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$EVW U DF W � *LY HQ % DQ DFK VS DFH RS HU DWRU V $L� %L � %�; �� � x L x �� OHW

j $% � %�%�; �� G HQ RWH WK H HOHP HQ WDU \ RS HU DWRU j $% �;�  $�;%� b

$�;%�� 7 K HQ j $% K DV p Q LWH DVFHQ W x � IRU D Q X P E HU RI IDLU O\ JHQ HU DO
FK RLFHV RI WK H RS HU DWRU V $L DQ G %L� 7 K LV LQ IRU P DWLRQ LV DS S OLHG WR S U RY H VRP H
Q HFHVVDU \ DQ G VX r FLHQ W FRQ G LWLRQ V IRU WK H U DQ JH RI j $% WR E H FORVHG DQ G LQ
G HFLG LQ J FRQ G LWLRQ V RQ WK H WX S OHV �$�� $�� DQ G �%�� %�� VR WK DW j Q

$%
�;� FRP �

S DFW IRU VRP H LQ WHJHU Q y � DQ G RS HU DWRU ; LP S OLHV j $% �;� FRP S DFW� 7 K LV
JHQ HU DOL]HV VRP H Z HOO N Q RZ Q U HVX OWV RI $ Q G HU VRQ DQ G )RLD|V >�@� DQ G < RVX Q >��@�
$ OVR FRQ VLG HU HG LV WK H T X HVWLRQ � : K DW LV D Q HFHVVDU \ DQ G VX r FLHQ W FRQ G LWLRQ
�RQ WK H WX S OHV �$�� $��� �%�� %�� DQ G j $% � IRU j

Q

$%
WR E H FRP S DFW IRU VRP H

LQ WHJHU Q y �"

��� ,QW U RGXF W LRQ

)RU D %DQDFK VSDFH ; � OHW %� ; � GHQRWH WKH DOJHEUD RI RSHUDWRUV� HTXLYDOHQWO\
ERXQGHG OLQHDU WUDQVIRUPDWLRQV� RQ ; LQWR LWVHOI� *LYHQ DQ RSHUDWRU 7 � %� ; �� WKH
NHUQHO 7b���� RI 7 LV RUWKRJRQDO� LQ WKH VHQVH RI *� %LUNKRo� WR WKH UDQJH 7 � ; � RI
7 � LQ QRWDWLRQ 7b���� " 7 � ; �� LI MM[MM x MM[�\MM IRU DOO [ � 7b���� DQG \ � 7 � ; � >��

SDJH ��@� &OHDUO\� 7b���� " 7 � ; �  � 7b����? 7 � ; �  I�J  � 7b���� ? 7 �; �  

I�J� �+HUH� DV DOVR LQ WKH VHTXHO� 7 �; � GHQRWHV WKH FORVXUH RI 7 � ; ��� 7KH UDQJH^
NHUQHO RUWKRJRQDOLW\ RI DQ RSHUDWRU LV UHODWHG WR LWV DVFHQW� 7KH DVFHQW RI 7 � %�; ��
DVF�7 �� LV WKH OHDVW QRQ�QHJDWLYH LQWHJHU Q VXFK WKDW 7bQ���  7b�Q� ����� �LI QR
VXFK Q H[LVWV WKHQ DVF�7 �  ��� ,W LV NQRZQ WKDW DVF�7 � x P � � LI DQG RQO\ LI
7bQ��� ? 7P�;�  I�J IRU DOO LQWHJHUV Q y P� (YLGHQWO\� 7b���� " 7 �; � LPSOLHV
DVF�7 � x ��

7KH UDQJH^NHUQHO RUWKRJRQDOLW\ 7b���� " 7 �; � RI %DQDFK VSDFH RSHUDWRUV KDV
EHHQ VWXGLHG E\ D QXPEHU RI DXWKRUV RYHU WKH SDVW IHZ GHFDGHV� $ FODVVLFDO UHVXOW
RI 6LQFODLU >��� 3URSRVLWLRQ �@ VD\V WKDW ?LI � LV LQ WKH ERXQGDU\ RI WKH QXPHULFDO
UDQJH RI D 7 � %� ; �� WKHQ 7b���� " 7 �; ��� $QGHUVRQ >�@� DQG $QGHUVRQ DQG )RLD|V
>�@� FRQVLGHUHG WKH JHQHUDOL]HG GHULYDWLRQ r$%  /$ b 5% � %�%�+��� r$%�;�  
$; b ;%� WR SURYH WKDW LI $�% � %�+� DUH QRUPDO �+LOEHUW VSDFH� RSHUDWRUV�
WKHQ rb�

$%��� " r$%�%�+��� 7KHVH UHVXOWV KDYH VLQFH EHHQ H[WHQGHG WR D YDULHW\ RI
HOHPHQWDU\ RSHUDWRUV j$ % �;�  $�;%�b$�;%� IRU D YDULHW\ RI FKRLFHV RI WXSOHV
RI RSHUDWRUV $  �$�� $�� DQG %  �%�� %�� �VHH >��� ��� ��� ��� ��@ IRU IXUWKHU
UHIHUHQFHV�� 7KH UDQJH^NHUQHO RUWKRJRQDOLW\ RI DQ RSHUDWRU 7 � %�; � GRHV QRW

LPSO\ WKDW WKH UDQJH 7 �; � LV FORVHG RU WKDW ;  7b����j7 � ; �� VHH >�� ([DPSOH ���

' DW H� 0DU FK �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��% ��� ��% ��� 6 HFRQ G DU \ ��$ ��� ��$ ���
. H\ Z RU GV� % DQ DFK VS DFH� HOHP HQ WDU \ RS HU DWRU � RU WK RJRQ DOLW\ � S RODU RLG � U DQ JH FORVX U H�

FRP S DFWQ HVV�

�
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DQG 7KHRUHP ���@ DQG >��� 5HPDUN �@� ,QGHHG� UDQJH^NHUQHO RUWKRJRQDOLW\ QHLWKHU
LPSOLHV QRU LV LPSOLHG E\ UDQJH FORVXUH� 7KXV� HYHU\ ERXQGHG EHORZ RSHUDWRU KDV
FORVHG UDQJH DQG VDWLVpHV UDQJH�NHUQHO RUWKRJRQDOLW\� DQ LQMHFWLYH FRPSDFW TXDVL�
QLOSRWHQW RSHUDWRU �IRU H[DPSOH� WKH 9ROWHUUD LQWHJUDO RSHUDWRU RQ /���� ��� VDWLVpHV
UDQJH^NHUQHO RUWKRJRQDOLW\ EXW GRHV QRW KDYH FORVHG UDQJH� DQG QR RSHUDWRU 7
�ZKHWKHU LW KDV FORVHG UDQJH RU QRW� ZLWK � ! DVF�7 � y � VDWLVpHV UDQJH�NHUQHO
RUWKRJRQDOLW\� 7KH LPSOLFDWLRQ 7b���� " 7 �; �  � DVF�7 � x � LV VWULFWO\ RQH ZD\�
LI $L� %L � %�+�� � x L x �� DUH QRUPDO +LOEHUW VSDFH RSHUDWRUV VXFK WKDW $�

FRPPXWHV ZLWK $� DQG %� FRPPXWHV ZLWK %�� WKHQ DVF�j$ % � x � >��� 7KHRUHP
���@ EXW jb�

$ %
��� " j$ % �%�+�� LI DQG RQO\ LI �$�j%e

��
b����?�$�j%e

��
b����  I�J

>��� &RUROODU\ ���@�

,Q WKH IROORZLQJ ZH SURYH WKDW DVF�j$ % � x � IRU YDULRXV FKRLFHV RI WKH RSHUDWRUV
$L DQG %L� � x L x �� 7KXV� LI $�% � %�; � DUH FRQWUDFWLRQV �RU� LI $�% � %� ; � DUH
QRUPDORLG DQG y LV LQ WKH SHULSKHUDO VSHFWUXP RI /$5%�� WKHQ DVF�/$5% b �� x �
�UHVS�� DVF�/$5% b y� x ��� LI % � %� ; � LV D FRQWUDFWLRQ DQG $ � %�; � LV
OHIW LQYHUWLEOH E\ D FRQWUDFWLRQ� WKHQ DVF�/$ b 5%� x �� DQG LI $�� %

e
� � %�+�

DUH Z^K\SRQRUPDO �+LOEHUW VSDFH� RSHUDWRUV VXFK WKDW $b�
� ��� v $e

�
b���� DQG

%e
�
b���� v %b�

� ���� $�� %
e
� � %�+� DUH QRUPDO RSHUDWRUV� $� FRPPXWHV ZLWK $�

DQG %� FRPPXWHV ZLWK %�� WKHQ DVF�j$ % � x �� 7KLV LQIRUPDWLRQ LV WKHQ DSSOLHG
WR JLYH VRPH QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU WKH UDQJH RI j$ % WR EH FORVHG
�JHQHUDOL]LQJ� LQ WKH SURFHVV� D UHVXOW RI $QGHUVRQ DQG )RLD|V >�@�� DQG LQ GHFLGLQJ
FRQGLWLRQV RQ WKH WXSOHV $ DQG % VR WKDW jQ

$ %
�;� FRPSDFW IRU VRPH LQWHJHU Q y �

DQG RSHUDWRU ; LPSOLHV j$ % �;� FRPSDFW �WKLV JHQHUDOL]HV VRPH UHVXOWV RI <XVXQ
>��@�� $OVR FRQVLGHUHG LV WKH TXHVWLRQ� :KDW LV D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ
�RQ $� % DQG j$ % � IRU j

Q
$ %

WR EH FRPSDFW IRU VRPH LQWHJHU Q y �"

��� ) LQLW H DVF HQW � 5DQJH�N HU QHO RU W KRJRQDO LW \

7KURXJKRXW WKH IROORZLQJ� ; �UHVS�� +� VKDOO GHQRWH DQ LQpQLWH GLPHQVLRQDO
FRPSOH[ %DQDFK VSDFH �UHVS�� +LOEHUW VSDFH�� )RU DQ RSHUDWRU $ � %�; �� /$ �
%�%� ; �� �UHVS�� 5$ � %�%�; ��� VKDOO GHQRWH WKH RSHUDWRU /$�;�  $; RI OHIW
PXOWLSOLFDWLRQ E\ $ �UHVS�� 5$�;�  ;$ RI ULJKW PXOWLSOLFDWLRQ E\ $�� )RU $�% �
%� ; �� ZH VKDOO GHQRWH WKH JHQHUDOL]HG GHULYDWLRQ /$ b5% E\ r$% � WKH HOHPHQWDU\
RSHUDWRU /$5% b � E\ �$% � DQG G$% VKDOO GHQRWH HLWKHU RI r$% DQG �$%� :H
VKDOO GHQRWH WKH VSHFWUXP �WKH DSSUR[LPDWH SRLQW VSHFWUXP� RI 7 E\ ��7 � �UHVS��
�D�7 ��� DQG WKH LVRODWHG SRLQWV RI D VXEVHW 6 RI ��7 � ZLOO EH GHQRWHG E\ LVR �6�� 7KH
GHVFHQW GVF�7 � RI DQ RSHUDWRU 7 � %� ; � LV WKH VPDOOHVW QRQ�QHJDWLYH LQWHJHU Q VXFK
WKDW 7Q� ; �  7Q� �� ; � �LI QR VXFK Q H[LVWV� WKHQ GVF�7 �  ��� ,W LV ZHOO NQRZQ�
VHH >�� ��@� WKDW LI ERWK DVF�7 � DQG GVF�7 � DUH pQLWH WKHQ DVF�7 �  GVF�7 �  S � �
IRU VRPH LQWHJHU S y �� ;  7bS���j 7 S� ; � DQG � � LVR ��7 �� 7 � %� ; �� KDV WKH
VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\ DW D FRPSOH[ SRLQW y�� 69(3 DW y� IRU VKRUW� LI IRU
HYHU\ RSHQ GLVF 'y � FHQWHUHG DW y� WKH RQO\ DQDO\WLF IXQFWLRQ I � 'y � � ; ZKLFK
VDWLVpHV

�7 b y�I�y�  � IRU DOO y � 'y �

LV WKH IXQFWLRQ I u �� 7 KDV 69(3 LI LW KDV 69(3 DW HYHU\ FRPSOH[ y� %RWK 7
DQG 7 e KDYH 69(3 DW SRLQWV LQ WKH ERXQGDU\ #��7 � RI WKH VSHFWUXP RI 7 � DOVR
DVF�7 � � � �UHVS�� GVF�7 � � �� LPSOLHV 7 �UHVS�� 7 e� KDV 69(3 DW �� DQG 7 e KDV
69(3 LPSOLHV ��7 �  �D�7 � >�� ��@�
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)RU DQ RSHUDWRU 7 � %�+� ZLWK SRODU GHFRPSRVLWLRQ 7  8 M7 M� WKH �pUVW�

$OXWKJH WUDQVIRUP a7 RI 7 LV WKH RSHUDWRU a7  M7 M
�
� 8 M7 M

�
� � :H VD\ WKDW WKH RSHUDWRU

7 LV Z^K\SRQRUPDO LI

M� a7 �eM x M7 M x M a7 M�

(YHU\ K\SRQRUPDO �M7 eM� x M7 M�� RSHUDWRU LV Z^K\SRQRUPDO� DQG LW LV HDVLO\ VHHQ
WKDW Z^K\SRQRUPDO RSHUDWRUV 7 DUH SDUDQRUPDO �L�H�� MM7[MM� x MM7 �[MM IRU DOO XQLW
YHFWRUV [ � +�� KHQFH DVF�7 � x � >�@�
/HW $�% � %�+�� + DV DERYH D +LOEHUW VSDFH� :H VD\ WKDW WKH SDLU �$�%�

VDWLVpHV WKH 3)^SURSHUW\� VKRUW IRU WKH ?3XWQDP�)XJOHGH FRPPXWDWLYLW\ SURSHUW\��
LI Gb�

$%��� v Gb�
$

�
%

� ���� )RU Z^K\SRQRUPDO RSHUDWRUV $�%e � %�+� ZLWK $b���� v

$eb���� DQG %eb���� v %b����� G$% VDWLVpHV WKH 3)^SURSHUW\ >�� /HPPD ���@�

/HPPD ���� ,I $�%e � %�+� DUH Z^K\SRQRUPDO RSHUDWRUV ZLWK $b���� v $eb����
DQG %eb���� v %b����� WKHQ G$% VDWLVpHV WKH 3)�SURSHUW\�

/HPPD ���� ,I $ � %�+� LV D Z^K\SRQRUPDO RSHUDWRU ZKLFK FRPPXWHV ZLWK D
QRUPDO RSHUDWRU % � %�+�� WKHQ $% LV Z^K\SRQRUPDO�

3URRI� 6LQFH $%  %$ LPSOLHV $%e  %e$ �E\ WKH FODVVLFDO 3XWQDP�)XJOHGH
WKHRUHP�� >�� /HPPD ���@ LPSOLHV $% LV Z^K\SRQRUPDO�

7KH QXPHULFDO UDQJH : �%�; �� 7 � RI 7 � %�; � LV WKH VHW

: �%�; �� 7 �  II�7 � � I � %�; �e� MMI MM  I�,�  �J�

ZKHUH %�; �e LV WKH GXDO VSDFH RI %�; �� : �%� ; �� 7 � LV D FRPSDFW VXEVHW RI WKH
VHW & RI FRPSOH[ QXPEHUV� ,I $�% � %�; � DUH FRQWUDFWLRQV� WKHQ

: �%�%� ; ��� /$5%� v Iy � & � MyM x �J� DQG

: �%�%� ; ����$%� v Iy � & � My� �M x �J�

7KLV LPSOLHV WKDW � � #: �%�%� ; ����$%�� WKH ERXQGDU\ RI : �%�%� ; ����$%��
DQG KHQFH >�� 7KHRUHP �� SDJH ��@

MM�$%�< � �;MM y MM;MM b
S

�MM�$%�;�MMMM< MM

IRU DOO ;�< � %�; �� ,Q SDUWLFXODU �b�
$%��� " �$%�%� ; �� DQG DVF��$%� x ��

&RQVLGHU QRZ D FRQWUDFWLRQ $ � %�; � DQG DQ RSHUDWRU % � %�; � VXFK WKDW % LV
ULJKW LQYHUWLEOH E\ D FRQWUDFWLRQ %U � %�; �� 7KHQ

MM�$% � �< %� �;MM y MM;MM b
S

�MM�$% � �;�MMMM< %MM

IRU DOO;�< � %�; �� 6LQFH�$% � �< %�  r$%�< �� MM< %MM x MM%MMMM< MM DQG MM�$% � �;�MM x
MM%UMMMMr$%�;�MM x MMr$%�;�MM�

MMr$%�< � �;MM y MM;MM b
S

�MM%MMMMr$%�;�MMMM< MM

IRU DOO ;�< � %�; �� 6LPLODUO\� LI $ � %� ; � LV OHIW LQYHUWLEOH E\ D FRQWUDFWLRQ $C

DQG % � %�; � LV D FRQWUDFWLRQ� WKHQ

MMr$%�< � �;MM y MM;MM b
S

�MM$MMMMr$%�;�MMMM< MM

IRU ;�< � %� ; �� :H KDYH SURYHG�
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3URSRVLWLRQ ���� /HW $�% � %� ; �� �L� ,I $�% DUH FRQWUDFWLRQV� WKHQ �b�
$%��� "

�$%�%�; �� DQG �KHQFH� DVF��$%� x ��
�LL� ,I $ LV D FRQWUDFWLRQ DQG % LV ULJKW LQYHUWLEOH E\ D FRQWUDFWLRQ �UHVS�� $ LV OHIW
LQYHUWLEOH E\ D FRQWUDFWLRQ DQG % LV D FRQWUDFWLRQ�� WKHQ rb�

$%��� " r$%�%�; �� DQG
�KHQFH� DVF�r$%� x ��

7 � %�; � LV QRUPDORLG LI MM7 MM  U�7 �� ZKHUH U�7 �  OLPQ� � MM7QMM
�
�  VXSIMyM �

y � ��7 �J LV WKH VSHFWUDO UDGLXV RI 7 � $ PRUH JHQHUDO UHVXOW� WKDQ WKH RQH LQ
3URSRVLWLRQ ���� LV SRVVLEOH IRU WKH HOHPHQWDU\ RSHUDWRU �$% LQ WKH FDVH LQ ZKLFK
$�% DUH QRUPDORLG RSHUDWRUV� *LYHQ D 7 � %� ; �� OHW

�}�7 �  Iy � ��7 � � MyM  U�7 �J

GHQRWH WKH SHULSKHUDO VSHFWUXP RI 7 >��� 3DJH ���@�

3URSRVLWLRQ ���� ,I $�% � %�; � DUH QRUPDORLG� WKHQ �/$5%by�b���� " �/$5%b
y��%� ; �� IRU DOO y � �}�/$5%��

3URRI� $�% EHLQJ QRUPDORLG�

MM�/$5%�
QMM  MM/$

� 5%
� MM  MM$QMMMM%QMM  �MM$MMMM%MM�Q  MM/$5% MM

Q

IRU DOO LQWHJHUV Q y �� +HQFH /$5% LV QRUPDORLG� U�/$5%�  U�$�U�%�  MM$MMMM%MM�
DQG

�}�/$5%�  Iy � & � WKHUH H[LVW z � �}�$�� { � �}�%� VXFK WKDW y  z{J�

,I ZH GHpQH WKH FRQWUDFWLRQV $� DQG %� E\ $�  $ MM$MM DQG %�  % MM%MM� WKHQ
/$ � 5% � LV D FRQWUDFWLRQ DQG

�}�/$ � 5% � �  Iy � & � WKHUH H[LVW z � �}�$��� { � �}�%�� VXFK WKDW y  z{� MzM  M{M  �J�

&KRRVH D y�  z�{� � �}�/$ � 5% � �� OHW $��  $� z� DQG %��  %� {�� 7KHQ

q

q

q

y�

Q

Qb�
;

L �

�/$ ��� 5% ��� �L�/$ ��� 5% ��� b ���=�
q

q

q
 

q

q

q

y�

Q
�/Q

$ ��� 5Q
% ��� b ���=�

q

q

q

 
�

Q
MM�/$

�
��� 5%

�
��� b ���=�MM b� � DV Q b� �

IRU DOO = � %� ; �� 6HW y�MM$MMMM%MM  y � �}�/$5%�� 7KHQ ; � %�; � VDWLVpHV
�/$ ��� 5% ��� ��;�  � LI DQG RQO\ LI �/$5%��;�  �� $Q HDV\ FDOFXODWLRQ VKRZV

WKDW ; � �/$ ��� 5% ��� b ��b���� LPSOLHV ;  �
Q

3Qb�
L � �/$ ��� 5% ��� �L�;�� +HQFH LI

; � �/$5% b ��b���� DQG <  = MM$MMMM%MM� WKHQ IRU DQ\ = � %� ; ��

q

q

q
; �

y�

Q

Qb�
;

L �

�/$ ��� 5% ��� �L�/$ ��� 5% ��� b ���=�
q

q

q

 
q

q

q

�

Q

Qb�
;

L �

�/$ ��� 5% ��� �L�; � y��/$ ��� 5% ��� b ���=��
q

q

q

x MM; � y��/$ ��� 5% ��� b ���=�MM  MM; � �/$ � 5% � b y���=�MM

 MM; � �/$5% b y��< �MM

IRU DOO < � %� ; � DQG y � �}�/$5%��
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5HPDUN ���� 7KH DUJXPHQW RI WKH SURRI RI 3URSRVLWLRQ ��� VHHPLQJO\ GRHV QRW
ZRUN IRU WKH RSHUDWRU r$%� HYHQ IRU QRUPDO +LOEHUW VSDFH RSHUDWRUV $�%� ,W LV
HDVLO\ VHHQ WKDW LI $�% � %� ; � DUH QRUPDO� WKHQ r$% LV QRUPDO� KHQFH r

b�
$%��� "

r$%�%� ; �� DQG DVF�r$%� x �� +RZHYHU� r$% LV QRW QRUPDORLG >�@� 5HFDOO IURP
>��@ WKDW IRU RSHUDWRUV $�% � %�+�� WKH QXPHULFDO UDQJH : �%�%�+��� r$%�  
: �$� b : �%�� ZKHUH : �7 �  I�7[� [� � [ � +� MM[MM  �J GHQRWHV WKH FORVXUH
RI WKH XVXDO �VSDWLDO� QXPHULFDO UDQJH RI WKH RSHUDWRU 7 � %�+�� +HQFH� ,I � �
#�: �$�b: �%��� WKHQ rb�

$%��� " r$%�%�+���

7KH 3)^SURSHUW\ LPSOLHV UDQJH�NHUQHO RUWKRJRQDOLW\� WKH IROORZLQJ SURSRVLWLRQ
LV ZHOO NQRZQ IRU WKH FDVH LQ ZKLFK G$%  r$%� �5HFDOO� G$%  r$% RU �$%��

3URSRVLWLRQ ���� /HW $�% � %�+�� ,I G$% VDWLVpHV WKH 3)^SURSHUW\� WKHQ Gb�
$%��� "

G$%�%�+�� �KHQFH DVF�G$%� x ���

3URRI� ,I ; � rb�
$%��� v rb�

$
�
%

� ���� WKHQ UDQ; UHGXFHV $� NHU"; UHGXFHV %� $�  
$MUDQ ; DQG %�  %MNHU

�
; DUH XQLWDULO\ HTXLYDOHQW QRUPDO RSHUDWRUV� )XUWKHUPRUH�

r$ � % � �;��  �� ZKHUH ;� � NHU
"; b� UDQ; LV WKH TXDVL^DrQLW\ GHpQHG E\ VHWWLQJ

;�[  ;[ IRU DOO [ � NHU";� 7KH RSHUDWRUV $�� %� EHLQJ QRUPDO� MM;�MM x
MMr$ � % � �<��� � ;�MM IRU DOO ;� � rb�

$ � % � ��� DQG �ERXQGHG OLQHDU� RSHUDWRUV <�� �

NHU"; b� UDQ; >�@� /HW $  $� j $� ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ +  

UDQ;jUDQ;
"
� %  %�j%� ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ+  NHU";jNHU;�

;  ;� j � �� NHU"; j NHU; b� UDQ; j UDQ;
"
�� DQG OHW <  ><LM @

�
L�M  � ��

NHU";jNHU; b� UDQ;j UDQ;
"
� �ZLWK <�� DV DERYH DQG VRPH RSHUDWRUV <��� <��

DQG <���� $ VWUDLJKWIRUZDUG DUJXPHQW WKHQ VKRZV WKDW

MM;MM  MM;�MM x MMr$ � % � �<��� �;�MM x MMr$%�< � �;MM

IRU DOO ; � rb�
$%��� DQG < � %�+��

1RZ OHW ; � �b�
$%��� v �b�

$
�
%

� ���� 7KHQ UDQ; UHGXFHV $� NHU"; UHGXFHV %�
DQG �$ � % � �;��  �$

�
� %

�
� �;��� ZKHUH WKH RSHUDWRUV $�� %� DQG WKH TXDVL^DrQLW\

;� � NHU
"; b� UDQ; DUH DV GHpQHG DERYH� (YLGHQWO\� $� DQG %� DUH TXDVL^

DrQLWLHV� 6LQFH

%�;
e
� �$�;�%��  %�;

e
�;� �� M;�M

�%�  %�M;�M
�� DQG

$�;��%�;
e
�$��  $�;�;

e
� �� $�M;

e
� M

�  M;e
� M

�$��

LW IROORZV WKDW $�8�%�  8�  $e
�8�%

e
� � ZKHUH WKH XQLWDU\ RSHUDWRU 8� LV DV LQ

WKH SRODU GHFRPSRVLWLRQ ;�  8�M;�M� +HQFH $� DQG %b�
� DUH XQLWDULO\ HTXLYDOHQW

QRUPDO RSHUDWRUV� 6LQFH ;� � �b�
$ � % � ��� LI DQG RQO\ LI ;� � r$ � %

	 �
� ����

MM;�MM x MMr$ � %
	 �
� �<��� �;�MM  MM�$ � % � �<���b;��MM

IRU DOO <��  <��%�� $V DERYH� WKLV LPSOLHV MM;MM x MM�$%�< �b;�MM IRU DOO ;�< �
%�+��

&RPELQLQJ /HPPD ��� DQG 3URSRVLWLRQ ��� ZH KDYH�

&RUROODU\ ���� ,I $�%e � %�+� DUH Z^K\SRQRUPDO RSHUDWRUV ZLWK $b���� v
$eb���� DQG %eb���� v %b����� WKHQ DVF�G$%� x ��
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3URSRVLWLRQ ��� GRHV QRW H[WHQG WR RSHUDWRUV j$ % �;�  
3Q

L �$L;%L� $  
�$�� c c c � $Q� DQG %  �%�� c c c � %Q� Q�WXSOHV RI PXWXDOO\ FRPPXWLQJ RSHUDWRUV LQ
%�+�� VXFK WKDW j$ % �;�  � LPSOLHV j$

�
%

� �;�  
3Q

L �$
e
L;%e

L  �� 7KXV� LI
$L DQG %L � %�+� DUH QRUPDO RSHUDWRUV IRU DOO � x L x Q� DQG $L FRPPXWHV ZLWK

$M DQG %L FRPPXWHV ZLWK %M IRU DOO � x L� M x Q� WKHQ j
b�Qb��
$ %

���  j
b�Qb��
$

�
%

� ���
>��� 7KHRUHP �@� �+HUH ZH WKDQN WKH UHIHUHH IRU SRLQWLQJ RXW �L� DQ HUURU LQ WKH
RULJLQDO VWDWHPHQW jb�

$ %
���  jb�

$
�
%

� ��� DQG �LL� WKDW >��@ KDV D FRXQWHU H[DPSOH
VKRZLQJ WKDW WKLV HTXDOLW\ PD\ IDLO IRU Q ! ��� ,I Q ! � WKHQ WKHUH LV D j$ % VXFK
WKDW DVF�j$ % � ! � >��@� 2EYLRXVO\� VXFK DQ RSHUDWRU j$ % GRHV QRW VDWLVI\ WKH
UDQJH�NHUQHO RUWKRJRQDOLW\ SURSHUW\� 5HFDOO IURP >��� 7KHRUHP ���@ WKDW LI Q  ��
$  �$�� $�� DQG %  �%�� %�� DUH FRPPXWLQJ WXSOHV RI QRUPDO RSHUDWRUV� WKHQ
jb�

$ %
��� " j$ % �%�+�� LI DQG RQO\ LI �$� j %��

b���� ? �$� j %��
b����  I�J�

&RQVHTXHQWO\� jb�
$ %
��� " j$ % �%�+�� PD\ IDLO HYHQ LQ WKH FDVH LQ ZKLFK Q  ��

,Q WKH IROORZLQJ ZH FRQVLGHU FRPPXWLQJ WXSOHV �$�� $�� DQG �%�� %�� VXFK WKDW
$�� %� DUH QRUPDO DQG $�� %

e
� DUH Z^K\SRQRUPDO ZLWK $b�

� ��� v $e
�
b���� DQG

%e
�
b���� v %b�

� ��� WR SURYH WKDW DVF�j$ % � x �� :H UHPDUN KHUH WKDW RQH FDQ
SURYH WKH UDQJH�NHUQHO RUWKRJRQDOLW\ IRU VXFK DQ RSHUDWRU j$ % XQGHU WKH DGGLWLRQDO
K\SRWKHVLV WKDW �$�j%e

��
b����? �$�j%e

��
b����  I�J� :H OHDYH WKH GHWDLO WR WKH

UHDGHU� VHH KRZHYHU WKH SURRI RI >��� 7KHRUHP ���@�

3URSRVLWLRQ ���� /HW $�� %
e
� � %�+� EH WZR Z^K\SRQRUPDO RSHUDWRUV� DQG OHW

$�� %� � %�+� EH WZR QRUPDO RSHUDWRUV� 'HpQH j$ % � %�%�+�� E\ j$ % �;�  
$�;%� b $�;%�� ,I $� FRPPXWHV ZLWK $�� %� FRPPXWHV ZLWK %�� $b�

� ��� v

$e
�
b���� DQG %e

�
b���� v %b�

� ���� WKHQ DVF�j$ % � x ��

3URRI� ,I ZH OHW +j+  +�� $  $�j$e
�� %  %�j%e

� � ;  

x

� <
� �

y

� %�+��

IRU D < � %�+�� DQG GHpQH �$% � %�%�+��� E\ �$%�=�  $=$e b%=%e� WKHQ
$ LV Z^K\SRQRUPDO ZLWK $b���� v $eb����� % LV QRUPDO� $ DQG % FRPPXWH DQG
< � jb�

$ %
��� LI DQG RQO\ LI ; � �b�

$%���� &RQVHTXHQWO\� WR SURYH DVF�j$ % � x � LW
ZRXOG VXrFH WR SURYH DVF��$%� x �� 7R VLPSOLI\ QRWDWLRQ DQG IRU FRQYHQLHQFH� LQ
WKH IROORZLQJ OHW $ � %�+� EH D Z^K\SRQRUPDO RSHUDWRU ZKLFK VDWLVpHV $b���� v
$eb���� DQG ZKLFK FRPPXWHV ZLWK WKH QRUPDO RSHUDWRU % � %�+�� 7KHQ HLWKHU
�D� %b����  I�J� RU �E��L� %b���� � I�J  $b����� RU �E��LL� %b���� � I�J�
$b���� � I�J DQG $b���� � %b����� RU �E��LLL� %b����  $b���� � I�J� ,Q WKH
IROORZLQJ ZH VWDUW E\ SURYLQJ WKDW DVF��$%� x � LI �D� KROGV� DQG WKHQ SURYH WKDW
WKH SURRI UHGXFHV WR WKLV FDVH LI DQ\ RI WKH RWKHU WKUHH FRQGLWLRQV KROGV�
$VVXPH %b����  I�J� )RU D QDWXUDO QXPEHU Q� OHW bQ  Iy � & � MyM x � QJ�

DQG OHW (%�bQ� GHQRWH WKH FRUUHVSRQGLQJ VSHFWUDO SURMHFWLRQ� 6HW ,b(%�bQ�  3Q�
WKHQ 3Q � , LQ WKH VWURQJ WRSRORJ\� 6LQFH $�% FRPPXWH LPSOLHV $�%e FRPPXWH�
3Q+ UHGXFHV ERWK $ DQG %� +HQFH $  $�Q j $�Q DQG %  %�Q j %�Q �ZLWK
UHVSHFW WR WKH GHFRPSRVLWLRQ +  �,b3Q�+j3Q+�� ZKHUH $LQ DUH Z^K\SRQRUPDO
ZLWK $b�

LQ ��� v $e
LQ

b���� �L  �� ��� %�Q LV QRUPDO DQG %�Q LV LQYHUWLEOH QRUPDO�

)RU DQ ; � �b�
$%���� OHW 3Q;3Q  ;Q� WKHQ ;Q b� ; ZHDNO\ �HYHQ� VWURQJO\�� ,I

ZH QRZ VHW %b�
�Q$�Q  &Q� WKHQ /HPPD ��� LPSOLHV WKDW &Q LV Z^K\SRQRUPDO ZLWK

&b�
Q ��� v &e

Q
b����� 6LQFH

3Q�$%�;�3Q  3Q�$;$e b%;%e�3Q  $�Q�3Q;3Q�$
e
�Q b%�Q�3Q;3Q�%

e
�Q

 $�Q;Q$
e
�Q b%�Q;Q%

e
�Q  %�Q�&Q;Q&

e
Q b;Q�%

e
�Q�
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;Q � �b�
& � &

�
� ���� +HQFH� /HPPD ����

MM;QMM x MM�& � &
�
� �7Q� �;QMM

IRU DOO 7Q � %�3Q+�� &KRRVLQJ 7Q  %�Q=Q%
e
�Q� ZH KDYH

MM;QMM x MM�$ � � % � � �=Q� �;QMM

IRU DOO =Q  3Q=3Q � %�3Q+�� 7ULYLDOO\� MM�$ � � % � � �=Q� �;QMM x MM�$%�=� �;MM�
+HQFH� VLQFH MM;QMM b� MM;MM�

MM;MM x MM�$%�=� �;MM IRU DOO ; � �b�
$%��� DQG = � %�+��

7KLV LPSOLHV DVF��$%� x � LQ WKH FDVH LQ ZKLFK %b����  I�J�

6XSSRVH QRZ WKDW �E��L� LV VDWLVpHG� 'HFRPSRVH + E\ +  NHU"%jNHU%� 7KHQ
%  %� j � DQG $  $� j$� �UHFDOO� $ FRPPXWHV ZLWK %�� /HWWLQJ ; � �b�

$%���
KDYH WKH PDWUL[ UHSUHVHQWDWLRQ ;  >;LM @

�
L�M  �� ZH WKHQ KDYH

�$%�;�  

x

�$ � % � �;��� /$ � 5$
�
� �;���

/$ � 5$
�
� �;��� /$ � 5$

�
� �;���

y

 ��

6LQFH $� DQG $� DUH LQMHFWLYH� ;��  ;��  ;��  �� 7KXV� �$%�;�  � LI DQG
RQO\ LI �$ � % � �;���  �� ZKHUH %� LV LQMHFWLYH�
,I �E��LL� LV VDWLVpHG� WKHQ ZH PD\ DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW%b���� �v

$b����� 'HFRPSRVH + E\ +  NHU"% j �NHU% k NHU$��� j NHU$��� ZKHUH $��  
$MNHU%� 7KHQ %  %� j �j �� $  $� j$� j �� %� DQG $� DUH LQMHFWLYH� DQG $� LV
Z^K\SRQRUPDO ZLWK $b�

� ��� v $e
�
b����� /HWWLQJ ; � %�+� KDYH WKH UHSUHVHQWDWLRQ

;  >;LM @
�
L�M  �� ZH KDYH ; � �Q$%

b���� LI DQG RQO\ LI

�Q$%�;�  

�

�

�Q$ � % � �;��� �/$ � 5$
�
� �Q�;��� �

�/$ � 5$
�
� �Q�;��� �/$ � 5$

�
� �Q�;��� �

� � �

�

�  ��

6LQFH Z^K\SRQRUPDO RSHUDWRUV KDYH DVFHQW OHVV WKDQ RU HTXDO WR RQH�

�/$ � 5$
�
� �Q�;���  ��� /Q

$ � ;��  ��� /$ � �;���  ��� /$ � 5$
�
� �;���  ��

�/$ � 5$
�
� �Q�;���  ��� 5Q

$
�
� ;��  ��� 5$

�
� �;���  ��� /$ � 5$

�
� �;���  � DQG

�/$ � 5$
�
� �Q�;���  ��� ;��  ��

+HQFH DVF��$%� x ��� DVF��$ � % � � x �� ZKHUH %b�
� ���  I�J�

)LQDOO\� LI �E��LLL� LV VDWLVpHG� WKHQ XSRQ OHWWLQJ $� DQG %  %� j �� ZKHUH $�

DQG %� DUH LQMHFWLYH� /HWWLQJ ;  >;LM @
�
L�M  � LW LV WKHQ VHHQ WKDW ; � �b�

$%��� LI DQG

RQO\ LI ;�� � �b�
$ � % � ����

��� 5DQJH & O RVXU H

$Q RSHUDWRU 7 � %� ; � LV SRODU DW y � ��7 � LI DVF�7 b y�  GVF�7 b y� � ��
&OHDUO\� LI 7 LV SRODU DW y� WKHQ y � LVR ��7 �� :H VD\ WKDW 7 LV SRODURLG LI LW LV
SRODU DW HYHU\ y � LVR ��7 �� 7 LV OHIW SRODU DW y � �D�7 � �UHVS�� ULJKW SRODU DW
y � �V�7 �� �V�7 �  �D�7

e� WKH VXUMHFWLYLW\ VSHFWUXP RI 7 � LI DVF�7 b y�  G � �
DQG �7 b y�G� �� ; � LV FORVHG �UHVS�� GVF�7 b y�  G � � DQG 7 G� ; � LV FORVHG�� ,W
FDQ EH VHHQ WKDW LI 7 LV OHIW SRODU DW y � �D�7 � �UHVS�� 7 LV ULJKW SRODU DW y � �V�7 ���
WKHQ y � LVR �D�7 � �UHVS�� y � LVR �V�7 ��� :H VD\ WKDW 7 LV OHIW SRODURLG �UHVS��
ULJKW SRODURLG� LI LW LV OHIW SRODU DW HYHU\ y � LVR �D�7 � �UHVS�� LI LW LV ULJKW SRODU
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DW HYHU\ y � LVR �V�7 ��� (YLGHQWO\� 7 LV SRODU DW y LI DQG RQO\ LI LW LV ERWK OHIW
DQG ULJKW SRODU DW y� ,I ;  + LV D +LOEHUW VSDFH DQG 7 � %�+�� WKHQ 7 LV OHIW
SRODU DW y � LVR �D�7 � �UHVS�� ULJKW SRODU DW y � LVR �V�7 �� LI DQG RQO\ LI WKHUH H[LVW
7 �LQYDULDQW FORVHG VXEVSDFHV 0� DQG 0� RI + VXFK WKDW +  0�j0�� �7 by�M0 �

LV G�QLOSRWHQW �IRU VRPH LQWHJHU G y �� DQG �7 b y�M0 � LV ERXQGHG EHORZ �UHVS��
�7 b y�M0 � LV G�QLOSRWHQW DQG �7 b y�M0 � LV VXUMHFWLYH� >�� 7KHRUHP ���@� ,W LV
HDVLO\ VHHQ WKDW 7 LV ULJKW SRODU DW y � LVR �V�7 � LI DQG RQO\ LI 7

e LV OHIW SRODU DW
y � LVR �D�7

e�� 7KH SRODURLG SURSHUW\ �UHVS�� WKH OHIW SRODURLG SURSHUW\� WUDQVIHUV
IURP $�% � %� ; � WR /$5% DQG /$ b 5% �UHVS�� IURP $�%e � %�+� WR /$5%

DQG /$ b5%��

3URSRVLWLRQ ���� �L� ,I $�% � %� ; � DUH SRODURLG� WKHQ /$5% � /$b5% � %�%� ; ��
DUH SRODURLG�
�LL� ,I $�%e � %�+� DUH OHIW SRODURLG� WKHQ /$5%� /$ b 5% � %�%�+�� DUH OHIW
SRODURLG�

3URRI� 6HH >�� /HPPD ���@ DQG >�� 7KHRUHP ���@ IRU D SURRI RI �L�� DQG VHH >��
7KHRUHP ���@ IRU WKH SURRI RI WKH FDVH /$5% RI �LL�� 7R SURYH WKH FDVH /$ b 5%

RI �LL�� VWDUW E\ REVHUYLQJ WKDW /$ b 5% LV OHIW SRODU DW y � LVR �D�/$ b 5%� LI
DQG RQO\ LI /$by b 5% LV OHIW SRODU DW � � LVR �D�/$ b 5% b y�� DQG WKDW /$ LV
OHIW SRODU DW y � LVR �D�$� LI DQG RQO\ LI /$by LV OHIW SRODU DW � � LVR �D�$ b y��
+HQFH WR SURYH WKH UHVXOW LW ZRXOG VXrFH WR FRQVLGHU � � LVR �D�/$b5%�� /HW � �
LVR �D�/$b5%�  LVR ��D�$�b�V�%��  �LVR �D�$�b LVR �V�%��QDFF�D�/$ b5%�
�ZKHUH DFF�D�c� GHQRWHV WKH DFFXPXODWLRQ SRLQWV RI �D�c��� 7KHQ WKHUH H[LVW pQLWH
VHTXHQFHV �o�  IoLJ

Q
L � v LVR �D�$� DQG �p�  IpLJ

Q
L � v LVR �V�%� VXFK WKDW

oL b pL  � IRU DOO � x L x Q� 7KH RSHUDWRU $ DQG %e EHLQJ OHIW SRODURLG �+LOEHUW
VSDFH� RSHUDWRUV� WKHUH H[LVW $�LQYDULDQW �FORVHG� VXEVSDFHV 0L DQG %�LQYDULDQW
�FORVHG� VXEVSDFHV 1L� L  �� �� VXFK WKDW WKH IROORZLQJ KROGV�

+  0� j0�  1� j1��0�  jQ
L �0�L  jQ

L �+��$b oL�

 jQ
L ��$b oL�

bG 
 ��� DQG

1�  jQ
L �1�L  jQ

L �+��% b pL�  jQ
L ��% b pL�

bF 
 ��� IRU VRPH LQWHJHUV

� x FL� GL�� x L x Q��

$�  $M0 �  jQ
L �$M0 � 
  jQ

L �$�L� %�  %M1 �  jQ
L �%M1 � 
  jQ

L �%�L�

$�  $M0 � DQG %�  %M1 � � �D�$�L�  IoLJ DQG �V�%�L�  IpLJ

IRU DOO � x L x Q�

�D�$��  �D�$� Q Io�� c c c � oQJ DQG �V�%��  �V�%� Q Ip�� c c c � pQJ�

)XUWKHUPRUH� /$b5% LV ERXQGHG EHORZ RQ LWV FORVHG LQYDULDQW VXEVSDFHV%�1L�0M��
� x L� M x � ZLWK L  M � �� DQG %�1�W�0�N�� � x W � N x Q� ,I ZH OHW

(�  jQ
L �%�1�L�0�L� DQG

(�  j�xL�Mx�� L M � �%�1L�0M�j Ij�xW� NxQ%�1�W�0�N�J�

WKHQ %�+�  (� j (�� �/$ b 5%�M( � LV QLOSRWHQW DQG �/$ b 5%�M( � LV ERXQGHG
EHORZ� +HQFH /$ b5% LV OHIW SRODU DW ��

7 � %� ; � LV VLPSO\ SRODU DW y � LVR ��7 � �UHVS��OHIW VLPSO\ SRODU DW y �
LVR �D�7 �� LI DVF�7 b y�  GVF�7 b y�  � �UHVS�� LI 7 LV OHIW SRODU DW y ZLWK
DVF�7 by�  ��� (YLGHQWO\� 7 OHIW VLPSO\ SRODU DW y LPSOLHV 7 by KDV FORVHG UDQJH�
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FRQYHUVHO\� LI DVF�7 b y� x � DQG �7 b y�� ; � LV FORVHG� WKHQ �HLWKHU y  � �D�7 � RU�
7 LV OHIW VLPSO\ SRODU DW y� 5HFDOO IURP >��� &RUROODU\ ��� DQG /HPPD ���@ WKDW LI
7 LV OHIW VLPSO\ SRODU DW y DQG 7 e KDV 69(3 DW y� WKHQ 7 b y LV 'UD]LQ LQYHUWLEOH
ZLWK 'UD]LQ LQGH[ RQH �L�H�� 7 LV VLPSO\ SRODU DW y��

/HW k$% GHQRWH HLWKHU RI WKH RSHUDWRUV �D��$% ZLWK $�% � %�+� FRQWUDFWLRQV�
RU �E� r$% ZLWK $�%b� � %�+� FRQWUDFWLRQV� RU �F� /$5% b y ZLWK $�% � %�+�
QRUPDORLG DQG y � �}�/$5%��

7KHRUHP ���� ,I $�%e � %�+� DUH OHIW SRODURLG� WKHQ WKH IROORZLQJ FRQGLWLRQV DUH
SDLUZLVH HTXLYDOHQW�

�L� � � LVR �D�k$%�
�LL� k$% LV OHIW SRODU DW ��
�LLL� k$% KDV FORVHG UDQJH�
�LY� 7KHUH H[LVW pQLWH VHTXHQFHV �o�  IoLJ

Q
L � v LVR �D�$� DQG �p�  IpLJ

Q
L � v

LVR �V�%� VXFK WKDW� IRU DOO � x L x Q� oLpLb�  � LI k$% LV DV LQ �D�� oLbpL  �
LI k$% LV DV LQ �E�� DQG oLpL b y  � LI k$% LV DV LQ �F��
�Y� %�+�  k$%

b����jk$%�%�+���
�YL� � � LVR ��k$%��

3URRI� ,W LV VWUDLJKWIRUZDUG WR VHH WKDW LI DQ LQYHUWLEOH RSHUDWRU 7 LV OHIW SRODU DW D
SRLQW y� � ��� WKHQ 7b� LV OHIW SRODU DW yb�� 7KXV LI� LQ FDVH �E�� %e LV OHIW SRODURLG�
WKHQ &e  %eb� LV OHIW SRODURLG� 6LQFH �/$5% 	 � b ��b����  �/$ b 5%�

b�����
�/$5% 	 � b ���%� ; ��  �/$ b 5%��%�; �� DQG � � LVR �D�/$ b 5%� �� � �
LVR �D�/$5% 	 � b �� LQ WKH FDVH LQ ZKLFK $�%b� � %�+� DUH FRQWUDFWLRQV� WKH
SURRI RI WKH WKHRUHP IRU WKH FDVH LQ ZKLFK k$% LV DV LQ �E� IROORZV IURP WKDW
IRU FDVH �D�� 2EVHUYH WKDW LI k$% LV WKH RSHUDWRU RI HLWKHU RI WKH FDVHV �D� DQG
�E�� WKHQ DVF�k$%� x � DQG � � #��k$%�� IXUWKHUPRUH� WKLV IROORZV IURP RXU
K\SRWKHVLV WKDW $ DQG %e DUH OHIW SRODURLG� k$% LV OHIW VLPSO\ SRODURLG�
7KH LPSOLFDWLRQV �Y�  � �YL�  � �L� DUH HYLGHQW� DQG WKH LPSOLFDWLRQ �L�  � �LL�

LV D VWUDLJKWIRUZDUG FRQVHTXHQFH RI WKH IDFW WKDW k$% LV OHIW SRODURLG �KHQFH� OHIW
SRODU DW � � LVR �D�k$%��� $JDLQ� �LL�  � �LLL� LV HYLGHQW� DQG LI �LLL� LV VDWLVpHG�
WKHQ �DVF�k$%� x � DQG k$%�%� ; �� LV FORVHG LPSO\� k$% LV OHIW VLPSO\ SRODU DW
� DQG KHQFH � � LVR �D�k$%�� $Q DUJXPHQW VLPLODU WR WKDW XVHG LQ WKH SURRI RI
3URSRVLWLRQ ��� QRZ JLYHV WKH H[LVWHQFH RI WKH VHTXHQFHV �o�  IoLJ

Q
L � v LVR �D�$�

DQG �p�  IpLJ
Q
L � v LVR �V�%� VXFK WKDW� IRU DOO � x L x Q� oLpL b �  � LI k$%

LV DV LQ �D�� DQG oLpL b y  � LI k$% LV DV LQ �F�� 7KH LPSOLFDWLRQ �LY�  � �L�
EHLQJ HYLGHQWO\ WUXH �VLQFH LVR �D�/$5%� v LVR �D�$�LVR �V�%��� ZH KDYH �LLL�  �
�LY�  � �L�� 7KH SRLQW � � #��k$%� LPSOLHV k

e
$% KDV 69(3 DW �� +HQFH� DV

UHPDUNHG XSRQ DERYH� k$% LV SRODU DW � �DQG WKHQ � � LVR ��k$%��� 7KXV �LL�  �
�Y�� DQG WKH SURRI LV FRPSOHWH�

5HPDUN ���� �D�� *LYHQ QRUPDO RSHUDWRUV $�% � %� ; �� ERWK r$% DQG re$%
KDYH 69(3 HYHU\ZKHUH �WKXV ��r$%�  ��re$%�  �D�r$%��� DVF�r$% b y� x �
IRU DOO FRPSOH[ y DQG r$% LV �VLPSO\� SRODURLG� �2EVHUYH� KRZHYHU� WKDW r$% LV
QRW QRUPDORLG >�� ([DPSOH ���@�� 7KH DUJXPHQW RI WKH SURRI RI 7KHRUHP ��� JLYHV
XV WKH IROORZLQJ JHQHUDOL]DWLRQ RI >�� 7KHRUHP ���@� ,I $�% � %� ; � DUH SRODURLG�
DVF�r$%� x � DQG re$% KDV 69(3 DW �� WKHQ WKH FRQGLWLRQV �L� WR �YL� RI 7KHRUHP
��� DUH PXWXDOO\ HTXLYDOHQW ZLWK k$% UHSODFHG E\ r$%�

�E�� :H GR QRW NQRZ LI 3URSRVLWLRQ ��� �LL� H[WHQGV WR OHIW SRODURLG RSHUDWRUV
LQ %�; � �DQG KHQFH ZKHWKHU RQH FDQ UHSODFH %�+� E\ %�; � LQ 7KHRUHP �����
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,W LV KRZHYHU VWUDLJKWIRUZDUG WR VHH WKDW LI $�% � %� ; � DUH SRODURLG� WKHQ WKH
FRQGLWLRQV �LL�� �LLL�� �LY�� �Y� DQG �YL� RI 7KHRUHP ��� DUH SDLUZLVH HTXLYDOHQW�

�F�� ,I $�%e � %�+� DUH OHIW SRODURLG DQG Gb�
$%��� v Gb�

$
�
%

� ���� WKHQ FRQGLWLRQV
�L� WR �LY� RI 7KHRUHP ��� DUH PXWXDOO\ HTXLYDOHQW ZLWK k$% UHSODFHG E\ G$%� LI
DOVR Ge$% KDV 69(3 DW �� WKHQ DOO VL[ FRQGLWLRQV RI WKH WKHRUHP DUH HTXLYDOHQW�
7ULYLDOO\� WKH RSHUDWRU j$ % RI 3URSRVLWLRQ ��� KDV FORVHG UDQJH LI DQG RQO\ LI j$ %

LV OHIW SRODU DW �� :H KDYH QRW EHHQ DEOH WR SURYH D UHVXOW VLPLODU WR 7KHRUHP ��� IRU
j$ % � +RZHYHU� DV ZH VKDOO VHH LQ WKH IROORZLQJ� D VDWLVIDFWRU\ YHUVLRQ RI 7KHRUHP
��� LV SRVVLEOH IRU WKH RSHUDWRUV j$ % LI ZH UHVWULFW RXUVHOYHV WR VHSDUDEOH +LOEHUW
VSDFHV + DQG RSHUDWRUV j$ % � %� & S�� ZKHUH & S  & S�+�� � � S � �� GHQRWHV WKH
YRQ 1HXPDQQ^6FKDWWHQ S�FODVV�

/HW + EH D FRPSOH[ VHSDUDEOH +LOEHUW VSDFH DQG OHW & S  & S�+�� � � S � ��
GHQRWH WKH YRQ 1HXPDQQ^6FKDWWHQ S�FODVV� 7KHQ & S LV D UHqH[LYH %DQDFK VSDFH
ZLWK QRUP MM;MMS  

b
3

M V
S
M �;�

c

� S � ZKHUH VM�;� DUH WKH VLQJXODU YDOXHV RI ; � & S�

7KH GXDO VSDFH RI & S LV WKH VSDFH & S � � ZKHUH � S� � S
�  ��

7KHRUHP ���� ,I j$ % � %� & S� LV WKH RSHUDWRU j$ % �;�  $�;%� b $�;%��
ZKHUH $L DQG %L� L  �� �� DUH WKH RSHUDWRUV RI 3URSRVLWLRQ ���� WKHQ WKH IROORZLQJ
FRQGLWLRQV DUH PXWXDOO\ HTXLYDOHQW�

�L� j$ % � & S� LV FORVHG�
�LL� j$ % LV OHIW VLPSO\ SRODU DW ��
�LLL� j$ % LV VLPSO\ SRODU DW ��
�LY� & S  j

b�
$ %
���jj$ % � & S��

3URRI� 6LQFH DVF�j$ % � x �� 3URSRVLWLRQ ���� WKH LPSOLFDWLRQV �LY�  � �L�  � �LL�
DQG �LLL�  � �LY� DUH HYLGHQWO\ WUXH� 7R SURYH WKH LPSOLFDWLRQ �LL�  � �LLL��
ZH SURYH LQ WKH IROORZLQJ WKDW WKH DGMRLQW RSHUDWRU je

$ %
KDV 69(3 DW �� 7KLV

ZRXOG WKHQ LPSO\ �E\ >��� &RUROODU\ ��� DQG /HPPD ���@� WKDW j$ % LV VLPSO\
SRODU ZKHQHYHU LW LV VLPSO\ OHIW SRODU DW �� /HW ; � & S DQG < � & �

S� 7KHQ
WU�j$ % �;�< �  WU��$�;%� b$�;%��< �  WU�;�%�< $� b%�< $���� ZKHUH WU���
GHQRWHV WKH WUDFH IXQFWLRQDO� +HQFH je

$ %
� WKH DGMRLQW RSHUDWRU RI WKH RSHUDWRU

j$ % � LV WKH RSHUDWRU j
e
$ %

� %� & S � �� j
e
$ %
�< �  %�< $� b%�< $�� :H SURYH QH[W

WKDW DVF�je
$ %
� x �� )RU < � & S � VXFK WKDW j

e�
$ %
�< �  �� VHW je

$ %
�< �  =� 7KHQ�

VLQFH �  WU�;je
$ %
�=��  WU�j$ % �;�=� IRU DOO ; � & S� ZH PXVW KDYH =  �� L�H��

ZH PXVW KDYH DVF�je
$ %
� x �� &RQVHTXHQWO\� je

$ %
KDV 69(3 DW �� 7KLV FRPSOHWHV

WKH SURRI�

��� & RP SDF W QHVV

/HW d$% � %�%� ; �� GHQRWH HLWKHU RI WKH HOHPHQWDU\ RSHUDWRUV k$% RI 7KHRUHP
��� �EXW ZLWKRXW WKH OHIW SRODURLG K\SRWKHVLV RQ $ DQG %e� DQG WKH RSHUDWRU j$ % RI
3URSRVLWLRQ ��� EXW ZLWK$�� %

e
� � %�+� K\SRQRUPDO �WKXV WKH K\SRWKHVLV $b�

� ��� v

$e
�
b���� DQG %e

�
b���� v %b�

� ��� LV UHGXQGDQW�� 5HFDOO IURP >��� 7KHRUHP �@ WKDW
LI DQ $ � %�+� LV OHIW LQYHUWLEOH E\ D FRQWUDFWLRQ DQG % LV D FRQWUDFWLRQ� WKHQ
�rQ$%�

b����? . �+�  rb�
$%���? . �+�� ZKHUH . �+� ~ %�+� GHQRWHV WKH �WZR VLGHG�

LGHDO RI FRPSDFW RSHUDWRUV� 7KLV LV DQ HDV\ FRQVHTXHQFH RI RXU UHVXOWV� /HW� IRU
FRQYHQLHQFH� i$% GHQRWH HLWKHU RI WKH RSHUDWRUV d$% DQG WKH RSHUDWRU G$% RI
3URSRVLWLRQ ��� �UHFDOO� G$%  r$% RU �$% DQG Gb�

$%��� v Gb�
$

�
%

� ����� 6LQFH

DVF�i$%� x �� ; � . � ; � ? iQ
$%

b���� IRU VRPH LQWHJHU Q y � LI DQG RQO\ LI
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; � . � ; � ? ib�
$%���� 7KH QH[W SUREOHP WKDW ZH FRQVLGHU LV WKH FKDUDFWHUL]DWLRQ

RI WKH RSHUDWRUV $�% � %�; � �RU� $L DQG %L � %�+�� � x L x �� VXFK WKDW WKH
RSHUDWRU nQ

$%  �/$ b5%�
Q RU �/$5% b y�Q RU jQ

$ %
LV FRPSDFW IRU VRPH LQWHJHU

Q y � LPSOLHV n$% LV FRPSDFW" :H VWDUW KRZHYHU ZLWK WKH IROORZLQJ JHQHUDOL]DWLRQ
RI >��� 7KHRUHP �@ WR WKH RSHUDWRU b$% � 5HFDOO >�@ WKDW WKH �)UHGKROP� HVVHQWLDO
VSHFWUXP �H�7 � RI 7 � %�; � LV WKH VHW �H�7 �  Iy � ��7 � � 7 by LV QRW )UHGKROPJ�

7KHRUHP ���� /HW b$%  d$%� RU r$% ZLWK $�% � %�; � QRUPDO� ,I bQ$%�;� LV
FRPSDFW IRU VRPH LQWHJHU Q y � DQG RSHUDWRU ; � %�; �� WKHQ b$%�;� LV FRPSDFW�

3URRI� ,I g � %� ; � b� %� ; � Q . �; �� GHQRWHV WKH &DONLQ PDS� WKHQ� JLYHQ D 7 �
%� ; �� ��g�7 �� LV WKH �)UHGKROP� HVVHQWLDO VSHFWUXP �H�7 � RI 7 � WKH HVVHQWLDO QRUP
MM7 MMH  MMg�7 �MM VDWLVpHV MM7 MMH x MM7 MM DQG WKH HVVHQWLDO VSHFWUDO UDGLXV UH�7 �  
U�g�7 ��  VXSIMyM � y � �H�7 �J VDWLVpHV UH�7 � x U�7 � >��� 6HFWLRQ ��@�
,W LV NQRZQ WKDW LI $�% DUH QRUPDO� WKHQ r$% LV QRUPDO DQG KDV pQLWH DVFHQW

x �� 6LQFH $�% QRUPDO LPSOLHV g�$��g�%� QRUPDO� rg�$�g�%� LV QRUPDO� +HQFH
LI b$%  r$% ZLWK $�% QRUPDO� WKHQ DVF�rg�$�g�%�� x �� ,I b$%  r$% � ZKHUH
% � %�; � LV D FRQWUDFWLRQ DQG $ � %�; � LV OHIW LQYHUWLEOH E\ D FRQWUDFWLRQ�
WKHQ WKH OHIW LQYHUVH $C RI $ DQG WKH RSHUDWRU % EHLQJ FRQWUDFWLRQV WKH RSHUDWRUV
g�$C� DQG g�%� DUH FRQWUDFWLRQV DQG LW IROORZV IURP WKH DUJXPHQW RI WKH SURRI
RI 3URSRVLWLRQ ��� WKDW DVF�rg�$�g�%�� x �� ,I b$%  �$%� $ DQG % � %�; �
FRQWUDFWLRQV� WKHQ DVF��g�$�g�%�� x �� 1RZ OHW b$%  /$5% b y� ZKHUH $�% DUH
QRUPDORLG DQG y � �}�/$5%�� 7KHQ� VLQFH �H�/$5%�  �H�$���%�

6

��$��H�%��
HLWKHU MyM ! UH�/$5%� RU MyM  UH�/$5%� �LQ ZKLFK FDVH MM/$5%MM  U�/$5%�  
UH�/$5%� x MM$%MMH x MM/$5%MM�� ,Q HLWKHU FDVH DVF�/g�$�5g�%�by� x �� )LQDOO\�
LI b$%  j$ % � WKHQ WKH RSHUDWRUV g�$��� g�%

e
�� DUH K\SRQRUPDO� WKH RSHUDWRUV

g�$��� g�%�� DUH QRUPDO� g�$�� FRPPXWHV ZLWK g�$�� DQG g�%�� FRPPXWHV ZLWK
g�%��� &RQFOXVLRQ� DVF�bg�$�g�%�� x �� 7R FRQFOXGH WKH SURRI� VXSSRVH QRZ WKDW
bQ$%�;� LV FRPSDFW� 7KHQ b

Q
g�$�g�%��g�;��  � LPSOLHV bg�$�g�%��g�;��  ��

DQG WKLV LQ WXUQ LPSOLHV WKDW b$%�;� LV FRPSDFW�

$ SURRI RI WKH IROORZLQJ WKHRUHP IRU WKH FDVH LQ ZKLFK n$%  /$b5% DSSHDUV
LQ >��� 3URSRVLWLRQ �@� RXU SURRI KRZHYHU LV GLoHUHQW IURP WKDW LQ >��@�

7KHRUHP ���� �D� 7KH IROORZLQJ FRQGLWLRQV DUH PXWXDOO\ HTXLYDOHQW�

�L� GQ$% LV FRPSDFW IRU VRPH LQWHJHU Q y ��
�LL� $ b o DQG % b p DUH QLOSRWHQW IRU VRPH VFDODUV o� p VXFK WKDW o  p LI
G$%  r$% DQG o  � p LI G$%  �$%�
�LLL� G$% LV QLOSRWHQW�

�E� ,I j$ % LV WKH RSHUDWRU RI 3URSRVLWLRQ ��� EXW ZLWK $�� %e
� K\SRQRUPDO� WKHQ

jQ
$ %

LV FRPSDFW IRU VRPH LQWHJHU Q y � LI DQG RQO\ LI RQH RI WKH IROORZLQJ FRQGLWLRQV
LV VDWLVpHG�
�L� j$ %  ��
�LL� $� DQG $�� RU %� DQG %�� DUH FRPSDFW QRUPDO RSHUDWRUV

3URRI� �D� &DVH G$%  r$%� ,I r
Q
$% LV FRPSDFW� WKHQ �H�r

Q
$%�  I�J LPSOLHV �E\ WKH

VSHFWUDO PDSSLQJ WKHRUHP IRU WKH )UHGKROP HVVHQWLDO VSHFWUXP WKDW� �H�r$%�  I�J
�L�H�� r$% LV D 5LHV] RSHUDWRU�� 6LQFH �H�r$%�  I�H�$�b ��%�J

6

I��$�b �H�%�J�
��$�  �H�$�  IoJ  �H�%�  ��%� IRU VRPH VFDODU o DQG ��r$%�  ��$� b

��%�  I�J  �H�r$%�� 7KH K\SRWKHVLV r
Q
$%  

3Q
L � �b��

QbL

v

Q
L

w

/$
� 	 
 5% 
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LV FRPSDFW LPSOLHV DOVR WKDW $ DQG % DUH DOJHEUDLF RSHUDWRUV� �2EVHUYH WKDW $L

�UHVS� %L�� � x L x Q� OLQHDUO\ LQGHSHQGHQW LPSOLHV %L �UHVS�� $L� FRPSDFW IRU DOO
� x L x Q� DQG WKLV FRQWUDGLFWV WKH IDFW WKDW WKH LGHQWLW\ RSHUDWRU LV QRW FRPSDFW��
+HQFH $ DQG % DUH SRODURLG� LQGHHG� VLQFH ��$�  ��%�  IoJ� $ b o DQG
%bo DUH QLOSRWHQW >�� 7KHRUHP ����@� +HQFH r$% LV SRODURLG �E\ 3URSRVLWLRQ �����
FRQVHTXHQWO\ QLOSRWHQW �VLQFH r$%  I�J�� 7KLV SURYHV �L�  � �LL�  � �LLL�� 7KH
LPSOLFDWLRQ �LLL�  � �L� EHLQJ HYLGHQW� WKH SURRI IROORZV�
&DVH G$%  �$%� 7KH SURRI LV VLPLODU� VR ZH VKDOO EH EULHI� 7KH K\SRWKHVLV�

Q
$% LV

FRPSDFW LPSOLHV $�% DUH DOJHEUDLF� ��$�  �H�$�  IoJ� ��%�  �H�%�  I� oJ
DQG ���$%�  �H��$%�  I�J� 7KXV �$ b o� DQG �% b � o� DUH QLOSRWHQW�
&RQVHTXHQWO\� �$% LV �SRODU� LQGHHG� QLOSRWHQW�

�E� 7KH K\SRWKHVHV LPSO\ �E\ 7KHRUHP ���� WKDW jQ
$ %
�;� LV FRPSDFW LI DQG RQO\

LI j$ % �;� FRPSDFW IRU DOO ; � %� ; �� HTXLYDOHQWO\� jQ
$ %

LV FRPSDFW LI DQG RQO\ LI
j$ % LV FRPSDFW� 6XSSRVH WKDW j$ % LV FRPSDFW� :H KDYH WZR SRVVLELOLWLHV� �D� %�

DQG %� �UHVS�� $� DQG $�� DUH OLQHDUO\ LQGHSHQGHQW� �E� %� DQG %� �UHVS�� $� DQG
$�� DUH OLQHDUO\ GHSHQGHQW� 6XSSRVH WR VWDUW ZLWK WKDW %� DQG %� �VLPLODUO\� $� DQG
$�� DUH OLQHDUO\ LQGHSHQGHQW� 7KHQ $� DQG $� �UHVS�� %� DQG %�� DUH FRPSDFW >���
7KHRUHP �@� 6LQFH D FRPSDFW K\SRQRUPDO RSHUDWRU �LQGHHG� D FRPSDFW SDUDQRUPDO
RSHUDWRU� LV QRUPDO� $� DQG $� �UHVS�� %� DQG %�� DUH FRPSDFW QRUPDO RSHUDWRUV�
7KXV� LI �D� KROGV� WKHQ HLWKHU $� DQG $� �RU %� DQG %�� DUH FRPSDFW QRUPDO
RSHUDWRUV� RU� LI $� �UHVS�� %�� IDLOV WR EH HLWKHU QRUPDO RU FRPSDFW� WKHQ %� DQG
%� �UHVS�� $� DQG $�� DUH OLQHDUO\ GHSHQGHQW� &RQVLGHU QH[W �E�� ,I %�  o%�

IRU VRPH VFDODU o� WKHQ %� DQG %� DUH FRPPXWLQJ QRUPDO RSHUDWRUV VXFK WKDW
j$ %  /�o$ � b$ � �5% � LV FRPSDFW� 6LQFH $� DQG $� FRPPXWH�

�H�j$ % �  I�H�o$� b$����%��J
>

I��o$� b$���H�%��J

 I>o�H�$��b �H�$��@��%��J
>

I>o��$��b ��$��@�H�%��J  I�J�

KHQFH HLWKHU ��%��  I�J� RU� o��$��b ��$��  I�J� 6LQFH %� LV QRUPDO� ��%��  
I�J LPSOLHV %�  � �LPSOLHV j$ %  ��� 6R DVVXPH o��$�� b ��$��  I�J� 7KHQ
��$��  Ip oJ DQG ��$��  IpJ IRU VFDODU p� 1RUPDO DQG K\SRQRUPDO �LQGHHG�
SDUDQRUPDO� RSHUDWRUV DUH NQRZQ WR EH VLPSO\ SRODURLG� +HQFH $�  �p o�, DQG
$�  p,� DQG WKHQ j$ %  �� $ VLPLODU DUJXPHQW ZRUNV IRU WKH FDVH LQ ZKLFK $�

DQG $� DUH OLQHDUO\ GHSHQGHQW WR SURYH WKDW j$ %  ��

5HPDUN ���� �D��7KH DUJXPHQW RI WKH SURRI RI 7KHRUHP ����D� H[WHQGV WR SURYH
WKDW LI G$%  �/$5%by�Q LV FRPSDFW IRU VRPH LQWHJHU Q y � DQG VFDODU y� WKHQ WKH
HTXLYDOHQFHV �L��� �LL��� �LLL� 7KHRUHP ����D� KROG ZLWK op  y� (YLGHQWO\� LI
DVF�G$%� x �� WKHQ G$% LV FRPSDFW LI DQG RQO\ LI G$%  ��

�E�� )RU DQ RSHUDWRU 7 � %�; �� 7Q LV 5LHV] LI DQG RQO\ LI 7 LV 5LHV] >�� 7KHRUHP
�����@� +HQFH WKH RSHUDWRU GQ$% LV 5LHV] LI DQG RQO\ LI G$% LV 5LHV]� 6XSSRVH
WKDW G$% LV 5LHV]� 7KHQ �H�G$%�  I�J� ��$�  ��%�  IoJ IRU VRPH VFDODU
o LI G$%  r$%� DQG ��$�  IoJ DQG ��%�  I� oJ IRU VRPH VFDODU o � � LI
G$%  �$%� &OHDUO\� ��G$%�  I�J DQG G$%  4 LV D TXDVLQLOSRWHQW� ,I ZH
QRZ DVVXPH WKDW $ DQG % DUH SRODURLG� WKHQ G$% LV SRODURLG� DQG KHQFH QLOSRWHQW�
&RQFOXVLRQ� ,I $�% � %�; � DUH SRODURLG RSHUDWRUV� WKHQ GQ$% LV D 5LHV] RSHUDWRU IRU
VRPH LQWHJHU Q y � LI DQG RQO\ LI G$% LV D QLOSRWHQW RSHUDWRU� 7KH VDPH FRQFOXVLRQ
LV YDOLG IRU G$%  /$5% b y�
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5HI HU HQF HV

>�@ 3 � $ LHQ D� )U HGKROP DQ G / RFDO 6 SHFW U DO 7 KHRU \ Z LW K $ SSOLFDW LRQ V W R 0XOW LSOLHU V� .OX Z HU � �����
>�@ 3 � $ LHQ D DQ G - � ( � 6 DQ DE U LD� 2Q OHIW DQ G U LJK W 'U D]LQ LQ Y HU WLE LOLW\ � $ FW D 6 FL� 0DW K� �6 ] HJHG�

�� ������� ��������
>�@ - � $ Q G HU VRQ � 2Q Q RU P DO G HU LY DWLRQ V� 3 U RF� $ PHU � 0DW K� 6 RF� �� ������� ���^����
>�@ - � $ Q G HU VRQ DQ G & � )RLD|V� 3 U RS HU WLHV Z K LFK Q RU P DO RS HU DWRU V VK DU H Z LWK Q RU P DO G HU LY DWLRQ V
DQ G U HODWHG RS HU DWRU V� 3 DFLpF - � 0DW K� �� ������� ��������

>�@ ( � % RDVVR DQ G 0� $ P RX FK � *HQ HU DOL]HG % U RZ G HU DQ G : H\ O WK HRU HP V IRU JHQ HU DOL]HG G HU LY D�
WLRQ V� S U H�S U LQ W� �����

>�@ ( � % RDVVR DQ G % � 3 � 'X JJDO� 7 HQ VRU S U RG X FW RI OHIW S RODU RLG RS HU DWRU V� $ FW D 6 FL� 0DW K�
�6 ] HJHG� �� ������� ���^����

>�@ ( � % RDVVR� % � 3 � 'X JJDO DQ G ,� + � - HRQ � *HQ HU DOL]HG % U RZ G HU 
V DQ G : H\ O�V WK HRU HP V IRU OHIW
DQ G U LJK W P X OWLS OLFDWLRQ RS HU DWRU V� - � 0DW K� $ Q DO� $ SSO� ��� ������� ���^����
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