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$EVW U DF W � $ % DQ DFK VS DFH RS HU DWRU $ LV DOJHE U DLF LI WK HU H H[ LVWV D Q RQ �WU LY LDO
S RO\ Q RP LDO S��� VX FK WK DW S�$�  �� ( T X LY DOHQ WO\ � $ LV DOJHE U DLF LI ��$�
LV D p Q LWH VHW FRQ VLVWLQ J RI S ROHV� 7 K H VX P RI WZ R FRP P X WLQ J % DQ DFK VS DFH
DOJHE U DLF RS HU DWRU V LV DOJHE U DLF� DQ G WK H JHQ HU DOL]HG G HU LY DWLRQ r$%  /$b5%

�DQ G � IRU Q RQ �Q LOS RWHQ W $ DQ G %� WK H OHIW U LJK W P X OWLS OLFDWLRQ RS HU DWRU /$5%�
LV DOJHE U DLF LI DQ G RQ O\ LI $ DQ G % DU H DOJHE U DLF� : H S U RY H� ,I DVF�G$%by� x �
IRU DOO FRP S OH[ y� DQ G LI $e� % K DY H 6 9 ( 3 � WK HQ G$% b y K DV FORVHG U DQ JH IRU
HY HU \ FRP S OH[ y LI DQ G RQ O\ LI $�% DU H DOJHE U DLF� LI $�% DU H VLP S O\ S RODU RLG �
WK HQ G$% b y K DV FORVHG U DQ JH IRU HY HU \ y � LVR ��G$%�� DQ G LI $�% DU H
Q RU P DORLG � WK HQ /$5% b y K DV FORVHG U DQ JH DW HY HU \ y LQ WK H S HU LS K HU DO

VS HFWU X P RI /$5% LI DQ G RQ O\ LI /$5% LV OHIW S RODU DW y�

��� ,QW U RGXF W LRQ

)RU D %DQDFK VSDFH ; � OHW %� ; � GHQRWH WKH DOJHEUD RI RSHUDWRUV� HTXLYDOHQWO\
ERXQGHG OLQHDU WUDQVIRUPDWLRQV� RQ ; LQWR LWVHOI� *LYHQ DQ RSHUDWRU 7 � %� ; �� WKH
NHUQHO 7b���� RI 7 LV RUWKRJRQDO WR WKH UDQJH 7 � ; � RI 7 � 7b���� " 7 � ; �� LQ WKH
VHQVH RI *� %LUNKRo LI MM[MM x MM[ � \MM IRU DOO [ � 7b���� DQG \ � 7 �; � >�� 3DJH

��@� &OHDUO\� 7b���� " 7 �; �  � 7b���� ? 7 �; �  I�J  � 7b���� ? 7 �; �  I�J�

�+HUH� DV DOVR LQ WKH VHTXHO� 7 � ; � GHQRWHV WKH FORVXUH RI 7 �; ��� 7KH UDQJH�NHUQHO
RUWKRJRQDOLW\ RI DQ RSHUDWRU LV UHODWHG WR LWV DVFHQW� 7KH DVFHQW RI 7 � %�; ��
DVF�7 �� LV WKH OHDVW QRQ�QHJDWLYH LQWHJHU Q VXFK WKDW 7bQ���  7b�Q� ������ LI QR
VXFK LQWHJHU Q H[LVWV� WKHQ DVF�7 �  �� ,W LV ZHOO NQRZQ >�� �@ WKDW DVF�7 � x P � �
LI DQG RQO\ LI 7bQ���?7P�;�  I�J IRU DOO LQWHJHUV Q y P� DQG WKDW 7b���� " 7 �; �
LPSOLHV DVF�7 � x ��

7KH UDQJH�NHUQHO RUWKRJRQDOLW\ 7b���� " 7 � ; � RI %DQDFK VSDFH RSHUDWRUV KDV
EHHQ VWXGLHG E\ D QXPEHU RI DXWKRUV RYHU WKH SDVW IHZ GHFDGHV� $ FODVVLFDO UHVXOW
RI 6LQFODLU >��� 3URSRVLWLRQ �@ VD\V WKDW ?LI � LV LQ WKH ERXQGDU\ RI WKH QXPHUL�
FDO UDQJH RI D 7 � %�; �� WKHQ 7b���� " 7 �; ��� $QGHUVRQ >�@� DQG $QGHUVRQ
DQG )RLD|V >�@� FRQVLGHUHG WKH JHQHUDOL]HG GHULYDWLRQ r$%  /$ b 5% � %�%�+���
r$%�;�  $; b;%� WR SURYH WKDW LI $�% � %�+� DUH QRUPDO �+LOEHUW VSDFH� RS�
HUDWRUV� WKHQ rb�

$%��� " r$%�%�+��� 7KHVH UHVXOWV KDYH VLQFH EHHQ H[WHQGHG WR D
YDULHW\ RI HOHPHQWDU\ RSHUDWRUV j$ % �;�  $�;%�b$�;%� IRU D YDULHW\ RI FKRLFHV
RI WXSOHV RI RSHUDWRUV $  �$�� $�� DQG %  �%�� %�� �VHH >�� ��� ��� ��� ��@ IRU
IXUWKHU UHIHUHQFHV�� 7KH UDQJH�NHUQHO RUWKRJRQDOLW\ RI DQ RSHUDWRU 7 � %�; � GRHV

QRW LPSO\ WKDW WKH UDQJH 7 � ; � LV FORVHG RU WKDW ;  7b����j7 � ; �� VHH >�� ([DP�
SOH ��� DQG 7KHRUHP ���@ DQG >��� 5HPDUN �@� ,QGHHG� UDQJH�NHUQHO RUWKRJRQDOLW\

' DW H� 0DU FK �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� ( OHP HQ WDU \ RS HU DWRU � DOJHE U DLF� U DQ JH FORVX U H�

�
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QHLWKHU LPSOLHV QRU LV LPSOLHG E\ UDQJH FORVXUH� 7KXV� HYHU\ ERXQGHG EHORZ RSHUD�
WRU KDV FORVHG UDQJH DQG VDWLVpHV UDQJH�NHUQHO RUWKRJRQDOLW\� DQ LQMHFWLYH FRPSDFW
TXDVL�QLOSRWHQW RSHUDWRU �IRU H[DPSOH� WKH 9ROWHUUD LQWHJUDO RSHUDWRU RQ /���� ���
VDWLVpHV UDQJH�NHUQHO RUWKRJRQDOLW\ EXW GRHV QRW KDYH FORVHG UDQJH� DQG QR RSHUDWRU
7 �ZKHWKHU LW KDV FORVHG UDQJH RU QRW� ZLWK � x DVF�7 � � � VDWLVpHV UDQJH�NHUQHO
RUWKRJRQDOLW\� 7KH LPSOLFDWLRQ 7b���� " 7 �; �  � DVF�7 � x � LV VWULFWO\ RQH ZD\�
LI $L� %L � %�+�� � x L x �� DUH QRUPDO +LOEHUW VSDFH RSHUDWRUV VXFK WKDW $� FRP�
PXWHV ZLWK $� DQG %� FRPPXWHV ZLWK %�� WKHQ DVF�j$ % � x � >��� 7KHRUHP ���@
EXW jb�

$ %
��� " j$ % �%�+�� LI DQG RQO\ LI �$� j%e

��
b���� ? �$� j%e

��
b����  I�J

>��� &RUROODU\ ���@�

/HWWLQJ LVR ��$� �UHVS�� LVR �D�$�� GHQRWH WKH VHW RI LVRODWHG SRLQWV RI WKH VSHF�
WUXP ��$� �UHVS�� DSSUR[LPDWH SRLQW VSHFWUXP �D�$�� RI $ � %� ; �� ZH VD\ WKDW
$ LV SRODU DW y � LVR ��$� �UHVS�� OHIW SRODU DW y � LVR �D�$�� LI y LV D SROH RI WKH
UHVROYHQW RI $ �UHVS�� WKHUH H[LVWV DQ LQWHJHU G y � VXFK WKDW DVF�$ b y� x G DQG
�$ b y�G� �� ; � LV FORVHG�� $ LV SRODURLG �UHVS�� OHIW SRODURLG� LI $ LV SRODU DW HY�
HU\ y � LVR ��$� �UHVS�� OHIW SRODU DW HYHU\ y � LVR �D�$��� $ ZHOO NQRZQ UHVXOW RI
$QGHUVRQ DQG )RLD|V >�� 7KHRUHP ���@ VD\V WKDW LI $�% � %�+� DUH VFDODU +LOEHUW
VSDFH RSHUDWRUV� WKHQ r$% b y KDV FORVHG UDQJH IRU HYHU\ FRPSOH[ y LI DQG RQO\ LI
��$� > ��%� LV pQLWH� 6FDODU +LOEHUW VSDFH RSHUDWRUV DUH VLPLODU WR QRUPDO RSHUD�
WRUV� DQG QRUPDO RSHUDWRUV DUH VLPSO\ SRODU �L�H�� WKH\ KDYH DVFHQW OHVV WKDQ RU HTXDO
WR ��� +HQFH� >�� 7KHRUHP ����@� LI $�% � %�+� DUH VFDODU RSHUDWRUV� WKHQ r$% by
KDV FORVHG UDQJH IRU HYHU\ FRPSOH[ y LI DQG RQO\ LI $�% DUH DOJHEUDLF RSHUDWRUV�

7KLV SDSHU FRQVLGHUV DOJHEUDLF HOHPHQWDU\ RSHUDWRUV� :H VWDUW E\ REVHUYLQJ WKDW
DQ $ � %� ; � LV DOJHEUDLF LI DQG RQO\ LI /$ DQG 5$ DUH DOJHEUDLF� 7KH DOJHEUDLF
SURSHUW\ WUDQVIHUV IURP FRPPXWLQJ $�% � %� ; � WR $�%� r$% LV DOJHEUDLF LI DQG
RQO\ LI $ DQG % DUH DOJHEUDLF� DQG LI $�% DUH QRQ�QLOSRWHQW WKHQ /$5% LV DOJHEUDLF
LI DQG RQO\ LI $�% DUH DOJHEUDLF� /HW G$% GHQRWH HLWKHU RI r$% DQG /$5% � ZKHUH
$�% � %� ; � DUH QRQ�WULYLDO� ,Q FRQVLGHULQJ DSSOLFDWLRQV� ZH SURYH WKDW� �L� ,I
DVF�G$% b y� x � IRU DOO FRPSOH[ y� DQG LI $e� % KDYH 69(3� WKHQ G$% b y KDV
FORVHG UDQJH IRU HYHU\ FRPSOH[ y LI DQG RQO\ LI $�% DUH DOJHEUDLF� �LL� LI $�% DUH
VLPSO\ SRODURLG� WKHQ G$% b y KDV FORVHG UDQJH IRU HYHU\ y � LVR ��G$%�� DQG �LLL�
LI $�% DUH QRUPDORLG RSHUDWRUV� WKHQ /$5% b y KDV FORVHG UDQJH DW HYHU\ y LQ WKH
SHULSKHUDO VSHFWUXP RI /$5% LI DQG RQO\ LI /$5% LV OHIW SRODU DW y�

��� 5HVXO W V _ 3DU W $� $O JHEU DLF

/HW & GHQRWH WKH VHW RI FRPSOH[ QXPEHUV� $Q RSHUDWRU $ � %� ; �� KDV WKH VLQJOH�
YDOXHG H[WHQVLRQ SURSHUW\ DW y� � &� 69(3 DW y� IRU VKRUW� LI IRU HYHU\ RSHQ GLVF
'y � FHQWHUHG DW y� WKH RQO\ DQDO\WLF IXQFWLRQ I � 'y � � ; ZKLFK VDWLVpHV

�$b y�I�y�  � IRU DOO y � 'y �

LV WKH IXQFWLRQ I u �� $ KDV 69(3 LI LW KDV 69(3 DW HYHU\ y � &� 7KH VLQJOH
YDOXHG H[WHQVLRQ SURSHUW\ SOD\V DQ LPSRUWDQW UROH LQ ORFDO VSHFWUDO WKHRU\ DQG
)UHGKROP WKHRU\ >�� ��@� (YLGHQWO\� $ KDV 69(3 DW SRLQWV LQ WKH UHVROYHQW VHW DQG
WKH ERXQGDU\ #��$� RI ��$�

/HW $ � %� ; �� 7KH TXDVLQLOSRWHQW SDUW +��$by� DQG WKH DQDO\WLF FRUH .�$by�
RI �$b y� DUH GHpQHG E\

+��$b y�  I[ � ; � OLP
Qb� �

MM�$b y�Q[MM
�
�  �J



�

DQG

.�$b y�  I[ � ; � WKHUH H[LVWV D VHTXHQFH I[QJ ~ ; DQG r ! � IRU

ZKLFK [  [�� �$b y��[Q� ��  [Q DQG N[QN x rQN[N IRU DOO Q  �� �� ���J�

+��$ b y� DQG .�$ b y� DUH �JHQHUDOO\� QRQ�FORVHG K\SHULQYDULDQW VXEVSDFHV RI
�$by� VXFK WKDW �$by�bT��� v +��$by� IRU DOO T  �� �� �� ��� DQG �$by�.�$b
y�  .�$b y�� DOVR� LI y � LVR ��$�� WKHQ +��$b y� DQG .�$by� DUH FORVHG DQG
;  +��$b y�j.�$b y� >�@�

$ � %� ; � LV DQ DOJHEUDLF RSHUDWRU LI WKHUH H[LVWV D QRQ�WULYLDO SRO\QRPLDO S���
VXFK WKDW S�$�  �� ,W LV HDVLO\ VHHQ� >�� 7KHRUHP ����@� WKDW DQ RSHUDWRU $ �
%� ; � LV DOJHEUDLF LI DQG RQO\ LI ��$� LV D pQLWH VHW FRQVLVWLQJ RI WKH SROHV RI WKH
UHVROYHQW RI $ �L�H�� LI DQG RQO\ LI ��$� LV D pQLWH VHW DQG $ LV SRODURLG�� 6LQFH
��$�  ��/$�  ��5$�� DQG VLQFH $ LV SRODURLG LI DQG RQO\ LI /$ �5$� LV SRODURLG
>�� 7KHRUHP ��@� ZH KDYH�

3URSRVLWLRQ ���� /HW $ � %�; �� DQG OHW ($  /$ RU 5$� 7KHQ ($ LV DOJHEUDLF
LI DQG RQO\ LI $ LV DOJHEUDLF�

7KH DOJHEUDLF SURSHUW\ WUDQVIHUV IURP FRPPXWLQJ $�% � %� ; � WR $�%�

3URSRVLWLRQ ���� ,I $�% � %�; � DUH DOJHEUDLF RSHUDWRUV VXFK WKDW >$�%@  $%b
%$  �� WKHQ $�% LV DOJHEUDLF�

$ SURRI RI WKH SURSRVLWLRQ �LQ D FHUWDLQ VHQVH� D PRUH GLUHFW SURRI� PD\ EH
REWDLQHG DV D FRQVHTXHQFH RI WKH HDVLO\ SURYHG IDFW WKDW LI $ DQG % DUH FRPPXWLQJ
DOJHEUDLF HOHPHQWV RI DQ DOJHEUD� WKHQ HDFK SRO\QRPLDO S�$�%� LV DOVR DOJHEUDLF� ,Q
NHHSLQJ ZLWK WKH VSLULW RI WKLV SDSHU� LQ WKH IROORZLQJ ZH GUDZ XSRQ ORFDO VSHFWUDO
WKHRU\ WR SURYH WKH SURSRVLWLRQ�

3URRI� ,I $ � %� ; � LV DOJHEUDLF� WKHQ WKHUH LV DQ LQWHJHU Q y � VXFK WKDW ��$�  
Iy�� y�� c c c � yQJ �IRU VRPH VFDODUV yL� � x L x Q�� ;  

/Q
L �+��$b yL�� DQG WR

HDFK L WKHUH FRUUHVSRQGV DQ LQWHJHU SL y � VXFK WKDW+��$byL�  �$byL�
bS � ���� /HW

$L  $M+ � �$by � �� WKHQ $  
/Q

L � $L� $LbyM LV QLOSRWHQW IRU DOO � x L  M x Q� DQG
$L b yM LV LQYHUWLEOH IRU DOO � x L � M x Q� )XUWKHUPRUH� LI ZH OHW %L  %M+ � �$by � �

IRU DOO � x L x Q� WKHQ %  
/Q

L �%L DQG �VLQFH >$�%@  �� >$L� %L@  � IRU DOO
� x L x Q� 7ULYLDOO\� % DOJHEUDLF LPSOLHV ��%L� LV D pQLWH VHW IRU DOO L� &RQVLGHU
$L � %L b y  �$L b yL� � �%L b y � yL�� ZKHUH y � ��%L� � LVR��%L��� ,I
yb yL  � ��$L b yL �%L�  ��%L�� WKHQ $L �%L b y LV LQYHUWLEOH� DQG KHQFH

+��$L �%L b y�  I�J  �$L �%L b y�bU � ���

IRU HYHU\ SRVLWLYH LQWHJHU UL� ,I� RQ WKH RWKHU KDQG� ybyL � ��$LbyL�%L�  ��%L��
WKHQ +��%L � yL b y�  �%L � yL b y�bU � ��� IRU VRPH LQWHJHU UL y �� 2EVHUYH WKDW

MM%L � yL b y�W[MM
�
�  MMI�$L �%L b y�b �$L b yL�J

WMM
�
�

 MM
W

;

M  �
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v
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w

�$L �%L b y�WbM�$L b yL�
M[MM

�
�

x MM
W

;
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v

W
M

w

MM�$L b yL�MM
MJ

�
� MM�$L �%L b y�WbM[MM

�
�

IRU DOO [ � ; LPSOLHV

+��%L � yL b y� v +��$L �%L b y��
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%\ V\PPHWU\

+��$L �%L b y� v +��$L �%L b yb$L � yL� v +��%L � yL b y��

DQG KHQFH

+��$L �%L b y�  +��%L � yL b y�  �%L � yL b y�bU � ����

1RZ OHW ULSL  PL� 7KHQ� IRU DOO [ � �%L � yL b y�bP � ����

�$L�%Lby�P � [  

P �
;

M  S � � �

I

v

PL

M

w

�%L � yL b y�P � bM�$L b yL�
MbS � J�$L b yL�

S � [  �

LPSOLHV

+��$L�%L b y�  �%L� yL b y�bP � ��� v �$L�%L b y�bP � ��� v +��$L�%L b y��

7KXV� WKHUH H[LVWV DQ LQWHJHU PL y � VXFK WKDW

+��$L �%L b y�  �$L �%L b y�bP � ���

IRU HYHU\ y � LVR ��%L�� /HWP  PD[�xLxQPL� DQG OHW y � ��$�%�  LVR ��$�%��
7KHQ

+��$�%by�  
Q

0

L �

+��$L�%Lb y�  
Q

0

L �

�$L�%Lb y�bP � ���  �$�%by�bP���

DW HYHU\ y � ��$�%�� 6LQFH

;  +��$�% b y�j.�$�% b y�  �$�% b y�bP���j.�$�% b y�

 � ;  �$�% b y�bP���j �$�% b y�P ;

IRU HYHU\ y � ��$�%�� $�% LV SRODURLG� 7KLV� VLQFH ��$�%� v ��$� � ��%� LV
pQLWH� LPSOLHV $�% LV DOJHEUDLF�

7KH GHVFHQW RI $ � %� ; �� GVF�$�� LV WKH OHDVW QRQ�QHJDWLYH LQWHJHU Q VXFK WKDW
$Q� ; �  $Q� �� ; �� LI QR VXFK LQWHJHU H[LVWV� WKHQ GVF�$�  �� (YLGHQWO\� $ LV
SRODU DW y LI DQG RQO\ LI DVF�$by�  GVF�$by� � �� DQG D QHFHVVDU\ DQG VXrFLHQW
FRQGLWLRQ IRU DQ RSHUDWRU $ ZLWK GVF�$b y� WR EH SRODU DW y LV WKDW $ KDV 69(3
DW y >�� 7KHRUHP ����@� 7KH IROORZLQJ FRUROODU\ LV LPPHGLDWH IURP 3URSRVLWLRQ ���
DQG >�� 7KHRUHP ����@�

&RUROODU\ ���� ,I $�% � %�; � DUH FRPPXWLQJ DOJHEUDLF RSHUDWRUV� WKHQ WKH IRO�
ORZLQJ VWDWHPHQWV DUH PXWXDOO\ HTXLYDOHQW�
�L� 7KHUH H[LVWV D QRQ�WULYLDO SRO\QRPLDO S��� VXFK WKDW S�$�%�  ��
�LL� GVF�$�% b y� � � IRU DOO FRPSOH[ y�
�LLL� GVF�$ � % b y� � � IRU HYHU\ y LQ WKH WRSRORJLFDO ERXQGDU\ #��$ � %� RI

��$�%��
�LY� $�% b y LV SRODU �DW �� IRU HYHU\ FRPSOH[ y�

7KH FRQYHUVH RI 3URSRVLWLRQ ��� LV IDOVH� )RU D JHQHUDO QRQ�DOJHEUDLF RSHUDWRU
$ � %� ; �� $b$  � LV DOZD\V DOJHEUDLF� 3URSRVLWLRQV ��� DQG ��� KDYH D QXPEHU
RI FRQVHTXHQFHV� 5HFDOO IURP >��� /HPPD ���@ WKDW LI $Q LV SRODURLG IRU VRPH LQWHJHU
Q y � �DQG $ � %�; ��� WKHQ $ LV SRODURLG� 6LQFH ��$Q�  ��$�Q� ZH KDYH�

&RUROODU\ ���� $ � %� ; � LV DOJHEUDLF LI DQG RQO\ LI $Q LV DOJHEUDLF IRU DOO QDWXUDO
QXPEHUV Q�

&RPELQLQJ WKLV FRUROODU\ ZLWK 3URSRVLWLRQ ��� ZH KDYH��



�

&RUROODU\ ���� ,I $�% � %�; � DUH FRPPXWLQJ DOJHEUDLF RSHUDWRUV� WKHQ $% LV
DOJHEUDLF�

3URRI� ,I $%  %$� WKHQ $%  �
�I�$�%�� b �$b%��J�

7KH FRQYHUVH RI &RUROODU\ ��� LV IDOVH� ,I $ � %�; � LV D QLOSRWHQW DQG % �
%� ; � LV DQ RSHUDWRU ZKLFK FRPPXWHV ZLWK $� WKHQ $% EHLQJ QLOSRWHQW LV DOJHEUDLF
LUUHVSHFWLYH RI ZKHWKHU % LV RU LV QRW� ,W LV LPPHGLDWH IURP 3URSRVLWLRQ ��� DQG
&RUROODU\ ��� WKDW $�% � %� ; � DOJHEUDLF LPSOLHV r$%� /$5%� DQG�$%  /$5%b
y DOJHEUDLF IRU DOO FRPSOH[ y� 7KH IROORZLQJ SURSRVLWLRQ VKRZV WKDW WKH FRQYHUVH
KROGV LQ WKH FDVH RI r$%��

3URSRVLWLRQ ���� /HW $�% � %� ; ��
�D� r$% LV DOJHEUDLF LI DQG RQO\ LI $ DQG % DUH DOJHEUDLF�
�E� /$5% DOJHEUDLF GRHV QRW LPSO\ $ DQG % DOJHEUDLF�

+RZHYHU� LI /$5% LV DOJHEUDLF� WKHQ DW OHDVW RQH RI $ DQG % LV DOJHEUDLF�
�F� )XUWKHUPRUH� LI QHLWKHU RI $ DQG % LV QLOSRWHQW� WKHQ /$5% LV DOJHEUDLF LI DQG

RQO\ LI $ DQG % DUH DOJHEUDLF�

3URRI� �D� $VVXPH WKDW r$% LV DOJHEUDLF� L�H�� DVVXPH WKDW WKHUH H[LVWV D SRO\QRPLDO
S��� VXFK WKDW S�r$%�  

3Q
L � oLr

QbL
$%  �� 7KHQ WKHUH H[LVW VFDODUV DL� � x L x Q�

QRW DOO ]HUR VXFK WKDW

$Q; � D�$
Qb�;% � c c c� DQb�$;%Qb� � DQ;%Q  �

IRU DOO ; � %� ; �� &RQVLGHULQJ RQO\ WKRVH SRZHUV %L �LQFOXGLQJ %�  ,� RI % IRU
ZKLFK DL � �� LW LV VHHQ WKDW WKH OLQHDU LQGHSHQGHQFH RI WKLV VHW LPSOLHV WKDW $

L  �
IRU HYHU\ SRZHU RI $ ZKLFK DSSHDUV LQ WKH LGHQWLW\ DERYH �VHH >��� 7KHRUHP �@��
+HQFH %Q LV D OLQHDU FRPELQDWLRQ RI HOHPHQWV IURP D PD[LPDO OLQHDUO\ LQGHSHQGHQW
VXEVHW RI WKH VHW I,� %�%�� c c c � %Qb�J� 7KXV % LV DOJHEUDLF� DQG KHQFH 5% LV
DOJHEUDLF� 6LQFH /$  r$% �5% � $ LV DOVR DOJHEUDLF�

�E� 7KH H[DPSOH RI WKH RSHUDWRU $  � DQG % LV D TXDVLQLOSRWHQW SURYHV WKDW /$5%

DOJHEUDLF GRHV QRW LPSO\$ DQG% DOJHEUDLF� 7KH K\SRWKHVLV /$5% DOJHEUDLF LPSOLHV
WKH H[LVWHQFH RI VFDODUV DL� � x L x Q� QRW DOO � VXFK WKDW

$Q;%Q � D�$
Qb�;%Qb� � c c c� DQb�$;% � DQ;  �

IRU DOO ; � %� ; �� 'HQRWH E\ IDQ � � DQ � � � � � � DQ � � �J WKH VHW RI FRHrFLHQWV DQbL�
� x L x Qb �� ZKLFK DUH QRQ�]HUR� DQG DUUDQJH WKH FRUUHVSRQGLQJ VHWV RI DVFHQGLQJ
SRZHUV RI% DQG$ E\ 6%  I%�� %�� c c c � %P� %QJ DQG 6$  I$�� $�� c c c � $P� $QJ�
,I WKH VHW 6% LV OLQHDUO\ LQGHSHQGHQW� WKHQ $Q  �� DQG LI 6% LV QRW OLQHDUO\ LQGH�
SHQGHQW WKHQ %Q LV D OLQHDU FRPELQDWLRQ RI SRZHUV %L� L � Q� RI % >��� 7KHRUHP
�@� 7KXV HLWKHU $ RU % LV DOJHEUDLF�

�F�$VVXPH QRZ WKDW QHLWKHU RI $ DQG % LV QLOSRWHQW� 7KHQ WKH SUHFHGLQJ DU�
JXPHQW LPSOLHV WKDW % LV DOJHEUDLF� ,I I%�� %�� c c c � %NJ LV D PD[LPDO OLQHDUO\
LQGHSHQGHQW VXEVHW RI 6% � WKHQ WKHUH H[LVW VFDODUV oNM � QRW DOO ]HUR� VXFK WKDW
$W  

3P
M  N � � oNM$M IRU DOO � x W x N >��� 7KHRUHP �@� +HQFH $ LV DOVR DOJH�

EUDLF�

,I $  �$�� $�� c c c � $Q� DQG %  �%�� %�� c c c � %Q� DUH Q�WXSOHV RI PXWXDOO\
FRPPXWLQJ RSHUDWRUV LQ %� ; �� WKHQ >/$ � 5% � � /$ � 5% � @  � IRU DOO � x L� M x Q�
6LQFH $L DQG %L DOJHEUDLF LPSOLHV /$ � 5% � DOJHEUDLF� ZH KDYH�
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&RUROODU\ ���� ,I $  �$�� $�� c c c � $Q� DQG %  �%�� %�� c c c � %Q� DUH Q�WXSOHV
RI PXWXDOO\ FRPPXWLQJ DOJHEUDLF RSHUDWRUV LQ %� ; �� WKHQ WKH RSHUDWRU ($ % b y�
�($ % b y��;�  

3Q
L �$L;%L b y;� LV DOJHEUDLF IRU DOO FRPSOH[ y�

5HPDUN ���� �L� *LYHQ WZR FRPSOH[ LQpQLWH�GLPHQVLRQDO %DQDFK VSDFHV ; DQG <�
OHW ; n< GHQRWH WKH FRPSOHWLRQ� HQGRZHG ZLWK D UHDVRQDEOH XQLIRUP FURVV�QRUP� RI
WKH DOJHEUDLF WHQVRU SURGXFW ; n < RI ; DQG <� OHW� IRU $ � %� ; � DQG % � %�<��
$ n % � %�; n<� GHQRWH WKH WHQVRU SURGXFW RSHUDWRU GHpQHG E\ $ DQG %� ,I $
DQG % DUH QRQ�QLOSRWHQW RSHUDWRUV� WKHQ $n% LV DQ DOJHEUDLF RSHUDWRU LI DQG RQO\
LI $ DQG % DUH DOJHEUDLF RSHUDWRUV� WKLV PD\ EH SURYHG GLUHFWO\ RU GHGXFHG IURP
3URSRVLWLRQ ����E� XVLQJ DQ DUJXPHQW RI (VFKPHLHU >��� 3DJHV �� DQG ��@ UHODWLQJ
WHQVRU SURGXFWV WR WKH RSHUDWRU RI OHIW�ULJKW PXOWLSOLFDWLRQ LQ WKH RSHUDWRU LGHDO
%�%�<� ; ��� �+HUH� LQ XVLQJ >��@� RQH REVHUYHV WKDW % LV DOJHEUDLF LI DQG RQO\ LI %e

LV DOJHEUDLF�� ,W LV HYLGHQW IURP 3URSRVLWLRQ ��� WKDW LI $L DQG %L DUH DOJHEUDLF IRU
DOO � x L x Q DQG >$L� $M @  �  >%L� %M @ IRU DOO � x L� M x Q� WKHQ

3Q
L � $L n%L LV

DQ DOJHEUDLF RSHUDWRU�

�LL� $Q RSHUDWRU $ � %� ; � LV PHURPRUSKLF LI LWV QRQ�]HUR VSHFWUDO SRLQWV DUH SROHV
RI WKH UHVROYHQW >��� 3DJH ���@� &OHDUO\� D PHURPRUSKLF RSHUDWRU SRVVHVVHV DW PRVW
FRXQWDEO\ PDQ\ VSHFWUDO SRLQWV IyLJ �DQG � DV LWV RQO\ DFFXPXODWLRQ SRLQW� ZKLFK
ZH PD\ DUUDQJH E\ GHFUHDVLQJ PRGXOXV E\ My�M y My�M y c c c � 5HFDOO WKDW WKH
SRODURLG SURSHUW\ WUDQVIHUV IURP $ DQG % WR /$� 5$� /$5% DQG /$b5% >�� �� ��@�
(YLGHQWO\� $ PHURPRUSKLF LPSOLHV /$ DQG 5$ PHURPRUSKLF� /HW $ DQG % � %�; �
EH PHURPRUSKLF RSHUDWRUV� DQG OHW � � y � ��/$5%�  ��$���%�� 7KHQ y  z{
IRU VRPH � � z � ��$� DQG � � { � ��%�� DQG LW IROORZV WKDW /$5% LV SRODU DW
y� &RQFOXVLRQ� ,I $ DQG % � %�; � DUH PHURPRUSKLF� WKHQ /$5% LV PHURPRUSKLF�
7KLV IDLOV IRU WKH RSHUDWRU /$b5%� IRU WKH UHDVRQ WKDW ��/$b5%�  ��$�b��%�
�DQG KHQFH HYHU\ z � ��$� DQG HYHU\ b{ � ��%� LV D SRLQW RI DFFXPXODWLRQ� 1RWH
KRZHYHU WKDW /$ b5% LV SRODURLG�

3DU W %� 5DQJH & O RVXU H

$Q RSHUDWRU $ � %�; � LV OHIW SRODU DW D SRLQW y � LVR �D�$� LI WKHUH H[LVWV D SRVLWLYH
LQWHJHU G VXFK WKDW DVF�$b y� x G DQG �$b y�G� �� ; � LV FORVHG� $ LV OHIW SRODURLG
LI LW LV OHIW SRODU DW HYHU\ y � LVR �D�7 �� 7ULYLDOO\� D %DQDFK VSDFH RSHUDWRU 7 � LQ
SDUWLFXODU WKH RSHUDWRU G$% RU WKH RSHUDWRU ($ % DERYH� ZLWK DVFHQW OHVV WKDQ RU
HTXDO WR RQH KDV FORVHG UDQJH LI DQG RQO\ LI LW OHIW SRODU �DW ��� )XUWKHUPRUH� LI
DVF�7 b y� x � DQG 7 e KDV 69(3 �HYHU\ZKHUH�� WKHQ 7 b y KDV FORVHG UDQJH IRU
DOO FRPSOH[ y LI DQG RQO\ LI 7 LV DQ DOJHEUDLF RSHUDWRU� 7R SURYH WKLV� VWDUW E\
REVHUYLQJ WKDW 7 DOJHEUDLF LPSOLHV 7 SRODURLG� DQG KHQFH LI DVF�7 b y� x � WKHQ
7 b y KDV FORVHG UDQJH IRU DOO y� &RQYHUVHO\� WKH K\SRWKHVLV 7 e KDV 69(3 LPSOLHV
��7 �  �D�7 �� DQG KHQFH 7 b y KDV FORVHG UDQJH LPSOLHV 7 b y LV SRODU IRU HYHU\
FRPSOH[ y� %XW WKHQ ZH PXVW KDYH WKDW ���7 � KDV QR SRLQWV RI DFFXPXODWLRQ�
FRQVHTXHQWO\� ��7 � LV D pQLWH VHW� 6LQFH DOUHDG\ 7 LV SRODURLG� 7 LV DOJHEUDLF� 7KLV
DUJXPHQW H[WHQGV WR WKH RSHUDWRUV r$% DQG /$5%�

3URSRVLWLRQ ���� /HW $�% � %� ; � EH WZR QRQ�WULYLDO RSHUDWRUV� DQG OHW G$% GH�
QRWH HLWKHU RI r$% DQG /$5%� ,I DVF�G$% by� x � IRU DOO FRPSOH[ y� DQG LI HLWKHU
�L� $e DQG % KDYH 69(3 RU �LL� Ge$% KDV 69(3� WKHQ G$% by KDV FORVHG UDQJH IRU
DOO FRPSOH[ y LI DQG RQO\ LI $ DQG % DUH DOJHEUDLF RSHUDWRUV�



�

3URRI� ,I $ DQG % DUH DOJHEUDLF RSHUDWRUV LQ %� ; �� WKHQ VR LV G$%� +HQFH� VLQFH
DVF�G$% b y� x � IRU DOO FRPSOH[ y� G$% b y KDV FORVHG UDQJH IRU DOO FRPSOH[
y� &RQYHUVHO\� DVF�G$% b y� x � DQG G$% b y KDV FORVHG UDQJH IRU DOO FRPSOH[
y LPSO\ G$% LV OHIW SRODU DW HYHU\ FRPSOH[ y� �+HUH� E\ D PLVXVH RI ODQJXDJH ZH
FRQVLGHU SRLQWV y LQ WKH UHVROYHQW VHW DV OHIW SROHV RI RUGHU ��� 1RZ OHW $e DQG %
KDYH 69(3� 7KHQ ��$�  �D�$�� ��%�  �V�%� � WR WKH VXUMHFWLYLW\ VSHFWUXP
RI %�� �D�r$%�  �D�$� b �V�%�  ��$� b ��%�  ��r$%� DQG �D�/$5%�  
�D�$���V�%�  ��$����%�  ��/$5%�� 2EVHUYH DOVR WKDW LI G

e
$% KDV 69(3� WKHQ

�D�G$%�  ��G$%�� +HQFH� LI HLWKHU RI WKH K\SRWKHVHV �L� DQG �LL� LV VDWLVpHG� WKHQ
G$% LV SRODU DW HYHU\ FRPSOH[ y �LPSOLHV y � LVR ��G$%� IRU HYHU\ FRPSOH[ y��
&RQVHTXHQWO\� ZH PXVW KDYH WKDW ��G$%� LV D pQLWH VHW DQG WKH RSHUDWRU G$% LV
DOJHEUDLF� 7KLV� E\ 3URSRVLWLRQ ��� �D�� LPSOLHV WKDW $ DQG % DUH DOJHEUDLF LQ WKH
FDVH LQ ZKLFK G$%  r$%� &RQVLGHU QRZ /$5%� 6LQFH $� % QRQ�WULYLDO DQG HLWKHU
RI $� % QLOSRWHQW LPSOLHV /$5% QLOSRWHQW ZLWK DVF�/$5%� ! �� 3URSRVLWLRQ ����F�
DSSOLHV DQG ZH FRQFOXGH WKDW /$5% DOJHEUDLF LPSOLHV $ DQG % DOJHEUDLF�

7KH ?RQO\ LI SDUW� RI 3URSRVLWLRQ ��� IDLOV LI RQH UHOD[HV WKH UHTXLUHPHQW WKDW
?G$% b y KDV FORVHG UDQJH IRU DOO FRPSOH[ y�� 7KXV� LI $�% DUH WZR XQLWDU\
�KHQFH QRQ^DOJHEUDLF� +LOEHUW VSDFH RSHUDWRUV� WKHQ /$5% b y KDV FORVHG UDQJH
IRU DOO y  � ��$����%e�� 3URSRVLWLRQ ��� JHQHUDOL]HV >�� 7KHRUHP ���@ �DQG RWKHU
VLPLODU UHVXOWV�� 2EVHUYH WKDW $�% � %�+� QRUPDO LPSOLHV r$% QRUPDO� DQG KHQFH
DVF�r$% b y�  DVF�r�$by�%� x � IRU DOO FRPSOH[ y DQG re$% KDV 69(3� $�% �
%�+� QRUPDO GRHV QRW LQ JHQHUDO LPSO\ /$5% QRUPDO >��� ([DPSOH ���@� KRZHYHU�
3URSRVLWLRQ ��� DSSOLHV WR /$5% IRU QRUPDO $�% � %�+� �IRU WKH UHDVRQ WKDW
$� %e KDYH 69(3 DQG DVF�/$5% b y� x � IRU DOO FRPSOH[ y _ VHH WKH SURRI RI
>�� 7KHRUHP ���@�� $Q DOWHUQDWLYH DUJXPHQW JHQHUDOL]LQJ >�� 7KHRUHP ���@� VHH WKH
IROORZLQJ SURSRVLWLRQ� LV FRQVHTXHQW IURP WKH REVHUYDWLRQ WKDW QRUPDO RSHUDWRUV 7
DUH VLPSO\ SRODURLG �L�H�� DVF�7 b y�  GVF�7 b y� x � DW HYHU\ y � LVR ��7 ���

3URSRVLWLRQ ����� ,I $ DQG % � %�; � DUH QRQ�WULYLDO VLPSO\ SRODURLG RSHUDWRUV�
WKHQ G$% b y KDV FORVHG UDQJH IRU HYHU\ y � LVR ��G$%��

3URRI� ,Q YLHZ RI WKH IDFW WKDW WKH SRODURLG SURSHUW\ WUDQVIHUV IURP $�% WR r$%

DQG /$5%� ZH KDYH RQO\ WR SURYH WKDW DVF�G$% b y� x � IRU DOO y � LVR ��G$%��
/HW y � LVR ��G$%�� :H VWDUW E\ FRQVLGHULQJ WKH FDVH LQ ZKLFK y � �� �7KXV� LI
y  zb { � LVR ��r$%� WKHQ �RQO\� RQH RI z DQG { PD\ HTXDO �� DQG LI y  z{ �
LVR ��/$5%� WKHQ QHLWKHU RI z DQG { HTXDOV ]HUR�� 7KHQ IRU HYHU\ z � LVR ��$�
DQG { � LVR ��%� VXFK WKDW y  zb { LI G$%  r$% DQG y  z{ LI G$%  /$5% �
;  ; �� j ; ��  ; �� j ; ��� $  $M; ��� j$M; � �  $� j$�� %  %M; � � j%M; �	�  
%�j%�� $�bz LV ��QLOSRWHQW� $�bz LV LQYHUWLEOH� %�b{ LV ��QLOSRWHQW DQG %�b{
LV LQYHUWLEOH� /HW ; � ; �� j ; �� b� ; �� j ; �� KDYH WKH PDWUL[ UHSUHVHQWDWLRQ
;  >;LM @

�
L�M  �� 7KHQ

�r$% b y���;�  ���

v

� �z5�
% � b{��;���

{�/�
$ � bz��;��� �r$ � % � b y���;���

w

 �

�� ;��  ;��  ;��  �  � �r$% b y��;�  ��

$ VLPLODU DUJXPHQW VKRZV WKDW �/$5%by���;�  � LI DQG RQO\ LI �/$5%by��;�  
�� :H FRQVLGHU QH[W WKH FDVH y  �� ,I G$%  r$%� WKHQ HLWKHU z  {  � RU z  
{ � � IRU HYHU\ z � LVR ��$� DQG { � LVR ��%� VXFK WKDW y  zb{� 'HpQLQJ $L� %L�
; �L DQG ; �L� � x L x �� DV DERYH LW LV WKHQ VHHQ WKDW �$�  �  %� DQG� r

�
$%�;�  �
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LPSOLHV ;��  � LQ WKH FDVH LQ ZKLFK z  {  � DQG ;��  ;��  ;��  � LQ WKH
FDVH LQ ZKLFK z  { � �� ,Q HLWKHU FDVH r$%�;�  �� )LQDOO\� LI G$%  /$5%

DQG � � LVR ��/$5%�� WKHQ HLWKHU � � LVR ��$� DQG �  � ��%�� RU� �  � ��$� DQG
� � LVR ��%�� RU� � � LVR ��$� DQG � � LVR ��%�� �1RWH WKDW E\ K\SRWKHVLV $�% DUH
QRQ�WULYLDO DQG SRODURLG� KHQFH QHLWKHU RI ��$� DQG ��%�  I�J�� 7ULYLDOO\� LI HLWKHU
RI $ RU % LV LQYHUWLEOH� WKHQ DVF�/$5%� x �� ,I� LQVWHDG� � � ILVR ��$�? LVR ��%�J�
WKHQ XSRQ GHpQLQJ $L� %L� ; �L DQG ; �L� � x L x �� DV DERYH LW LV VHHQ WKDW
$�  �  %� DQG �/$5%�

��;�  � LPSOLHV ;��  �� +HQFH �/$5%��;�  ��

7KH K\SRWKHVHV RI 3URSRVLWLRQ���� DUH VDWLVpHG E\ D ZLGH YDULHW\ RI FODVVHV RI
RSHUDWRUV� :H PHQWLRQ KHUH RQH VXFK FODVV� WKH FODVV RI SDUDQRUPDO %DQDFK VSDFH
RSHUDWRUV >��� 3DJH ���@�

)RU DQ RSHUDWRU 7 � %�; � ZLWK VSHFWUDO UDGLXV U�7 �  OLPQ� � MM7QMM
�
� � WKH

SHULSKHUDO VSHFWUXP �}�7 � RI 7 LV WKH VHW �}�7 �  Iy � ��7 � � MyM  U�7 �J� $V ZH
VDZ HDUOLHU RQ� LI $�% � %�; � DUH PHURPRUSKLF RSHUDWRUV� WKHQ WKH RSHUDWRU /$5%

LV PHURPRUSKLF� 6LQFH $�% QRUPDORLG �7 � %� ; � LV QRUPDORLG LI U�7 �  MM7 MM�
LPSOLHV /$5% QRUPDORLG� LI $�% DUH QRUPDORLG WKHQ y � �}�/$5%� LI DQG RQO\ LI
WKHUH H[LVW z � �}�$� DQG { � �}�%� VXFK WKDW y  z{� 5HFDOO IURP >��� 3URSRVLWLRQ
����@ WKDW LI /$5% LV D QRUPDORLG PHURPRUSKLF RSHUDWRU� WKHQ DVF�/$5% by� x �
IRU DOO y � �}�/$5%�� 6XFK DQ RSHUDWRU /$5% EHLQJ SRODURLG� ZH FRQFOXGH� ,I
$�% � %� ; � DUH QRUPDORLG PHURPRUSKLF RSHUDWRUV� WKHQ /$5% b y KDV FORVHG
UDQJH IRU HYHU\ y � �}�/$5%�� 7KH IROORZLQJ SURSRVLWLRQ LV D JHQHUDOL]DWLRQ RI
WKLV UHVXOW�

3URSRVLWLRQ ����� ,I $�% � %�; � DUH QRUPDORLG RSHUDWRUV� WKHQ WKH IROORZLQJ
DVVHUWLRQV DUH PXWXDOO\ HTXLYDOHQW IRU DOO y � �}�/$5%��
�L� /$5% b y KDV FORVHG UDQJH�
�LL� /$5% b y LV OHIW SRODU DW ��
�LLL� /$5% b y LV SRODU DW ��

3URRI� 7KH SURRI RI WKH SURSRVLWLRQ GHSHQGV XSRQ WKH NQRZQ IDFW� >�� 3URSRVLWLRQ
���@� WKDW DVF�/$5% b y� x � IRU DOO y � �}�/$5%�� ZH LQFOXGH D SURRI KHUH IRU
FRPSOHWHQHVV�

,I $�% DUH QRUPDORLG� WKHQ /$5% LV QRUPDORLG� U�/$5%�  U�$�U�%�  MM$MMMM%MM�
DQG

�}�/$5%�  Iy � & � y  z{� z � �}�$�� { � �}�%�J�

,I ZH GHpQH WKH FRQWUDFWLRQV $� DQG %� E\ $�  $ MM$MM DQG %�  % MM%MM� WKHQ
/$ � 5% � LV D FRQWUDFWLRQ DQG

�}�/$ � 5% � �  Iy � & � y  z{� z � �}�$��� { � �}�%��� MzM  M{M  �J�

&KRRVH D y�  z�{� � �}�/$ � 5% � �� OHW $��  $� z� DQG %��  %� {�� 7KHQ

MM
y�

Q

Qb�
;

L �

�/$ �
� 5% �
� �L�/$ �
� 5% �
� b ���=�MM  MM
y�

Q
�/Q

$ �
� 5Q
% �
� b ���=�MM

 
�

Q
MM�/$

�
��� 5%

�
��� b ���=�MM b� � DV Q b� �

IRU DOO = � %� ; �� 6HW y�MM$MMMM%MM  y � �}�/$5%�� 7KHQ ; � %�; � VDWLVpHV
�/$ �
� 5% �
� ��;�  � LI DQG RQO\ LI �/$5%��;�  �� $Q HDV\ FDOFXODWLRQ VKRZV



�

WKDW ; � �/$ �
� 5% �
� b ��b���� LPSOLHV ;  �
Q

3Qb�
L � �/$ �
� 5% �
� �L�;�� +HQFH LI

; � �/$5% b ��b���� DQG <  = MM$MMMM%MM� WKHQ IRU DOO = � %� ; ��

MM; �
y�

Q

Qb�
;

L �

�/$ ��� 5% ��� �L�/$ ��� 5% ��� b ���=�MM

 MM
�

Q

Qb�
;

L �

�/$ ��� 5% ��� �L�; � y��/$ �
� 5% �
� b ���=��MM

x MM; � y��/$ ��� 5% ��� b ���=�MM  MM; � �/$ � 5% � b y���=�MM

 MM; � �/$5% b y��< �MM

IRU DOO < � %� ; � DQG y � �}�/$5%��

7KH WZR ZD\ LPSOLFDWLRQ �L����LL� LV HYLGHQW� 2EVHUYH WKDW LI /$5% LV QRUPDORLG
DQG y � �}�/$5%�� WKHQ y LV LQ WKH ERXQGDU\ RI ��/$5%�� +HQFH �/$5% b y�e

KDV 69(3 �DW ��� DQG VR /$5% LV OHIW SRODU DW y LI DQG RQO\ LI LW LV SRODU DW y�
+HQFH �LL����LLL��

5HI HU HQF HV

>�@ 3 � $ LHQ D� )U HGKROP DQ G / RFDO 6 SHFW U DO 7 KHRU \ Z LW K $ SSOLFDW LRQ V W R 0XOW LSOLHU V� .OX Z HU � �����
>�@ - � $ Q G HU VRQ � 2Q Q RU P DO G HU LY DWLRQ V� 3 U RF� $ PHU � 0DW K� 6 RF� �� ������� ���^����
>�@ - � $ Q G HU VRQ DQ G & � )RLD|V� 3 U RS HU WLHV Z K LFK Q RU P DO RS HU DWRU V VK DU H Z LWK Q RU P DO G HU LY DWLRQ V
DQ G U HODWHG RS HU DWRU V� 3 DFLpF - � 0DW K� �� ������� ���^����

>�@ ( � % RDVVR� 'U D]LQ VS HFWU D RI % DQ DFK VS DFH RS HU DWRU V DQ G % DQ DFK DOJHE U D HOHP HQ WV� - � 0DW K�

$ Q DO� $ SSO� ��� ������� ��^���
>�@ ( � % RDVVR� % � 3 � 'X JJDO DQ G ,� + � - HRQ � *HQ HU DOL]HG % U RZ G HU 
V DQ G : H\ O�V WK HRU HP V IRU OHIW
DQ G U LJK W P X OWLS OLFDWLRQ RS HU DWRU V� - � 0DW K� $ Q DO� $ SSO� ��� ������� ���^����

>�@ )� )� % RQ VDO DQ G - � 'X Q FDQ � 1 XPHU LFDO 5 DQ JHV ,,� & DP E U LG JH 8 Q LY � 3 U HVV� /RQ G RQ � �����
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