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7KH :H\O VSHFWUXP �Z�7 � RI DQ RSHUDWRU 7 LV WKH ODUJHVW SDUW RI WKH VSHFWUXP
��7 � WKDW LV LQYDULDQW XQGHU FRPSDFW SHUWXUEDWLRQV� 7KXV WKH %URZGHU VSHFWUXP
�E�7 � LV QRW LQYDULDQW XQGHU FRPSDFW SHUWXUEDWLRQ �UHDVRQ� �Z�7 � v �E�7 � DQG WKH
LQFOXVLRQ PD\ EH SURSHU�� +RZHYHU� WKH %URZGHU VSHFWUXP LV WKH ODUJHVW SDUW RI ��7 �
WKDW UHPDLQV XQFKDQJHG XQGHU FRPSDFW SHUWXUEDWLRQV IURP WKH FRPPXWDQW RI 7�
7KLV UHVXOW ZDV DQQRXQFHG LQ >��@� ZKRVH SURRI� EDVHG RQ DVFHQW�GHVFHQW WHFKQLTXHV�
DSSHDUHG LQ >�@� ,Q WKH UHDOP RI SXUH %DQDFK DOJHEUD WHFKQLTXHV� WKH UHVXOW ZDV FRQ�
VLGHUHG LQ >�@� 7KH PDLQ SXUSRVH RI WKLV SDSHU LV WR RoHU D QHZ SURRI� DORQJ WKH OLQHV
RI >�@� EXW XVLQJ VLQJOH RSHUDWRU WKHRU\ WHFKQLTXHV LQVWHDG� WKXV VXSSO\LQJ D VLPSOHU
FRPSOHWH SURRI� 7KLV LV GRQH LQ 6HFWLRQ �� 7KH QHFHVVDU\ QRWDWLRQDO SUHOLPLQDULHV
DUH SUHVHQWHG LQ 6HFWLRQ �� DQG WKH SDSHU FORVHV LQ 6HFWLRQ � ZLWK D UHPDUN RQ WKH
DQVZHU RI D ORQJ DZDLWHG RSHQ TXHVWLRQ RQ WKH :H\O VSHFWUXP RI WHQVRU SURGXFWV�
:H ZRUN LQ D +LOEHUW VSDFH VHWWLQJ� DOWKRXJK WKH UHVXOWV LQ WKLV SDSHU KROG LQ D
%DQDFK VSDFH VHWWLQJ ZLWK HVVHQWLDOO\ WKH VDPH SURRIV�

�� 3U HO LP LQDU LHV

/HW + EH DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ +LOEHUW VSDFH� DQG %>+@ WKH XQLWDO
%DQDFK DOJHEUD RI DOO �ERXQGHG OLQHDU� RSHUDWRUV RQ+� ZKHUH , GHQRWHV WKH LGHQWLW\
LQ %>+@� /HW %� >+@ EH WKH LGHDO RI DOO FRPSDFW RSHUDWRUV IURP %>+@� DQG OHW

)  
j
7 � %>+@ � , b$7 DQG , b 7$ DUH FRPSDFW IRU VRPH $ � %>+@

k

 
j
7 � %>+@ � 5�7 � LV FORVHG� GLP 1 �7 � � � DQG GLP 1 �7 e� � �

k

VWDQG IRU WKH FODVV RI DOO )UHGKROP RSHUDWRUV IURP %>+@ �VHH H�J�� >�� 5HPDUN ����@
DQG >�� &RUROODU\ ;,����@�� ZKHUH 5�7 � DQG 1 �7 � GHQRWH UDQJH DQG NHUQHO� DQG
7 e � %>+@ WKH DGMRLQW� RI DQ DUELWUDU\ RSHUDWRU 7 � %>+@� 7KH )UHGKROP LQGH[
RI DQ RSHUDWRU 7 LQ ) LV WKH LQWHJHU LQG�7 �  GLP 1 �7 �b GLP 1 �7 e�� $ :H\O
RSHUDWRU LV D )UHGKROP RSHUDWRU RI LQGH[ ]HUR� 6HW
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WKH FODVV RI DOO :H\O RSHUDWRUV IURP %>+@� &RQVLGHU WKH &DONLQ DOJHEUD %>+@ %� >+@�
DQG OHW } � %>+@ � %>+@ %� >+@ EH WKH QDWXUDO TXRWLHQW PDS� 7KH HVVHQWLDO VSHF�
WUXP �H�7 � RI 7 LV WKH VSHFWUXP RI }�7 � LQ %>+@ %� >+@� %\ WKH $WNLQVRQ 7KHRUHP�
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�VHH H�J�� >�� &RUROODU\ ���@�� ZKHUH ��7 � LV WKH VSHFWUXP RI 7 LQ %>+@� 6HW
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ZKHUH �3 �7 � LV WKH SRLQW VSHFWUXP� DQG �3) �7 � LV WKH VHW RI HLJHQYDOXHV RI pQLWH
PXOWLSOLFLW\� RI 7� /HW �LV R�7 � EH WKH VHW RI LVRODWHG SRLQWV RI ��7 �� DQG FRQVLGHU WKH
5LHV] LGHPSRWHQW DVVRFLDWHG ZLWK y � �LV R�7 �� (y  
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b � �q, b 7 �b�Gq� ZKHUH

by LV DQ\ SRVLWLYHO\ RULHQWHG FLUFOH HQFORVLQJ y EXW QR RWKHU SRLQW RI ��7 �� /HW
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EH WKH VHW RI 5LHV] SRLQWV RI 7 �VHH H�J�� >�� 3URSRVLWLRQ �@�� DQG VHW

}���7 �  �LV R�7 � ? �3) �7 ��

WKH VHW RI DOO LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\� &OHDUO\� }��7 � v }���7 ��
7KH :H\O VSHFWUXP �Z�7 � RI 7 LV WKH ODUJHVW SDUW RI ��7 � WKDW UHPDLQV XQFKDQJHG
XQGHU FRPSDFW SHUWXUEDWLRQV� ZKLFK� DFFRUGLQJ WR 6FKHFKWHU
V 7KHRUHP� FRLQFLGHV
ZLWK WKH FRPSOHPHQW RI ���7 � LQ ��7 � �VHH H�J�� >�� 3URSRVLWLRQV ��� DQG ���@��
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$ %URZGHU RSHUDWRU LV RIWHQ GHpQHG DV D )UHGKROP RSHUDWRU ZLWK pQLWH DVFHQW DQG
pQLWH GHVFHQW� (TXLYDOHQWO\� D %URZGHU RSHUDWRU LV D )UHGKROP RSHUDWRU VXFK WKDW�
LI ]HUR LV LQ WKH VSHFWUXP� WKHQ LW LV DQ LVRODWHG SRLQW �VHH H�J�� >�� 7KHRUHP �����@�
RU� VWLOO HTXLYDOHQWO\� LI ]HUR LV LQ WKH VSHFWUXP� WKHQ LW LV D 5LHV] SRLQW �VLQFH WKH
VHW �Z�7 �Q�H�7 � LV RSHQ >�� 3URSRVLWLRQ ;,�����@�� 7KXV WKH FODVV % RI DOO %URZGHU
RSHUDWRUV IURP %>+@ LV JLYHQ E\
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ZKHUH ~�7 �  &Q��7 � LV WKH UHVROYHQW VHW RI 7� 'HpQH WKH %URZGHU VSHFWUXP RI 7
DV WKH VHW �E�7 � RI DOO FRPSOH[ QXPEHUV y IRU ZKLFK y, b 7 LV QRW %URZGHU� ZKLFK
FRLQFLGHV ZLWK WKH FRPSOHPHQW RI }��7 � LQ ��7 � �VHH H�J�� >�� &RUROODU\ ���@��
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6LQFH * >+@ v % v : v ) � ZKHUH * >+@ LV WKH JURXS RI DOO LQYHUWLEOH RSHUDWRUV IURP
%>+@� LW IROORZV WKDW �H�7 � v �Z�7 � v �E�7 � v ��7 ��

�� %U RZ GHU 6SHF W U XP

,Q WKLV VHFWLRQ ZH VXSSO\ D QHZ SURRI WKDW WKH %URZGHU VSHFWUXP RI 7 LV WKH
ODUJHVW SDUW RI ��7 � WKDW UHPDLQV XQFKDQJHG XQGHU FRPSDFW SHUWXUEDWLRQV IURP
WKH FRPPXWDQW RI 7 �SURRI RI 7KHRUHP ��� :KDW PDNHV WKLV SURRI GLoHUHQW LV WKDW
LW GRHV QRW UHO\ RQ DVFHQW�GHVFHQW FDOFXODWLRQV� DQG XVHV VLQJOH RSHUDWRU WKHRU\
WHFKQLTXHV� LQVWHDG RI XVLQJ RQO\ SXUH %DQDFK DOJHEUD WHFKQLTXHV� ZKLFK PDNHV LW
VLPSOHU DQG PRUH HOHPHQWDU\� 7KH FRPSOHWH SURRI LV EDVHG RQ /HPPDV � DQG ��
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6HW $  %>+@� /HW $� EH D XQLWDO FORVHG VXEDOJHEUD RI WKH XQLWDO FRPSOH[ %DQDFK
DOJHEUD $� WKXV D XQLWDO FRPSOH[ %DQDFK DOJHEUD LWVHOI� 7DNH DQ DUELWUDU\ RSHUDWRU
7 LQ $�� /HW %� >+@
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/HW I7J� EH WKH FRPPXWDQW RI 7 � %>+@� ZKLFK LV D XQLWDO FORVHG �LQ IDFW� ZHDNO\
FORVHG� VXEDOJHEUD RI WKH XQLWDO FRPSOH[ %DQDFK DOJHEUD %>+@�
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IRU VRPH $ � $�� DQG VR $ LV LWVHOI LQYHUWLEOH ZLWK LQYHUVH $b�  7 �. � $�� ,I
$�  I7J�� WKHQ $.  .$� DQG VR $b�.  .$b�� /HW $�� EH WKH XQLWDO FORVHG
FRPPXWDWLYH VXEDOJHEUD RI $� JHQHUDWHG E\ $� $b�� DQG .� 6LQFH 7  $b� b.�
LW IROORZV WKDW $�� LQFOXGHV 7 � /HW ��

LV R�7 � DQG ���
LV R�7 � VWDQG IRU WKH VHWV RI LVRODWHG

SRLQWV RI WKH VSHFWUD ���7 � DQG ����7 � RI 7 ZLWK UHVSHFW WR WKH %DQDFK DOJHEUDV
$� DQG $��� UHVSHFWLYHO\� 6LQFH $�� v $�� LW IROORZV WKDW ~�7 ��� v ~��7 �� DQG VR
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pQLWH�UDQN �DQG VR . KDV D pQLWH VSHFWUXP�� 1RWH WKDW � � ����7 �  ����$b� b.�
LI DQG RQO\ LI �  j�$b� b.�  j�$b��bj�.� IRU VRPH j � $��� ,I j � $��Q$��
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WKHQ j�.�  � VR WKDW j�$b��  �� ZKLFK LV D FRQWUDGLFWLRQ �EHFDXVH � �� ��$b����
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LV pQLWH� LW IROORZV WKDW � LV DQ LVRODWHG SRLQW RI ����$b� b.�  ����7 �� ZKLFK
FRQFOXGHV WKH SURRI RI WKH FODLPHG UHVXOW�

6LQFH � � ���7 � v ����7 �� LW WKHQ IROORZV WKDW � � ��
LV R�7 �� e

7KHRUHP �� )RU HYHU\ 7 � %>+@�
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3URRI� 7DNH DQ\ 7 � %>+@� DQG OHW $� EH D XQLWDO FORVHG VXEDOJHEUD RI WKH XQLWDO
FRPSOH[ %DQDFK DOJHEUD $  %>+@� /HW ���7 �� ��

E
�7 �� DQG ��

Z�7 � EH WKH VSHFWUXP�
WKH %URZGHU VSHFWUXP� DQG WKH :H\O VSHFWUXP RI 7 ZLWK UHVSHFW WR $�� UHVSHFWLYHO\�

&ODLP �� ,I $�  I7J�� WKHQ ���7 �  ��7 ��

3URRI� 6XSSRVH $�  I7J�� 7ULYLDOO\� 7 � $�� /HW 3  3�7 � EH WKH FROOHFWLRQ RI
DOO SRO\QRPLDOV S�7 � LQ 7 ZLWK FRPSOH[ FRHrFLHQWV� ZKLFK LV D XQLWDO FRPPXWDWLYH
VXEDOJHEUD RI %>+@� &RQVLGHU WKH FROOHFWLRQ 7 RI DOO XQLWDO FRPPXWDWLYH VXEDOJHEUDV
RI %>+@ FRQWDLQLQJ 7� 1RWH WKDW HYHU\ HOHPHQW RI 7 LV LQFOXGHG LQ $�� DQG DOVR WKDW
7 LV SDUWLDOO\ RUGHUHG �LQ WKH LQFOXVLRQ RUGHULQJ� DQG QRQHPSW\ �H�J�� 3 � 7 �� (YHU\
FKDLQ LQ 7 KDV DQ XSSHU ERXQG LQ 7 �WKH XQLRQ RI DOO VXEDOJHEUDV LQ D JLYHQ FKDLQ
RI VXEDOJHEUDV LQ 7 LV DJDLQ D VXEDOJHEUD LQ 7 �� =RUQ
V /HPPD VD\V WKDW 7 KDV D
PD[LPDO HOHPHQW� VD\ $�� $���7 � � 7 � 7KXV WKHUH LV D PD[LPDO FRPPXWDWLYH VXE�
DOJHEUD $�� RI %>+@ FRQWDLQLQJ 7 �ZKLFK LV XQLWDO DQG FORVHG�� +HQFH $�� v $� v $�
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/HW ����7 � EH WKH VSHFWUXP RI 7 ZLWK UHVSHFW WR $��� 6LQFH $�� LV D PD[LPDO FRPPX�
WDWLYH VXEDOJHEUD RI $� WKH SUHFHGLQJ LQFOXVLRQV HQVXUH WKDW >��� 7KHRUHP ���@
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RQO\ LI � � ���y, b 7 � E\ WKH 6SHFWUDO 0DSSLQJ 7KHRUHP� +HQFH� y � ��
��7 � LI

DQG RQO\ LI � � ��
��y, b 7 �� 6LQFH $�  I7J�  Iy, b 7J� LW IROORZV E\ /HPPD
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��y, b 7 � LPSOLHV � � ��

LV R�y, b 7 �� +RZHYHU� DSSO\LQJ WKH 6SHFWUDO
0DSSLQJ 7KHRUHP DJDLQ� � � ��

LV R�y, b 7 � LI DQG RQO\ LI y � ��
LV R�7 �� 7KHUHIRUH�
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LV R�7 �� ZKLFK PHDQV WKDW 7 VDWLVpHV %URZGHU
V WKHRUHP LQ $�� ZKLFK LQ
WXUQ LV HTXLYDOHQW WR VD\LQJ WKDW ��
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3URRI� 7KLV LV WKH YHU\ GHpQLWLRQ RI WKH :H\O VSHFWUXP RI 7 ZLWK UHVSHFW WR $��
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7DNH DQ\ RSHUDWRU 7 � %>+@� 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�
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�VHH H�J�� >�� 3URSRVLWLRQ ���@�� $Q RSHUDWRU LV VDLG WR VDWLVI\ %URZGHU
V WKHRUHP LI
DQ\ RI WKH DERYH DVVHUWLRQV KROGV WUXH� &RQVLGHU WKH WHQVRU SURGXFW 7 n 6 RI D SDLU
RI DUELWUDU\ +LOEHUW VSDFH RSHUDWRUV 7 DQG 6� ,W ZDV SURYHG LQ >�@ WKDW

�Z�7 n 6� v �Z�7 � c ��6� > ��7 � c �Z�6��

+RZHYHU� VLQFH WKHQ� LW UHPDLQHG DV DQ RSHQ TXHVWLRQ ZKHWKHU WKH DERYH LQFOXVLRQ
PLJKW EH� LQ IDFW� DQ LGHQWLW\� ,Q RWKHU ZRUGV� LW ZDV QRW NQRZ LI WKHUH H[LVWHG D
SDLU RI RSHUDWRUV 7 DQG 6 IRU ZKLFK WKH DERYH LQFOXVLRQ ZDV SURSHU� 7KLV TXHVWLRQ
ZDV VROYHG TXLWH UHFHQWO\� DQG LQ WKLV pQDO VHFWLRQ LW LV VKRZQ KRZ LW ZDV� )LUVW QRWH
WKDW %URZGHU
V WKHRUHP GRHV QRW QHFHVVDULO\ WUDQVIHU IURP 7 DQG 6 WR WKHLU WHQVRU
SURGXFW 7 n 6� 7KH IROORZLQJ WKHRUHP JLYHV D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ�

7KHRUHP �� ,I ERWK RSHUDWRUV 7 DQG 6 VDWLVI\ %URZGHU
V WKHRUHP� WKHQ WKH WHQVRU

SURGXFW 7 n 6 VDWLVpHV %URZGHU
V WKHRUHP LI DQG RQO\ LI

�Z�7 n 6�  �Z�7 � c ��6� > ��7 � c �Z�6��

3URRI� >��� &RUROODU\ �@� e

7KHUHIRUH� LI WKHUH H[LVW RSHUDWRUV 7 DQG 6 WKDW VDWLVI\ %URZGHU
V WKHRUHP� EXW
7 n 6 GRHV QRW VDWLVI\ %URZGHU
V WKHRUHP� WKHQ WKH :H\O VSHFWUXP LGHQWLW\� YL]��
�Z�7 n 6�  �Z�7 � c ��6� > ��7 � c �Z�6�� GRHV QRW KROG IRU VXFK D SDLU RI RSHUD�
WRUV� $Q H[DPSOH RI D SDLU RI RSHUDWRUV WKDW VDWLVI\ %URZGHU
V WKHRUHP EXW WKHLU
WHQVRU SURGXFW GRHV QRW VDWLVI\ %URZGHU
V WKHRUHP ZDV UHFHQWO\ VXSSOLHG LQ >�@�
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7KXV >�@ DQG >��@ WRJHWKHU HQVXUH WKDW WKHUH H[LVWV D SDLU RI RSHUDWRUV 7 DQG 6 IRU
ZKLFK WKH LQFOXVLRQ

�Z�7 n 6� ~ �Z�7 � c ��6� > ��7 � c �Z�6�

LV SURSHU� WKDW LV� IRU ZKLFK WKH :H\O VSHFWUXP LGHQWLW\ IDLOV�

5HI HU HQF HV

�� : � $ U Y HVRQ � $ 6 KRU W & RXU VH LQ 6 SHFW U DO 7 KHRU \ � 6 S U LQ JHU � 1 HZ < RU N � �����
�� % �$ � % DU Q HV� 5 LHV] SRLQ W V DQ G : H\ O
V W KHRU HP� ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU 7 K HRU \ �� �������

���^����
�� % �$ � % DU Q HV� *�- � 0X U S K \ � 0�5�)� 6 P \ WK DQ G 7 �7 � : HVW� 5 LHV] DQ G )U HGKROP 7 KHRU \ LQ

%DQ DFK $ OJHEU DV� 3 LWP DQ � /RQ G RQ � �����
�� - �% � & RQ Z D\ � $ & RXU VH LQ )XQ FW LRQ DO $ Q DO\ VLV� �Q G HG Q � 6 S U LQ JHU � 1 HZ < RU N � �����
�� 5� + DU WH� ,Q YHU W LELOLW \ DQ G 6 LQ JXODU LW \ IRU %RXQ GHG / LQ HDU 2SHU DW RU V� 0DU FHO 'HN N HU � 1 HZ

< RU N � �����
�� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V , � 7 U DQ V� $ P HU � 0DWK �

6 RF� ��� ������� ��^����
�� 0�$ � .DDVK RHN DQ G '�& � /D\ � $ VFHQ W � GHVFHQ W � DQ G FRPPXW LQ J SHU W XU EDW LRQ V� 7 U DQ V� $ P HU �

0DWK � 6 RF� ��� ������� ��^���
�� '� .LWVRQ � 5� + DU WH DQ G & � + HU Q DQ G H]� : H\ O
V W KHRU HP DQ G W HQ VRU SU RGXFW V� D FRXQ W HU H[DP�

SOH� - � 0DWK � $ Q DO� $ S S O� ��� ������� ���^����
�� & �6 � .X E U X VO\ � )U HGKROP W KHRU \ LQ + LOEHU W VSDFH ^ D FRQ FLVH LQ W U RGXFW RU \ H[SRVLW LRQ � % X OO�

% HOJ� 0DWK � 6 RF� 6 LP RQ 6 WHY LQ �� ������� ���^����
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O DQ G %U RZ GHU VSHFW U D RI W HQ VRU SU RGXFW V� *ODVJRZ

0DWK � - � �� ������� ���^����

��� '�& � /D\ � & KDU DFW HU L] DW LRQ V RI W KH HVVHQ W LDO VSHFW U XP RI )�( � %U RZ GHU � % X OO� $ P HU � 0DWK �
6 RF� �� ������� ���^����

��� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� ,Q YDU LDQ W 6 XEVSDFHV� 6 S U LQ JHU � % HU OLQ � �����

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


