
DSSUR[LPDWH :H\O VSHFWUD� ,Q RWKHU ZRUGV� WKH D�:6, KROGV IRU $n% LI

�DZ�$n%�  �DZ�$� c �$3 �%� > �$3 �$� c �DZ�%��

�6HH >�� 7KHRUHP �@ IRU WKH D�YHUVLRQ RI 5HPDUN ��D��� 1RZ REVHUYH WKDW

7 � %47 LPSOLHV �$3 �7 �  ��7 � DQG �DZ�7 �  �Z�7 ��
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�5HDVRQ� WKH &ODLP LQ WKH SURRI RI 7KHRUHP � HQVXUHV WKDW �$3 �7 �  ��7 �� PRUH�
RYHU� �CH�7 �  �Z�7 �� DQG y, b 7 KDV LQGH[ ]HUR IRU y � ���7 �  ��7 �Q�Z�7 ���
+HQFH� IRU %47 RSHUDWRUV� WKH D�:6, KROGV LI DQG RQO\ LI WKH :6, KROGV� DQG� LQ
WKLV FDVH� WKH UHVXOWV LQ 5HPDUN ��D� DQG WKRVH LQ >�� 7KHRUHP �@ DUH HTXLYDOHQW�

&RUROODU\ �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ LQpQLWH�GLPHQVLRQDO VSDFHV�

�D� ,I ��$�r  ��%�r  "� WKHQ WKH :6, KROGV� DQG $� % DQG $n% DUH %47
DQG VDWLVI\ %URZGHU
V WKHRUHP�

�E� ,I ��$�r  �LV R�$�  " DQG ��%�r  �LV R�%�  "� WKHQ �LQ DGGLWLRQ� $� %
DQG $n% VDWLVI\ :H\O
V WKHRUHP ZLWK

���$�  ���%�  ���$n%�  �LV R�$n%�  "�

3URRI� �D� ,I ��$�r  ��%�r  "� WKHQ $ DQG % DUH %47 DQG VDWLVI\ %URZGHU
V
WKHRUHP E\ /HPPD ��D�� 7KXV 7KHRUHP ��D� HQVXUHV WKDW WKH :6, KROGV� DQG
7KHRUHP ��E� HQVXUHV WKDW $n% LV %47 � 6LQFH $ DQG % VDWLVI\ %URZGHU
V WKHRUHP
DQG WKH :6, KROGV� LW IROORZV $n% VDWLVpHV %URZGHU WKHRUHP E\ /HPPD ��I��

�E� 5HFDOO WKDW ���7 � v ���7 � > �LV R�7 �� ZKHUH ���7 �  ���7 �Q}��7 � v ��7 � LV DQ
RSHQ VXEVHW RI & �FI� >��� &RUROODU\ ����@�� +HQFH�

��7 �r  �LV R�7 �  " LPSOLHV ���7 �  "�

DQG VR ��7 �r  �LV R�7 �  " LPSOLHV �LV R�7 �  ���7 �  "� ZKLFK LQ WXUQ LPSOLHV
WKDW 7 VDWLVpHV :H\O
V WKHRUHP E\ /HPPD ��F�� 7KHUHIRUH� LI ��$�r  �LV R�$�  "
DQG ��%�r  �LV R�%�  "� WKHQ �L� ERWK $ DQG % VDWLVI\ :H\O
V WKHRUHP� DQG �LL� $
DQG % DUH LVRORLG �WKHUH LV QR LVRODWHG SRLQW LQ WKHLU VSHFWUD� DQG VR QR LVRODWHG SRLQW
WKDW LV QRW DQ HLJHQYDOXH�� 6LQFH �D� HQVXUHV WKDW WKH :6, KROGV� LW IROORZV E\ >���
7KHRUHP �@ WKDW $n% VDWLVpHV :H\O
V WKHRUHP� 0RUHRYHU� �LV R�$�  �LV R�%�  "
LPSOLHV �LV R�$n%�  " �VHH H�J�� >��� 3URSRVLWLRQ ��F�@� DQG� VLQFH :6, KROGV�
���$n%� v ���$� c ���%� �FI� 5HPDUN ��F��� VR WKDW ���$n%�  "�

7KHVH DUH LPPHGLDWH FRQVHTXHQFHV RI &RUROODU\ ��D��

&RUROODU\ �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ LQpQLWH�GLPHQVLRQDO VSDFHV�

�D� ��DFF�$� � � DQG ��DFF�%� � � LPSO\ WKDW WKH :6, KROGV�

,Q SDUWLFXODU�

�E� ��$�  �LV R�$� DQG ��%�  �LV R�%� LPSOLHV WKDW WKH :6, KROGV�

5HPDUN �� �D� ,I WKH :6, KROGV� WKHQ ���$n%� v ���$� c ���%�� DV ZH VDZ LQ
5HPDUN ��F�� 'RHV WKH UHYHUVH LQFOXVLRQ LPSO\ WKDW $ DQG % DUH LVRORLG ZKHQ WKH
:6, KROGV" ,Q RWKHU ZRUGV� LV LW WUXH WKDW LI WKH :6, KROGV� DQG LI ���$n%�  
���$� c ���%�� WKHQ $ DQG % PXVW EH LVRORLG" &RUROODU\ � RoHUV D QHJDWLYH DQVZHU
WR WKLV TXHVWLRQ� ,QGHHG� WDNH D SDLU RI FRPSDFW ZHLJKWHG ELODWHUDO VKLIWV $ DQG %
RQ C�� VR WKDW WKH\ DUH TXDVLQLOSRWHQW DQG WKHLU VSHFWUD FRLQFLGH ZLWK WKHLU FRQWLQX�
RXV VSHFWUD� ��$�  �&�$�  ��%�  �&�%�  I�J� DQG KHQFH WKH\ DUH QRW LVRORLG�
0RUHRYHU� ��$n%�  ��$�c��%�  I�J� 6LQFH $ DQG % DFW RQ LQpQLWH�GLPHQVLRQDO
VSDFHV� WKHLU :H\O VSHFWUD DUH QRW HPSW\� DQG VR �Z�$n%�  �Z�$�  �Z�%�  
I�J� ZKLFK LPSOLHV WKDW ���$n%�  ���$�c���%�  "� )XUWKHUPRUH� &RUROODU\
��D� HQVXUHV WKDW WKH :6, KROGV�
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�E� 7KH SUHFHGLQJ TXHVWLRQ VXJJHVWV WKH QH[W RQH� ,V LW WUXH WKDW LI $ DQG % DUH

LVRORLG WKHQ WKH :6, KROGV" $JDLQ WKH YHU\ VDPH VHWXS GLVFXVVHG LQ 6HFWLRQ �
RoHUV D QHJDWLYH DQVZHU WR WKLV TXHVWLRQ WRR� WKH SDLU RI RSHUDWRUV WKDW VDWLVI\
:H\O
V WKHRUHP ZKRVH WHQVRU SURGXFW GRHV QRW VDWLVI\ %URZGHU
V WKHRUHP JLYHQ LQ
>��� [�@ DUH LVRORLG� DQG WKH :6, GRHV QRW KROG IRU WKHLU WHQVRU SURGXFW DFFRUGLQJ WR
>��� &RUROODU\ �@ �FI� 5HPDUN ��E��� 6XFK D SDLU RI RSHUDWRUV H[KLELWHG LQ >��� [�@ LV
FRQVWUXFWHG DV IROORZV� /HW 6 EH WKH FDQRQLFDO XQLODWHUDO VKLIW RQ ;  C�� � FRQVLGHU
WKH IROORZLQJ RSHUDWRUV $ DQG % RQ WKH �RUWKRJRQDO� GLUHFW VXP ; j ;  C�� j C�� �

$  �, b 66e�j ��
�
6 b ,�� %  b�, b 66e�j ��

�
6e � ,��

ZKRVH VSHFWUD DUH JLYHQ E\

��$�  I�� �J > ��
�
' b ��� ��%�  I��b�J > ��

�
' � ���

ZKHUH ' LV WKH FORVHG XQLW GLVF FHQWHUHG DW WKH RULJLQ RI WKH FRPSOH[ SODQH� DQG
WDNH WKHLU WHQVRU SURGXFW $n% DFWLQJ RQ � ; j ; �n �; j ; �� VR WKDW ��$n%�  
��$� c ��%�  

b

I�� �J > ��
�
' b ��

c

c
b

I��b�J > ��
�
' � ��

c

� 7KH RSHUDWRUV $ DQG %
VDWLVI\ :H\O
V WKHRUHP� ZKLOH WKHLU WHQVRU SURGXFW $n% GRHV QRW VDWLVI\ %URZGHU
V
WKHRUHP >��� [�@� +HQFH� DFFRUGLQJ WR >��� &RUROODU\ �@ �FI� 5HPDUN ��E��� WKH :6,
GRHV QRW KROG� +RZHYHU� REVHUYH WKDW WKH LVRODWHG SRLQWV � DQG � RI ��$� DQG b�
DQG � RI ��%�� DUH HLJHQYDOXHV RI $ DQG %� DQG VR $ DQG % DUH LVRORLG�

5HPDUN �� $Q RSHUDWRU 7 LV VDLG WR KDYH WKH VLQJOH YDOXHG H[WHQVLRQ SURSHUW\�
69(3 IRU VKRUW� DW D SRLQW z � & LI IRU HYHU\ RSHQ QHLJKERUKRRG ez v & RI z� WKH
RQO\ DQDO\WLF VROXWLRQ I � ez � ; WR WKH HTXDWLRQ

�y, b 7 �I�y�  � IRU HYHU\ y � ez

LV WKH QXOO IXQFWLRQ �I  ��� &OHDUO\� HYHU\ RSHUDWRU 7 KDV 69(3 DW HYHU\ SRLQW
RI WKH UHVROYHQW VHW ~�7 �  &Q��7 �� DQG DW HYHU\ SRLQW LQ WKH ERXQGDU\ RI ��7 ��
DQG VR DW HYHU\ LVRODWHG SRLQW RI WKH VSHFWUXP ��7 �� $Q RSHUDWRU 7 LV VDLG WR KDYH
69(3 LI LW KDV 69(3 DW HYHU\ z � ��7 �� $ FRXQWDEOH VSHFWUXP LPSOLHV 69(3� DQG�
LI 7 KDV QR HLJHQYDOXHV �L�H�� LI �3 �7 �  "�� WKHQ 7 KDV 69(3� GXDOO\� LI 7 e KDV QR
HLJHQYDOXHV �L�H�� LI �3 �7

e�  "�� WKHQ 7 e KDV 69(3� ,W FDQ EH YHULpHG �VHH� H�J�� >��
7KHRUHPV ���� DQG ����� DQG &RUROODU\ ����@� WKDW WKH IROORZLQJ UHVXOW KROGV WUXH�

,I 7 DQG 7 e KDYH 69(3 DW HYHU\ SRLQW LQ ���7 �  ��7 �Q�Z�7 �� WKHQ 7 LV
%47 DQG VDWLVpHV %URZGHU
V WKHRUHP �L�H�� �Z�7 �  �E�7 ���

,Q VXFK D FDVH� �E�7 �  ��7 � LI DQG RQO\ LI 7 KDV QR LVRODWHG HLJHQYDOXHV RI pQLWH
PXOWLSOLFLW\ �FI� /HPPD ��E��� 2EVHUYH WKDW IRU D GHFRPSRVDEOH RSHUDWRU 7 � ERWK
7 DQG 7 e KDYH 69(3 >�� 7KHRUHP ����@� DQG VR 7 LV %47 � $FFRUGLQJ WR WKH DERYH
GLVSOD\HG UHVXOW ZH JHW WKH IROORZLQJ FRQVHTXHQFH RI 7KHRUHP � DQG /HPPD ��I��

,I $ DQG $e KDYH 69(3 RQ ���$�� DQG LI % DQG %
e KDYH 69(3 RQ ���%�� WKHQ

WKH :6, KROGV� DQG $�% DQG $n% DUH %47 DQG VDWLVI\ %URZGHU
V WKHRUHP�

,Q SDUWLFXODU� LI $� %� $e DQG %e KDYH 69(3� WKHQ WKH :6, KROGV� DQG $� % DQG
$n% DUH %47 DQG VDWLVI\ %URZGHU
V WKHRUHP _ FRPSDUH ZLWK &RUROODU\ ��D��

5HPDUN �� /HW $ DQG % EH DUELWUDU\ RSHUDWRUV DQG FRQVLGHU WKH �ERXQGHG OLQHDU�
WUDQVIRUPHUV /$ DQG 5% � WKH OHIW DQG ULJKW PXOWLSOLFDWLRQ� GHpQHG E\ /$�;�  $;
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DQG 5%�;�  ;% IRU HYHU\ RSHUDWRU ;� 5HFDOO WKDW WKH WUDQVIRUPHUV r$�% �WKH
JHQHUDOL]HG GHULYDWLRQ� DQG c$�% �WKH HOHPHQWDU\ RSHUDWRU� DUH JLYHQ E\ r$�%  
/$ b5% DQG c$�%  /$5% b ,� ZKHUH , VWDQGV IRU WKH LGHQWLW\ _ ,�;�  ;�
7KH IROORZLQJ FRUROODU\ RI 7KHRUHP � ZDV YHULpHG LQ >�� &RUROODU\ �@�

�D� ,I $ DQG % DUH %47 � WKHQ �Z�/$5%�  ��$� c �Z�%� > �Z�$� c ��%��

�E� ,I $ DQG % DUH %47� WKHQ /$5% LV %47 �

1RWH WKDW WKH LGHQWLW\ �Z�/$5%�  ��$� c �Z�%� > �Z�$� c ��%� LV WKH DQDORJXH
RI :6, �ZKLFK ZDV GHpQHG IRU WHQVRU SURGXFWV�� UHSODFLQJ $n% ZLWK /$5% � 7KH
DERYH UHVXOW LPSOLHV� LQ SDUWLFXODU� WKDW LI $ LV %47 � WKHQ /$ DQG 5$ DUH %47 � ,W
ZDV DOVR VKRZQ LQ >�@ WKDW LI $ DQG % DUH %47 � WKHQ r$�%  /$ b5% LV %47 � DQG
�Z�r$�%� v
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'RU G U HFK W� �����

�� & � $ S RVWRO� & � )RLD|V DQ G '� 9 RLFX OHVFX � 6 RPH U HVXOW V RQ Q RQ � TXDVLW U LDQ JXODU RSHU DW RU V ,9 �
5HY � 5RP DLQ H 0DWK � 3 X U H $ S S O� �� ������� ���^����

�� & � $ S RVWRO� & � )RLD|V DQ G '� 9 RLFX OHVFX � 6 RPH U HVXOW V RQ Q RQ � TXDVLW U LDQ JXODU RSHU DW RU V 9 , �
5HY � 5RP DLQ H 0DWK � 3 X U H $ S S O� �� ������� ����^�����

�� $ � % U RZ Q DQ G & � 3 HDU F\ � 6 SHFW U D RI W HQ VRU SU RGXFW V RI RSHU DW RU V� 3 U RF� $ P HU � 0DWK � 6 RF� ��
������� ���^����

�� $ � % U RZ Q DQ G & � 3 HDU F\ � ,Q W U RGXFW LRQ W R 2SHU DW RU 7 KHRU \ , _ ( OHPHQ W V RI )XQ FW LRQ DO $ Q DO�

\ VLV� 6 S U LQ JHU � 1 HZ < RU N � �����
�� % �3 � 'X JJDO DQ G & �6 � .X E U X VO\ � %LTXDVLW U LDQ JXODU LW \ DQ G GHU LYDW LRQ V� )X Q FW� $ Q DO� $ S S U R[ �
& RP S X W� � ������� ��^���

�� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF DQ G & �6 � .X E U X VO\ � 2Q W KH D� %U RZ GHU DQ G D� : H\ O VSHFW U D RI

W HQ VRU SU RGXFW V� 5HQ G � & LU F� 0DW� 3 DOHU P R �� ������� ���^����
�� % � 'X JJDO� 5� + DU WH� $ ��+ � .LP � : H\ O
V W KHRU HP� W HQ VRU SU RGXFW V DQ G PXOW LSOLFDW LRQ RSHU DW RU V

,, � *ODVJ� 0DWK � - � �� ������� ���^����
�� - � ( VFK P HLHU � 7 HQ VRU SU RGXFW V DQ G HOHPHQ W DU \ RSHU DW RU V� - � 5HLQ H $ Q JHZ � 0DWK � ��� �������
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��� 3 �5� + DOP RV� 4XDVLW U LDQ JXODU RSHU DW RU V� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
��� 7 � ,FK LQ RVH� 2Q W KH VSHFW U D RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V LQ %DQ DFK VSDFHV� - � 5HLQ H

$ Q JHZ � 0DWK � ��� ������� ���^����
��� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V , � 7 U DQ V� $ P HU � 0DWK �

6 RF� ��� ������� ��^����

��� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V ,,� 7 KH DSSU R[LPDW H

SRLQ W VSHFW U XP DQ G . DW R HVVHQ W LDO VSHFW U XP� 7 U DQ V� $ P HU � 0DWK � 6 RF� ��� ������� ���^����
��� '� .LWVRQ � 5� + DU WH� DQ G & � + HU Q DQ G H]� : H\ O
V W KHRU HP DQ G W HQ VRU SU RGXFW V� D FRXQ W HU H[�

DPSOH� - � 0DWK � $ Q DO� $ S S O� ��� ������� ���^����
��� & �6 � .X E U X VO\ � $ FRQ FLVH LQ W U RGXFW LRQ W R W HQ VRU SU RGXFW � )DU ( DVW - � 0DWK � 6 FL� �� �������
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��� & �6 � .X E U X VO\ � 7 KH ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU �6 S U LQ JHU � 1 HZ < RU N � �����
��� & �6 � .X E U X VO\ � 6 SHFW U DO 7 KHRU \ RI 2SHU DW RU V RQ + LOEHU W 6 SDFHV� % LU N K �DX VHU �6 S U LQ JHU � 1 HZ

< RU N � �����
��� & �6 � .X E U X VO\ � & RQ W U DFW LRQ V 7 IRU Z KLFK $ LV D SU RMHFW LRQ � $ FWD 6 FL� 0DWK � �6 ]HJHG � ��

������� ���^����
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O DQ G %U RZ GHU VSHFW U D RI W HQ VRU SU RGXFW V� *ODVJRZ

0DWK � - � �� ������� ���^����
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O
V W KHRU HP DQ G W HQ VRU SU RGXFW V� *ODVJRZ � 0DWK � - �

�� ������� ���^����
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��� & �0� 3 HDU F\ � 6 RPH 5 HFHQ W ' HYHORSPHQ W V LQ 2SHU DW RU 7 KHRU \ � & % 06 5HJLRQ DO & RQ IHU HQ FH
6 HU LHV LQ 0DWK HP DWLFV 1 R� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �����

��� 5� 5\ DQ � ,Q W U RGXFW LRQ W R 7 HQ VRU 3 U RGXFW V RI %DQ DFK 6 SDFHV� 6 S U LQ JHU � /RQ G RQ � �����

��� 0� 6 FK HFK WHU � 2Q W KH VSHFW U D RI RSHU DW RU V RQ W HQ VRU SU RGXFW V� - � )X Q FWLRQ DO $ Q DO\ VLV � �������
��^���

��� < ��0� 6 RQ J DQ G $ ��+ � .LP � : H\ O
V W KHRU HP IRU W HQ VRU SU RGXFW V� *ODVJRZ � 0DWK � - � �� �������
���^����

��� - � : HLG P DQ Q � / LQ HDU 2SHU DW RU V LQ + LOEHU W 6 SDFHV� 6 S U LQ JHU � 1 HZ < RU N � �����
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