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$EVW U DF W � /HW $ DQ G % RS HU DWRU V DFWLQ J RQ LQ p Q LWH�G LP HQ VLRQ DO VS DFHV� ,Q
WK LV Q RWH Z H S U RY H WK DW LI $ DQ G % DU H LVRORLG� VDW LVI\ : H\ O
V W KHRU HP� DQ G

W KH : H\ O VSHFW U XP LGHQ W LW \ KROGV� W KHQ $n% VDW LVpHV : H\ O
V W KHRU HP�

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

%\ DQ RSHUDWRU ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI D +LOEHUW VSDFH
LQWR LWVHOI� :H ZRUN LQ D +LOEHUW VSDFH VHWWLQJ� DOWKRXJK WKH UHVXOWV LQ WKLV SD�
SHU KROG LQ D %DQDFK VSDFH VHWWLQJ ZLWK HVVHQWLDOO\ WKH VDPH SURRIV� /HW 7 EH DQ
RSHUDWRU� DQG OHW 1 �7 � DQG 5�7 � GHQRWH NHUQHO DQG UDQJH RI 7 � UHVSHFWLYHO\� &RQ�
VLGHU WKH FODVVLFDO SDUWLWLRQ I�3 �7 �� �5�7 �� �&�7 �J RI WKH VSHFWUXP ��7 �� ZKHUH
�3 �7 �  

j

y � & � 1 �y,b7 � � I�J
k

LV WKH SRLQW VSHFWUXP �L�H�� WKH VHW RI DOO HLJHQ�
YDOXHV RI 7 �� �5�7 �  �3 �7

e�eQ�3 �7 � LV WKH UHVLGXDO VSHFWUXP �ZKHUH 7 e GHQRWHV
WKH DGMRLQW RI 7 DQG ee  Iy � & � y � eJ GHQRWHV WKH VHW RI DOO FRPSOH[ FRQMXJDWHV
IURP D VXEVHW e RI &�� DQG �&�7 �  ��7 �Q��3 �7 � > �5�7 �� LV WKH FRQWLQXRXV VSHF�
WUXP� /HW �Z�7 �  Iy � & � y, b 7 LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HURJ EH
WKH :H\O VSHFWUXP RI 7 � ZKLFK LV D VXEVHW RI WKH ZKROH VSHFWUXP ��7 �� WKDW LV�

�Z�7 �  
j

y � ��7 � � y, b 7 LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HUR
k

�

7KH VHW

���7 �  
j

y � �3 �7 � � 5�y, b 7 � LV FORVHG DQG

GLP 1 �y, b 7 �  GLP 1 �y, b 7 e� � �
k

LV SUHFLVHO\ WKH FRPSOHPHQW RI WKH :H\O VSHFWUXP �Z�7 � LQ WKH ZKROH VSHFWUXP
��7 � �VHH H�J�� >�@ RU >�� 6HFWLRQ ���@�� +HQFH

�Z�7 �  ��7 �Q���7 ��

DQG VR I�Z�7 �� ���7 �J IRUPV DQRWKHU SDUWLWLRQ RI WKH VSHFWUXP ��7 �� 6HW �3) �7 �  
Iy � �3 �7 � � GLP 1 �y, b 7 � � �

k

� WKH VHW RI DOO HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLF�
LW\� VR WKDW ���7 � v �3) �7 � DQG �5�7 � > �&�7 � > ��3 �7 �Q�3) �7 �� v �Z�7 �� 6HW

}���7 �  �LV R�7 � ? �3) �7 ��

ZKHUH �LV R�7 � GHQRWHV WKH VHW RI DOO LVRODWHG SRLQWV RI WKH VSHFWUXP ��7 �� 2QH VD\V
WKDW DQ RSHUDWRU 7 VDWLVpHV :H\O
V WKHRUHP LI

���7 �  }���7 ��

DQG LW LV VDLG WR VDWLVI\ %URZGHU
V WKHRUHP

���7 � v }���7 ��

' DW H� 2FWRE HU �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 7 HQ VRU S U RG X FW� : H\ O VS HFWU X P � : H\ O
V WK HRU HP �

�
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$Q RSHUDWRU 7 LV LVRORLG LI �LV R�7 � v �3 �7 � �L�H�� LI HYHU\ LVRODWHG SRLQW RI WKH
VSHFWUXP LV DQ HLJHQYDOXH��

�� 7 KH 4XHVW LRQ

&RQVLGHU WKH WHQVRU SURGXFW $n% RI D SDLU RI RSHUDWRUV $ DQG %� ,W LV NQRZQ
IURP >�@ WKDW WKH VSHFWUXP RI D WHQVRU SURGXFW FRLQFLGHV ZLWK WKH SURGXFW RI WKH
VSHFWUD RI WKH IDFWRUV�

��$n%�  ��$� c ��%��

)RU WKH :H\O VSHFWUXP LW ZDV SURYHG LQ >�@ WKDW WKH LQFOXVLRQ

�Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%�

KROGV� +RZHYHU� VLQFH WKHQ� LW UHPDLQHG DV DQ RSHQ TXHVWLRQ ZKHWKHU WKH SUHFHGLQJ
LQFOXVLRQ PLJKW EH DQ LGHQWLW\� 7KDW LV� LW ZDV QRW NQRZ LI WKHUH H[LVWHG D SDLU
RI RSHUDWRUV $ DQG % IRU ZKLFK WKH DERYH LQFOXVLRQ ZDV SURSHU� 7KLV TXHVWLRQ
ZDV VROYHG TXLWH UHFHQWO\ E\ XVLQJ WKH FRXQWHUH[DPSOH IURP >�� 6HFWLRQ �@ �ZKLFK
H[KLELWV D SDLU RI RSHUDWRUV WKDW VDWLVI\ :H\O
V WKHRUHP ZKRVH WHQVRU SURGXFW GRHV
QRW VDWLVI\ %URZGHU
V WKHRUHP� WRJHWKHU ZLWK &RUROODU\ � IURP >�@ �ZKLFK VD\V WKDW
%URZGHU
V WKHRUHP LV WUDQVIHUUHG IURP D SDLU RI RSHUDWRUV WR WKHLU WHQVRU SURGXFW LI
DQG RQO\ LI WKH DERYH LQFOXVLRQ LV DQ LGHQWLW\�� 7KXV� WKHUH H[LVWV D SDLU RI RSHUDWRUV
IRU ZKLFK WKH DERYH LQFOXVLRQ LV SURSHU� ,I D SDLU RI RSHUDWRUV $�% LV VXFK WKDW

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%��

WKHQ ZH VD\ WKDW WKH:H\O VSHFWUXP LGHQWLW\ KROGV IRU $ DQG %� ,W ZDV VKRZQ
LQ >�� 3URSRVLWLRQ �@ WKDW� LI WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU $ DQG %� WKHQ

���$n%� v ���$� c ���%��

DQG LW ZDV DOVR VKRZQ WKDW WKH DERYH LQFOXVLRQ PD\ EH SURSHU HYHQ LI WKH :H\O
VSHFWUXP LGHQWLW\ KROGV IRU $ DQG %� ZLWK $� % DQG $n% EHLQJ LVRORLG RSHUDWRUV
WKDW VDWLVI\ :H\O
V WKHRUHP �VHH >�� 5HPDUN �@��

7KH SUREOHP RI WUDQVIHUULQJ :H\O
V WKHRUHP IURP LVRORLG RSHUDWRUV $ DQG %

WR WKHLU WHQVRU SURGXFW $n% ZDV FRQVLGHUHG LQ WKLV MRXUQDO LQ >�@� ZKHUH LW ZDV
VWDWHG WKDW LI $ DQG % DUH LVRORLG RSHUDWRUV WKDW VDWLVI\ :H\O
V WKHRUHP� WKHQ

$n% VDWLVpHV :H\O
V WKHRUHP� 7KHLU SURRI VWDQGV RQO\ LI LW LV IXUWKHU DVVXPHG
WKDW WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU $ DQG % �ZKLFK LV QRW WUXH LQ JHQHUDO��
DQG DOVR WKDW ���$� c ���%� v ���$n%� �ZKLFK PD\ IDLO HYHQ LI WKH :H\O VSHFWUXP
LGHQWLW\ KROGV DQG DOO RSHUDWRUV DUH LVRORLG DQG VDWLVI\ :H\O
V WKHRUHP�� +RZHYHU�
XQGHU WKHVH H[WUD WZR DVVXPSWLRQV� WKH SUREOHP RI WUDQVIHUULQJ :H\O
V WKHRUHP
IURP LVRORLG RSHUDWRUV $ DQG % WR WKHLU WHQVRU SURGXFW $n% VXUYLYHV�

3URSRVLWLRQ �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ LQpQLWH�GLPHQVLRQDO VSDFHV� ,I

�D� $ DQG % DUH LVRORLG�

�E� $ DQG % VDWLVI\ :H\O
V WKHRUHP� DQG

�F� WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU $ DQG %�

WKHQ WKH WHQVRU SURGXFW $n% VDWLVpHV :H\O
V WKHRUHP LI� LQ DGGLWLRQ�

�G� ���$n%�  ���$� c ���%��
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3URRI� >�� &RUROODU\ �@�

4XHVWLRQ� ,V FRQGLWLRQ �G� QHFHVVDU\ LQ 3URSRVLWLRQ �" ,Q RWKHU ZRUGV� LV WKH
QH[W FRQMHFWXUH WUXH"

&RQMHFWXUH �� ,I $ DQG % DUH LVRORLG� VDWLVI\ :H\O
V WKHRUHP� DQG WKH :H\O

VSHFWUXP LGHQWLW\ KROGV� WKHQ $n% VDWLVpHV :H\O
V WKHRUHP�

:H VKDOO VKRZ LQ WKH QH[W VHFWLRQ �7KHRUHP �� WKDW WKH DERYH FRQMHFWXUH LV� LQ
IDFW� D WKHRUHP� LW KROGV WUXH IRU RSHUDWRUV DFWLQJ RQ LQpQLWH�GLPHQVLRQDO VSDFHV� �,I
WKH VSDFHV DUH pQLWH�GLPHQVLRQDO� ZKHUH HYHU\ VXEVSDFH LV FORVHG DQG HYHU\ RSHUDWRU
LV LVRORLG ZLWK VSHFWUXP FRQVLVWLQJ RQO\ RI HLJHQYDOXHV RI pQLWH PXOWLSOLFLW\� WKHQ
WKH FRQMHFWXUH KROGV WULYLDOO\�� 7KH SURRI LV FDUULHG RXW E\ XVLQJ UHVXOWV RULJLQDOO\
SURYHG LQ D +LOEHUW VSDFH VHWWLQJ� ZKLFK FOHDUO\ VWLOO KROG LQ D %DQDFK VSDFH VHWWLQJ�

�� 7 KH $QVZ HU

%HIRUH SURYLQJ 7KHRUHP � ZH QHHG WKH IROORZLQJ DX[LOLDU\ UHVXOWV� /HW $� %� DQG
7 EH DUELWUDU\ RSHUDWRUV�

/HPPD �� ,I $ DQG % VDWLVI\ %URZGHU
V WKHRUHP� DQG LI WKH :H\O VSHFWUXP LGHQ�

WLW\ KROGV� WKHQ WKH WHQVRU SURGXFW $n% VDWLVpHV %URZGHU
V WKHRUHP�

3URRI� >�� 3URSRVLWLRQ ��D�@�

/HPPD �� ,I 7 VDWLVpHV %URZGHU
V EXW QRW :H\O
V WKHRUHP� WKHQ

�Z�7 � ? }���7 � � "�

3URRI� 7 VDWLVpHV %URZGHU
V EXW QRW :H\O
V WKHRUHP LI DQG RQO\ LI WKH SURSHU LQ�
FOXVLRQ ���7 � ~ }���7 � KROGV WUXH� ZKLFK LPSOLHV WKDW WKHUH H[LVWV DQ LVRODWHG
HLJHQYDOXH RI pQLWH PXOWLSOLFLW\ QRW LQ ���7 � �L�H�� LQ �Z�7 �  ��7 �Q���7 ���

/HPPD �� ,I $ DQG % DUH LVRORLG RSHUDWRUV RQ LQpQLWH�GLPHQVLRQDO VSDFHV� WKHQ

}���$n%� v }���$� c }���%��

3URRI� >�� 3URSRVLWLRQ �@�

/HPPD �� ,I $ DQG % DUH RSHUDWRUV RQ LQpQLWH�GLPHQVLRQDO VSDFHV� WKHQ

� �� �3) �$n%��

3URRI� >�� 3URSRVLWLRQ �@�

/HPPD �� 6XSSRVH �LV R�$� � " DQG �LV R�%� � "� ,I y � ��$�� z � ��%�� DQG

yz � �LV R�$n%�� WKHQ

y � �LV R�$� DQG z � �LV R�%��

3URRI� >�� 3URRI RI 3URSRVLWLRQ ��D�@�

/HPPD �� ,I y � �3 �$�� z � �3 �%�� DQG yz � �3) �$n%�� WKHQ

y � �3) �$� DQG z � �3) �%��
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3URRI� >�� 3URRI RI 3URSRVLWLRQ ��D�@�

6XSSRVH $ DQG % DUH RSHUDWRUV DFWLQJ RQ LQpQLWH�GLPHQVLRQDO VSDFHV�

7KHRUHP �� ,I $ DQG % DUH LVRORLG� VDWLVI\ :H\O
V WKHRUHP� DQG WKH :H\O VSHF�

WUXP LGHQWLW\ KROGV� WKHQ $n% VDWLVpHV :H\O
V WKHRUHP�

3URRI� 6XSSRVH $ DQG % VDWLVI\ :H\O
V WKHRUHP� 7KXV� $ DQG % VDWLVI\ %URZGHU
V
WKHRUHP� 7KHUHIRUH� LI WKH :H\O
V VSHFWUXP LGHQWLW\ KROGV� WKHQ $n% VDWLVpHV
%URZGHU
V WKHRUHP DFFRUGLQJ WR /HPPD �� 6XSSRVH $n% GRHV QRW VDWLVI\ :H\O
V
WKHRUHP� 7KHQ LW IROORZV E\ /HPPD � WKDW

�Z�$n%� ? }���$n%� � "�

6LQFH WKH :H\O
V VSHFWUXP LGHQWLW\ KROGV� WKDW LV� VLQFH

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%��

LW IROORZV WKDW HYHU\ SURGXFW yz ZLWK y � �Z�$� DQG z � ��%� RU ZLWK y � ��$� DQG
z � �Z�%� OLHV LQ �Z�$n%��7KXV� { � �Z�$n%� LI DQG RQO\ LI {  yz IRU DUEL�
WUDU\y� z VXFK WKDW �y� z� � �Z�$�d ��%� RU �y� z� � ��$�d �Z�%�� )LUVW VXSSRVH
{ � �Z�$n%� LV VXFK WKDW

{  yz IRU DQ DUELWUDU\ SDLU �y� z� � �Z�$�d ��%��

,I { � }���$n%�� WKHQ

{ � }���$� c }���%�

E\ /HPPD � EHFDXVH $ DQG % DUH LVRORLG� VR WKDW

{  y�z� IRU VRPH SDLU �y�� z�� � }���$�d }���%��

7KXV� LI
{ � �Z�$n%� ? }���$n%��

WKHQ LW IROORZV E\ /HPPD � WKDW � � {  yz  y�z� � ZLWK

y  {
z
� �Z�$�� y�  {

z
� � }���$�  ���$��

z  {
y
� ��%�� z�  {

y
� � }���%�  ���%��

EHFDXVH $ DQG % VDWLVI\ :H\O
V WKHRUHP� 7KXV� y � y�� VLQFH WKH\ OLYH LQ FRPSOH�
PHQWDU\ VHWV� DQG VR z � z�� 6LQFH

�LV R�$� � " DQG �LV R�%� � "

�EHFDXVH y� � }���$� v �LV R�$� DQG z� � }���%� v �LV R�%��� DQG VLQFH

{  yz � }���$n%� v �LV R�$n%��

LW IROORZV E\ /HPPD � WKDW

y � �LV R�$� DQG z � �LV R�%��

5HFDOOLQJ DJDLQ WKDW $ DQ % DUH LVRORLG� ZH JHW

y � �3 �$� DQG z � �3 �%��
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7KXV� VLQFH yz  { � }���$n%� v �3) �$n%�� LW IROORZV E\ /HPPD � WKDW

y � �3) �$� DQG z � �3) �%��

7KHUHIRUH� VLQFH $ VDWLVpHV :H\O
V WKHRUHP�

y � �Z�$� ? �LV R�$� ? �3) �$�  �Z�$� ? }���$�  �Z�$� ? ���$�  "�

ZKLFK LV D FRQWUDGLFWLRQ� 2Q WKH RWKHU KDQG� LI { � �Z�$n%� LV VXFK WKDW

{  yz IRU DQ DUELWUDU\ SDLU �y� z� � ��$�d �Z�%��

WKHQ� VLPLODUO\ DQG V\PPHWULFDOO\�

z � �Z�%� ? �LV R�%� ? �3) �%�  �Z�%� ? }���%�  �Z�%� ? ���%�  "�

ZKLFK LV DJDLQ D FRQWUDGLFWLRQ EHFDXVH% VDWLVpHV :H\O
V WKHRUHP DV ZHOO� 7KHUHIRUH�
LI $ DQG % DUH LVRORLG� ERWK VDWLVI\ :H\O
V WKHRUHP� DQG WKH :H\O VSHFWUXP LGHQWLW\
KROGV� WKHQ $n% PXVW VDWLVI\ :H\O
V WKHRUHP�

5HPDUN� 7KH D�YHUVLRQ RI 7KHRUHP � ZDV FRQVLGHUHG LQ >�@� ,I $ DQG % DUH D�LVR�
ORLG� VDWLVI\ D�:H\O
V WKHRUHP� DQG WKH D�:H\O VSHFWUXP LGHQWLW\ KROGV� WKHQ $n%

VDWLVpHV D�:H\O
V WKHRUHP �ZKHUH WKH SUHp[ ?D� PHDQV WKDW VSHFWUXP LV UHSODFHG
ZLWK DSSUR[LPDWH SRLQW VSHFWUXP LQ HYHU\ GHpQLWLRQ��

5HI HU HQF HV

�� $ � % U RZ Q DQ G & � 3 HDU F\ � 6 SHFW U D RI W HQ VRU SU RGXFW V RI RSHU DW RU V� 3 U RF� $ P HU � 0DWK � 6 RF� ��
������� ���^����

�� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF� DQ G & �6 � .X E U X VO\ � 2Q W KH D� %U RZ GHU DQ G D� : H\ O VSHFW U D RI

W HQ VRU SU RGXFW V� 5HQ G � & LU F� 0DW� 3 DOHU P R �� ������� ���^����
�� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V , � 7 U DQ V� $ P HU � 0DWK �

6 RF� ��� ������� ��^����
�� '� .LWVRQ � 5� + DU WH� DQ G & � + HU Q DQ G H]� : H\ O
V W KHRU HP DQ G W HQ VRU SU RGXFW V� D FRXQ W HU H[�

DPSOH� - � 0DWK � $ Q DO� $ S S O� ��� ������� ���^����
�� & �6 � .X E U X VO\ � )U HGKROP W KHRU \ LQ + LOEHU W VSDFH ^ D FRQ FLVH LQ W U RGXFW RU \ H[SRVLW LRQ � % X OO�

% HOJ� 0DWK � 6 RF� 6 LP RQ 6 WHY LQ �� ������� ���^����
�� & �6 � .X E U X VO\ � 6 SHFW U DO 7 KHRU \ RI 2SHU DW RU V RQ + LOEHU W 6 SDFHV� % LU N K �DX VHU �6 S U LQ JHU � 1 HZ

< RU N � �����
�� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O DQ G %U RZ GHU VSHFW U D RI W HQ VRU SU RGXFW V� *ODVJRZ

0DWK � - � �� ������� ���^����
�� < ��0� 6 RQ J DQ G $ ��+ � .LP � : H\ O
V W KHRU HP IRU W HQ VRU SU RGXFW V� *ODVJRZ � 0DWK � - � �� �������

���^����

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU

8QLYHU VLW \ RI 1LxV� 'HSDU W P HQW RI 0 DW KHP DW LF V� 3�2� %R[ � � � � 1LxV� 6HU ELD

( � PDLO DGGU HVV� ESGXJJDO#\DKRR�FR�XN


