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$EVW U DF W � : H LQ WU RG X FH WK H Q RWLRQ RI GXDO� VKLIW GHFRPSRVLW LRQ RI DQ DU E L�
WU DU \ + LOE HU W VS DFH� Z K LFK LV JLY HQ LQ WHU P V RI WZ R X Q LODWHU DO VK LIWV� $ IWHU
HQ VX U LQ J FRQ G LWLRQ V IRU WK H H[ LVWHQ FH RI LW� VX FK D G HFRP S RVLWLRQ LV WK HQ FRQ �
VWU X FWHG IRU WK H FRQ FU HWH VS DFH / �>�� �@� RQ Z K LFK WK H WZ R X Q LODWHU DO VK LIWV DU H
S DU WV RI WK H G LODWLRQ �E \ �� DQ G WK H WU DQ VODWLRQ �E \ �� RQ / ��5�� 8 VLQ J P X OWLU HVR�
OX WLRQ DQ DO\ VLV RI Z DY HOHW WK HRU \ LW LV VK RZ Q WK H H[ LVWHQ FH RI D + DDU �V\ VWHP �W\ S H

RU WK RQ RU P DO E DVLV IRU / �>�� �@� Z K LFK LV FRP E LQ HG Z LWK WK H G X DO�VK LIW G HFRP �
S RVLWLRQ WR \ LHOG D U Hp Q HG G HFRP S RVLWLRQ IRU / �>�� �@�

�� ,QW U RGXF W LRQ

7KURXJKRXW WKLV SDSHU + ZLOO VWDQG IRU DQ DUELWUDU\ +LOEHUW VSDFH� %\ DQ RSHUD�
WRU RQ+ ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI+ LQWR LWVHOI �L�H�� D FRQWLQXRXV
OLQHDU WUDQVIRUPDWLRQ RI + LQWR LWVHOI�� ,I $ � + � + LV DQ RSHUDWRU RQ +� WKHQ OHW
NHU�$� GHQRWH WKH NHUQHO RI $ �L�H�� NHU�$�  $b��I�J�  I[ � + � $[  �J�� ZKLFK
LV D VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� RI +� DQG OHW UDQ�$� GHQRWH WKH UDQJH
RI $ �L�H�� UDQ�$�  $�+��� ZKLFK LV D OLQHDU PDQLIROG RI +� $Q LVRPHWU\ LV DQ
RSHUDWRU $ VXFK WKDW $e$  ,� ZKHUH $e GHQRWHV WKH DGMRLQW RI $� DQG , VWDQGV
IRU WKH LGHQWLW\ RSHUDWRU� /HW 6 DQG 9 EH XQLODWHUDO VKLIWV RQ +� 5HFDOO WKDW +
DGPLWV D ZDQGHULQJ VXEVSDFH GHFRPSRVLWLRQ LQ WHUPV RI DQ\ XQLODWHUDO VKLIW� VD\�
+  
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N NHU�6e�  
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N  � 9
N NHU�9 e� _ WKH V\PERO j VWDQGV IRU RUWKRJRQDO

GLUHFW VXP� ,V LW SRVVLEOH WR GHFRPSRVH + LQWR D VLPLODU RUWKRJRQDO GHFRPSRVLWLRQ�
LQYROYLQJ ERWK 6 DQG 9 VLPXOWDQHRXVO\" ,Q RWKHU ZRUGV� ZKHQ LV LW WUXH WKDW
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,I VXFK D GHFRPSRVLWLRQ H[LVWV� WKHQ ZH UHIHU WR LW DV D GXDO�VKLIW GHFRPSRVLWLRQ RI
WKH +LOEHUW VSDFH +� ,W LV ZRUWK QRWLFLQJ WKDW ZH FDQ DOZD\V JHW D GHFRPSRVLWLRQ
VLPLODU WR WKH DERYH RQH� YL]�� +  
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N  � 6

N NHU�6e�j
/�

N  � 9
N NHU�9 e�� LI ZH DOORZ

WKH VKLIWV 6 DQG 9 WR DFW RQ GLoHUHQW +LOEHUW VSDFHV� VD\� +� DQG +�� DQG FRQVLGHU
WKHLU RUWKRJRQDO GLUHFW VXP +  +� j+�� ,Q IDFW� VLQFH +  0j0" IRU DQ\
VXEVSDFH 0 RI +� ZKHUH 0"  +k0 GHQRWHV WKH RUWKRJRQDO FRPSOHPHQW RI
0 LQ +� DQG VLQFH 0 DQG 0" DUH +LOEHUW VSDFHV� LW LV HQRXJK WR FRQVLGHU WKHLU
ZDQGHULQJ VXEVSDFH GHFRPSRVLWLRQV LQ WHUPV RI D XQLODWHUDO VKLIW 6 RQ 0� DQG RI
D XQLODWHUDO VKLIW 9 RQ0"� +RZHYHU� RXU GXDO�VKLIW GHFRPSRVLWLRQ UHTXLUHV WKDW 6
DQG 9 DUH XQLODWHUDO VKLIWV DFWLQJ RQ WKH VDPH +LOEHUW VSDFH +�
)LUVW ZH HVWDEOLVK D VXrFLHQW FRQGLWLRQ IRU WKH H[LVWHQFH RI D GXDO�VKLIW GHFRP�

SRVLWLRQ IRU DQ DUELWUDU\ +LOEHUW VSDFH + LQ 7KHRUHP �� 7KHQ ZH FRQVWUXFW LQ
7KHRUHP � VXFK D GHFRPSRVLWLRQ IRU WKH HVSHFLDO FDVH ZKHUH + LV WKH IXQFWLRQ
VSDFH / �>�� �@� ZLWK UHVSHFW WR WZR XQLODWHUDO VKLIWV� GHQRWHG E\ 6 DQG 9� ZKLFK
DUH SDUWV RI WR WKH GLODWLRQ�E\�� DQG WKH WUDQVODWLRQ�E\�� ELODWHUDO VKLIWV ' DQG 7

' DW H� 0D\ ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV� 'X DO�VK LIW G HFRP S RVLWLRQ � + DDU V\ VWHP DQ G Z DY HOHW�
3 U HOLP LQ DU \ U HVX OWV RI WK LV S DS HU Z HU H S U HVHQ WHG DW 6 27 $ � & RQ IHU HQ FH K HOG LQ 5LR LQ �����
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RQ / ��5�� /HW � EH DQ RUWKRQRUPDO ZDYHOHW LQ / �>�� �@� ZKLFK FRPHV IURP D VFDO�
LQJ IXQFWLRQ � � / �>�� �@� :H LQYHVWLJDWH ZKHQ WKH RUWKRQRUPDO ZDYHOHW IXQFWLRQV
�P�Q  'P7Q� OLH LQ / �>�� �@ DQG� ZLWK WKH VFDOLQJ IXQFWLRQ �� IRUP DQ RUWKRQRUPDO
EDVLV IRU / �>�� �@� 7KLV LV VKRZQ E\ PHDQV RI WKH PXOWLUHVROXWLRQ DQDO\VLV �05$�
DVVRFLDWHG ZLWK � DQG �� $Q H[DPSOH RI WKH DERYH LV WKH +DDU V\VWHP LQ / �>�� �@�
7KLV V\VWHP LV REWDLQHG IURP WKH +DDU ZDYHOHW �+ LQ / ��5��
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UHVWULFWHG WR >�� �@� �+�>���@� DQG WKH DVVRFLDWHG +DDU VFDOLQJ IXQFWLRQ �+  �>���@�
ZKHUH �>���@ LV WKH FKDUDFWHULVWLF IXQFWLRQ RI WKH VHW >�� �@� :H GHULYH IURP WKH +DDU

V\VWHP RQ / �>�� �@ VLPLODU V\VWHPV IRU WKH VXEVSDFHV / �>�� �� @ DQG / �>�� � �@� 7KHVH
+DDU V\VWHPV ZLOO pQDOO\ EH FRPELQHG ZLWK WKH GXDO�VKLIW GHFRPSRVLWLRQ WR \LHOG D
UHpQHG GHFRPSRVLWLRQ IRU WKH IXQFWLRQ VSDFH / �>�� �@ LQ 7KHRUHP ��

�� 'XDO �6KLI W 'HF RP SRVLW LRQ RI +

:H EHJLQ E\ VXSSO\LQJ DQ DX[LOLDU\ UHVXOW IRU D SDLU RI LVRPHWULHV RQ +� ZKLFK
ZLOO EH UHTXLUHG IRU HVWDEOLVKLQJ WKH GXDO�VKLIW GHFRPSRVLWLRQ RI 7KHRUHP ��

/HPPD �� /HW 6 DQG 9 EH LVRPHWULHV RQ D +LOEHUW VSDFH +� 7KH IROORZLQJ DVVHU�

WLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� UDQ�6�  NHU�9 e��

�E� UDQ�9 �  NHU�6e��

�F� 66e � 9 9 e  ,�

3URRI� 7KH HTXLYDOHQFH EHWZHHQ �D� DQG �E� IROORZV DW RQFH VLQFH NHU�$�  UDQ�$e�"

IRU HYHU\ RSHUDWRU $ RQ +� DQG IRU HYHU\ OLQHDU PDQLIROG 0 RI + �UHFDOO WKDW
�0b�"  0"� ZKHUH 0b GHQRWHV WKH FORVXUH RI 0� DQG 0""  0b�� DQG
VLQFH LVRPHWULHV KDYH D FORVHG UDQJH �VHH H�J�� >��� 3UREOHP ���� DQG 3URSRVLWLRQ
����@�� 6XSSRVH DQ\ RI WKH HTXLYDOHQW DVVHUWLRQV �D� RU �E� KROGV WUXH DQG WDNH
DQ DUELWUDU\ [  X� Y LQ +  UDQ�6� � UDQ�6�"  NHU�9 e� � UDQ�9 � VR WKDW
X � UDQ�6�  NHU�9 e� DQG Y � UDQ�9 �  NHU�6e�� 7KXV

�66e � 9 9 e�[  66eX� 66eY � 9 9 eX� 9 9 eY  66e6\ � 9 9 e9 ]  6\ � 9 ]�

IRU VRPH \ DQG ] LQ + VXFK WKDW X  6\ DQG Y  9 ]� 7KHUHIRUH �66e � 9 9 e�[  
X� Y  [� WKDW LV� DVVHUWLRQ �F� KROGV WUXH� &RQYHUVHO\� VXSSRVH �F� KROGV WUXH� ,I
X � UDQ�6� VR WKDW X  6\ IRU VRPH \ � +� WKHQ 66eX  66e6\  6\  X� DQG
KHQFH X  66eX � 9 9 eX  X � 9 9 eX� VR WKDW X � NHU�9 9 e�  NHU�9 e�� WKDW LV�
UDQ�6� v NHU�9 e�� 2Q WKH RWKHU KDQG� LI Y � NHU�9 e�� WKHQ Y  �66e � 9 9 e�9  
66eY � UDQ�6� DQG VR NHU�9 e� v UDQ�6�� +HQFH �F� LPSOLHV �D��

5HPDUN �� ,W LV ZRUWK QRWLFLQJ WKDW FRQGLWLRQ �F� LQ /HPPD � LV WKH YHU\ &XQW]
FRQGLWLRQ >�@� >�� S���@ IRU WKH & DOJHEUD 2� JHQHUDWHG E\ D FRXSOH RI LVRPHWULHV
RQ DQ LQpQLWH�GLPHQVLRQDO +LOEHUW VSDFH >�@ �ZKLFK LV D HVSHFLDO FDVH RI SDUWLWLRQ RI
WKH LGHQWLW\�� $ORQJ WKHVH OLQHV� DOVR VHH� H�J�� >�� �� �� �� ��� ��@�
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7KHRUHP �� ,I 6 DQG 9 DUH XQLODWHUDO VKLIWV RQ D +LOEHUW VSDFH + VXFK WKDW

66e � 9 9 e  ,� WKHQ + DGPLWV WKH GXDO�VKLIW GHFRPSRVLWLRQ
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3URRI� 5HFDOO WKDW D XQLODWHUDO VKLIW 6 RQ D +LOEHUW VSDFH + LV DQ LVRPHWU\ IRU ZKLFK
+ DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ >��� ��@
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ZKHUH WKH VXEVSDFH NHU�6e� LV FDOOHG WKH JHQHUDWLQJ ZDQGHULQJ VXEVSDFH RI 6� DQG
LWV GLPHQVLRQ LV WKH PXOWLSOLFLW\ RI 6� 7KHQ
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66N NHU�6e�  
�
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6N6 NHU�6e��

6LQFH WKH UDQJH RI DQ\ LVRPHWU\ LV FORVHG� UDQ�6� LV D VXEVSDFH RI +� ZKLFK LV FOHDUO\
6�LQYDULDQW� 7KHUHIRUH� WKH UHVWULFWLRQ RI 6 WR LWV UDQJH� 6MUDQ �6� � UDQ�6�� UDQ�6��
LV DOVR D XQLODWHUDO VKLIW >��� 3URSRVLWLRQ ���@ ZKRVH ZDQGHULQJ VXEVSDFH LV 6 NHU�6e��
7KXV� LI 66e � 9 9 e  ,� WKHQ LW IROORZV IURP /HPPD � �VLQFH WKH DERYH H[SUHVVLRQ
KROGV IRU HYHU\ XQLODWHUDO VKLIW� DQG E\ XQLTXHQHVV RI WKH RUWKRJRQDO GHFRPSRVLWLRQ�
WKDW WKLV VHFRQG XQLODWHUDO VKLIW 9 WRJHWKHU ZLWK 6 DUH VXFK WKDW WKH VSDFH + DGPLWV
WKH RUWKRJRQDO GHFRPSRVLWLRQ

+  UDQ�6�j UDQ�6�"  UDQ�6�j NHU�6e�  UDQ�6�j UDQ�9 �
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�FI� >��� 7KHRUHP ���� DQG 3URSRVLWLRQ ����@��

�� 'XDO �6KLI W 'HF RP SRVLW LRQ RI / �>�� �@

7KH GLODWLRQ�E\�� RSHUDWRU ' RQ / ��5� LV GHpQHG E\

J  'I ZLWK J�W�  
S
� I��W��

DQG LWV DGMRLQW 'e E\

J  'eI ZLWK J�W�  �S
�
I� W���

7KH WUDQVODWLRQ�E\�� RSHUDWRU 7 RQ / ��5� LV GHpQHG E\

J  7I ZLWK J�W�  I�Wb ���
DQG LWV DGMRLQW 7 e E\

J  7 eI ZLWK J�W�  I�W� ���

%RWK GHpQLWLRQV KROG IRU DOPRVW DOO W LQ 5 ZLWK UHVSHFW WR /HEHVJXH PHDVXUH� ,W
LV ZHOO NQRZQ WKDW ' � / ��5�� / ��5� DQG 7 � / ��5�� / ��5� DUH ELODWHUDO VKLIWV
�WKXV XQLWDU\ RSHUDWRUV��

:H QRZ FRQVWUXFW LQ 7KHRUHP � D GXDO�VKLIW GHFRPSRVLWLRQ IRU WKH IXQFWLRQ VSDFH
/ �>�� �@� YLHZHG DV D VXEVSDFH RI WKH IXQFWLRQ VSDFH / ��5�� 6XFK D FRQVWUXFWLRQ
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LQYROYHV WZR XQLODWHUDO VKLIWV RQ / �>�� �@ REWDLQHG IURP WKH ELODWHUDO VKLIWV ' DQG 7

RQ / ��5�� 7R VHH KRZ ' EHKDYHV RQ / �>�� �@� REVHUYH WKDW
= �

�

MI�W�M�GW  
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M
S
�I��W�M�GW IRU HYHU\ I � / �>�� �@�

,QGHHG� WKH UHVWULFWLRQ RI DQ LVRPHWU\ LV DJDLQ DQ LVRPHWU\� DQG WKLV VKRZV WKDW�
ZKHQ' � / ��5�� / ��5� LV UHVWULFWHG WR / �>�� �@� LW DFWV DV DQ LVRPHWU\ LQWR / �>�� �� @�

7KH VXEVSDFH / �>�� �@ RI / ��5� LV'�LQYDULDQW �VLQFH'�I�>���@� v / �>�� �� @ v / �>�� �@�

IRU HYHU\ I � / ��5�� DQG VLQFH HYHU\ I � / �>o� p@ LV LGHQWLpHG ZLWK I�>o�p@ IRU VRPH

I � / ��5��� 6R ZH PD\ LGHQWLI\ / �>�� �
� @ ZLWK II � / �>�� �@ � I�W�  � D�H� RQ >�� � �@J�

7KXV WKH SDUW RI ' RQ / �>�� �@ �L�H�� WKH UHVWULFWLRQ 'M / � >���@ RI ' WR WKH LQYDULDQW

VXEVSDFH / �>�� �@� LV DQ LVRPHWU\ ZKRVH UDQJH LV / �>�� �
� @� 6HW

6  'M / � >���@ � / �>�� �@� / �>�� �@� DQ LVRPHWU\ ZLWK UDQ�6�  / �>�� �
� @�

,W LV ZRUWK UHFDOOLQJ WKDW / ��o� p�  / ��o� p@  / �>o� p�  / �>o� p@� VLQFH HTXDOLW\
LQ WKHVH VSDFHV LV LQWHUSUHWHG LQ WHUPV RI FODVVHV RI HTXLYDOHQFH �L�H�� D�H� ZLWK UHVSHFW
WR /HEHVJXH PHDVXUH��

3URSRVLWLRQ �� 7KH RSHUDWRU 6 � / �>�� �@� / �>�� �@ LV D XQLODWHUDO VKLIW RQ / �>�� �@�
ZLWK ZDQGHULQJ VXEVSDFH / �>�� � �@� 7KXV / �>�� �@ DGPLWV WKH GHFRPSRVLWLRQ
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3URRI� ,W LV UHDGLO\ YHULpHG WKDW WKLV SDUW 6 RI WKH ELODWHUDO VKLIW ' LV D XQLODWHUDO
VKLIW >��� /HPPD ����@� 0RUHRYHU� NHU�6e�  UDQ�6�"  / �>�� �� @

"  / �>�� � �@�

&RUROODU\ �� 6HW 6�  6M / � >�� �� @  'M / � >�� �� @� 7KLV LV D XQLODWHUDO VKLIW RQ / �>�� �
� @

ZLWK ZDQGHULQJ VXEVSDFH / �>�� �
�
� @� 0RUHRYHU� NHU�6e�  / �>�� � �@� DQG
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3URRI� 7KDW 6�  'M / � >�� �� @ LV D XQLODWHUDO VKLIW RQ / �>�� �
� @ IROORZV E\ WKH VDPH

DUJXPHQW LQ WKH SURRI RI 3URSRVLWLRQ �� 1RZ REVHUYH IURP 3URSRVLWLRQ � WKDW
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ZKLFK FRPSOHWHV WKH SURRI�

1H[W ZH FRQVWUXFW D VHFRQG XQLODWHUDO VKLIW ZKLFK� WRJHWKHU ZLWK 6� ZLOO \LHOG D
GXDO�VKLIW GHFRPSRVLWLRQ IRU / �>�� �@� 5HFDOO WKDW

'7 �  7'

RU� HTXLYDOHQWO\� VLQFH 7 LV XQLWDU\�
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'7  7'7 e�

ZKLFK PHDQV WKDW '7 LV XQLWDULO\ HTXLYDOHQW WR WKH ELODWHUDO VKLIW ' RI LQpQLWH
PXOWLSOLFLW\ WKURXJK WKH XQLWDU\ RSHUDWRU 7 �FI� >�� ��@�� DQG WKHUHIRUH '7 LV DOVR
D ELODWHUDO VKLIW RQ / ��5� RI LQpQLWH PXOWLSOLFLW\ �VHH H�J�� >��� 3URSRVLWLRQ ����@��
$JDLQ� WR VHH KRZ '7 EHKDYHV RQ / �>�� �@� REVHUYH WKDW
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7KLV VKRZV WKDW '7 �ZKLFK LV DQ LVRPHWU\ RQ / ��5�� VLQFH FRPSRVLWLRQ RI LVRPH�
WULHV LV DJDLQ DQ LVRPHWU\� DFWV DV DQ LVRPHWU\ RI / �>�� �@ LQWR / �>�� � �@ �L�H�� ZKHQ

UHVWULFWHG WR / �>�� �@� '7 � / ��5�� / ��5� DFWV DV DQ LVRPHWU\ LQWR / �>�� � �@�� 8V�
LQJ WKH VDPH DUJXPHQW SXW IRUZDUG LQ WKH FDVH RI WKH ELODWHUDO VKLIW '� WKH VXEVSDFH
/ �>�� �@ RI / ��5� LV �'7 ��LQYDULDQW DV ZHOO� $OVR� DV LQ WKH FDVH RI WKH XQLODWHUDO
VKLIW 6  'M / � >���@� ZH LGHQWLI\ / �>�� � �@ ZLWK II � / �>�� �@ � I�W�  � D�H� RQ >�� �� @J�
7KXV WKH SDUW RI '7 RQ / �>�� �@ �L�H�� WKH UHVWULFWLRQ �'7 �M / � >���@ RI '7 WR WKH

LQYDULDQW VXEVSDFH / �>�� �@� LV DQ LVRPHWU\ ZKRVH UDQJH LV / �>�� � �@� 6HW

9  �'7 �M / � >���@ � / �>�� �@� / �>�� �@� DQ LVRPHWU\ ZLWK UDQ�9 �  / �>�� � �@�

3URSRVLWLRQ �� 7KH RSHUDWRU 9 � / �>�� �@� / �>�� �@ LV D XQLODWHUDO VKLIW RQ / �>�� �@�
ZLWK ZDQGHULQJ VXEVSDFH / �>�� �� @� 7KXV / �>�� �@ DGPLWV WKH GHFRPSRVLWLRQ
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3URRI� 7KH VDPH DUJXPHQW LQ WKH SURRI RI 3URSRVLWLRQ � DSSOLHV WR WKLV FDVH�

&RUROODU\ �� 6HW 9 �  9 M / � > �� ��@  �'7 �M / � > �� ��@� 7KLV LV D XQLODWHUDO VKLIW RQ

/ �>�� � �@ ZLWK ZDQGHULQJ VXEVSDFH / �> �� �
�
� @� 0RUHRYHU� NHU�9 e�  / �>�� �� @� DQG
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3URRI� 7KLV IROORZV E\ 3URSRVLWLRQ � DV &RUROODU\ � IROORZV E\ 3URSRVLWLRQ ��

7KHRUHP �� 7KH VSDFH / �>�� �@ DGPLWV WKH IROORZLQJ GXDO�VKLIW GHFRPSRVLWLRQ ZLWK

UHVSHFW WR WKH XQLODWHUDO VKLIWV 6 DQG 9�

/ �>�� �@  / �>�� �
� @j / �>�� � �@  

�
0

N  �

6N / �>�� � �@j
�
0

N  �

9 N / �>�� �
� @

 
�
0

N  �

6N / �>�� �
�
� @j

�
0

N  �

9 N / �>�� �
�
� @�

3URRI� 6LQFH UDQ�9 �  / �>�� � �@ ZLWK NHU�9
e�  UDQ�9 �"  / �>�� �

� @ DQG UDQ�6�  

/ �>�� �
� @ ZLWK NHU�6

e�  UDQ�6�"  / �>�� � �@� LW IROORZV WKDW UDQ�9 �  NHU�6
e�� DQG

VR 66e � 9 9 e  , E\ /HPPD �� 7KXV 7KHRUHP � LV D FRQVHTXHQFH RI 7KHRUHP �
WRJHWKHU ZLWK &RUROODULHV � DQG ��
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&RUROODU\ �� 7KH VSDFH / �>�� �@ DGPLWV WKH IROORZLQJ RUWKRJRQDO GHFRPSRVLWLRQ

/ �>�� �@  
�
0

N  �

/ �> �
�
��� � � �

�
��� � @j

�
0

N  �

/ �>�b �
�
��� � � �b �

�
��� � @�

3URRI� 6N / �>�� �
�
� @  / �> �

�
��� � � �

�
��� � @ DQG 9 N / �>�� �

�
� @  / �>�b �

�
��� � � �b �

�
��� � @�

�� $SSO LF DW LRQ W R : DYHO HW V

7KH GXDO�VKLIW GHFRPSRVLWLRQ ZLOO EH DSSOLHG LQ 7KHRUHP � WR \LHOG D UHpQHG
GHFRPSRVLWLRQ RI / �>�� �@ LQ WHUPV RI D +DDU V\VWHP� 7R EHJLQ ZLWK� ZH FRQVLGHU
WKH IROORZLQJ FODVVLFDO VHWXS IRU DQ DUELWUDU\ +LOEHUW VSDFH +� ZKLFK ZLOO EH UHTXLUHG
LQ WKH VHTXHO� /HW = GHQRWH WKH VHW RI DOO LQWHJHUV� 5HFDOO WKDW D ELODWHUDO VKLIW 8
RQ + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH H[LVWV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH

: �ZKLFK LV QRW XQLTXH� VXFK WKDW� IRU HYHU\ SDLU RI GLVWLQFW LQWHJHUV P�Q � =�

8P: " 8Q: �

DQG� VLQFH LW LV JHQHUDWLQJ� + DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ >��� ��� ��@

+  
�
0

P b�
8P: �

$Q DOWHUQDWH GHpQLWLRQ RI ELODWHUDO VKLIWV LV JLYHQ EHORZ �VHH H�J�� >�� ��@�� 7KLV LV
DFWXDOO\ WKH /D[^3KLOOLSV >��@ GHpQLWLRQ RI RXWJRLQJ DQG LQFRPLQJ VXEVSDFHV IRU D
XQLWDU\ RSHUDWRU 8 �

'HpQLWLRQ �� $ ELODWHUDO VKLIW 8 � + � + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH LV
VXEVSDFH 9 RI + �FDOOHG RXWJRLQJ VXEVSDFH� VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV�

�L� 8 9 ~ 9 �
�LL�

7

P� = 8P 9  I�J�

�LLL�
b
6

P� =8
P 9

cb
 +�

(TXLYDOHQWO\� D ELODWHUDO VKLIW FDQ DOVR EH GHpQHG LQ WHUPV RI LWV DGMRLQW 8e  8b�

DV IROORZV� $ ELODWHUDO VKLIW 8 � + � + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH LV
VXEVSDFH 9 � RI + �FDOOHG LQFRPLQJ VXEVSDFH� VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV�

�L�� 9 � ~ 8e 9 ��

�LL��
7

P� = 8P 9 � I�J�

�LLL��
b
6

P� =8
P 9 �cb +�

3URSRVLWLRQ �� ,I 9 LV DQ RXWJRLQJ VXEVSDFH RI D XQLWDU\ RSHUDWRU 8� WKHQ 9  
/�

P � 8
P: � DQG +  

/�
P b� 8P: � ZKHUH :  9 k 8 9 LV D JHQHUDWLQJ ZDQ�

GHULQJ VXEVSDFH IRU 8� +HQFH� 8 LV D ELODWHUDO VKLIW RSHUDWRU RQ +� 0RUHRYHU� 9 LV

D QRQUHGXFLQJ LQYDULDQW VXEVSDFH RI 8 � &RQYHUVHO\� LI D VXEVSDFH 0 RI + LV LQ�

YDULDQW EXW QRQUHGXFLQJ IRU D ELODWHUDO VKLIW 8� WKHQ WKHUH LV D ZDQGHULQJ VXEVSDFH

: IRU 8 VR WKDW 0  
/�

P � 8
P: �

3URRI� >��� ��@�
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&RUROODU\ �� /HW 9 �9 �� EH D VXEVSDFH RI + DQG VHW 9 P  8P 9 � 9 �
P  8eP 9 ��

IRU HYHU\ P � =� ZKHUH 8 LV D XQLWDU\ RSHUDWRU RQ +� 7KHQ�

�L� 9 P� � ~ 9 P � 9 �
P ~ 9 �

P� �� IRU HYHU\ P � =�
�LL�

7

P� = 9 P  I�J
b
7

P� = 9 �
P  I�J

c

�

�LLL�
b
6

P� =8
P 9 P

cb
 +

bb
6

P� =8
P 9 �

P

cb
 +

c

�

LI DQG RQO\ LI 9 LV DQ RXWJRLQJ � 9 � LV DQ LQFRPLQJ� VXEVSDFH IRU 8 �

3URRI� 6WUDLJKWIRUZDUG E\ 'HpQLWLRQ � DQG 3URSRVLWLRQ ��

1RZ� IRU WKH FRQFUHWH FDVH RI +  / ��5�� FRQVLGHU WKH 05$ GHpQLWLRQ >��@�

'HpQLWLRQ �� $ IXQFWLRQ � � / ��5� DQG D IDPLO\ I9 P���JP� = RI VXEVSDFHV RI
/ ��5� DUH FDOOHG D VFDOLQJ IXQFWLRQ DQG D PXOWLUHVROXWLRQ DQDO\VLV_05$ �UHVSHF�
WLYHO\� DQG ZLWK UHVSHFW WR HDFK RWKHU� LI WKH IROORZLQJ FRQGLWLRQV KROG WUXH�

�L� I��c b Q�JQ� = LV DQ RUWKRQRUPDO EDVLV RI WKH VXEVSDFH 9 �����

�LL� 9 P��� ~ 9 P� ���� �RU� 9 P� ���� ~ 9 P���� IRU HYHU\ P � =�
�LLL�

7

P� = 9 P���  I�J�

�LY�
b
6

P� = 9 P���
cb
 / ��5��

�Y� Y � 9 P��� � Y�� c� � 9 P� ���� �RU Y � 9 P��� � Y��� c� � 9 P� �����
IRU HYHU\ P � =�

'HpQLWLRQ ��Y� LV UHODWHG WR WKH ELODWHUDO VKLIW ' �L�H�� WR WKH GLODWLRQ�E\�� RS�
HUDWRU� E\ WKH H[SUHVVLRQ 9 P� ����  'e 9 P��� �RU 9 P���  ' 9 P� ����� IRU HYHU\
P � = >��@� ZKLOH 'HpQLWLRQ ��L� LV QDWLYH RQO\ WR 05$� DQG KDV QRWKLQJ WR GR ZLWK
WKH IDFW WKDW ' LV D ELODWHUDO VKLIW �IRU D GHWDLOHG GLVFXVVLRQ DORQJ WKLV OLQH� DQG DOVR
IRU JHQHUDOL]DWLRQV� VHH H�J�� >��� ��� ��� ��@��

&RUROODU\ �� $ 05$ LV D VHTXHQFH RI GHFUHDVLQJO\�QHVWHG VXEVSDFHV I9 P���JP� =
RI / ��5� �L�H�� 9 P��� ~ 9 P� ����� JHQHUDWHG IURP DQ LQFRPLQJ VXEVSDFH 9 ���� IRU
WKH ELODWHUDO VKLIW ' E\ 9 P���  'eP 9 ���� IRU HYHU\ P � =� ZKHUH 9 ���� LV� LQ
WXUQ� JHQHUDWHG E\ D VFDOLQJ IXQFWLRQ � � / ��5� �L�H�� 9 ����  VSDQI��c b Q�JQ� =��

3URRI� 6WUDLJKWIRUZDUG IURP &RUROODU\ � DQG 'HpQLWLRQ ��

&RQVLGHU DJDLQ WKH GLODWLRQ�E\�� DQG WKH WUDQVODWLRQ�E\�� RSHUDWRUV ' DQG 7 RQ
/ ��5�� DQG UHFDOO WKH IROORZLQJ RI GHpQLWLRQ RI DQ RUWKRQRUPDO ZDYHOHW LQ / �5��

'HpQLWLRQ �� $Q HOHPHQW � RI / ��5� LV DQ RUWKRQRUPDO ZDYHOHW LI

N�N  � DQG ��c bP� " ��c b Q� IRU HYHU\ P�Q � = VXFK WKDW P � Q

�L�H�� ��c bP� LV RUWKRJRQDO WR ��c b Q� IRU HYHU\ P � Q LQ =�� DQG WKH VXEVSDFH

: ���  VSDQI��c bP�JP� =

LV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH RI WKH XQLWDU\ RSHUDWRU '�

,W IROORZV DW RQFH IURP WKLV GHpQLWLRQ WKDW� FRUUHVSRQGLQJ WR DQ RUWKRQRUPDO
ZDYHOHW �� WKH VSDFH / ��5� DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ
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/ ��5�  
�
0

P b�
'P: ����

)RU HYHU\ P�Q � =� VHW
�P�Q  'P7Q��

7KH VHW I�P�QJP�Q� = LV D GRXEOH LQGH[HG RUWKRQRUPDO EDVLV IRU / ��5�� UHIHUUHG
WR DV D ZDYHOHW RUWKRQRUPDO EDVLV IRU / ��5�� DQG HDFK �P�Q LV FDOOHG D ZDYHOHW

�RUWKRQRUPDO� IXQFWLRQ JHQHUDWHG IURP WKH ZDYHOHW �� /HW I9 P���JP� = EH D 05$
ZLWK VFDOLQJ IXQFWLRQ � VXFK WKDW �FI� 'HpQLWLRQ ��

9 P��� ~ 9 P� �����

/HW : P  9 P� ����k 9 P��� EH WKH RUWKRJRQDO FRPSOHPHQW LQ 9 P� ���� RI 9 P����
VR WKDW� IRU HYHU\ P � =�

9 P� ����  9 P���j : P�

,W FDQ EH YHULpHG >��@ WKDW WKHUH H[LVWV D ZDYHOHW � VXFK WKDW� IRU HYHU\ P � =�

: P���  : P  'P: �  : �����

ZLWK

: ����  : �  : ���  VSDQI��c bP�JP� = �

VR WKDW : ���� LV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH RI WKH ELODWHUDO VKLIW '� 7KXV

/ ��5�  
�
0

P b�
'P: ����  9 ����j

�
0

P �

: P����

/HPPD �� ,I DQ RUWKRQRUPDO ZDYHOHW � OLHV LQ / �>�� �@� WKHQ WKH ZDYHOHW IXQFWLRQV

�P�Qb�  'P7Qb�� OLH LQ / �>�� �@ LI DQG RQO\ LI P y � DQG � x Q x �P�
3URRI� &RQVLGHU WKH DERYH VHWXS� ,I DQ RUWKRQRUPDO ZDYHOHW � LQ / ��5� OLHV LQ
/ �>�� �@ �FRQVLGHUHG DV D VXEVSDFH RI / ��5��� WKHQ LW LV SODLQ WKDW

� � / �>�� �@  � 7Qb�� � / �>Qb �� Q@ IRU HYHU\ Q y ��

7KLV� LQ WXUQ� LPSOLHV WKDW

�P�Qb�  'P7Qb�� � / �>Qb�
� � � Q

� � @ IRU HYHU\ P y �� Q y ��

7KHUHIRUH� �P�Qb� OLHV LQ / �>�� �@ LI DQG RQO\ LI P y � DQG � x Q x �P�

7KH RUWKRQRUPDO VHW I�P�Qb�JPy� � �xQx� � RI /HPPD � LV QRW D EDVLV IRU / �>�� �@
_ LW GRHV QRW VSDQ / �>�� �@� 7KLV LV VKRZQ LQ WKH QH[W OHPPD� /HW � � / �>�� �@ EH D
VFDOLQJ IXQFWLRQ ZKLFK UHVXOWV LQ DQ RUWKRQRUPDO ZDYHOHW � � / �>�� �@� /HW =P���
EH WKH pQLWH�GLPHQVLRQDO VXEVSDFH RI / �>�� �@ GHpQHG� IRU HDFK P y �� E\

=P���  VSDQI�P�Qb�J�xQx� �  VSDQI'P7Qb��J�xQx� � �

/HPPD �� 7KH VHW I� � 'P7Qb��JPy� � �xQx� � LV DQ RUWKRQRUPDO EDVLV IRU WKH

+LOEHUW VSDFH / �>�� �@� VR WKDW

/ �>�� �@  VSDQI�J j
�
0

P �

=P����
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3URRI� /HW I9 P���JP� = EH WKH 05$ ZLWK VFDOLQJ IXQFWLRQ � ZKLFK UHVXOWV LQ WKH
ZDYHOHW �� 5HFDOO WKDW

/ ��5�  9 ����j
�
0

P �

: P����

/HW 3 � / ��5�� / ��5� EH WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH VXEVSDFH / �>�� �@ �L�H��
UDQ�3 �  / �>�� �@�� VR WKDW

/ �>�� �@  3 �/ ��5��  3 � 9 �����j
�
0

P �

3 �: P�����

5HFDOO WKDW 9 ����  VSDQI��c b Q�JQ� = � ��c b Q� � / �>�� �@ LI DQG RQO\ LI Q  �� DQG
=P � / �>�� �@ IRU HYHU\ P y �� 7KHUHIRUH� 3 �9 �����  3 �VSDQI��c b Q�JQ� =�  
VSDQI�J� DQG 3 �: P����  3 �VSDQI��c b P�JP� =�  VSDQI�P�Qb�J�xQx� �  
=P���� DFFRUGLQJ WR /HPPD ��

/HPPD � JLYHV D VLPSOH SURRI RI WKH LQWHUHVWLQJ IDFW WKDW WKH RUWKRJRQDO FRPSOH�
PHQW LQ / �>�� �@ RI WKH VHW RI RUWKRQRUPDO ZDYHOHW IXQFWLRQV �PQb�� JHQHUDWHG IURP
DQ RUWKRQRUPDO ZDYHOHW � LQ / �>�� �@ LV WKH VXEVSDFH VSDQQHG E\ WKH DVVRFLDWHG
VFDOLQJ IXQFWLRQ � _ DOVR LQ / �>�� �@� $Q H[DPSOH RI WKLV LV WKH +DDU V\VWHP�

7KH PRVW ZHOO�NQRZQ� DQG WKH YHU\ pUVW� RUWKRQRUPDO ZDYHOHW LQ / ��5� LV WKH
+DDU ZDYHOHW �+ >��@� GHpQHG E\

�+�W�  

�

!

!

�

!

!

�

�� � � W x �
� �

b�� �
� � W x ��

�� W � 5Q��� �@�

/HW �>���@ � / ��5� GHQRWH WKH FKDUDFWHULVWLF IXQFWLRQ RI WKH FORVHG LQWHUYDO >�� �@�
)RU HYHU\ I LQ / ��5� ZH VKDOO LGHQWLI\ WKH SURGXFW I�>���@ � / ��5� ZLWK WKH UH�
VWULFWLRQ I M>���@ � / �>�� �@ RI I WR >�� �@� DQG ZULWH I�>���@ � / �>�� �@� )RU WKH SDU�
WLFXODU FDVH RI WKH +DDU ZDYHOHW �+ � ZH VKDOO ZULWH �+ IRU �+ M>���@  �+�>���@

�D VXJJHVWLYH DEXVH RI QRWDWLRQ�� 5HFDOO WKDW WKH +DDU V\VWHP >��� ��@ LV WKH VHW
IK� � K� � � QJPy� � �xQx� � RI IXQFWLRQV LQ / �>�� �@ GHpQHG D�H� LQ >�� �@ �L�H�� IRU DO�
PRVW DOO W � >�� �@ ZLWK UHVSHFW WR /HEHVJXH PHDVXUH� E\

K�  �>���@�

DQG� IRU HYHU\ P y � DQG � x Q x �P�

K� � � Q�W�  
S
�
Pb

K���
P� �Wb �Q� ��b K���

P� �Wb �Q� ��
c

�

7KH +DDU V\VWHP IK� � K� � � QJPy� � �xQx� � LV D �6FKDXGHU� EDVLV IRU WKH %DQDFK
VSDFHV / S>�� �@ IRU HYHU\ S y �� ,Q SDUWLFXODU� LW LV DQ RUWKRQRUPDO EDVLV IRU WKH
+LOEHUW VSDFH / �>�� �@� �,W ZDV VKRZQ LQ >�@ WKDW WKH +DDU V\VWHP LV DOVR HLJHQEDVLV
RI WKH 7LPH 2SHUDWRU RI 6WDWLVWLFDO 3K\VLFV��

/HPPD �� 7KH +DDU V\VWHP IK�� K� � � QJPy� � �xQx� � LQ / �>�� �@ LV WKH RUWKRQRU�

PDO EDVLV IRU / �>�� �@ FRQVLVWLQJ RI WKH FRQVWDQW IXQFWLRQ �>���@ DQG WKH +DDU ZDYHOHW

RUWKRQRUPDO IXQFWLRQV �+
P�Qb� 'P7Qb��+ IRU P y � DQG � x Q x �P� VR WKDW

�+
��� LV WKH +DDU ZDYHOHW �+ �
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3URRI� 7KH IXQFWLRQV K� � � Q FDQ EH UHZULWWHQ LQ WHUPV RI WKH RSHUDWRUV ' DQG 7 DV
IROORZV� )LUVW UHFDOO WKDW '7 �  7'� ZKLFK PHDQV WKDW '7 �P  7P' IRU HYHU\
P � = >��@ RU� HTXLYDOHQWO\� '7 �Qb�  7Qb�' IRU HYHU\ Q � =� 7KHUHIRUH�

K� � � Q  
�S
�

b

�'P� �7 �Qb� K��b �'P� �7 �Qb� K��
c

 �S
�

b

'P7Qb��' b'7 �
c

�>���@

IRU HYHU\ P y � DQG � x Q x �P� 7KXV� IRU P  �� DQG VR Q  �� LW IROORZV WKDW K�

LV SUHFLVHO\ WKH +DDU ZDYHOHW RQ >�� �@�

K��W�  
�S
�
�' b'7 ��>���@�W�  �+�W�  

�

�

�

�� � � W x �
� �

b�� �
� � W x ��

7KHUHIRUH� ZH FDQ LQIHU WKDW K� � � Q FDQ EH ZULWWHQ LQ WHUPV RI �+ DV

K� � � Q  'P7Qb��+ IRU HYHU\ P y � DQG � x Q x �P�

7KXV� E\ /HPPD �� IK�� K� � � QJPy� � �xQx� � FRQVLVWV RI �>���@ �ZKLFK LV WKH FRQ�

VWDQW IXQFWLRQ � RQ >�� �@� DQG 'P7Qb��+ IRU P y � DQG � x Q x �P� 1RZ� WKH
+DDU VFDOLQJ IXQFWLRQ �+ DVVRFLDWHG ZLWK WKH +DDU ZDYHOHW �+ LV WKH FKDUDFWHULVWLF
IXQFWLRQ �>���@ >��@� +HQFH� E\ /HPPD �� WKH +DDU V\VWHP

j

�+  �>���@ � �
+
P�Qb�  'P7Qb��+

k

Py� � �xQx� �

LV DQ RUWKRQRUPDO EDVLV IRU / �>�� �@�

&RUROODU\ �� 6HW �+
P�Qb�  'P7Qb��+ IRU HYHU\ P y � DQG � x Q x �P�

�D� 7KH +DDU V\VWHP IRU / �>�� �
� @ LV WKH VHW RI RUWKRQRUPDO IXQFWLRQV

j

�>��
�
� @ � �

+
P�Qb��>��

�
� @

k

Py� � �xQx� ���
� �

�E� 7KH +DDU V\VWHP IRU / �> �� � �@ LV WKH VHW RI RUWKRQRUPDO IXQFWLRQV
j

�>
�
� ��@ � �

+
P�Qb��>

�
� ��@

k

Py� � � ���
�
� �xQx� �

�

3URRI� $ FRQVHTXHQFH RI /HPPDV � DQG �� VLQFH / �>�� �@  / �>�� �
� @j / �>�� � �@�

5HWXUQLQJ WR WKH GXDO�VKLIW GHFRPSRVLWLRQ RI / �>�� �@ LQ 7KHRUHP ��

7KHRUHP �� (YHU\ I � / �>�� �@ DGPLWV WKH RUWKRJRQDO H[SDQVLRQ

I  
�
;

N  �

oN���� 6
N�>

�
� ��@ �

�
;

N  �

�
;

P �

� ���
�

;

Q �

oN�P�Q 6
N�+

P�Qb��>
�
� ��@

�
�
;

N  �

pN���� 9
P�>��

�
� @ �

�
;

N  �

�
;

P �

� �
;

Q � ���
�
� �

pN�P�Q 9
N�+

P�Qb��>��
�
� @�

3URRI� %\ 7KHRUHP �� HDFK I � / �>�� �@ DGPLWV WKH RUWKRJRQDO H[SDQVLRQ

I  
�
;

N  �

6NJN �
�
;

N  �

9 NKN�
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ZKHUH JN � / �>�� � �@ DQG KN � / �>�� �
� @ IRU HYHU\ N y �� ZLWK 3�

N  � NJNN� � � DQG
3�

N  � NKNN� � �� 7KH )RXULHU VHULHV H[SDQVLRQ RI WKH IXQFWLRQV JN DQG KN LQ WHUPV
RI WKH RUWKRQRUPDO EDVHV IRU / �>�� � �@ DQG IRU / �>�� �

� @ FRPSULVLQJ WKH +DDU V\VWHPV
JLYHQ LQ &RUROODU\ � �ZKLFK FRPH IURP /HPPDV �� �� DQG �� OHDGV WR

JN  oN���� �>
�
� ��@ �

�
;

P �

� ���
�

;

Q �

oN�P�Q �
+
P�Qb��>
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� ��@�

KN  pN���� �>��
�
� @ �

�
;

P �

� �
;

Q  � ���
�
� �

pN�P�Q �
+
P�Qb��>��

�
� @�

7KXV ZH JHW WKH FODLPHG RUWKRJRQDO H[SDQVLRQ IRU I � VLQFH HDFK 6N DQG HDFK 9 N LV
D FRQWLQXRXV OLQHDU WUDQVIRUPDWLRQ�

5HPDUN �� 2EVHUYH WKDW /HPPD � DQG 7KHRUHP � GHDO ZLWK DQ DEVWUDFW +LOEHUW
VSDFH� +RZHYHU RXU FRQVWUXFWLRQ VWDUWLQJ ZLWK 3URSRVLWLRQ � WKURXJKRXW WKH SDSHU
GHDOV ZLWK WKH FRQFUHWH IXQFWLRQV VSDFH / �>�� �@� ,W LV SODLQ WKDW WKH FORVHG GRPDLQ
>�� �@ FDQ EH UHSODFHG ZLWK DQ\ FRPSDFW VXEVHW RI 5� LQ SDUWLFXODU� ZLWK DQ\ FRPSDFW
VHW ZLWK QR LVRODWHG SRLQWV �L�H�� ZLWK DQ\ SHUIHFW ERXQGHG VHW _ IRU LQVWDQFH� DQ\
pQLWH LQWHUVHFWLRQ RI FORVHG QRQGHJHQHUDWH ERXQGHG LQWHUYDOV�� ,W GRHV QRW PDWWHU
ZKHWKHU WKH DUJXPHQW RI WKH IXQFWLRQV DUH LQWHUSUHWHG DV ?WLPH�� RU ?IUHTXHQF\��
RU ?VSDFH�� $ORQJ WKHVH OLQHV� FRQVLGHU WKH 6KDQQRQ ZDYHOHW �6 � / ��5� GHpQHG DV
WKH FKDUDFWHULVWLF IXQFWLRQ RI WKH VHW >b�
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IRU HYHU\ � � 5� $V EHIRUH� ZH PD\ LGHQWLI\ WKH �6 � / ��5� ZLWK WKH UHVWULFWLRQ RI LW
WR >b�
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� @� 7KLV
ZLOO OHDG WR D VLPLODU H[DPSOH� ZKHUH WKH SUHYLRXV +DDU ZDYHOHW �+ LV UHSODFHG ZLWK
WKH 6KDQQRQ ZDYHOHW �6 � \LHOGLQJ VLPLODU UHVXOWV �RQ D GLoHUHQW GRPDLQ� UHJDUGLQJ
RXU FRQFUHWH FRQVWUXFWLRQ RI 6HFWLRQ �� LQ SDUWLFXODU� IRU WKH HVSHFLDO H[DPSOHV
FRQVLGHUHG IURP /HPPD � WR 7KHRUHP ��

�� & RQF O XVLRQ

:H KDYH LQWURGXFHG WKH FRQFHSW RI D GXDO�VKLIW GHFRPSRVLWLRQ RI D +LOEHUW VSDFH�
,Q SDUWLFXODU� ZH KDYH FRQVWUXFWHG VXFK D GHFRPSRVLWLRQ IRU WKH IXQFWLRQ VSDFH
/ �>�� �@ E\ XVLQJ WKH WZR ELODWHUDO VKLIWV RI ZDYHOHW WKHRU\� WKH GLODWLRQ�E\�� DQG
WUDQVODWLRQ�E\�� RSHUDWRUV� 0RUHRYHU� ZH KDYH GHULYHG +DDU�OLNH V\VWHPV RQ / �>�� �

� @

DQG / �> �� � �@ IURP WKH FHOHEUDWHG +DDU V\VWHP RQ / �>�� �@ DQG� VLPXOWDQHRXVO\� ZH
KDYH VKRZQ WKDW D PXOWLUHVROXWLRQ DQDO\VLV �05$� RI ZDYHOHW WKHRU\ LV DFWXDOO\
JHQHUDWHG IURP DQ RXWJRLQJ RU DQ LQFRPLQJ VXEVSDFH �D FRQFHSW RI WKH /D[^3KLOOLSV
VFDWWHULQJ WKHRU\� RI WKH ELODWHUDO VKLIW GLODWLRQ�E\�� RSHUDWRU� 0RUHRYHU� XVLQJ WKH
05$� ZH KDYH VKRZQ WKDW DQ\ ZDYHOHW OLYLQJ LQ / �>�� �@ WRJHWKHU ZLWK LWV VFDOLQJ
IXQFWLRQ GR LQGHHG JHQHUDWH D +DDU�OLNH V\VWHP IRU WKH VSDFH / �>�� �@�
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