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ON WEYL’S THEOREM FOR TENSOR PRODUCTS

C.S. KUBRUSLY AND B.P. DUGGAL

ABSTRACT. Let A and B operators acting on infinite-dimensional spaces. In
this note we prove that if A and B are isoloid, satisfy Weyl’s theorem, and
the Weyl spectrum identity holds, then A ® B satisfies Weyl’s theorem.

1. NOTATION AND TERMINOLOGY

By an operator we mean a bounded linear transformation of a Hilbert space
into itself. We work in a Hilbert space setting, although the results in this pa-
per hold in a Banach space setting with essentially the same proofs. Let T be an
operator, and let N'(T) and R(T') denote kernel and range of T, respectively. Con-
sider the classical partition {op(T"),0r(T),0c(T)} of the spectrum o(T'), where
op(T) ={A € C: N(A\I—T) # {0}} is the point spectrum (i.e., the set of all eigen-
values of T'), or(T) = op(T*)*\op(T) is the residual spectrum (where T* denotes
the adjoint of T'and A* = {\ € C: A € A} denotes the set of all complex conjugates
from a subset A of C), and o¢(T) = o(T)\(0p(T) Uor(T)) is the continuous spec-
trum. Let 0,(T) = {A € C: A —T is not a Fredholm operator of index zero} be
the Weyl spectrum of 7', which is a subset of the whole spectrum o(7"); that is,

ow(T) = {A € o(T): M —T is not a Fredholm operator of index zero}.
The set
oo(T) = {N€op(T): R(\I —T)is closed and
dim V(A — T) = dim (A — T*) < oo}

is precisely the complement of the Weyl spectrum o,,(T) in the whole spectrum
o(T) (see e.g., [5] or [6, Section 5.3]). Hence

ow(T) = a(T)\oo(T),

and so {04, (T), 09(T)} forms another partition of the spectrum o(T'). Set opp(T) =
{A€0p(T): dimN(A — T) < oo}; the set of all eigenvalues of T' of finite multiplic-
ity, so that oo(T") C opp(T) and or(T) U oc(T) U (op(T)\opr(T)) C 0y(T). Set

700(T) = 0iso(T) Nopr(T),

where 0i50(T") denotes the set of all isolated points of the spectrum o(T'). One says
that an operator T satisfies Weyl’s theorem if

oo(T) = moo(T),
and it is said to satisfy Browder’s theorem
Uo(T) g 7T00(T).
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An operator T is isoloid if 0i(T) C op(T) (i.e., if every isolated point of the
spectrum is an eigenvalue).

2. THE QUESTION

Consider the tensor product A ® B of a pair of operators A and B. It is known
from [1] that the spectrum of a tensor product coincides with the product of the
spectra of the factors,

0(A® B) =0(A)-o(B).

For the Weyl spectrum it was proved in [3] that the inclusion
ow(A® B) Coy,(A)-o(B) Udg(A)-ou(B)

holds. However, since then, it remained as an open question whether the preceding
inclusion might be an identity. That is, it was not know if there existed a pair
of operators A and B for which the above inclusion was proper. This question
was solved quite recently by using the counterexample from [4, Section 3] (which
exhibits a pair of operators that satisfy Weyl’s theorem whose tensor product does
not satisfy Browder’s theorem) together with Corollary 6 from [7] (which says that
Browder’s theorem is transferred from a pair of operators to their tensor product if
and only if the above inclusion is an identity). Thus, there exists a pair of operators
for which the above inclusion is proper. If a pair of operators A, B is such that

ow(A® B) =0,(A)-0(B) Uoc(A)-oy,(B),

then we say that the Weyl spectrum identity holds for A and B. It was shown
in [7, Proposition 5] that, if the Weyl spectrum identity holds for A and B, then

00(A® B) C oo(A) - o9(B),

and it was also shown that the above inclusion may be proper even if the Weyl
spectrum identity holds for A and B, with A, B and A ® B being isoloid operators
that satisfy Weyl’s theorem (see [7, Remark 2]).

The problem of transferring Weyl’s theorem from isoloid operators A and B
to their tensor product A ® B was considered in this journal in [8], where it was
stated that if A and B are isoloid operators that satisfy Weyl’s theorem, then
A R® B satisfies Weyl’s theorem. Their proof stands only if it is further assumed
that the Weyl spectrum identity holds for A and B (which is not true in general),
and also that o¢(A4) - 09(B) C 0¢(A ® B) (which may fail even if the Weyl spectrum
identity holds and all operators are isoloid and satisfy Weyl’s theorem). However,
under these extra two assumptions, the problem of transferring Weyl’s theorem
from isoloid operators A and B to their tensor product A ® B survives.

Proposition 1. Let A and B be operators acting on infinite-dimensional spaces. If
(a) A and B are isoloid,
(b) A and B satisfy Weyl’s theorem, and
(c) the Weyl spectrum identity holds for A and B,
then the tensor product A ® B satisfies Weyl’s theorem if, in addition,
(d) o0(A® B) = 00(A) - 00(B).
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Proof. [7, Corollary 5]. O

Question: Is condition (d) necessary in Proposition 1?7 In other words, is the
next conjecture true?

Conjecture 1. If A and B are isoloid, satisfy Weyl’s theorem, and the Weyl
spectrum identity holds, then A ® B satisfies Weyl’s theorem.

We shall show in the next section (Theorem 1) that the above conjecture is, in
fact, a theorem: it holds true for operators acting on infinite-dimensional spaces. (If
the spaces are finite-dimensional, where every subspace is closed and every operator
is isoloid with spectrum consisting only of eigenvalues of finite multiplicity, then
the conjecture holds trivially.) The proof is carried out by using results originally
proved in a Hilbert space setting, which clearly still hold in a Banach space setting.

3. THE ANSWER

Before proving Theorem 1 we need the following auxiliary results. Let A, B, and
T be arbitrary operators.

Lemma 1. If A and B satisfy Browder’s theorem, and if the Weyl spectrum iden-
tity holds, then the tensor product A ® B satisfies Browder’s theorem.

Proof. [7, Proposition 7(a)]. O

Lemma 2. If T satisfies Browder’s but not Weyl’s theorem, then
0u(T) N 700(T) # 2.
Proof. T satisfies Browder’s but not Weyl’s theorem if and only if the proper in-
clusion 0o(T) C meo(T') holds true, which implies that there exists an isolated
eigenvalue of finite multiplicity not in oo(T") (i-e., in 04,(T) = o(T)\oo(T)). |
Lemma 3. If A and B are isoloid operators on infinite-dimensional spaces, then
7T00(A ® B) Q 7T00(A) . 7'('00(3).
Proof. [7, Proposition 4]. |

Lemma 4. If A and B are operators on infinite-dimensional spaces, then
0¢opr(A® B).
Proof. [7, Proposition 1]. O
Lemma 5. Suppose 0iso(A) # @ and o0i50(B) # @. If A€ a(A), ue€o(B), and
At € 0iso(A ® B), then
A E0iso(A)  and p € oiso(B).
Proof. [7, Proof of Proposition 3(a)]. O

Lemma 6. If A € op(A), p € op(B), and M\ € opp(AQ B), then
A E JPF(A) and ne O’pF(B).
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Proof. 7, Proof of Proposition 2(a)]. |

Suppose A and B are operators acting on infinite-dimensional spaces.

Theorem 1. If A and B are isoloid, satisfy Weyl’s theorem, and the Weyl spec-
trum identity holds, then A ® B satisfies Weyl’s theorem.

Proof. Suppose A and B satisfy Weyl’s theorem. Thus, A and B satisfy Browder’s
theorem. Therefore, if the Weyl’s spectrum identity holds, then A ® B satisfies
Browder’s theorem according to Lemma 1. Suppose A ® B does not satisfy Weyl’s
theorem. Then it follows by Lemma 2 that

ow(A® B) N mo(A® B) # 2.
Since the Weyl’s spectrum identity holds; that is, since
ow(A® B) =0,(A)-0(B) U d(A) - oy,(B),

it follows that every product Ay with A € 0,,(A) and u € o(B) or with A € o(A4) and
1€ oy,(B) lies in 0, (A ® B). Thus, v € 0,,(A® B) if and only if v = A for arbi-
trary A, g such that (X, p) € 0,(A) x o(B) or (A, 1) € 0(A) X 0y(B). First suppose
v € 04 (A ® B) is such that

v = A for an arbitrary pair (A, p) € 0,(4) x o(B).
If v € moo(A ® B), then
v € moo(A) - Too(B)
by Lemma 3 because A and B are isoloid, so that

v=XNy' for some pair (N,u') € moo(A) x moo(B).
Thus, if
IS O'w(A® B) N 71'00(A ® B),

then it follows by Lemma 4 that 0 # v = Ay = XNy, with
A= % S O‘w(A), N = ﬁ € 7T00(A) = Jo(A),
p=%Xeo(B), u=%e€mp(B)=o0(B),

because A and B satisfy Weyl’s theorem. Thus, A # ), since they live in comple-
mentary sets, and so p # p’. Since

Oiso(A) # D and  0i50(B) £ @
(because X' € mpo(A) C 0iso(A) and p' € moo(B) C 0is0(B)), and since
v =M € moo(A® B) C 0iso(A® B),
it follows by Lemma 5 that
A€ 0iso(A)  and € giso(B).
Recalling again that A an B are isoloid, we get

A€op(A) and p€op(B).
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Thus, since Ay = v € mpo(A ® B) C opr(A ® B), it follows by Lemma 6 that
A €opp(A) and u € opp(B).
Therefore, since A satisfies Weyl’s theorem,
X € 02 (A) N 01s0(A) N 02 (A) = 0(A4) N 700(A) = 0 (4) N 00(4) = 2,
which is a contradiction. On the other hand, if v € 0,,(A ® B) is such that
v = Au for an arbitrary pair (A, p) € 0(A) X 04(B),

then, similarly and symmetrically,
W€ 04 (B) N oiso(B) Nopp(B) = 0y(B) Nmoo(B) = 0w (B) Nog(B) = &,

which is again a contradiction because B satisfies Weyl’s theorem as well. Therefore,
if A and B are isoloid, both satisfy Weyl’s theorem, and the Weyl spectrum identity
holds, then A ® B must satisfy Weyl’s theorem. O

Remark. The a-version of Theorem 1 was considered in [2]: If A and B are a-iso-
loid, satisfy a-Weyl’s theorem, and the a-Weyl spectrum identity holds, then A ® B
satisfies a-Weyl’s theorem (where the prefix “a” means that spectrum is replaced
with approximate point spectrum in every definition).

REFERENCES

1. A. Brown and C. Pearcy, Spectra of tensor products of operators, Proc. Amer. Math. Soc. 17
(1966), 162-166.

2. B.P. Duggal, S.V. Djordjevi¢, and C.S. Kubrusly, On the a-Browder and a-Weyl spectra of
tensor products, Rend. Circ. Mat. Palermo 59 (2010), 473-481.

3. T. Ichinose, Spectral properties of tensor products of linear operators I, Trans. Amer. Math.
Soc. 235 (1978), 75-113.

4. D. Kitson, R. Harte, and C. Hernandez, Weyl’s theorem and tensor products: a counterez-
ample, J. Math. Anal. Appl. 378 (2011), 128-132.

5. C.S. Kubrusly, Fredholm theory in Hilbert space — a concise introductory exposition, Bull.
Belg. Math. Soc. Simon Stevin 15 (2008), 153-177.

6. C.S. Kubrusly, Spectral Theory of Operators on Hilbert Spaces, Birkhduser/Springer, New
York, 2012.

7. C.S. Kubrusly and B.P. Duggal, On Weyl and Browder spectra of tensor products, Glasgow
Math. J. 50 (2008), 289-302.

8. Y.-M. Song and A.-H. Kim, Weyl’s theorem for tensor products, Glasgow. Math. J. 46 (2004),
301-304.

CATHOLIC UNIVERSITY OF RIO DE JANEIRO, 22453-900, R10 DE JANEIRO, RJ, BRAZIL
E-mail address: carlos@ele.puc-rio.br

UNIVERSITY OF NIS, DEPARTMENT OF MATHEMATICS, P.O. Box 224, NIS, SERBIA
E-mail address: bpduggal@yahoo.co.uk



