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$EVW U DF W � ,I 7 LV D + LOE HU W VS DFH FRQ WU DFWLRQ � WK HQ 7 eQ7Q V

b� $� Z K HU H $

LV D Q RQ Q HJDWLY H FRQ WU DFWLRQ � 7 K H VWU RQ J OLP LW $ LV D S U RMHFWLRQ LI DQ G RQ O\
7  *j 9� Z K HU H * LV D VWU RQ JO\ VWDE OH FRQ WU DFWLRQ DQ G 9 LV DQ LVRP HWU \ �
7 K LV DU WLFOH LV DQ H[ S RVLWRU \ S DS HU RQ WK H FODVV RI FRQ WU DFWLRQ V 7 IRU Z K LFK $

LV D S U RMHFWLRQ � $ IWHU VX U Y H\ LQ J VX FK D FODVV� LW LV VK RZ Q WK DW LW LV T X LWH D ODU JH
FODVV� ,Q G HHG � LW LQ FOX G HV �L� DOO FRQ WU DFWLRQ V Z K RVH DG MRLQ W K DV S U RS HU W\ 3 )�
DQ G DOVR �LL� DOO FRQ WU DFWLRQ V Z K RVH LQ WHU VHFWLRQ RI WK H FRQ WLQ X RX V VS HFWU X P RI
LWV FRP S OHWHO\ Q RQ X Q LWDU \ G LU HFW VX P P DQ G Z LWK WK H X Q LW FLU FOH K DV /HE HVJX H
P HDVX U H ]HU R� 6 RP H Q HZ T X HVWLRQ V DU H LQ Y HVWLJDWHG DV Z HOO� )RU LQ VWDQ FH� LV
$ D S U RMHFWLRQ IRU HY HU \ E LT X DVLWU LDQ JX ODU FRQ WU DFWLRQ 7" ,I VR� WK HQ HY HU \
FRQ WU DFWLRQ Q RW LQ FODVV &�� K DV D Q RQ WU LY LDO LQ Y DU LDQ W VX E VS DFH�

�� ,QW U RGXF W LRQ

7KURXJKRXW WKLV SDSHU + ZLOO VWDQG IRU D FRPSOH[ +LOEHUW VSDFH� %\ DQ RSHUDWRU
RQ + ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR LWVHOI� /HW 1 �7 � GHQRWH
WKH NHUQHO RI DQ RSHUDWRU 7 �L�H�� 1 �7 �  7b��I�J�  I[ � + � 7[  �J�� ZKLFK
LV D VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� RI +� DQG OHW 5�7 � GHQRWH WKH UDQJH
RI 7 �L�H�� 5�7 �  7 �+��� ZKLFK LV D OLQHDU PDQLIROG RI +� $ FRQWUDFWLRQ LV DQ
RSHUDWRU 7 VXFK WKDW N7N x � �L�H�� VXFK WKDW N7[N x N[N IRU HYHU\ [ LQ +�� /HW
7 e GHQRWH WKH DGMRLQW RI 7 � DQG OHW , EH WKH LGHQWLW\ RSHUDWRU� $Q LVRPHWU\ LV D
FRQWUDFWLRQ 9 VXFK WKDW 9 e9  , �L�H�� DQ RSHUDWRU 9 VXFK WKDW N9 [N  N[N IRU
HYHU\ [ LQ +�� DQG D FRLVRPHWU\ LV D FRQWUDFWLRQ ZKRVH DGMRLQW LV DQ LVRPHWU\� $Q
RSHUDWRU 8 LV XQLWDU\ LI LW LV ERWK DQ LVRPHWU\ DQG D FRLVRPHWU\ �HTXLYDOHQWO\� LI LW
LV D QRUPDO LVRPHWU\� RU D VXUMHFWLYH LVRPHWU\� RU VWLOO DQ LQYHUWLEOH LVRPHWU\�� ,I 7
LV D FRQWUDFWLRQ� WKHQ I7 eQ7QJQy� LV D ERXQGHG PRQRWRQH VHTXHQFH RI VHOI�DGMRLQW
RSHUDWRUV �D QRQLQFUHDVLQJ VHTXHQFH RI QRQQHJDWLYH FRQWUDFWLRQV� DFWXDOO\� VR WKDW

7 eQ7Q Vb� $�

WKDW LV� I7 eQ7QJQy� FRQYHUJHV VWURQJO\ WR DQ RSHUDWRU $� %DVLF SURSHUWLHV RI WKH
VWURQJ OLPLW $ KDYH EHHQ H[WHQVLYHO\ LQYHVWLJDWHG LQ WKH FXUUHQW OLWHUDWXUH �VHH H�J��
>��� S���@� >��� ��� ��� ��� �� ��@� >��� &KDSWHU �@� DQG >��� &KDSWHU �@� ,Q SDUWLF�
XODU� IRU HYHU\ FRQWUDFWLRQ 7 � WKH VWURQJ OLPLW $ RI I7 eQ7QJQy� LV D QRQQHJDWLYH
FRQWUDFWLRQ� ZKLFK LV QRQVWULFW ZKHQHYHU LW LV QRW QXOO� WKDW LV�

2 x $ x , DQG N$N  � ZKHQHYHU $ � 2

�ZKHUH 2 VWDQGV IRU WKH QXOO RSHUDWRU�� 4XLWH UHFHQWO\� D FRPSOHWH FKDUDFWHUL]DWLRQ
RI QRQQHJDWLYH FRQWUDFWLRQV $ WKDW DUH VWURQJ OLPLWV RI I7 eQ7QJQy� ZDV FRQVLGHUHG
LQ >��@� 7KH DERYH DUH SURSHUWLHV VKDUHG E\ �RUWKRJRQDO� SURMHFWLRQV EXW $ LV QRW
QHFHVVDULO\ D SURMHFWLRQ �LW LV QRW QHFHVVDULO\ LGHPSRWHQW��

' DW H� - X O\ �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 3 DU WLDOO\ LVRP HWU LF FRQ WU DFWLRQ V� E LT X DVLWU LDQ JX ODU RS HU DWRU V� LQ Y DU LDQ W VX E VS DFHV�
$ S U HOLP LQ DU \ G U DIW RI WK LV S DS HU Z DV S U HVHQ WHG DW 6 27 $ � & RQ IHU HQ FH K HOG LQ 5LR LQ �����
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([DPSOH ��7KH XQLODWHUDO ZHLJKWHG VKLIW 7 VKLIWI�N���
�����
�N��� �

�
�N���

�����
JNy�

RQ C�� LV D QRQVWULFW SURSHU FRQWUDFWLRQ IRU ZKLFK $  GLDJI�N � ���N � �� � � JNy�

LV D FRPSOHWHO\ QRQSURMHFWLYH GLDJRQDO �FI� >��@ RU >��� SS������@�� ,Q RWKHU ZRUGV�
N7N  � DQG N7[N � N[N IRU HYHU\ QRQ]HUR [ LQ C�� �L�H�� 7 LV D QRQVWULFW SURSHU FRQ�
WUDFWLRQ� EHFDXVH WKH ZHLJKW VHTXHQFH IZNJNy�  I�N���

�����
�N��� �

�
�N���

�����
JNy�

LV LQFUHDVLQJ LQ >
S

� �� �� DQG FRQYHUJHV WR �� DQG $[ � $�[ IRU HYHU\ QRQ]HUR [ LQ
C�� �L�H�� $ LV FRPSOHWHO\ QRQSURMHFWLYH��

,Q IDFW� $ LV D SURMHFWLRQ LI DQG RQO\ LI LW FRPPXWHV ZLWK 7 �FI� >�@� DOVR VHH >��@��

$  $� LI DQG RQO\ LI $7  7$�

6LQFH 7 e LV D FRQWUDFWLRQ ZKHQHYHU 7 LV� WKH VHTXHQFH I7Q7 eQJQy� FRQYHUJHV
VWURQJO\ WRR� /HW $e EH LWV VWURQJ OLPLW�

7Q7 eQ Vb� $e�

ZKLFK� RI FRXUVH� VKDUH WKH VDPH SURSHUWLHV RI $ �E\ UHSODFLQJ 7 ZLWK 7 e��

7KH SUHVHQW DUWLFOH FRQVLVWV RI D UHVHDUFK�H[SRVLWRU\ SDSHU RQ WKH FODVV RI FRQWUDF�
WLRQV 7 IRU ZKLFK $ LV D SURMHFWLRQ� $ EULHI VXUYH\ RQ WKLV FODVV LV IROORZHG E\ DQ
DQDO\VLV RQ WKH UROH LW SOD\V WRZDUGV ZHOO�NQRZQ LQYDULDQW VXEVSDFH SUREOHPV� 6XFK
D FODVV LV IXOO\ FKDUDFWHUL]HG LQ 7KHRUHP � �6HFWLRQ �� DQG� LQ OLJKW RI WKLV FKDUDFWHUL�
]DWLRQ� ZH FDOO WKRVH FRQWUDFWLRQV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� 7ZR IXQGDPHQ�
WDO UHVXOWV ZKLFK DUH HQRXJK WR XQIROG PDQ\ VXEFODVVHV RI LW �H�J�� FRK\SRQRUPDO�
FRPSDFW� DQG DOJHEUDLF FRQWUDFWLRQV� DUH LVRODWHG LQ 3URSRVLWLRQV � DQG � �6HFWLRQ
��� :H OLQN WKLV FODVV ZLWK FODVVLFDO RSHQ TXHVWLRQV RQ LQYDULDQW VXEVSDFHV �6HFWLRQ
��� )RU H[DPSOH� DUH ELTXDVLWULDQJXODU FRQWUDFWLRQV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHW�
ULF" ,I VR� WKHQ D FRQWUDFWLRQ QRW LQ FODVV & �� KDV D QRQWULYLDO LQYDULDQW VXEVSDFH� DV
VKRZQ LQ 7KHRUHP �� 7KH K\SRQRUPDO FRXQWHUSDUW LV LQYHVWLJDWHG LQ 7KHRUHP ��

�� $V\P SW RW LF DO O \ 3DU W LDO O \ ,VRP HW U LF & RQW U DF W LRQV

$Q RSHUDWRU 7 RQ D FRPSOH[ +LOEHUW VSDFH + LV ZHDNO\� VWURQJO\� RU XQLIRUPO\
VWDEOH �QRWDWLRQ� 7Q Zb� 2� 7Q Vb� 2� RU 7Q Xb� 2� LI WKH SRZHU VHTXHQFH I7QJQy�

FRQYHUJHV ZHDNO\� VWURQJO\� RU XQLIRUPO\ WR WKH QXOO RSHUDWRU �L�H�� LI K7Q[ �[L � �
IRU HYHU\ [ LQ +� N7Q[N � � IRU HYHU\ [ LQ +� RU N7QN � ��� UHVSHFWLYHO\� 7KXV
D VWURQJO\ VWDEOH FRQWUDFWLRQ LV SUHFLVHO\ D FRQWUDFWLRQ RI FODVV & �c DQG� GXDOO\� D
FRQWUDFWLRQ ZKRVH DGMRLQW LV VWURQJO\ VWDEOH LV SUHFLVHO\ D FRQWUDFWLRQ RI FODVV & c��
VR WKDW D FRQWUDFWLRQ 7 LV RI FODVV & �� LI DQG RQO\ LI ERWK 7 DQG 7 e DUH VWURQJO\
VWDEOH �VHH >��� S���@�� 6LQFH

N7Q[N � N$
�
�
[N IRU HYHU\ [ � +�

LW IROORZV WKDW D FRQWUDFWLRQ 7 LV VWURQJO\ VWDEOH LI DQG RQO\ LI $  2� WKDW LV�

7Q Vb� 2 LI DQG RQO\ LI $  2�

2Q WKH RWKHU KDQG� D FRQWUDFWLRQ 7 LV DQ LVRPHWU\ LI DQG RQO\ LI $  ,� WKDW LV�

7 e7  , LI DQG RQO\ LI $  ,�

ZKLFK LV UHDGLO\ YHULpHG� $FWXDOO\� IRU HYHU\ QRQQHJDWLYH LQWHJHU Q�

7 eQ$7Q  $ VR WKDW N$
�
�
7Q[N  N$

�
�
[N IRU HYHU\ [ � +�
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7KXV VWURQJO\ VWDEOH FRQWUDFWLRQV DQG LVRPHWULHV DUH FODVVHV RI FRQWUDFWLRQV 7 IRU
ZKLFK $ LV D WULYLDO SURMHFWLRQ� 7KHUHIRUH� VLQFH DQ RSHUDWRU LV D EDFNZDUG XQLODWHUDO

VKLIW �RI DQ\ PXOWLSOLFLW\� LI DQG RQO\ LI LW LV D VWURQJO\ VWDEOH FRLVRPHWU\ _ VHH H�J��
>��� S���@� LW IROORZV WKDW D FRQWUDFWLRQ

7 LV D XQLODWHUDO VKLIW LI DQG RQO\ LI $  , DQG $e 2�

0RUHRYHU� DOWKRXJK WKH DVVHUWLRQ

$  $e LPSOLHV $  $� DQG $e $�
e

KROGV �FI� >��@ RU >��� S���@�� WKH XQLODWHUDO VKLIW VKRZV WKDW WKH FRQYHUVH IDLOV�

/HW 0 EH D VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� RI +� ,I 7 LV DQ RSHUDWRU
RQ +� WKHQ 7 M0 LV WKH UHVWULFWLRQ RI 7 WR0� 5HFDOO WKDW + DGPLWV WKH RUWKRJRQDO
GHFRPSRVLWLRQ +  0j0"� ZKHUH0"  +k0 LV WKH RUWKRJRQDO FRPSOHPHQW
RI0 LQ+� /HW 9 EH DQ LVRPHWU\ RQ0"� ,W LV FOHDU WKDW WKH GLUHFW �RUWKRJRQDO� VXP
2 j 9 RQ +  0j0" LV D SDUWLDO LVRPHWU\ �D FRQWUDFWLRQ WKDW DFWV LVRPHWULFDOO\
RQ WKH RUWKRJRQDO FRPSOHPHQW RI LWV NHUQHO�� ,Q IDFW� WKLV LV WKH VLPSOHVW QRQWULYLDO
LQVWDQFH RI D SRZHU SDUWLDO LVRPHWU\ �D SDUWLDO LVRPHWU\ IRU ZKLFK DOO LWV SRZHUV DUH
DJDLQ SDUWLDO LVRPHWULHV�� ,W ZDV SURYHG LQ >��@ WKDW HYHU\ SRZHU SDUWLDO LVRPHWU\ LV

D GLUHFW VXP RI D WUXQFDWHG XQLODWHUDO VKLIW� D XQLODWHUDO VKLIW� D EDFNZDUG XQLODWHUDO

VKLIW� DQG D XQLWDU\ RSHUDWRU �ZKHUH� RI FRXUVH� LW LV XQGHUVWRRG WKDW QRW DOO IRXU
GLUHFW VXPPDQGV QHHG WR EH SUHVHQW LQ HYHU\ FDVH�� 1RWH WKDW WKH FRQYHUVH KROGV
WULYLDOO\ EHFDXVH HDFK SRVVLEOH GLUHFW VXPPDQG LV D SRZHU SDUWLDO LVRPHWU\� 6LQFH
WUXQFDWHG VKLIWV DUH QLOSRWHQW� LW IROORZV DW RQFH WKDW HYHU\ SRZHU SDUWLDO LVRPHWU\
LV D FRQWUDFWLRQ IRU ZKLFK $  $� DQG $e $�

e� �,QGHHG� $  2 j , j2 j , DQG
$e 2 j2 j , j , LI DOO IRXU GLUHFW VXPPDQGV DUH SUHVHQW�� 7KH DERYH LWDOLFL]HG
UHVXOW IURP >��@ FDQ EH WKRXJKW RI DV D VSHFLDO FDVH RI 7KHRUHP ��E� EHORZ� ZKHUH
WKH QLOSRWHQW GLUHFW VXPPDQG LV H[WHQGHG WR D FRQWUDFWLRQ RI FODVV & ���

/HW 7 EH D FRQWUDFWLRQ RQ +� ,I WKHUH H[LVWV D VXEVSDFH 0 RI + IRU ZKLFK

7  *j 9

RQ +  0j0"� ZKHUH * LV D VWURQJO\ VWDEOH FRQWUDFWLRQ RQ 0� DQG 9 LV DQ
LVRPHWU\ RQ 0"� WKHQ ZH VD\ WKDW 7 LV DQ DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF FRQ�

WUDFWLRQ� 7KLV PHDQV WKDW WKH SRZHU VHTXHQFH I7QJQy� DSSURDFKHV WKH VHTXHQFH RI
SRZHU SDUWLDO LVRPHWULHV I2 j 9 QJQy� LQ WKH VWURQJ RSHUDWRU WRSRORJ\�

7Q b �2 j 9 Q� Vb� 2�

7KH IRUWKFRPLQJ 7KHRUHP ��D� VD\V WKDW D FRQWUDFWLRQ 7 LV DV\PSWRWLFDOO\ SDUWLDOO\

LVRPHWULF LI DQG RQO\ LI $ LV D SURMHFWLRQ�:H ERUURZ 7KHRUHP � IURP >��@ �SDUW RI
LW DSSHDUHG LQ >�@� DOVR VHH >��� S���@�� )LUVW UHFDOO WKH YRQ 1HXPDQQ^:ROG GHFRPSR�
VLWLRQ IRU LVRPHWULHV �H�J�� >��� S��@ RU >��� S���@�� ,I 7 LV DQ LVRPHWU\ RQ +� WKHQ

7  6 � j 8�

ZKHUH 6 �  7 M 1 �,b$ � � 	 LV D XQLODWHUDO VKLIW DQG 8 7 M 1 �,b$ � � LV XQLWDU\ � 7KLV FDQ
EH YLHZHG DV D VSHFLDO FDVH RI WKH 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ IRU FRQWUDF�
WLRQV >��@� >��@ �DOVR VHH >��� S��@ RU >��� S���@�� ,I 7 LV D FRQWUDFWLRQ RQ +� WKHQ

7  & j 8�



� &$5/ 2 6 6 � . 8%586 / <

ZKHUH &  7 M 8 	 LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ DQG 8  7 M 8 LV XQLWDU\

RQ 8  1 �, b$� ? 1 �, b$e�� 7KHVH GHFRPSRVLWLRQV DUH XQLTXH� DQG D FRQWUDF�
WLRQ LV FRPSOHWHO\ QRQXQLWDU\ �FQX� LI LW KDV QR QRQ]HUR XQLWDU\ GLUHFW VXPPDQG�
HTXLYDOHQWO\� LI WKH UHVWULFWLRQ RI LW WR DQ\ QRQ]HUR UHGXFLQJ VXEVSDFH LV QRW XQLWDU\�
7KH FQX GLUHFW VXPPDQG & LV UHIHUUHG WR DV WKH FQX SDUW RI 7� DQG WKH XQLWDU\ 8
DV WKH XQLWDU\ SDUW RI 7� �&RQWUDFWLRQV RI FODVV & �c RU & c�� DQG VR RI FODVV & ��� DUH
FQX _ XQLODWHUDO VKLIWV 6 � DQG EDFNZDUG XQLODWHUDO VKLIWV 6

�
DUH FQX FRQWUDFWLRQV��

7KHRUHP �� /HW 7 EH D FRQWUDFWLRQ RQ D +LOEHUW VSDFH� 7KHQ

�D� $  $� LI DQG RQO\ LI 7  *j 6 � j 8�

ZKHUH * LV D & �c�FRQWUDFWLRQ �L�H�� VWURQJO\ VWDEOH� RQ 1 �$�� 6 � LV D XQLODWHUDO VKLIW

RQ 1 �, b$� ? 1 �$e�� DQG 8 LV D XQLWDU\ RSHUDWRU RQ 1 �, b$� ? 1 �, b$e��

�E� $  $� DQG $e  $�
e LI DQG RQO\ LI 7  % j 6

�
j 6� j 8�

ZKHUH % LV D & ���FRQWUDFWLRQ RQ 1 �$� ? 1 �$e� DQG 6
�
LV D EDFNZDUG XQLODWHUDO

VKLIW �L�H�� WKH DGMRLQW RI D XQLODWHUDO VKLIW� RQ 1 �$� ? 1 �, b$e�� DQG

�F� $  $e LI DQG RQO\ LI 7  % j 8�

6NHWFK\ 3URRI� �D� ,I $  $�� WKHQ +  1 �$b$��� +RZHYHU� LW FDQ EH YHULpHG
WKDW 1 �$b$��  1 �$�j 1 �, b$�� ZKHUH 1 �$� DQG 1 �, b$� DUH RUWKRJRQDO�
FRPSOHPHQWDU\ LQ 1 �$b$��� DQG 7 �LQYDULDQW VXEVSDFHV� 7KHUHIRUH�

7  *j 9�

ZKHUH *  7 M 1 �$� LV D VWURQJO\ VWDEOH FRQWUDFWLRQ RQ 1 �$� DQG 9  7 M 1 �,b$� LV
DQ LVRPHWU\ RQ 1 �, b$�� 8VLQJ WKH YRQ 1HXPDQQ^:ROG GHFRPSRVLWLRQ IRU 9 �

7  *j 6� j 8�

ZKHUH 6�  9 M0 LV D XQLODWHUDO VKLIW RQ0 DQG 8  9 M 8 LV XQLWDU\ RQ 8 � 0 DQG 8
EHLQJ RUWKRJRQDO FRPSOHPHQWDU\ VXEVSDFHV RI 1 �, b$�� VR WKDW *j 6 � LV FRPSOH�
WHO\ QRQXQLWDU\� %\ WKH 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ LW FDQ EH VKRZQ WKDW

8  1 �, b$� ? 1 �, b$e� DQG 0  1 �, b$� ? 1 �$e��

&RQYHUVHO\� 7  *j 6 � j 8 LPSOLHV $  2 j , j ,�

�E� 6LQFH * LV D FRQWUDFWLRQ RQ 1 �$�� OHW WKH RSHUDWRU $�
e RQ 1 �$� EH WKH VWURQJ

OLPLW RI I*Q*eQJ� ,W FDQ EH YHULpHG WKDW
1 �$� ? 1 �$e�  1 �$�

e� DQG 1 �$� ? 1 �, b$e�  1 �, b$�
e��

,I� LQ DGGLWLRQ WR $  $�� $e  $�
e � WKHQ $�

e  $� �
e � DQG KHQFH *

e DGPLWV D GHFRP�
SRVLWLRQ DV LQ �D�� VR WKDW *  % j 6

�
� DQG WKHUHIRUH

7  % j 6
�
j 6 � j 8�

ZLWK % *M 1 �$ 
 � � 7 M 1 �$�? 1 �$ � �� D VWURQJO\ VWDEOH FRQWUDFWLRQ RQ 1 �$� ? 1 �$e�
ZKRVH DGMRLQW %e DOVR LV VWURQJO\ VWDEOH� DQG 6

�
 *M 1 �,b$ 
 � � 7 M 1 �$� ? 1 �,b$ � � LV D

VWURQJO\ VWDEOH �VR FRPSOHWHO\ QRQXQLWDU\� FRQWUDFWLRQ RQ 1 �$� ? 1 �,b$e� ZKRVH
DGMRLQW LV D �FRPSOHWHO\ QRQXQLWDU\� LVRPHWU\� VR WKDW LW LV D EDFNZDUG XQLODWHUDO
VKLIW� &RQYHUVHO\� LI 7  % j 6

�
j 6� j 8� WKHQ $  $� DQG $e  $�

e �
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�F� ,I $  $e� WKHQ $  $� DQG $e  $�
e >��@� VR WKDW 7 DQG 7

e FDQ EH GHFRPSRVHG
DV LQ �E�� 7KXV� XVLQJ WKH GHFRPSRVLWLRQ LQ �E� IRU 7 DQG 7 e� LW FDQ EH VKRZQ WKDW

7  % j 8�

RQ +  1 �$�j 1 �, b$�� ZLWK %  7 M 1 �$� DQG 8  7 M 1 �,b$�� ZKHUH % LV D
& ���FRQWUDFWLRQ RQ 1 �$� DQG 8 LV XQLWDU\ RQ 1 �, b$�� &RQYHUVHO\� LI 7  % j 8�
WKHQ $  $e  2 j ,� �)RU WKH GHWDLOHG SURRI VHH >��� SS���^��@�� XW

,W LV XQGHUVWRRG WKDW DQ\ RI WKH DERYH GLUHFW VXPPDQGV PD\ EH PLVVLQJ DQG� LI
ERWK VXPPDQGV 6

�
DQG 6� DUH SUHVHQW� WKH\ PD\ KDYH GLVWLQFW �pQLWH RU LQpQLWH�

PXOWLSOLFLWLHV� $FFRUGLQJ WR WKH 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ IRU D FRQWUDFWLRQ
7  & j 8 � 7KHRUHP ��D� VD\V WKDW & LV RI FODVV & �c �L�H�� & LV VWURQJO\ VWDEOH� LI
DQG RQO\ LI $  $� DQG WKH GLUHFW VXPPDQG 6� LV PLVVLQJ LQ �D�� DQG 7KHRUHP ��F�
VD\V WKDW & LV RI FODVV & �� LI DQG RQO\ LI $  $e�

�� 7 Z R /DU JH & O DVVHV RI $V\P SW RW LF DO O \ 3DU W LDO O \ ,VRP HW U LF

& RQW U DF W LRQV

$V\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF FRQWUDFWLRQV DUH SUHFLVHO\ WKRVH FRQWUDFWLRQV
7 IRU ZKLFK $ LV D SURMHFWLRQ �7KHRUHP ��D��� 1H[W ZH LVRODWH WZR IXQGDPHQWDO
UHVXOWV �3URSRVLWLRQV � DQG � EHORZ� ZKLFK HQVXUH WKDW VXFK D FODVV LV TXLWH ODUJH�

&RQVLGHU WKH IROORZLQJ GHpQLWLRQ IURP >�@ �VHH DOVR >��@ DQG >��@�� $ FRQWUDFWLRQ 7
KDV SURSHUW\ 3) �D VKRUW IRU 3XWQDP^)XJOHGH� LI HLWKHU 7 e LV QRW LQWHUWZLQHG WR DQ\
LVRPHWU\ RU� LI 7 e LV LQWHUWZLQHG WR VRPH LVRPHWU\ 9� WKHQ WKH VDPH WUDQVIRUPDWLRQ
WKDW LQWHUWZLQHV 7 e WR 9 DOVR LQWHUWZLQHV 7 WR WKH FRLVRPHWU\ 9 e� ,Q RWKHU ZRUGV�
OHW . EH DQ\ QRQ]HUR FRPSOH[ +LOEHUW VSDFH� DQG OHW ; � + � . EH DQ DUELWUDU\
QRQ]HUR ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR . � $ FRQWUDFWLRQ 7 RQ + KDV
SURSHUW\ 3) LI� ZKHQHYHU WKH HTXDWLRQ ;7 e  9; KROGV IRU VRPH LVRPHWU\ 9 RQ
. � WKHQ ;7  9 e;� +HUH DUH WZR ZHOO�NQRZQ EDVLF IDFWV RQ FRQWUDFWLRQV ZLWK
SURSHUW\ 3) �UDWKHU HOHPHQWDU\ SURRIV RI WKHVH UHVXOWV DSSHDUHG LQ >��@��

(YHU\ LVRPHWU\ KDV SURSHUW\ 3)�

,I D FRLVRPHWU\ KDV SURSHUW\ 3)� WKHQ LW LV XQLWDU\�

,W LV ZRUWK UHPDUNLQJ WKDW� DOWKRXJK SURSHUW\ 3) IRU FRQWUDFWLRQV DV SRVHG DERYH
ZDV LQWURGXFHG LQ >�@� WKH SUREOHP RI JHQHUDOL]LQJ �LQ PDQ\ GLUHFWLRQV� WKH FODVVLFDO
)XJOHGH^3XWQDP 7KHRUHP �QDPHO\� LI D ERXQGHG OLQHDU WUDQVIRUPDWLRQ LQWHUWZLQHV
D FRXSOH RI QRUPDO RSHUDWRUV� WKHQ LW DOVR LQWHUWZLQHV WKHLU DGMRLQWV� KDV EHHQ FRQ�
VLGHUHG E\ D ODUJH QXPEHU RI DXWKRUV VLQFH >��@ _ IRU D UHYLHZ RQ WKH SHUWLQHQW
OLWHUDWXUH WKH UHDGHU LV UHIHUUHG WR >�@� 7KH SURRI RI WKH QH[W SURSRVLWLRQ ZDV ERU�
URZHG IURP >��@� D GLoHUHQW RQH FDQ EH IRXQG LQ >��@� 7KH SURSRVLWLRQ VD\V WKDW
LI D FRQWUDFWLRQ 7 KDV SURSHUW\ 3)� WKHQ $e LV D SURMHFWLRQ� HTXLYDOHQWO\� 7 LV

DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF ZKHQHYHU 7 e LV D FRQWUDFWLRQ ZLWK SURSHUW\ 3)�

3URSRVLWLRQ �� ,I D FRQWUDFWLRQ 7 KDV SURSHUW\ 3)� WKHQ $e  $�
e � (TXLYDOHQWO\�

LI D FRQWUDFWLRQ 7 LV VXFK WKDW 7 e KDV SURSHUW\ 3)� WKHQ $  $��

3URRI� 7DNH WKH QRQQHJDWLYH $ DQG DQ DUELWUDU\ LQWHJHU Q y �� ,W FDQ EH VKRZQ WKDW
>��� 6HFWLRQ ���@ WKHUH LV DQ LVRPHWU\ 9 RQ 5�$�b VXFK WKDW $

�
� 7  9 $

�
� � +HQFH

$
�
�
7Q  9 Q$

�
�
�
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,I 7 e KDV SURSHUW\ 3)� WKHQ $
�
� 7 e  9 e$

�
� VR WKDW $

�
� 7 eQ  9 eQ$

�
� � 7KXV

$
�
�
9 Q  7Q$

�
�

EHFDXVH $
�
� LV VHOI�DGMRLQW� %XW $  7 eQ$7Q VR WKDW

$  7 eQ$
�
�
$

�
�
7Q  7 eQ$

�
�
9 Q$

�
�
 7 eQ7Q$

�
�
$

�
�
�

DQG WKHUHIRUH $  $� �VLQFH 7 eQ7Q Vb� $�� XW

7KH FODVV RI FRQWUDFWLRQV WKDW KDYH SURSHUW\ 3) LV ODUJH� 5HFDOO� DQ RSHUDWRU 7
LV K\SRQRUPDO� SDUDQRUPDO� RU GRPLQDQW LI 2 x 7 e7 b 7 7 e� N7[N� x N7 �[NN[N
IRU HYHU\ [ LQ +� RU 5�y, b 7 � v 5�y, b 7 e� IRU HYHU\ y � &� UHVSHFWLYHO\� DQG
FRK\SRQRUPDO LI LWV DGMRLQW LV K\SRQRUPDO� 7KHVH FODVVHV DUH UHODWHG DV IROORZV�

(YHU\ K\SRQRUPDO RSHUDWRU LV GRPLQDQW DQG SDUDQRUPDO�

,QGHHG� GRPLQDQW FRQWUDFWLRQV DQG SDUDQRUPDO FRQWUDFWLRQV KDYH SURSHUW\ 3) �VHH
H�J�� >�@� >��@� DQG WKH UHIHUHQFHV WKHUHLQ��

,I D FRQWUDFWLRQ LV GRPLQDQW RU SDUDQRUPDO� WKHQ LW KDV SURSHUW\ 3)�

7KXV K\SRQRUPDO �LQ SDUWLFXODU� QRUPDO� FRQWUDFWLRQV KDYH SURSHUW\ 3)� 7KHUHIRUH�
E\ 3URSRVLWLRQ �� GRPLQDQW DQG SDUDQRUPDO FRQWUDFWLRQV 7 DUH VXFK WKDW $e  $�

e �

,I D FRQWUDFWLRQ 7 LV GRPLQDQW RU SDUDQRUPDO� WKHQ $e  $�
e �

,I 7 LV D FRK\SRQRUPDO FRQWUDFWLRQ� WKHQ $  $��

5HFDOOLQJ WKDW 7 LV QRUPDO LI DQG RQO\ LI LW LV K\SRQRUPDO DQG FRK\SRQRUPDO �L�H�� LI
7 FRPPXWHV ZLWK 7 e�� WKH DERYH LPSOLFDWLRQ HQVXUHV WKDW $  $� DQG $e $�

e LI
7 LV QRUPDO� $FWXDOO\� LI 7 LV D QRUPDO FRQWUDFWLRQ� WKHQ 7 eQ7Q  7Q7 eQ IRU HYHU\
LQWHJHU Q y � VR WKDW $  $e WULYLDOO\� ZKLFK LPSOLHV WKDW $  $� DQG $e $�

e�

,I 7 LV D QRUPDO FRQWUDFWLRQ� WKHQ $  $e� DQG KHQFH $  $� DQG $e $�
e�

7KH SUHFHGLQJ REVHUYDWLRQ SOXV 7KHRUHP ��F� OHDG WR WKH IROORZLQJ UHVXOW�

,I 7 LV D QRUPDO FRQWUDFWLRQ� WKHQ 7  %j8 � ZKHUH % LV D QRUPDO
& ���FRQWUDFWLRQ RQ 1 �$� DQG 8 LV D XQLWDU\ RSHUDWRU RQ 1 �, b$��

7KH FRQYHUVH RI 3URSRVLWLRQ � IDLOV� HYHQ D VWURQJHU YHUVLRQ IDLOV� )RU LQVWDQFH� LI 7
LV D EDFNZDUG XQLODWHUDO VKLIW �L�H�� 7  6�

e DQG 7 e  6� �� WKHQ $  2 DQG $e ,
EXW 7 GRHV QRW KDYH SURSHUW\ 3) �LW LV D QRQXQLWDU\ FRLVRPHWU\��

$ FRQWUDFWLRQ 7 ZLWK $  $� DQG $e $�
e PD\ QRW KDYH SURSHUW\ 3)�

&RQVLGHU WKH 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ 7  & j 8 RI D FRQWUDFWLRQ 7� ,Q
IDFW� LW ZDV SURYHG LQ >�@ WKDW D FRQWUDFWLRQ 7 KDV SURSHUW\ 3) LI DQG RQO\ LI LWV

FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG LV RI FODVV & c�� 7KDW LV�
7  & j 8 LV D FRQWUDFWLRQ ZLWK SURSHUW\ 3) LI DQG RQO\ LI & LV RI FODVV & c�

�VHH DOVR >��@�� 7KXV �7KHRUHP ��F�� FRQWUDFWLRQV 7 DQG 7 e KDYH SURSHUW\ 3) LI
DQG RQO\ LI WKHLU FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQGV DUH RI FODVV & ��� WKDW LV�

7 DQG 7 e KDYH SURSHUW\ 3) LI DQG RQO\ LI $  $e�

3HUKDSV D V\VWHPDWLF LQYHVWLJDWLRQ RQ DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF FRQWUDF�
WLRQV KDV EHHQ LQLWLDWHG DIWHU 3XWQDP
V SDSHU >��@� ,W FRQWDLQV WKH pUVW SURRI WKDW
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D FRPSOHWHO\ QRQXQLWDU\ FRK\SRQRUPDO FRQWUDFWLRQ LV VWURQJO\ VWDEOH DQG� FRQVH�
TXHQWO\� WKDW LI 7 e LV D K\SRQRUPDO FRQWUDFWLRQ� WKHQ 7  *j 8 � ZKHUH * LV D
VWURQJO\ VWDEOH FRQWUDFWLRQ DQG 8 LV XQLWDU\� VR WKDW $  $�� 6LPSOLpHG GLoHUHQW
SURRIV IROORZHG LQ >��@ �VHH DOVR >��� SS����^���@� DQG LQ >��@ �VHH DOVR >��� SS���^��@�
E\ XVLQJ D UHYHUVH DSSURDFK� 7KH\ pUVW YHULpHG WKDW $  $� LI 7 LV D FRK\SRQRUPDO
FRQWUDFWLRQ DQG WKHQ FRQFOXGHG WKDW D FRPSOHWHO\ QRQXQLWDU\ FRK\SRQRUPDO FRQ�
WUDFWLRQ LV VWURQJO\ VWDEOH �WKXV VWUHVVLQJ WKH UROH SOD\HG E\ FRQWUDFWLRQV IRU ZKLFK
$ LV D SURMHFWLRQ�� 7KLV ZDV H[WHQGHG WR SDUDQRUPDO FRQWUDFWLRQV LQ >��@� DQG WR
GRPLQDQW FRQWUDFWLRQV LQ >��@ DQG >��@� ZKLFK DUH FODVVHV RI FRQWUDFWLRQV WKDW LQFOXGH
WKH K\SRQRUPDO FRQWUDFWLRQV� 6XPPLQJ XS�

,I D FRQWUDFWLRQ 7  & j 8 LV GRPLQDQW RU SDUDQRUPDO� WKHQ & � & c� �
,I 7  & j 8 LV D FRK\SRQRUPDO FRQWUDFWLRQ� WKHQ & � & �c �

([WHQWLRQV WR N�SDUDQRUPDO FRQWUDFWLRQV �ZKLFK LQFOXGH WKH SDUDQRUPDO� DQG WR N�
TXDVLK\SRQRUPDO FRQWUDFWLRQV �ZKLFK LQFOXGH WKH K\SRQRUPDO� KDYH EHHQ GLVFXVVHG
LQ WKH OLWHUDWXUH� $Q RSHUDWRU 7 LV N�SDUDQRUPDO LI N7[NN � � x N7 N � �[NN[NN IRU
VRPH LQWHJHU N y � DQG HYHU\ [ � + �D SDUDQRUPDO LV VLPSO\ D ��SDUDQRUPDO RSHUD�
WRU�� DQG DQ RSHUDWRU 7 LV N�TXDVLK\SRQRUPDO LI 2 x 7 eN�7 e7 b 7 7 e�7 N IRU VRPH
LQWHJHU N y � �D K\SRQRUPDO LV VLPSO\ D ��TXDVLK\SRQRUPDO RSHUDWRU _ LI N  ��
WKHQ 7 LV FDOOHG TXDVLK\SRQRUPDO�� 7KH IROORZLQJ UHVXOW LV IURP >��@�

,I D FRQWUDFWLRQ 7  & j8 LV N�SDUDQRUPDO RU N�TXDVLK\SRQRUPDO� WKHQ & � & c� �
0RUH H[WHQVLRQV DORQJ WKHVH OLQHV �L�H�� IRU FODVVHV RI FRQWUDFWLRQV WKDW LQFOXGH WKH
K\SRQRUPDO� FDQ EH IRXQG LQ >��@ DQG >��@� ([WHQVLRQV DORQJ GLoHUHQW OLQHV KDYH
DOVR EHHQ GLVFXVVHG LQ WKH OLWHUDWXUH� )RU LQVWDQFH� H[WHQVLRQ WR ELFRQWUDFWLRQV �L�H��
WR D SDLU RI FRPPXWLQJ FRQWUDFWLRQV� ZDV FRQVLGHUHG LQ >��@� DQG H[WHQVLRQ WR $��
FRQWUDFWLRQV LQ >��� ��@� 7KDW LV� H[WHQVLRQ WR RSHUDWRUV 7 IRU ZKLFK WKHUH LV D
SRVLWLYH $� VXFK WKDW 7 e$�7 x $�� ,I WKH HTXDOLW\ KROGV� WKHQ 7 LV VDLG WR EH DQ $��
LVRPHWU\� �,Q SDUWLFXODU� LI 7 LV D FRQWUDFWLRQ� WKHQ LW LV DQ $�LVRPHWU\ DQG DOVR DQ
,�FRQWUDFWLRQ�� )XUWKHU H[WHQVLRQV WR QRQFRQWUDFWLRQV KDYH EHHQ LQYHVWLJDWHG LQ >��@
E\ FRQVLGHULQJ WKH DV\PSWRWLF OLPLW RI 7 ZKLFK JHQHUDOL]HV WKH VWURQJ OLPLW $� DV
GHpQHG LQ >��� ��@ IRU SRZHU ERXQGHG RSHUDWRUV 7� RU LQ >��� ��@ IRU RSHUDWRUV ZKRVH
SRZHU VHTXHQFH VDWLVpHV VRPH UHJXODULW\ FRQGLWLRQ ZHDNHU WKDQ SRZHU ERXQGHGQHVV�

$QRWKHU DSSURDFK WR DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF FRQWUDFWLRQV HYROYLQJ LQ
D GLoHUHQW GLUHFWLRQ DQG LQFOXGLQJ FODVVHV RI FRQWUDFWLRQV QRW UHODWHG WR WKH DERYH
H[DPSOHV ZLOO EH SURYHG QH[W� /HW ��7 � GHQRWH WKH VSHFWUXP RI DQ RSHUDWRU 7 DQG
FRQVLGHU LWV FODVVLFDO SDUWLWLRQ ��7 �  �3 �7 � > �5�7 � > �&�7 �� ZKHUH �3 �7 � LV WKH
SRLQW VSHFWUXP �L�H�� WKH VHW RI DOO HLJHQYDOXHV RI 7 �� �5�7 �  �3 �7

e�eQ�3 �7 � LV WKH
UHVLGXDO VSHFWUXP� DQG �&�7 �  ��7 �Q��3 �7 � > �5�7 �� LV WKH FRQWLQXRXV VSHFWUXP�
/HW z GHQRWH WKH /HEHVJXH PHDVXUH RQ WKH XQLW FLUFOH #' �ZKHUH ' GHQRWHV WKH RSHQ
XQLW GLVF LQ &�� &RQVLGHU DJDLQ WKH 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ�

3URSRVLWLRQ �� ,I D FRQWUDFWLRQ 7  & j 8 LV VXFK WKDW z
b

�&�&� ? #'
c

 �� WKHQ

$  $e� (TXLYDOHQWO\� z
b

�&�&� ? #'
c

 � LPSOLHV WKDW 7 DQG 7 e KDYH SURSHUW\ 3)�

ZKLFK LQ WXUQ LPSOLHV WKDW $  $� DQG $e $�
e�

3URRI� /HW 7  & j 8 EH D FRQWUDFWLRQ� ZKHUH & LV D FRPSOHWHO\ QRQXQLWDU\ FRQ�
WUDFWLRQ DQG 8 LV XQLWDU\ �DV DOZD\V� DQ\ RI WKH DERYH GLUHFW VXPPDQGV PD\ EH
PLVVLQJ�� ,I & LV PLVVLQJ WKHQ 7  8� DQG $  $e WULYLDOO\� VLQFH 8 LV QRUPDO� 7KXV
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VXSSRVH & LV QRW PLVVLQJ� 5HFDOO� HYHU\ FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LV ZHDNO\

VWDEOH >��� S���@� DQG D ZHDNO\ VWDEOH FRQWUDFWLRQ & LV VXFK WKDW �3 �&� > �5�&� LV
LQFOXGHG LQ WKH RSHQ XQLW GLVF >��� S���@� 7KDW LV �DOVR VHH >��� SS��������@��

& LV FQX LPSOLHV &Q Zb� 2 ZKLFK LPSOLHV �3 �&� > �5�&� v '�

+HQFH
z
b

�&�&� ? #'
c

 � LPSOLHV z
b

��&� ? #'
c

 ��

6LQFH & LV D FQX FRQWUDFWLRQ� LW IROORZV WKDW

z
b

��&� ? #'
c

 � LPSOLHV & � & ��

�VHH >��� S���@� ZKLFK RULJLQDWHG IURP >��� S����@�� 7KLV PHDQV WKDW & DQG &e DUH
VWURQJO\ VWDEOH �L�H�� 7  % j 8�� DQG WKHUHIRUH $  $e  2 j , DFFRUGLQJ WR
7KHRUHP ��F�� 7KH UHVW RI WKH VWDWHPHQW IROORZV DW RQFH E\ 3URSRVLWLRQ �� XW

,I 7 LV D FRPSDFW FRQWUDFWLRQ� WKHQ $  $e� DQG KHQFH $  $� DQG $e $�
e�

,QGHHG� FRPSDFW �FRXQWDEOH VSHFWUXP� DQG DOJHEUDLF �pQLWH VSHFWUXP� FRQWUDFWLRQV
DUH DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF E\ 3URSRVLWLRQ � �DQG 7 LV FRPSDFW RU DO�
JHEUDLF LI DQG RQO\ LI 7 e LV�� 4XDVLQLOSRWHQW �RQH�SRLQW VSHFWUXP� FRQWUDFWLRQV DUH
DOVR LQFOXGHG� EXW WKHVH DUH WULYLDOO\ DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� WKH\ OLH LQ
& ��� $QRWKHU SDUWLFXODU FDVH RI 3URSRVLWLRQ � UHDGV DV IROORZV�

,I 7  & j 8 DQG �&�&� ? #'  "� WKHQ & � & ��� DQG VR $  $e�

6XFK D SDUWLFXODU FDVH FDQ EH UHDGLO\ YHULpHG ZLWKRXW WKH KHOS RI WKH PHDVXUH
WKHRUHWLFDO UHVXOW IURP >��� S���@� $FWXDOO\� WKH SUHYLRXV DUJXPHQW HQVXUHV WKDW LI
�&�&� ? #'  "� WKHQ ��&� ~ '� DQG VR U�&� � �� ZKLFK PHDQV WKDW &Q Xb� 2�
�U� c � GHQRWHV VSHFWUDO UDGLXV� IRU IXUWKHU HTXLYDOHQW FRQGLWLRQV WR XQLIRUP VWDELOLW\
VHH� H�J�� >��� S���@�� +HQFH &Q Vb� 2 DQG &eQ Vb� 2� WKDW LV� & � & ���

�� %LTXDVLW U LDQJXO DU & RQW U DF W LRQV

$UH WKH\ DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF" %HIRUH GHpQLQJ ELTXDVLWULDQJXODU
RSHUDWRUV DQG FRQVLGHULQJ WKLV TXHVWLRQ ZH QHHG D pQHU DQDO\VLV RI WKH VSHFWUXP� /HW
%>+@ GHQRWHV WKH DOJHEUD RI DOO RSHUDWRUV RQ +� 6HW )C  I7 � %>+@ � 5�7 � LV FORVHG
DQG GLP 1 �7 ���J� )U  I7 � %>+@ � 5�7 � LV FORVHG DQG GLP 1 �7 e���J� )  
)C ? )U� DQG :  I7 � ) � GLP 1 �7 �  GLP 1 �7 e�J� 7KHVH DUH WKH FODVVHV RI OHIW
VHPL�)UHGKROP� ULJKW VHPL�)UHGKROP� )UHGKROP� DQG :H\O RSHUDWRUV� UHVSHFWLYHO\�
/HW �CH�7 �  Iy � & � y, b 7 � %>+@Q)CJ� �UH�7 �  Iy � & � y, b 7 � %>+@Q)UJ�
�H�7 �  Iy � & � y, b 7 � %>+@Q)J� DQG �Z�7 �  Iy � & � y, b 7 � %>+@Q: J
EH WKH OHIW HVVHQWLDO VSHFWUXP� WKH ULJKW HVVHQWLDO VSHFWUXP� WKH HVVHQWLDO VSHFWUXP�
DQG WKH :H\O VSHFWUXP RI DQ DUELWUDU\ RSHUDWRU 7 � %>+@� UHVSHFWLYHO\� 5HFDOO WKDW
�CH�7 � > �UH�7 �  �H�7 � v �Z�7 � v ��7 �� WKDW �CH�7 �  �UH�7 �  �H�7 �  �Z�7 �
LI DQG RQO\ LI �H�7 � KDV QR KROHV �RI QRQ]HUR LQGH[� DQG QR SVHXGRKROHV� DQG VHW
���7 �  ��7 �Q�Z�7 � �VHH� H�J�� >��� SS����^���@��
)URP QRZ RQ OHW+ EH D FRPSOH[ LQpQLWH�GLPHQVLRQDO VHSDUDEOH +LOEHUW VSDFH� $Q

RSHUDWRU 7 � %>+@ LV TXDVLWULDQJXODU �RU TXDVLGLDJRQDO� LI WKHUH LV D VHTXHQFH I3QJ
RI pQLWH�UDQN SURMHFWLRQV LQ %>+@ WKDW FRQYHUJHV VWURQJO\ WR WKH LGHQWLW\ RSHUDWRU
DQG I�, b 3Q�73QJ �RU I73Qb3Q7J� FRQYHUJHV XQLIRUPO\ WR WKH QXOO RSHUDWRU >��@�
,W LV SODLQ WKDW 7 LV TXDVLGLDJRQDO LI DQG RQO\ LI 7 e LV �VLQFH RUWKRJRQDO SURMHFWLRQV
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DUH VHOI�DGMRLQW�� $Q RSHUDWRU 7 LV ELTXDVLWULDQJXODU LI ERWK 7 DQG 7 e DUH TXDVLWUL�
DQJXODU� )RU D FROOHFWLRQ RI UHVXOWV RQ TXDVLWULDQJXODU DQG ELTXDVLWULDQJXODU RSHUD�
WRUV VHH� IRU LQVWDQFH� >��� SS���^��@ DQG >��� SS����^���@� ,Q SDUWLFXODU >��� S���@�

7 � %>+@ LV ELTXDVLWULDQJXODU LI DQG RQO\ LI �CH�7 �  �UH�7 �  �H�7 �  �Z�7 ��

6LQFH HYHU\ RSHUDWRU RQ+ ZLWK D FRXQWDEOH VSHFWUXP LV TXDVLWULDQJXODU �VHH� H�J��
>��� S���@�� LW IROORZV WKDW WKH VDPSOHV RI FRQWUDFWLRQV IRU 3URSRVLWLRQ � �FRPSDFW�
DOJHEUDLF DQG TXDVLQLOSRWHQW� DUH DOO ELTXDVLWULDQJXODU �VLQFH DGMRLQW RI FRPSDFW�
DOJHEUDLF DQG TXDVLQLOSRWHQW DUH DJDLQ FRPSDFW� DOJHEUDLF DQG TXDVLQLOSRWHQW��

C2QH RI WKH PRVW LPSRUWDQW� PRVW GLrFXOW� DQG PRVW H[DVSHUDWLQJ XQVROYHG SURE�

OHPV RI RSHUDWRU WKHRU\ LV WKH SUREOHP RI LQYDULDQW VXEVSDFHV� 7KH TXHVWLRQ LV VLPSOH

WR VWDWH� GRHV HYHU\ RSHUDWRU RQ DQ LQpQLWH�GLPHQVLRQDO >VHSDUDEOH� FRPSOH[ @ +LOEHUW
VSDFH KDYH D QRQ�WULYLDO LQYDULDQW VXEVSDFH"?1RQ�WULYLDO� PHDQV GLoHUHQW IURP ERWK

� DQG WKH ZKROH VSDFH� ?LQYDULDQW� PHDQV WKDW WKH RSHUDWRU PDSV LW WR LWVHOI 
 >���
S����@� $Q RSHUDWRU WKDW KDV D QRQWULYLDO LQYDULDQW VXEVSDFH LV FDOOHG LQWUDQVLWLYH�
RWKHUZLVH LW LV FDOOHG WUDQVLWLYH� /HW ?QLV� PHDQ ?QRQWULYLDO LQYDULDQW VXEVSDFH��

7KH 5LHV] 'HFRPSRVLWLRQ 7KHRUHP �VHH� H�J�� >��� S���@� HQVXUHV WKDW LI WKH VSHF�
WUXP ��7 � RI DQ RSHUDWRU 7 LV GLVFRQQHFWHG WKHQ LW KDV D QLV�

,I WKHUH LV DQ RSHUDWRU 7 � %>+@ ZLWKRXW D QLV� WKHQ ��7 � LV FRQQHFWHG�

�,Q WKLV FDVH� WKH QRQHPSW\ FRPSDFW ��7 � KDV QR LVRODWHG SRLQW _ D ERXQGHG SHUIHFW
VHW�� 5HFDOO WKDW 1 �y, b 7 � DQG 5�y, b 7 �b DUH 7 �LQYDULDQW VXEVSDFHV IRU HYHU\ y
LQ &� &RQVLGHU WKH FODVVLFDO SDUWLWLRQ RI WKH VSHFWUXP� 6LQFH I�J � 1 �y, b 7 � IRU
HYHU\ y � �3 �7 �� DQG VLQFH 7 KDV D QLV LI DQG RQO\ LI 7

e KDV D QLV� ZH PD\ LQIHU�

,I WKHUH LV DQ RSHUDWRU 7 � %>+@ ZLWKRXW D QLV� WKHQ ��7 �  �&�7 ��

$OVR UHFDOO WKDW �&�7 � v �CH�7 � ? �UH�7 � �VHH H�J�� >��� S����@�� 7KXV ��7 �  �&�7 �
LPSOLHV ��7 �  �CH�7 � ? �UH�7 �� 1RWH WKDW� LI y �� �CH�7 � �L�H�� LI �y, b 7 � � )C��
WKHQ 5�y, b 7 � LV FORVHG DQG GLP 1 �y, b 7 � � �� ,I 5�y, b 7 � � +� WKHQ LW LV
D QLV IRU 7� ,I 1 �y, b 7 � � I�J� WKHQ LW LV D QLV IRU 7 �y LV DQ HLJHQYDOXH RI 7 ��
,I 5�y, b 7 �  + DQG 1 �y, b 7 �  I�J� WKHQ y, b 7 LV LQYHUWLEOH� ZKLFK PHDQV
WKDW y �� ��7 �� 2XWFRPH� LI y � ��7 �Q�CH�7 �� WKHQ 7 KDV D QLV� 6LQFH0 LV D QLV IRU
7 LI DQG RQO\ LI 0" LV QLV IRU 7 e� LW DOVR IROORZV WKDW LI y � ��7 �Q�UH�7 �� WKHQ 7
KDV D QLV� 7KXV� VLQFH �H�7 �  �CH�7 � > �UH�7 �� ZH PD\ FODLP�

,I WKHUH H[LVWV 7 � %>+@ ZLWKRXW D QLV� WKHQ �CH�7 �  �UH�7 �  �H�7 �  ��7 ��

7KH SUHYLRXV VSHFWUDO HTXLYDOHQW GHpQLWLRQ RI ELTXDVLWULDQJXODU RSHUDWRUV HQVXUHV
WKDW� LI WKHUH LV D 7 � %>+@ ZLWK QR QLV� WKHQ LW LV ELTXDVLWULDQJXODU �VLQFH �H�7 � v
�Z�7 � v ��7 ��� DQG ���7 �  ��7 �Q�Z�7 �  "� ,Q IDFW� UHFDOOLQJ WKDW ���7 � FRQ�
VLVWV RI HLJHQYDOXHV RQO\ �VHH� H�J�� >��� S����@�� LW LV DOUHDG\ HPSW\ LI 7 KDV QR QLV�
+HQFH ZH JHW WKH IROORZLQJ UHVXOW�

,I WKHUH H[LVWV 7 � %>+@ ZLWK QR QLV� WKHQ LW LV ELTXDVLWULDQJXODU�
(TXLYDOHQWO\� LI 7 � %>+@ LV QRW ELTXDVLWULDQJXODU� WKHQ LW KDV D QLV� 7KH FORVXUH
�LQ %>+@� RI WKH VHW RI DOO QLOSRWHQW RSHUDWRUV FRLQFLGHV ZLWK WKH VHW RI DOO ELTXDVL�
WULDQJXODU RSHUDWRUV 7 IRU ZKLFK �H�7 � DQG ��7 � DUH ERWK FRQQHFWHG DQG � � �H�7 �
�VHH� H�J�� >��� S���@�� ,I 7 KDV QR QLV� WKHQ LW LV ELTXDVLWULDQJXODU� �H�7 �  �Z�7 �  
��7 � LV FRQQHFWHG� DQG HLWKHU � � �Z�7 � RU � �� ��7 � �VLQFH ���7 � v �3 �7 � DQG� LI



�� &$5/ 2 6 6 � . 8%586 / <

7 KDV QR QLV� WKHQ �3 �7 �  "�� +RZHYHU� E\ UHSODFLQJ 7 ZLWK y, b 7 LI QHFHVVDU\
�ZKLFK VKDUH WKH VDPH ODWWLFH RI LQYDULDQW VXEVSDFHV� DQG DUH VXFK WKDW ��y, b 7 �  
yb ��7 ��� LW IROORZV WKDW WKHUH LV QR ORVV RI JHQHUDOLW\ LQ DVVXPLQJ WKDW � � ��7 ��
VR WKDW � � �Z�7 �� 7KXV WKH SUHYLRXV LPSOLFDWLRQ FDQ EH WLJKWHQHG DV IROORZV�

,I WKHUH H[LVWV 7 � %>+@ ZLWK QR QLV� WKHQ WKHUH LV D WUDQVODWLRQ RI LW
y, b 7 � %>+@ ZLWK QR QLV WKDW OLHV LQ WKH FORVXUH RI WKH QLOSRWHQW�

1RWH WKDW WKH VHW RI QLOSRWHQW RSHUDWRUV LV WULYLDOO\ LQFOXGHG LQ WKH VHW RI TXDVLQLOSR�
WHQW RSHUDWRUV� ZKLFK LV LQFOXGHG LQ WKH FORVXUH RI WKH VHW RI WKH QLOSRWHQW RSHUDWRUV
�VHH� H�J�� >��� ��@�� ZKLFK LQ WXUQ LV LQFOXGHG LQ WKH VHW RI DOO ELTXDVLWULDQJXODU RSHU�
DWRUV �DV ZH VDZ DERYH�� ,W LV DOVR ZRUWK QRWLFLQJ WKDW RSHUDWRUV RI WKH IRUP 1�.�
ZKHUH 1 LV QRUPDO DQG . FRPSDFW� DUH TXDVLWULDQJXODU >��@� DQG VR WKH\ DUH ELTX�
DVLWULDQJXODU �VLQFH WKH DGMRLQW RI QRUPDO RU FRPSDFW LV DJDLQ QRUPDO RU FRPSDFW��
,Q IDFW� WKH VHW RI DOO RSHUDWRUV RI WKH IRUP 1 �. FRLQFLGHV ZLWK WKH VHW RI ELTXDVL�
WULDQJXODU WKDW DUH HVVHQWLDOO\ QRUPDO �VHH H�J�� >��� S���@�� 5HFDOO WKDW DQ RSHUDWRU
LV HVVHQWLDOO\ QRUPDO LI LWV LPDJH XQGHU WKH QDWXUDO TXRWLHQW PDS RI %>+@ LQWR WKH
&DONLQ DOJHEUD %>+@ %� >+@ LV QRUPDO� ZKHUH %>+@ %� >+@ LV WKH TXRWLHQW DOJHEUD RI
%>+@ PRGXOR WKH LGHDO %� >+@ RI DOO FRPSDFW RSHUDWRUV IURP %>+@� (TXLYDOHQWO\� DQ
RSHUDWRU 7 LV HVVHQWLDOO\ QRUPDO LI LWV VHOI�FRPPXWDWRU '  7 e7 b 7 7 e LV FRPSDFW�

7KH LQYDULDQW VXEVSDFH SUREOHP UHPDLQV XQVROYHG IRU K\SRQRUPDO RSHUDWRUV� ,Q
WKLV FDVH� EHVLGHV WKH DERYH FRQGLWLRQV� WKHUH LV DOVR WKH IROORZLQJ RQH >��� S���@�

,I WKHUH LV D K\SRQRUPDO 7 � %>+@ ZLWK QR QLV� WKHQ LW LV RI WKH IRUP 1 �.�

,Q DGGLWLRQ� LI D K\SRQRUPDO 7 KDV QR QLV� WKHQ DUHD���7 �� ! � �?DUHD�PHDQV SOD�
QDU /HEHVJXH PHDVXUH� E\ WKH 3XWQDP LQHTXDOLW\ >��@ �DOVR VHH >�� S����@ DQG >���
S���@�� DQG ��7 e7 � LV DQ LQWHUYDO >��@� 0RUHRYHU� D GHHS UHVXOW IURP >�@ VD\V WKDW
��7 �r "� WKH VSHFWUXP RI D K\SRQRUPDO RSHUDWRU ZLWK QR QLV KDV HPSW\ LQWHULRU�
/HW 1 LO� $OJ DQG 41 LO GHQRWH WKH FODVVHV RI QLOSRWHQW �7Q  2 IRU VRPH SRVLWLYH

LQWHJHU Q�� DOJHEUDLF �S�7 �  2 IRU VRPH QRQ]HUR SRO\QRPLDO S�� DQG TXDVLQLOSRWHQW
���7 �  I�J� RSHUDWRUV� /HW 4'� %47 � DQG ( 1 VWDQG IRU TXDVLGLDJRQDO� ELTXDVL�
WULDQJXODU� DQG HVVHQWLDOO\ QRUPDO� DQG OHW 1 � . EH WKH FODVV RI DOO RSHUDWRUV ZKLFK
DUH WKH VXP RI QRUPDO SOXV FRPSDFW �LQFOXGLQJ WULYLDOO\ WKH QRUPDO DQG FRPSDFW
RSHUDWRUV LQGLYLGXDOO\�� 5HFDOO WKDW %� >+@� 1 � . � 4'� ( 1 � DQG %47 DUH FORVHG
LQ %>+@ DQG LQYDULDQW XQGHU FRPSDFW SHUWXUEDWLRQ �VHH H�J�� >��� SS������@ DQG >���
SS��������@�� 7KHVH FODVVHV DUH UHODWHG DV IROORZV �VHH H�J�� >��� SS���^�����@��

1 � .  4' ? (1  %47 ? (1 ~ 4' ~ %47 �
1 LO~$OJ~$OJb %47 � 1 LO~41 LO~ 1 LOb~%47 � 41 LO ? ( 1 ~%� >+@�

)XUWKHU HTXLYDOHQW H[SUHVVLRQV IRU %47 JR DV IROORZV >��� S����@�

%47  
j

7 � %>+@ � 7 LV VLPLODU WR D QRUPDO RSHUDWRU ZLWK pQLWH VSHFWUXP
kb

 
j

7 � %>+@ � 7 LV VLPLODU WR D QRUPDO RSHUDWRU
kb

 
j

7 � %>+@ � 7 LV VLPLODU WR D TXDVLGLDJRQDO RSHUDWRU
kb

 
j

7 � %>+@ � ��7 � LV WRWDOO\ GLVFRQQHFWHG
kb

 
j

7 � %>+@ � ��7 � KDV HPSW\ LQWHULRU
kb

�
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:H QRZ UHWXUQ WR FRQWUDFWLRQV� 1RWH WKDW WKH LQYDULDQW VXEVSDFH SUREOHP LV
LQYDULDQW XQGHU VFDODU PXOWLSOLFDWLRQ �7 DQG o7 KDYH WKH VDPH ODWWLFH RI LQYDULDQW
VXEVSDFHV IRU HYHU\ o � &� _ WKHUH H[LVWV DQ RSHUDWRU ZLWKRXW D QLV LI DQG RQO\ LI
WKHUH H[LVWV D FRQWUDFWLRQ ZLWKRXW D QLV�

,I D FRQWUDFWLRQ KDV QR QLV� WKHQ LW LV FRPSOHWHO\ QRQXQLWDU\�

ZKLFK LV D WULYLDO FRUROODU\ RI 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV�
2Q WKH RWKHU KDQG� DQRWKHU GHHS UHVXOW IURP >�@ �DOVR VHH >�@� JLYHV DQ LPSRUWDQW
FRQGLWLRQ� $ FRQWUDFWLRQ ZKRVH VSHFWUXP LQFOXGHV WKH XQLW FLUFOH KDV D QLV�

,I D FRQWUDFWLRQ 7 KDV QR QLV� WKHQ LW #' �v ��7 ��

5HFDOO WKDW D K\SHULQYDULDQW VXEVSDFH IRU DQ RSHUDWRU LV D VXEVSDFH WKDW LV LQYDULDQW
IRU HYHU\ RSHUDWRU WKDW FRPPXWHV ZLWK LW� ZKLFK LV D SDUWLFXODU FDVH RI LQYDULDQW
VXEVSDFH� $ QRQVFDODU FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO K\SHULQYDULDQW VXEVSDFH LV
HLWKHU RI FODVV & ��� RU RI FODVV & ��� RU RI FODVV & �� >��@�:H VKDOO EH LQWHUHVWHG LQ WKH
IROORZLQJ HVSHFLDO FDVH >��� S���@�

,I D FRQWUDFWLRQ KDV QR QLV� WKHQ LW LV RI FODVV & ��� RU & ��� RU & ��

DQG� LI LW LV RI FODVV & �� RU RI FODVV & ��� WKHQ $ RU $e LV D SURSHU FRQWUDFWLRQ�
UHVSHFWLYHO\ �L�H�� HLWKHU N$[N � N[N RU N$e[N � N[N IRU [ � ��� 6LQFH D FRPSOHWHO\
QRQXQLWDU\ FRQWUDFWLRQ KDV SURSHUW\ 3) LI DQG RQO\ LI LW LV RI FODVV & c� >�@ �DQG
VLQFH D FRQWUDFWLRQ KDV SURSHUW\ 3) LI DQG RQO\ LI LWV FRPSOHWHO\ QRQXQLWDU\ GLUHFW
VXPPDQG KDV SURSHUW\ 3)�� ZH JHW WKH QH[W UHVXOW >��@�

,I QHLWKHU 7 QRU 7 e KDYH SURSHUW\ 3)� WKHQ WKH FRQWUDFWLRQ 7 KDV D QLV�

4XHVWLRQ �� $UH ELTXDVLWULDQJXODU FRQWUDFWLRQV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF"

%LTXDVLWULDQJXODU PHDQV WKDW WKH RSHUDWRU DQG LWV DGMRLQW DUH TXDVLWULDQJXODU�
7KXV ZH FDQ UHZULWH WKH DERYH TXHVWLRQ DV IROORZV� ,V LW WUXH WKDW LI

7 DQG 7 e DUH TXDVLWULDQJXODU FRQWUDFWLRQV� WKHQ $  $� DQG $e $�
e "

7KLV TXHVWLRQ FDQ EH WLJKWHQHG DV IROORZV�

,V LW WUXH WKDW LI 7 LV D TXDVLWULDQJXODU FRQWUDFWLRQV� WKHQ $  $� "

,I 4XHVWLRQ � KDV DQ DrUPDWLYH DQVZHU� WKHQ D ELTXDVLWULDQJXODU FRQWUDFWLRQ 7
DGPLWV D GHFRPSRVLWLRQ 7  % j 6

�
j 6 � j 8 �7KHRUHP ��E�� EXW QRZ MXVW VRPH

GLUHFW VXPPDQGV PLJKW EH PLVVLQJ� D XQLODWHUDO VKLIW 6 � LV QRW TXDVLWULDQJXODU >��@�
DOWKRXJK WKH GLUHFW VXP 6

�
j 6 � PD\ EH _ WKDW LV� LI RQH LV WKH DGMRLQW RI WKH

RWKHU �VDPH PXOWLSOLFLW\�� WKHQ WKHLU GLUHFW VXP LV TXDVLGLDJRQDO >��@� 7KHUHIRUH� LW
LV WHPSWLQJ WR WKLQN WKDW 4XHVWLRQ � PLJKW EH WLJKWHQHG DV IROORZV�

4XHVWLRQ ��� ,V LW WUXH WKDW LI 7 LV D ELTXDVLWULDQJXODU FRQWUDFWLRQ� WKHQ $  $e"

&RQVLGHU RQFH DJDLQ WKH 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ 7  & j 8 IRU D
FRQWUDFWLRQ 7 � ZKHUH & LV FRPSOHWHO\ QRQXQLWDU\ DQG 8 LV XQLWDU\� $FFRUGLQJ WR
7KHRUHP ��F�� 4XHVWLRQ �� FDQ EH UHZULWWHQ LQ WHUPV RI & DV IROORZV�

,V WKH FRPSOHWHO\ QRQXQLWDU\ SDUW RI D ELTXDVLWULDQJXODU FRQWUDFWLRQ RI FODVV & �� "

(TXLYDOHQWO\� LV LW WUXH WKDW LI
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7 LV D ELTXDVLWULDQJXODU FRQWUDFWLRQ� WKHQ 7 DQG 7 e KDYH SURSHUW\ 3)"

$Q DrUPDWLYH DQVZHU WR 4XHVWLRQ �� ZRXOG LPSO\ WKDW 7  % j 8 �7KHRUHP
��F��� ZKLFK WULYLDOO\ LPSOLHV DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ �� 5HFDOOLQJ WKDW 8
LV ELTXDVLWULDQJXODU �LW LV QRUPDO�� DQG WKDW D �FRXQWDEOH� GLUHFW VXP RI ELTXDVLWUL�
DQJXODU RSHUDWRUV LV DJDLQ ELTXDVLWULDQJXODU >��@� WKH VLWXDWLRQ KHUH LV VLPSOHU� DQ\
GLUHFW VXPPDQG PLJKW EH PLVVLQJ�

$QVZHU ��� 1R� 7  6 � j 6 �
e LV D ELTXDVLWULDQJXODU FRQWUDFWLRQ IRU ZKLFK $ � $e�

,QGHHG� LI 6� LV D XQLODWHUDO VKLIW �RI PXOWLSOLFLW\ RQH�� WKHQ 6� j 6 �
e LV TXDVLWUL�

DQJXODU >��@� 6LQFH LW LV XQLWDULO\ HTXLYDOHQW WR LWV RZQ DGMRLQW� LW IROORZV WKDW LW
LV ELTXDVLWULDQJXODU� +HQFH 6 � j 6 �

e LV D FRPSOHWHO\ QRQXQLWDU\ ELTXDVLWULDQJXODU
FRQWUDFWLRQ ZKLFK� RI FRXUVH� LV QRW RI FODVV & ��� ,Q IDFW� LI 7  6 � j 6�

e� WKHQ
$  , j2 DQG $e 2 j ,� 7KXV WKH FRQWUDFWLRQ 6 � j 6 �

e VXSSOLHV D QHJDWLYH DQ�
VZHU WR 4XHVWLRQ ��� EXW QRW WR 4XHVWLRQ �� 6� j 6 �

e LV DQ DV\PSWRWLFDOO\ SDUWLDOO\
LVRPHWULF ELTXDVLWULDQJXODU FRQWUDFWLRQ�

([DPSOH �� /HW 7 EH WKH XQLODWHUDO ZHLJKWHG VKLIW RI ([DPSOH �� ,W LV D K\SRQRUPDO
�LWV SRVLWLYH ZHLJKW VHTXHQFH LV LQFUHDVLQJ� FRQWUDFWLRQ� 6LQFH 7 LV QRW DV\PSWRWLFDO�
O\ SDUWLDOO\ LVRPHWULF� ZH VKRXOG YHULI\ ZKHWKHU LW VXUYLYHV 4XHVWLRQ �� <HV� LW GRHV�
LW LV QRW TXDVLWULDQJXODU �UHDVRQ� 7 e7  GLDJIZ�

NJNy� y �� ��, DQG 1 �7 e� � I�J
>��� S����@�� QHLWKHU LV 2 j 7 >��� S����@� 1RWH WKDW 7 �� 1 � .  4' ? (1  
%47 ? ( 1 VLQFH 7 �� %47 � EXW 7 � (1 �L�H�� 7 e7 b 7 7 e� %� >+@� DQG VR 7 �� 4'�
$ TXHVWLRQ VLPSOHU WKDQ 4XHVWLRQ � �LQ WKH VHQVH WKDW DQ DrUPDWLYH DQVZHU WR

4XHVWLRQ � ZRXOG WULYLDOO\ LPSO\ DQ DrUPDWLYH DQVZHU WR LW� GHDOV ZLWK FRQWUDFWLRQV
LQ WKH FORVXUH 1 LOb RI WKH QLOSRWHQW RSHUDWRUV�

4XHVWLRQ �� $UH FRQWUDFWLRQV LQ 1 LOb DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF"

4XHVWLRQV � DQG � KDYH DW OHDVW RQH LPSRUWDQW FRQVHTXHQFH� DQ DrUPDWLYH DQVZHU
WR 4XHVWLRQ � OHDGV WR DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ �� ZKLFK OHDGV WR DQ DrUP�
DWLYH DQVZHU WR D FODVVLFDO RSHQ TXHVWLRQ �IRU HTXLYDOHQW YHUVLRQV� VHH >��@��

4XHVWLRQ �� 'RHV D FRQWUDFWLRQ QRW LQ & �� KDYH D QLV"

7KHRUHP �� ,I HYHU\ ELTXDVLWULDQJXODU FRQWUDFWLRQ �RU LI HYHU\ FRQWUDFWLRQ LQ

1 LOb� LV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� WKHQ HYHU\ FRQWUDFWLRQ QRW LQ & �� KDV

D QRQWULYLDO LQYDULDQW VXEVSDFH�

3URRI� 6XSSRVH WKHUH H[LVWV D FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH�
(TXLYDOHQWO\� VXSSRVH WKHUH LV D FRQWUDFWLRQ 7 ZLWK QR QLV LQ 1 LOb~ %47 � ,I HYHU\
FRQWUDFWLRQ LQ %47 �LQ SDUWLFXODU� LQ 1 LOb� LV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF�
WKHQ 7 LV VXFK WKDW $  $� DQG $e $�

e� +RZHYHU� LI D FRQWUDFWLRQ 7 ZLWK $  $�

DQG $e $�
e KDV QR QLV� WKHQ 7 � & �� �L�H�� $  $e 2� E\ 7KHRUHP ��E�� �,QGHHG�

7  % � & �� VLQFH WKH RWKHU SRVVLEOH GLUHFW VXPPDQGV 6 �
� 6 � DQG 8 _ LVRPHWULHV

DQG FRLVRPHWULHV _ KDYH D QLV�� (TXLYDOHQWO\ �XQGHU WKH DERYH DVVXPSWLRQ�� LI
7 �� & ��� WKHQ LW KDV D QLV� XW

:H VDZ WKDW LI D K\SRQRUPDO RSHUDWRU KDV QR QLV� WKHQ LW LV RI WKH IRUP 1 �.�
7KHUH LV D P\ULDG RI DWWULEXWHV WKDW D K\SRQRUPDO FRQWUDFWLRQ ZLWKRXW D QLV �LI
WKHUH H[LVWV VXFK D FRQWUDFWLRQ� PXVW VDWLVI\� $PRQJ WKHP DUH WKH IROORZLQJ�
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,I D K\SRQRUPDO FRQWUDFWLRQ KDV QR QLV� WKHQ LW LV RI FODVV & �� RU RI FODVV & ��

DQG� LI LW LV RI FODVV & ��� WKHQ WKH QRQQHJDWLYH $ LV D FRPSOHWHO\ QRQSURMHFWLYH �L�H��
$[ � $�[ IRU [ � �� QRQVWULFW SURSHU FRQWUDFWLRQ �L�H�� N$N  � DQG N$[N � N[N IRU
[ � �� >��@� %HVLGHV� LW FDQ EH LQIHUUHG IURP >��@ WKDW $ KDV QR HLJHQYDOXH� DQG KHQFH
��$�  �&�$�� �5HDVRQ� VLQFH 7

e$7  $� VR WKDW $ LV D 7 �7RHSOLW] RSHUDWRU� LI $
KDV DQ HLJHQYDOXH� ZKLFK PXVW EH SRVLWLYH EHFDXVH $ LV QRQQHJDWLYH DQG FRPSOHWHO\
QRQSURMHFWLYH� WKHQ WKH UHVWULFWLRQ RI 7 WR D QRQ]HUR LQYDULDQW VXEVSDFH LV VLPLODU
WR DQ LVRPHWU\� DQG VR 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH _ FI� >��� 7KHRUHP ���
S����@ RU >��� 7KHRUHP �� S����@�� 6WLOO LQ WKLV FDVH �7 � & ���� 3URSRVLWLRQ � HQVXUHV
WKDW z

b

��7 � ? #'
c

! � �ZKHUH ��7 �  �&�7 � LV FRQQHFWHG� DQG z LV WKH /HEHVJXH
PHDVXUH RQ #'�� ,Q DQ\ FDVH �7 � & �� > & ���� LI D K\SRQRUPDO FRQWUDFWLRQ 7 KDV QR
QLV� WKHQ WKH FQX 7 LV D QRQVWULFW SURSHU FRQWUDFWLRQ �L�H�� N7N  � DQG N7[N � N[N
IRU [ � �� DQG LWV VHOI�FRPPXWDWRU 2 x '  7 e7 b 7 7 e LV D VWULFW FRQWUDFWLRQ �L�H��
N'N � �� >��@� 0RUHRYHU� ' LV WUDFH�FODVV �WKXV FRPSDFW� ZLWK N'N� x � �ZKHUH
N c N� GHQRWHV WUDFH�QRUP� E\ WKH %HUJHU^6KDZ 7KHRUHP >�� �@ �DOVR VHH >�� S����@
DQG >��� S����@�� $V ZH KDG DOUHDG\ VHHQ� D K\SRQRUPDO FRQWUDFWLRQ ZLWK QR QLV LV
HVVHQWLDOO\ QRUPDO� ZKLFK PHDQV WKDW ' LV FRPSDFW� DQG LW LV D VWULFW FRQWUDFWLRQ
HYHQ LI LW LV D UDQN�RQH RSHUDWRU�

$JDLQ� TXHVWLRQV VLPSOHU WKDQ 4XHVWLRQ � �LQ WKH VHQVH WKDW DQ DrUPDWLYH DQVZHU
WR 4XHVWLRQ � ZRXOG WULYLDOO\ LPSO\ DrUPDWLYH DQVZHUV WR WKHP� UHDG DV IROORZV�

4XHVWLRQ �� $UH TXDVLGLDJRQDO FRQWUDFWLRQV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF"

,Q RWKHU ZRUGV� VLQFH 7 LV TXDVLGLDJRQDO LI DQG RQO\ LI 7 e LV� LV LW WUXH WKDW LI

7 LV D TXDVLGLDJRQDO FRQWUDFWLRQ� WKHQ $  $� DQG $e $�
e "

,Q SDUWLFXODU� ZH JHW WKH IROORZLQJ HYHQ VLPSOHU �LQ WKH VDPH VHQVH� TXHVWLRQ�

4XHVWLRQ �� ,V D FRQWUDFWLRQ RI WKH IRUP 1�. DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF"

(TXLYDOHQWO\� LV LW WUXH WKDW LI

7 LV D FRQWUDFWLRQ RI WKH IRUP 1 �.� WKHQ $  $� DQG $e $�
e "

2EVHUYH WKDW� VLQFH 1 � . ~ 4' ~ %47 � DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ �
LPSOLHV DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ �� ZKLFK LQ WXUQ LPSOLHV DQ DrUPDWLYH
DQVZHU WR 4XHVWLRQ �� 7KXV 4XHVWLRQV � DQG � DOVR KDYH DW OHDVW RQH LPSRUWDQW
FRQVHTXHQFH� QDPHO\� DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ � OHDGV WR DQ DrUPDWLYH
DQVZHU WR 4XHVWLRQ �� ZKLFK LQ WXUQ OHDGV WR DQ DrUPDWLYH DQVZHU WR DQRWKHU
FODVVLFDO RSHQ TXHVWLRQ _ WKH K\SRQRUPDO YHUVLRQ RI 4XHVWLRQ ��

4XHVWLRQ �� 'RHV D K\SRQRUPDO FRQWUDFWLRQ QRW LQ & �� KDYH D QLV"

7KHRUHP �� ,I HYHU\ TXDVLGLDJRQDO FRQWUDFWLRQ �RU LI HYHU\ FRQWUDFWLRQ RI WKH IRUP

1�.� LV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� WKHQ HYHU\ K\SRQRUPDO FRQWUDFWLRQ QRW

LQ & �� KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

3URRI� /HW 7 EH D K\SRQRUPDO FRQWUDFWLRQ� 6XSSRVH 7 KDV QR QLV� 5HFDOO WKDW LI
WKHUH LV DQ K\SRQRUPDO RSHUDWRU ZLWKRXW D QLV� WKHQ LW OLHV LQ 1 � . ~ 4'� 7KXV
7 � 1 � . ~ 4'� 6XSSRVH HYHU\ FRQWUDFWLRQ LQ 4' �LQ SDUWLFXODU� LQ 1 � . � LV
DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� 7KHQ 7 LV VXFK WKDW $  $�� +RZHYHU� DV ZH VDZ
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EHIRUH� LI D K\SRQRUPDO FRQWUDFWLRQ 7 ZLWK QR QLV LV VXFK WKDW $  $� WKHQ 7 � & ��

�EHFDXVH LI LW LV QRW LQ & ��� WKHQ LW PXVW EH LQ & �� ZLWK D FRPSOHWHO\ QRQSURMHFWLYH
$�� (TXLYDOHQWO\ �XQGHU WKH DERYH DVVXPSWLRQ�� LI 7 �� & ��� WKHQ LW KDV D QLV� XW

$Q LPPHGLDWH FRUROODU\ RI 7KHRUHP � ZLWK D VKDUSHU VWDWHPHQW UHDGV DV IROORZV�

&RUROODU\ �� ,I HYHU\ TXDVLGLDJRQDO K\SRQRUPDO FRQWUDFWLRQ �RU LI HYHU\ K\SRQRU�

PDO FRQWUDFWLRQ RI WKH IRUP 1�.� LV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� WKHQ HYHU\

K\SRQRUPDO FRQWUDFWLRQ QRW LQ & �� KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

�� ) LQDO 5HP DU N V

2EVHUYH WKURXJK 7KHRUHP � WKDW� LI $ LV D SURMHFWLRQ� WKHQ WKH FRQWUDFWLRQ 7 KDV
D QLV� SURYLGHG WKDW $ � 2 _ WKDW LV� SURYLGHG WKDW 7 �� & �c �LQ IDFW� D QRQVFDODU
FRQWUDFWLRQ 7 �� & �� > & �� > & �� KDV D QRQWULYLDO K\SHULQYDULDQW VXEVSDFH�� 7KHUH�
IRUH� WKH LQYDULDQW VXEVSDFH SUREOHP LV QDWXUDOO\ OLQNHG WR DV\PSWRWLFDOO\ SDUWLDOO\
LVRPHWULF FRQWUDFWLRQV �ZLWQHVV� 4XHVWLRQ �� ZKLFK KDV EHHQ H[KDXVWLYHO\ LQYHVWL�
JDWHG LQ WKH OLWHUDWXUH� LV QDWXUDOO\ OLQNHG WR 7KHRUHP ��F��� +RZHYHU� WKH LQYDULDQW
VXEVSDFH SUREOHP LV QRW WKH FHQWUDO WKHPH RI WKLV H[SRVLWRU\ SDSHU �IRU H[SRVLWRU\
SDSHUV RQ WKH LQYDULDQW VXEVSDFH SUREOHP WKH UHDGHU LV UHIHUUHG WR� IRU LQVWDQFH�
>�� ��� ��@�� $FWXDOO\� WKH SUHVHQW SDSHU LV QRW EXLOW DURXQG WKH DERYH FRQWDFW SRLQW
ZLWK WKH LQYDULDQW VXEVSDFH SUREOHP� LQ WKH KRSH WKDW RQH FRXOG VROYH WKH LQYDULDQW
VXEVSDFH SUREOHP IRU PDQ\ RSHUDWRUV E\ VKRZLQJ WKDW WKH\ pW LQ WKH DERYH VFKHPH�
2Q WKH FRQWUDU\� WKH FHQWUDO IRFXV RI WKH SDSHU LV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHW�
ULF FRQWUDFWLRQ ?SHU VH�� ZKLFK KDV VKRZQ WR EH D ODUJH FODVV RI RSHUDWRUV� EHLQJ
UHOHYDQW HYHQ IRU LQYHVWLJDWLQJ LQYDULDQW VXEVSDFH SUREOHPV�

3HUKDSV DQRWKHU TXHVWLRQ WKDW PLJKW DULVH ZKHQ LQYHVWLJDWLQJ FRQWUDFWLRQV 7
IRU ZKLFK $ LV D SURMHFWLRQ ZRXOG EH UHODWHG WR WKH VKDSH RI WKH VSHFWUXP RI 7 �
)RU LQVWDQFH� LV WKHUH DQ\ SURSHUW\ WKDW WKH VKDSH RI WKH VSHFWUXP RI D FRQWUDFWLRQ

7 PXVW SRVVHVV LI $ LV D SURMHFWLRQ" 7KH DQVZHU LV ?QR�� ,QGHHG� VLQFH QRUPDO
FRQWUDFWLRQV DUH VXFK WKDW $ LV D SURMHFWLRQ� LW IROORZV WKDW HYHU\ FRPSDFW VXEVHW
n RI WKH FRPSOH[ SODQH &� LQFOXGHG LQ WKH FORVHG XQLW GLVF 'b� LV WKH VSHFWUXP
RI D FRQWUDFWLRQ 7 IRU ZKLFK $ LV D SURMHFWLRQ� ([DPSOH� OHW n v 'b~ & EH DQ\
FRPSDFW VHW LQFOXGHG LQ 'b� ZKLFK LV VHSDUDEOH _ HLWKHU EHFDXVH LW LV D FRPSDFW VHW
RQ PHWULF VSDFH� RU EHFDXVH LW LV VXEVHW RI D VHSDUDEOH PHWULF VSDFH _ DQG KHQFH
WKHUH LV D FRXQWDEOH VHW e v n GHQVH LQ n� 7KXV WDNH D GLDJRQDO RSHUDWRU 7 RQ C��
ZKRVH GLDJRQDO HQWULHV IyNJ FRQVLVW RI DQ HQXPHUDWLRQ RI WKH HOHPHQWV RI e� 7KHUH�
IRUH� WKH VKDSH RI WKH VSHFWUXP ��7 �  eb  n RI 7 GRHV QRW DoHFW WKH SURSHUW\
RI $ EHLQJ D SURMHFWLRQ�

$F N QRZ O HGJP HQW

,W LV P\ SOHDVXUH WR WKDQN WKH UHIHUHH ZKR GLG D FDUHIXO UHDGLQJ RI WKH PDQXVFULSW�
UDLVLQJ PDQ\ VHQVLEOH UHPDUNV�

1RW H $GGHG LQ 3U RRI

3DUW RI WKLV SDSHU ZDV SUHVHQWHG DW WKH 6]��1DJ\ &HQWHQQLDO &RQIHUHQFH KHOG LQ
6]HJHG� +XQJDU\ �-XQH ������ 9ODGLPLU 0�XOOHU JDYH D QHJDWLYH DQVZHU WR 4XHVWLRQ
�� WKH ELODWHUDO ZHLJKWHG VKLIW 7  VKLIWIZNJ RQ C� ZLWK ZN  

bN
�bN IRU N � � DQG
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ZN  
�N � ���N � ��
�N � ���N � �� IRU N y � LV D %47 FRQWUDFWLRQ IRU ZKLFK $ � $�� ,QGHHG� WKLV

LV DQ LQMHFWLYH �ZN ! �� SURSHU & ���FRQWUDFWLRQ �ZN � �� VXFK WKDW OLPN � b� ZN  
OLPN � � ZN  �� DQG VR �3 �7 �  �3 �7

e�  " �>��� 3URSRVLWLRQ ��� S���� DQG 7KHR�
UHP �� S���@�� ZKLFK LPSOLHV WKDW LW LV %47 � 6LQFH 7 LV D SURSHU & ���FRQWUDFWLRQ� $

LV FRPSOHWHO\ QRQSURMHFWLYH �� � N$[N  N$
�
� 7$

�
� [N � N$

�
� [N IRU [ � ��� *\�RUJ\

*HKwHU JDYH D QHJDWLYH DQVZHU WR 4XHVWLRQ � E\ SRLQWLQJ RXW WKDW D SHUWXUEDWLRQ
RI D ELODWHUDO �XQZHLJKWHG� VKLIW 8 E\ D FRPSDFW ELODWHUDO ZHLJKWHG VKLIW .� VD\�
7  8b. IRU .  VKLIWIZNJ RQ C� ZLWK OLPMNM� � ZN  � OLHV LQ 1 � . � 6HOHFW�
LQJ WKH QRQQHJDWLYH ZHLJKWV ZN VXFK WKDW 7 LV D FRQWUDFWLRQ �� x �b ZN x �� DQG
$ � $�� D QHJDWLYH DQVZHU WR 4XHVWLRQ � �DQG VR WR 4XHVWLRQV � DQG �� LV VXSSOLHG�

5HI HU HQF HV

�� + � % HU FRY LFL� 1 RW HV RQ LQ YDU LDQ W VXEVSDFHV� % X OO� $ P HU � 0DWK � 6 RF� �� ������� �^���
�� & �$ � % HU JHU DQ G % �,� 6 K DZ � 6 HOI� FRPPXW DW RU V RI PXOW LF\ FOLF K\ SRQ RU PDO RSHU DW RU V DU H DOZ D\ V

W U DFH FODVV� % X OO� $ P HU � 0DWK � 6 RF� �� ������� ����^�����
�� & �$ � % HU JHU DQ G % �,� 6 K DZ � ,Q W HU W Z LQ LQ J� DQ DO\ W LF VW U XFW XU HV� DQ G W KH W U DFH Q RU P HVW LPDW H�

3 U RFHHG LQ JV RI D & RQ IHU HQ FH RQ 2S HU DWRU 7 K HRU \ � + DOLID[ � ����� /HFWX U H 1 RWHV LQ 0DWK � 9 RO�
���� 6 S U LQ JHU � % HU OLQ � ����� �^��

�� 6 �: � % U RZ Q � + \ SRQ RU PDO RSHU DW RU V Z LW K W KLFN VSHFW U D KDYH LQ YDU LDQ W VXEVSDFHV� $ Q Q � RI 0DWK �
��� ������� ��^����

�� 6 �: � % U RZ Q � % � & K HY U HDX DQ G & � 3 HDU F\ � 2Q W KH VW U XFW XU H RI FRQ W U DFW LRQ V RSHU DW RU V ,, � - �
)X Q FWLRQ DO $ Q DO� �� ������� ��^���

�� - �% � & RQ Z D\ � 7 KH 7 KHRU \ RI 6 XEQ RU PDO 2SHU DW RU V� 0DWK HP DWLFDO 6 X U Y H\ V DQ G 0RQ RJU DS K V
9 RO� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �����

�� % �3 � 'X JJDO� 2Q JHQ HU DOLVHG 3 XW Q DP� )XJOHGH W KHRU HPV� 0RQ DWVK � 0DWK � ��� ������� ���^����
�� % �3 � 'X JJDO� 2Q XQ LW DU \ SDU W V RI FRQ W U DFW LRQ V� ,Q G LDQ - � 3 X U H $ S S O� 0DWK � �� ������� ����^
�����

�� % �3 � 'X JJDO� 2Q FKDU DFW HU LVLQ J FRQ W U DFW LRQ V Z LW K &�� SXU H SDU W � ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU
7 K HRU \ �� ������� ���^����

��� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF DQ G & �6 � .X E U X VO\ � + HU HGLW DU LO\ Q RU PDORLG FRQ W U DFW LRQ V� $ FWD
6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����

��� % �3 � 'X JJDO DQ G & �6 � .X E U X VO\ � 3 DU DQ RU PDO FRQ W U DFW LRQ V KDYH SU RSHU W \ 3 )� )DU ( DVW - � RI
0DWK � 6 FL� �� ������� ���^����

��� ( � 'X U V]W� & RQ W U DFW LRQ V DV U HVW U LFW HG VKLIW V� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
��� *�3 � *HK wHU � 3 RVLW LYH RSHU DW RU V DU LVLQ J DV\ PSW RW LFDOO\ IU RP FRQ W U DFW LRQ V� $ FWD 6 FL� 0DWK �

�6 ]HJHG � �� ������� ���^����
��� ( � *R\ D DQ G 7 � 6 DLWAR� 2Q LQ W HU W Z LQ LQ J E\ DQ RSHU DW RU KDYLQ J D GHQ VH U DQ JH� 7 ARK RN X 0DWK �

- � �� ������� ���^����
��� 3 �$ � )LOOP RU H� 1 RW HV RQ 2SHU DW RU 7 KHRU \ � 9 DQ 1 RVWU DQ G � 1 HZ < RU N � �����

��� 3 �5� + DOP RV� 4XDVLW U LDQ JXODU RSHU DW RU V� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
��� 3 �5� + DOP RV� 7 HQ SU REOHPV LQ + LOEHU W VSDFH� % X OO� $ P HU � 0DWK � 6 RF� �� ������� ���^����
��� 3 �5� + DOP RV� $ + LOEHU W 6 SDFH 3 U REOHP %RRN � �Q G HG Q � 6 S U LQ JHU � 1 HZ < RU N � �����
��� 3 �5� + DOP RV DQ G /�- � : DOOHQ � 3 RZ HU V RI SDU W LDO LVRPHW U LHV� - � 0DWK � 0HFK � �� ������� ���^

����
��� '�$ � + HU U HU R� $ SSU R[LPDW LRQ RI + LOEHU W 6 SDFH 2SHU DW RU V ^ 9 ROXPH , � �Q G HG Q � /RQ JP DQ �

+ DU ORZ � �����
��� /� .wHU FK \ � ,VRPHW U LF DV\ PSW RW HV RI SRZ HU ERXQ GHG RSHU DW RU V� ,Q G LDQ D 8 Q LY � 0DWK � - � ��

������� ���^����
��� /� .wHU FK \ � 8 Q LW DU \ DV\ PSW RW HV RI + LOEHU W VSDFH RSHU DW RU V� )X Q FWLRQ DO $ Q DO\ VLV DQ G 2S HU DWRU

7 K HRU \ � : DU VDZ � ����� % DQ DFK & HQ WHU 3 X E O� 9 RO� ��� 3 ROLVK $ FDG � 6 FL�� : DU VDZ � ����� ���^
����

��� /� .wHU FK \ � 2SHU DW RU V Z LW K U HJXODU Q RU P� VHTXHQ FHV� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^
����

��� /� .wHU FK \ � * HQ HU DOL] HG 7 RHSOLW ] RSHU DW RU V� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
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��� /� .wHU FK \ � * HQ HU DOL] HG 7 RHSOLW ] RSHU DW RU V DVVRFLDW HG Z LW K RSHU DW RU V RI U HJXODU Q RU P� VHTXHQ FHV�
6 HP LJU RX S RI 2S HU DWRU V� 7 K HRU \ DQ G $ S S OLFDWLRQ V� 2S WLP L]DWLRQ 6 RIWZ DU H� /RV $ Q JHOHV� �����
���^����

��� 0� .RVLHN DQ G /� 6 X FLX � ' HFRPSRVLW LRQ V DQ G DV\ PSW RW LF OLPLW IRU ELFRQ W U DFW LRQ � $ Q Q � 3 RORQ �
0DWK � ��� ������� ��^���

��� & �6 � .X E U X VO\ � ( TXLYDOHQ W LQ YDU LDQ W VXEVSDFH SU REOHPV� - � 2S HU DWRU 7 K HRU \ �� ������� ���^
����

��� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ % LU N �
K �DX VHU � % RVWRQ � �����

��� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V� $ 3 U REOHP 6 ROYLQ J $ SSU RDFK� % LU N K �DX VHU � % RVWRQ �
�����

��� & �6 � .X E U X VO\ � 6 SHFW U DO 7 KHRU \ RI 2SHU DW RU V RQ + LOEHU W 6 SDFHV� % LU N K �DX VHU �6 S U LQ JHU � 1 HZ
< RU N � �����

��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� & RQ W U DFW LRQ V Z LW K &c� GLU HFW VXPPDQ GV� $ G Y � 0DWK � 6 FL�
$ S S O� �� ������� ���^����

��� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 3 U RSHU FRQ W U DFW LRQ V DQ G LQ YDU LDQ W VXEVSDFHV� ,Q W� - � 0DWK �
0DWK � 6 FL� �� ������� ���^����

��� & �6 � .X E U X VO\ DQ G 3 �& �0� 9 LHLU D� 6 W U RQ J VW DELOLW \ IRU FRK\ SRQ RU PDO RSHU DW RU V� - � 2S HU DWRU
7 K HRU \ �� ������� ���^����

��� & �6 � .X E U X VO\ � 3 �& �0� 9 LHLU D DQ G '�2� 3 LQ WR� $ GHFRPSRVLW LRQ IRU D FODVV RI FRQ W U DFW LRQ V�
$ G Y � 0DWK � 6 FL� $ S S O� � ������� ���^����

��� + � /DQ JHU � ( LQ =HU VSDOW XQ JVVDW ] I�XU 2SHU DW RU HQ LP + LOEHU W U DXP� $ FWD 0DWK � $ FDG � 6 FL� + X Q �
JDU � �� ������� ���^����

��� 1 � /HY DQ � & DQ RQ LFDO GHFRPSRVLW LRQ V RI FRPSOHW HO\ Q RQ XQ LW DU \ FRQ W U DFW LRQ V� - � 0DWK � $ Q DO�
$ S S O� ��� ������� ���^����

��� 0� 0DU WLQ DQ G 0� 3 X WLQ DU � / HFW XU HV RQ + \ SRQ RU PDO 2SHU DW RU V� % LU N K �DX VHU � % DVHO� �����

��� .� 2N X E R� 7 KH XQ LW DU \ SDU W RI SDU DQ RU PDO RSHU DW RU V� + RN N DLG R 0DWK � - � � ������� ���^����
��� 3 � 3 DJDF]� 2Q : ROG� W \ SH GHFRPSRVLW LRQ � /LQ HDU $ OJHE U D $ S S O� ��� ������� ����^�����
��� & �0� 3 HDU F\ � 6 RPH 5 HFHQ W ' HYHORSPHQ W V LQ 2SHU DW RU 7 KHRU \ � & % 06 5HJLRQ DO & RQ IHU HQ FH

6 HU LHV LQ 0DWK HP DWLFV 1 R� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �����
��� 9 � 3 WwDN DQ G 3 � 9 U E RY wD� $ Q DEVW U DFW PRGHO IRU FRPSU HVVLRQ V� x& DVRS LV 3 xHVW� 0DW� ��� �������

���^����
��� & �5� 3 X WQ DP � $ Q LQ HTXDOLW \ IRU W KH DU HD RI K\ SRQ RU PDO VSHFW U D� 0DWK � =� ��� ������� ���^

����
��� & �5� 3 X WQ DP � 6 SHFW U D RI SRODU IDFW RU V RI K\ SRQ RU PDO RSHU DW RU V� 7 U DQ V� $ P HU � 0DWK � 6 RF� ���

������� ���^����
��� & �5� 3 X WQ DP � + \ SRQ RU PDO FRQ W U DFW LRQ V DQ G VW U RQ J SRZ HU FRQ YHU JHQ FH� 3 DFLp F - � 0DWK � ��

������� ���^����
��� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� ,Q YDU LDQ W 6 XEVSDFHV� 6 S U LQ JHU � % HU OLQ � ����� �Q G HG Q � 'RY HU �

1 HZ < RU N � �����
��� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� 7 KH LQ YDU LDQ W VXEVSDFH SU REOHP� 0DWK � ,Q WHOOLJHQ FHU � ������

��^���
��� 3 � 5RVHQ WK DO� ( TXLYDOHQ W V RI W KH LQ YDU LDQ W VXEVSDFH SU REOHP� 3 DX O + DOP RV� & HOHE U DWLQ J ��

< HDU V RI 0DWK HP DWLFV� 6 S U LQ JHU � 1 HZ < RU N � ����� ���^����
��� $ �/� 6 K LHOG V� : HLJKW HG VKLIW V RSHU DW RU V DQ G DQ DO\ W LF IXQ FW LRQ W KHRU \ � 7 RS LFV LQ 2S HU DWRU

7 K HRU \ �0DWK HP DWLFDO 6 X U Y H\ V 1 R���� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �Q G S U � ������ ��^
���E �

��� /� 6 X FLX � 6 RPH LQ YDU LDQ W VXEVSDFHV IRU $� FRQ W U DFW LRQ V DQ G DSSOLFDW LRQ V� ( [ WU DFWD 0DWK � ��

������� ���^����
��� /� 6 X FLX � 0D[LPXP $� LVRPHW U LF SDU W RI DQ $� FRQ W U DFW LRQ DQ G DSSOLFDW LRQ V� ,VU DHO - � 0DWK �

��� ������� ���^����
��� /� 6 X FLX DQ G 1 � 6 X FLX � $ V\ PSW RW LF EHKDYLRXU V DQ G JHQ HU DOL] HG 7 RHSOLW ] RSHU DW RU V� - � 0DWK �

$ Q DO� $ S S O� ��� ������� ���^����
��� - �*� 6 WDP S q L DQ G % �/� : DG K Z D� $ Q DV\ PPHW U LF 3 XW Q DP� )XJOHGH W KHRU HP IRU GRPLQ DQ W RS�

HU DW RU V� ,Q G LDQ D 8 Q LY � 0DWK � - � �� ������� ���^����
��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� 6 XU OH FRQ W U DFW LRQ V GH O
HVSDFH GH + LOEHU W ,9 � $ FWD 6 FL� 0DWK �

�6 ]HJHG � �� ������� ���^����
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��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� 6 XU OH FRQ W U DFW LRQ V GH O
HVSDFH GH + LOEHU W 9 � 7 U DQ VODW LRQ V ELODW wHU DOHV�
$ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����

��� % � 6 ]��1 DJ\ � & � )RLD|V� + � % HU FRY LFL DQ G /� .wHU FK \ + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W

6 SDFH� 6 S U LQ JHU � 1 HZ < RU N � ����� HQ ODU JHG �Q G HG Q � RI % � 6 ]��1 DJ\ DQ G & � )RLD|V� 1 RU WK �
+ ROODQ G � $ P VWHU G DP � �����

��� 7 � < RVK LQ R� 2Q W KH XQ LW DU \ SDU W RI GRPLQ DQ W FRQ W U DFW LRQ V� 3 U RF� - DS DQ $ FDG � 6 HU � $ 0DWK �
6 FL� �� ������� ���^����

��� 7 � < RVK LQ R� ,Q W U RGXFW LRQ W R 2SHU DW RU 7 KHRU \ � /RQ JP DQ � + DU ORZ � �����
��� 7 � < RVK LQ R� 7 KH XQ LW DU \ SDU W RI ) FRQ W U DFW LRQ V� 3 U RF� - DS DQ $ FDG � 6 HU � $ 0DWK � 6 FL� ��

������� ��^���

& DW KRO LF 8QLYHU VLW \� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


