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$EVW U DF W � 7 K H S DS HU G HDOV Z LWK H[ S RQ HQ WLDO G LFK RWRP \ DQ G LWV U HODWLRQ VK LS
Z LWK VWU RQ JO\ VWDE OH Y HFWRU V DVVRFLDWHG Z LWK + LOE HU W VS DFH VHP LJU RX S V� & RQ �
WU DFWLRQ VHP LJU RX S V DU H G HFRP S RVHG E \ X VLQ J WK H VWU RQ JO\ VWDE LOLW\ RS HU D�
WRU DVVRFLDWHG Z LWK WK H VHP LJU RX S � 1 HFHVVDU \ DQ G VX r FLHQ W FRQ G LWLRQ V IRU
H[ S RQ HQ WLDO VWDE LOLW\ DQ G Q RQ �H[ S RQ HQ WLDO VWDE LOLW\ DU H LQ Y HVWLJDWHG LQ WHU P V
RI Q RU P LQ HT X DOLWLHV _ LQ VWHDG RI D /\ DS X Q RY RS HU DWRU HT X DWLRQ �

�� ,QW U RGXF W LRQ

,Q WKLV SDSHU + VWDQGV IRU D FRPSOH[ +LOEHUW VSDFH� ,QQHU SURGXFW DQG QRUP LQ
+ ZLOO EH GHQRWHG E\ Kc � cL DQG N c N� %\ D VXEVSDFH RI + ZH PHDQ D FORVHG OLQHDU
PDQLIROG RI +� ,I 6 LV DQ\ VXEVSDFH RI +� WKHQ + DGPLWV WKH RUWKRJRQDO GHFRPSR�
VLWLRQ +  6 j 6"� ZKHUH j VWDQG IRU RUWKRJRQDO GLUHFW VXP DQG 6"  +k 6 LV
WKH RUWKRJRQDO FRPSOHPHQW RI 6� /HW WKH %DQDFK DOJHEUD RI DOO RSHUDWRUV �ERXQGHG
OLQHDU WUDQVIRUPDWLRQV� RI + LQWR LWVHOI EH GHQRWHG E\ %>+@� DQG OHW WKH LGHQWLW\
RSHUDWRU DQG WKH QXOO RSHUDWRU LQ %>+@ EH GHQRWHG E\ , DQG 2� 7KH QRUP LQ %>+@
LV DOVR GHQRWHG E\ N c N� 7KURXJKRXW WKH SDSHU >7 �W�@  I7 �W� � W y �J ZLOO VWDQG
IRU D VWURQJO\ FRQWLQXRXV VHPLJURXS �&��VHPLJURXS� RI RSHUDWRUV 7 �W� LQ %>+@�

$ VHPLJURXS >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH �H�VWDEOH� LI WKHUH H[LVW UHDO FRQVWDQWV
0 y � DQG o ! � VXFK WKDW

N7 �W�[N x 0HboW N[N IRU HYHU\ W y � DQG HYHU\ [ � +

�HTXLYDOHQWO\� N7 �W�N x 0HboW IRU HYHU\ W y ��� ,W LV XQLIRUPO\ VWDEOH �X�VWDEOH� LI

N7 �W�N � � DV W � �

�L�H�� 7 �W�� 2 DV W � � LQ %>+@�� 5HFDOO WKDW >7 �W�@ LV XQLIRUPO\ VWDEOH LI DQG RQO\
LI LW LV H[SRQHQWLDOO\ VWDEOH >�@� $ VHPLJURXS >7 �W�@ VWURQJO\ VWDEOH �V�VWDEOH� LI

N7 �W�[N � � DV W � � IRU HYHU\ [ � +�

:H DVVXPH WKDW + LV LQpQLWH�GLPHQVLRQDO� RWKHUZLVH DOO WKH DERYH VWDELOLW\ FRQ�
FHSWV FRLQFLGH� 6LQFH XQLIRUP VWDELOLW\ �ZKLFK LV HTXLYDOHQW WR H[SRQHQWLDO VWDELO�
LW\� FOHDUO\ LPSOLHV VWURQJ VWDELOLW\� LW IROORZV WKDW WKHUH DUH WZR W\SHV RI V�VWDELOLW\�
QDPHO\� V�VWDELOLW\�YLD�H�VWDELOLW\ �RU VLPSO\ H�VWDELOLW\� WKDW LV V�VWDELOLW\ EHFDXVH
RI H�VWDELOLW\�� DQG V�VWDELOLW\�QRQ�H�VWDELOLW\ �RU VLPSO\ V�VWDELOLW\ IRU QRQ�H�VWDEOH
VHPLJURXSV��

$Q H[SRQHQWLDO GLFKRWRP\ RI D VHPLJURXS >7 �W�@ RQ + LV DQ RUWKRJRQDO GHFRP�
SRVLWLRQ RI LW� VD\ +  5j5"� ZKHUH 5 LV D VXEVSDFH RI + WKDW UHGXFHV 7 �W� IRU

' DW H� - X Q H �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��'��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� ( [ S RQ HQ WLDO VWDE LOLW\ � VWU RQ J VWDE LOLW\ � H[ S RQ HQ WLDO G LFK RWRP \ � VWU RQ J G LFK RWRP \ �

�
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HYHU\ W y � RQ ZKLFK >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH� ZKLOH LW LV QRQ�H[SRQHQWLDOO\ VWD�
EOH RQ WKH RUWKRJRQDO FRPSOHPHQW 5" RI 5 �LI 5" � I�J�� ,W LV SODLQ WKDW LI >7 �W�@
LV H[SRQHQWLDOO\ VWDEOH� WKHQ WKH WULYLDO H[SRQHQWLDO GLFKRWRP\ RI >7 �W�@ LV + LWVHOI�
LQ WKH VHQVH WKDW + LV QDWXUDOO\ LGHQWLpHG ZLWK +j I�J �ZKLFK LV QRW GLFKRWRPLF DI�
WHU DOO�� )RU QRQGHJHQHUDWH H[SRQHQWLDO GLFKRWRP\ WKH WULYLDO FDVHV �HLWKHU 5  I�J
RU 5"  I�J� PXVW EH H[FOXGHG�

:H FRQVLGHU H[SRQHQWLDO GLFKRWRP\ RI +LOEHUW VSDFH FRQWUDFWLRQ VHPLJURXSV XV�
LQJ YDULRXV GHFRPSRVLWLRQV RI FRQWUDFWLRQ VHPLJURXSV >�� �@� DV ZHOO DV QRUP LQ�
HTXDOLWLHV IRU H[SRQHQWLDO VWDELOLW\ RI VHPLJURXSV >�@�

([SRQHQWLDO GLFKRWRP\ LQYROYHV DQ RUWKRJRQDO SURMHFWLRQ �RIWHQ FDOOHG H[SRQHQ�
WLDO GLFKRWRPLF SURMHFWLRQ >��@�� ZKLFK LV VXFK WKDW WKH VHPLJURXS LV H[SRQHQWLDOO\
VWDEOH RQ LWV UDQJH DQG QRQ�H[SRQHQWLDOO\ VWDEOH RQ LWV NHUQHO LQ WKH VHQVH WKDW DOO
QRQ]HUR YHFWRUV LQ LW DUH QRQ�H[SRQHQWLDOO\ VWDEOH DV LQ WKH IRUWKFRPLQJ 'HpQLWLRQ
��F�� 7KLV H[SRQHQWLDO GLFKRWRPLF SURMHFWLRQ LV WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH
H[SRQHQWLDO VWDELOLW\ VXEVSDFH� DQG LW LV GRPLQDWHG E\ WKH RUWKRJRQDO SURMHFWLRQ
RQWR WKH VWURQJ VWDELOLW\ VXEVSDFH�

([SRQHQWLDO GLFKRWRP\ IRU +LOEHUW VSDFH &��VHPLJURXSV LV GHpQHG LQ 6HFWLRQ
�� ,W LV VKRZQ WKDW LI D VHPLJURXS LV H[SRQHQWLDOO\ GLFKRWRPLF �L�H�� LI LW KDV DQ
H[SRQHQWLDO GLFKRWRP\�� WKHQ WKH UHGXFLQJ VXEVSDFH RQ ZKLFK LW LV H[SRQHQWLDOO\
VWDEOH LV PD[LPDO �LQ WKH VHQVH WKDW QR H[SRQHQWLDO VWDELOLW\ VXEVSDFH LQFOXGHV LW��
7KLV VXEVSDFH FOHDUO\ LV LQFOXGHG LQ WKH VXEVSDFH RI VWURQJ VWDELOLW\ DVVRFLDWHG ZLWK
WKH VHPLJURXS� ,I WKLV LQFOXVLRQ LV SURSHU� WKHQ ZH FRQVLGHU WKH FKDUDFWHUL]DWLRQ RI
WKH WZR W\SHV RI V�VWDEOH YHFWRUV DVVRFLDWHG ZLWK WKH VHPLJURXS� 7KH FRQWUDFWLRQ
FDVH LV LQYHVWLJDWHG LQ 6HFWLRQ �� :H FORVH WKH SDSHU LQ 6HFWLRQ � ZLWK D GHWRXU
WRZDUGV VWURQJ GLFKRWRP\ RI +LOEHUW VSDFH VHPLJURXSV�

�� ([SRQHQW LDO GLF KRW RP \ DQG VW U RQJO \ VW DEO H YHF W RU V

5HFDOO WKDW ZH ZLOO EH GHDOLQJ ZLWK &��VHPLJURXSV >7 �W�@ RQ D FRPSOH[ +LOEHUW
VSDFH +� :H EHJLQ E\ PDNLQJ WKH IROORZLQJ GHpQLWLRQV�

'HpQLWLRQ �� /HW >7 �W�@ EH D VHPLJURXS RQ +� 7DNH D YHFWRU [ � +�

�D� [ LV V�VWDEOH LI

N7 �W�[N � � DV W � ��

�E� [ LV H�VWDEOH LI WKHUH H[LVW UHDO QXPEHUV 0�[� y � DQG o�[� ! � VXFK WKDW

N7 �W�[N x 0�[� Hbo�[�WN[N IRU HYHU\ W y ��

6LQFH H�VWDELOLW\ REYLRXVO\ LPSOLHV V�VWDELOLW\� HYHU\ H�VWDEOH YHFWRU LV V�VWDEOH� DQG
VR DQ H�VWDEOH YHFWRU LV DOVR UHIHUUHG WR DV DQ V�VWDEOH�YLD�H�VWDEOH YHFWRU� ,Q RWKHU
ZRUGV� [ LV H�VWDEOH LI DQG RQO\ LI [ LV V�VWDEOH�YLD�H�VWDEOH�

�F� [ LV QRQ�V�VWDEOH LI LW LV QRW V�VWDEOH� WKDW LV� LI

N7 �W�[N �� � DV W � ��

�G� [ LV QRQ�H�VWDEOH LI LW LV QRW H�VWDEOH� WKDW LV� LI IRU HYHU\ 0 y � DQG o ! ��

0HboWN[N � N7 �W�[N IRU VRPH W y ��
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�H� [ LV V�VWDEOH�QRQ�H�VWDEOH LI LW LV QRW H�VWDEOH EXW LV V�VWDEOH� 7KDW LV� [ LV
V�VWDEOH�QRQ�H�VWDEOH LI OLPW� � N7 �W�[N  � DQG� IRU HYHU\ 0 y � DQG o ! ��
WKHUH H[LVWV W  W�0�o� [� y � VXFK WKDW 0HboWN[N � N7 �W�[N�

$ VXEVHW �LQ SDUWLFXODU� D VXEVSDFH� RI + FRQVLVWLQJ HQWLUHO\ RI V�VWDEOH� RU H�
VWDEOH YHFWRUV ZLOO EH UHIHUUHG WR DV DQ V�VWDEOH� RU H�VWDEOH VXEVHW �VXEVSDFH�� $
VXEVHW �VXEVSDFH� RI + IRU ZKLFK DOO QRQ]HUR YHFWRUV DUH V�VWDEOH�QRQ�H�VWDEOH� RU
QRQ�V�VWDEOH RU QRQ�H�VWDEOH� ZLOO EH UHIHUUHG WR DV DQ V�VWDEOH�QRQ�H�VWDEOH� RU QRQ�
V�VWDEOH� RU QRQ�H�VWDEOH VXEVHW �VXEVSDFH�� UHVSHFWLYHO\� 2EVHUYH WKDW DQ V�VWDEOH
VXEVHW LV RQH WKDW PD\ FRQWDLQV ERWK H�VWDEOH �L�H�� V�VWDEOH�YLD�H�VWDEOH� DV ZHOO DV
V�VWDEOH�QRQ�H�VWDEOH YHFWRUV� $OVR QRWH WKDW LI D VXEVSDFH KDV D SURSHUW\ g� DQG
LI LW LV PD[LPDO �LQ WKH VHQVH WKDW LW LV QRW LQFOXGHG LQ DQ\ VXEVHW RI + WKDW KDV
SURSHUW\ g�� WKHQ LWV RUWKRJRQDO FRPSOHPHQW GRHV QRW KDYH SURSHUW\ g�

,I D VXEVSDFH 5 RI + LV >7 �W�@�LQYDULDQW� WKHQ ZH VD\ WKDW WKH VHPLJURXS >7 �W�@ LV
H�VWDEOH RQ WKH VXEVSDFH 5 LI LWV UHVWULFWLRQ >7 �W�M5 @ LV H�VWDEOH� ZKLFK PHDQV WKDW
WKHUH H[LVW UHDO FRQVWDQWV 0 y � DQG o ! � VXFK WKDW

N7 �W�XN x 0HboW NXN IRU HYHU\ W y � DQG HYHU\ X � 5�

7KLV PHDQV WKDW 5 LV D KRPRJHQHRXVO\ H�VWDEOH VXEVSDFH LQ WKH VHQVH WKDW HDFK
YHFWRU X LQ 5 LV H�VWDEOH ZKHUH 0�X� DQG o�X� RI 'HpQLWLRQ ��E� GR QRW GHSHQG
RQ X LQ 5 �L�H�� WKH\ DUH FRQVWDQWV QRW RQO\ RYHU W y � EXW DOVR RYHU DOO X � 5�� 2Q
WKH RWKHU KDQG� LI D QRQ]HUR VXEVSDFH 1 RI + LV >7 �W�@�LQYDULDQW� WKHQ ZH VD\ WKDW
D VHPLJURXS >7 �W�@ LV QRQ�H�VWDEOH RQ WKH VXEVSDFH 1 LI LWV UHVWULFWLRQ >7 �W�M 1 @ LV
QRW RQO\ QRW H�VWDEOH EXW� PRUH WKDW� LI HYHU\ QRQ]HUR YHFWRU RI 1 LV QRQ�H�VWDEOH
LQ WKH VHQVH RI 'HpQLWLRQ ��G�� 7KDW LV� IRU HYHU\ � � Y � 1 � 0 y �� DQG o ! ��

HboWNYN � �
0
N7 �W�YN IRU VRPH W y ��

)RU GHpQLWLRQV RI H�GLFKRWRPLF SURMHFWLRQ DQG H�GLFKRWRP\ IRU &��VHPLJURXSV
>7 �W�@ RQ D FRPSOH[ +LOEHUW VSDFH + VHH� IRU LQVWDQFH� >��� ��@ DQG WKH UHIHUHQFHV
WKHUHLQ� ,W LV ZRUWK QRWLFLQJ WKDW WKHUH DUH GLoHUHQW YHUVLRQV RI H�GLFKRWRP\� ZH
IROORZ KHUH WKH RQH FRQVLGHUHG LQ >��@�

'HpQLWLRQ �� /HW >7 �W�@ EH D VHPLJURXS RQ +� 7DNH DQ RUWKRJRQDO SURMHFWLRQ
3 � %>+@ VR WKDW 5  UDQJH�3 �  3 �+� DQG 1  NHUQHO�3 �  3b��I�J� DUH
FRPSOHPHQWDU\ RUWKRJRQDO VXEVSDFHV RI +� WKDW LV�

+  5j 1

ZLWK 5"  1 � ,I

�D� 3 FRPPXWHV ZLWK HDFK 7 �W� �L�H�� 7 �W�3  3 7 �W� IRU HYHU\ W y � RU� HTXLYD�
OHQWO\� 5 DQG 1 DUH UHGXFLQJ VXEVSDFHV IRU >7 �W�@�� DQG

�E� >7 �W�@ LV H�VWDEOH RQ 5 DQG QRQ�H�VWDEOH RQ 1 �LQ WKH VHQVH WKDW DOO QRQ]HUR
YHFWRUV LQ 1 DUH QRQ�H�VWDEOH��

WKHQ ZH VD\ WKDW 3 LV DQ H�GLFKRWRPLF SURMHFWLRQ IRU >7 �W�@ DQG WKH VHPLJURXS LV
VDLG WR EH H�GLFKRWRPLF �RU 3 �GLFKRWRPLF��

7KH JHQHUDWRU RI D &��VHPLJURXS >7 �W�@ RQ + ZLOO EH GHQRWHG E\ $� ZKLFK LV D
OLQHDU �QRW QHFHVVDULO\ ERXQGHG� WUDQVIRUPDWLRQ RI D GHQVH OLQHDU PDQLIROG ' RI +�
WKH GRPDLQ RI $� LQWR +�
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5HPDUN �� &RQVLGHU WKH VHWXS RI 'HpQLWLRQ �� /HW ( � %>+@ EH WKH FRPSOHPHQ�
WDU\ SURMHFWLRQ RI 3 �L�H�� (  , b 3 LV WKH RUWKRJRQDO SURMHFWLRQ ZLWK NHUQHO�(�  
UDQJH�3 � DQG UDQJH�(�  NHUQHO�3 ��� 6LQFH WKH VXEVSDFHV 5  UDQJH�3 � DQG
1  NHUQHO�3 � UHGXFH HDFK 7 �W�� LW IROORZV WKDW >7 �W�M5 @ DQG >7 �W�M 1 @ DOVR DUH &��
VHPLJURXSV DFWLQJ RQ 5 DQG RQ 1 �L�H�� 7 �W�M5 X  7 �W�3[ DQG 7 �W�M 1 Y  7 �W�([

IRU HYHU\ [  �X� Y� LQ +  5j 1 ZLWK X � 5 DQG Y � 1 �� 7KH JHQHUDWRUV RI
>7 �W�M5 @ DQG >7 �W�M 1 @ DUH WKH UHVWULFWLRQV� $M5 DQG $M 1 � RI WKH JHQHUDWRU $ RI
>7 �W�@ WR WKHLU UHVSHFWLYH GRPDLQV '5  ' ?5 DQG '1  ' ? 1 �L�H�� $M5 X  $X

IRU HYHU\ X � ' ?5 DQG $M 1 Y  $[ IRU HYHU\ Y � ' ? 1 ��

5HPDUN �� &RQVLGHU DJDLQ WKH VHWXS RI 'HpQLWLRQ �� 2EVHUYH WKDW 1 QI�J PD\
EH HPSW\� ,QGHHG� WKHUH DUH VHPLJURXSV �FRQWUDFWLYH &��FRQWLQXRXV RQ LQpQLWH�
GLPHQVLRQDO VSDFHV� IRU ZKLFK H�GLFKRWRP\ GHJHQHUDWHV LQ WKH IROORZLQJ VHQVH� WKHUH
PD\ EH QR QRQ]HUR H�VWDEOH YHFWRU �L�H�� 5  I�J� RU WKHUH PD\ EH QR QRQ]HUR
QRQ�H�VWDEOH YHFWRU �L�H�� 1  I�J�� $FWXDOO\� ZH QRWLFHG LQ 6HFWLRQ � WKDW H�
VWDELOLW\ PD\ EH WKRXJKW RI DV �GHJHQHUDWH� H�GLFKRWRP\ RQ WKH ZKROH VSDFH + �L�H��
5  + ZKLFK PHDQV 3  , _ DOVR VHH >��@�� ,Q WKH VDPH ZD\� QRQ�H�VWDELOLW\ LV
�GHJHQHUDWH� H�GLFKRWRP\ RQ WKH ]HUR VSDFH �L�H�� 1  + ZKLFK PHDQV 3  2� LQ
WKH VHQVH WKDW DOO QRQ]HUR YHFWRUV DUH QRQ�H�VWDEOH� +RZHYHU� WKH H[WUD DVVXPSWLRQ
WKDW 3 LV QRQWULYLDO �L�H�� 2 � 3 � ,� RU� HTXLYDOHQWO\� WKDW WKH VXEVSDFHV 5 DQG
1 DUH QRQWULYLDO �L�H�� I�J � 1 � + DQG I�J � 5 � +� HQVXUHV WKDW H�GLFKRWRP\
GRHV QRW GHJHQHUDWH� ,I H�GLFKRWRP\ GHJHQHUDWHV WR 5  + �L�H�� WR 1  I�J��
WKHQ WKH VHPLJURXS VXUHO\ KDV QR V�WDEOH�QRQ�H�VWDEOH YHFWRUV� LI LW GHJHQHUDWHV WR
1  + �L�H�� WR 5  I�J�� WKHQ ZH PD\ VWLOO KDYH VHPLJURXSV ZLWK QR V�WDEOH�QRQ�

H�VWDEOH� 6DPSOHV� 7 �W�  Hb
�

� W, RU 7 �W�  ,� 0RUHRYHU� HYHQ LI H�GLFKRWRP\ GRHV
QRW GHJHQHUDWH ZH PD\ KDYH VHPLJURXSV ZLWK QR V�VWDEOH�QRQ�H�VWDEOH YHFWRUV �IRU

LQVWDQFH 7 �W�  Hb
�

� W, j , KDV QR V�VWDEOH�QRQ�H�VWDEOH YHFWRUV��

:H ZLOO FKDUDFWHUL]H V�VWDEOH YHFWRUV DVVRFLDWHG ZLWK D VHPLJURXS >7 �W�@ RQ + E\
XVLQJ H[SRQHQWLDO GLFKRWRP\�

/HW >7 �W�@ EH D VHPLJURXS RQ FRPSOH[ +LOEHUW VSDFH +� 6HW

0  
j

[ � + � OLP
W� �

N7 �W�[N � �
k

�

,W LV UHDGLO\ YHULpHG WKDW 0 D VXEVSDFH RI +� ZKLFK LV UHIHUUHG WR DV WKH V�VWDEOH

VXEVSDFH RI >7 �W�@� 7KXV FRQVLGHU WKH GHFRPSRVLWLRQ

+  0j0"�

,W LV FOHDU WKDW 0 LV >7 �W�@�LQYDULDQW �VR WKDW 0" LV >7 e�W�@�LQYDULDQW� ZKHUH 7 e�W�
GHQRWHV WKH DGMRLQW RI 7 �W��� 0RUHRYHU� LI WKH LQYDULDQW VXEVSDFH 0 LV UHGXFLQJ�
WKHQ WKH UHVWULFWLRQ RI HDFK 7 �W� WR 0" PDNHV WKH VHPLJURXS >7 �W�M0

� @ QRQ�V�
VWDEOH LQ WKH VHQVH WKDW DOO QRQ]HUR YHFWRUV LQ LW DUH QRQ�V�VWDEOH� 1RWH WKDW 0 LV
PD[LPDO LQ WKH VHQVH WKDW HYHU\ VHW RI V�VWDEOH YHFWRUV IRU >7 �W�@ LV LQFOXGHG LQ 0�

5HFDOO WKDW D SURMHFWLRQ RQWR D VXEVSDFH PHDQV D SURMHFWLRQ ZKRVH UDQJH LV SUH�
FLVHO\ WKDW VXEVSDFH�

7KHRUHP �� /HW >7 �W�@ EH D VHPLJURXS RQ + DQG FRQVLGHU LWV V�VWDEOH VXEVSDFH

0� /HW 4 EH WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH V�VWDEOH VXEVSDFH 0� 6XSSRVH
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>7 �W�@ LV H�GLFKRWRPLF DQG FRQVLGHU WKH H�GLFKRWRPLF �RUWKRJRQDO� SURMHFWLRQ 3 RI

'HpQLWLRQ � ZLWK UDQJH 5 DQG NHUQHO 1 � 7KHQ WKH IROORZLQJ DVVHUWLRQV KROG WUXH�

�D� 5 v 0� (TXLYDOHQWO\� 3 x 4 �L�H�� 3 LV GRPLQDWHG E\ 4��

�E� 0  5j �0? 1 ��

�F� 1  0" j �0? 1 ��

�G� 7KH GHFRPSRVLWLRQ RI 'HpQLWLRQ � LV UHpQHG WR +  5j �0? 1 �j0"�

�H� 7KH VXEVSDFH 5 LV PD[LPDO �LQ WKH VHQVH WKDW WKHUH LV QR VXEVSDFH RI + RQ

ZKLFK >7 �W�@ LV H�VWDEOH��

�I� 5 ~ 0 LI DQG RQO\ LI 0? 1 � I�J� ,Q WKLV FDVH >7 �W�@ LV V�VWDEOH�QRQ�H�

VWDEOH RQ WKH QRQ]HUR VXEVSDFH 0? 1 �

3URRI� 6XSSRVH WKDW >7 �W�@ LV H�GLFKRWRPLF DFFRUGLQJ WR 'HpQLWLRQ �� 7KHQ WKHUH LV
DQ RUWKRJRQDO SURMHFWLRQ 3 � %>+@ VXFK WKDW 5  UDQJH�3 � LV >7 �W�@�UHGXFLQJ DQG�
IRU VRPH 0 y � DQG VRPH o ! ��

N7 �W�[N x 0HboWN[N IRU HYHU\ W y � DQG HYHU\ [ � 5�

ZKLFK LPSOLHV WKDW N7 �W�[N � � DV W � � IRU HYHU\ [ � 5� DQG WKHUHIRUH

5 v 0�

ZKHUH0 LV WKH V�VWDEOH VXEVSDFH RI >7 �W�@� ,Q RWKHU ZRUGV� 5 LV H�VWDEOH �IRU >7 �W�@�
DQG� DV LW KDSSHQV ZLWK HYHU\ H�VWDEOH VXEVSDFH� 5 LV WDXWRORJLFDOO\ V�VWDEOH�YLD�H�
VWDEOH� %XW WKH DERYH LQFOXVLRQ LV HTXLYDOHQW WR IROORZLQJ LQHTXDOLW\�

3 x 4�

ZKHUH 4 LV WKH RUWKRJRQDO SURMHFWLRQ RQWR 0 �L�H�� UDQJH�4�  4�+�  0 DQG
NHUQHO�4�  4b��I�J�  0"�� 0RUHRYHU� 5 v 0 \LHOGV WKH GHFRPSRVLWLRQ

0  5j �0? 1 ��

ZKHUH WKH VXEVSDFH 0? 1 LV >7 �W�@�LQYDULDQW VLQFH 0 DQG 1 DUH >7 �W�@�LQYDULDQW
�LQ IDFW 1 DQG 5 DUH ERWK UHGXFLQJ�� 6LQFH 1  5"� DQRWKHU FRQVHTXHQFH RI WKH
LQFOXVLRQ 5 v 0 LV 0" v 1 � DQG WKHUHIRUH 1 FDQ EH GHFRPSRVHG DV

1  0" j �0? 1 ��

DQG VR WKH GHFRPSRVLWLRQ RI 'HpQLWLRQ � LV UHpQHG WR

+  5j �0? 1 �j0"�

,I 5 LV QRW PD[LPDO� WKHQ WKHUH H[LVWV D �KRPRJHQHRXVO\� H�VWDEOH VXEVSDFH 5� IRU
>7 �W�@ VXFK WKDW 5 ~ 5�� 7KHQ 5� ? 1 � I�J� 7DNH � � Y � 5� ? 1 � 6LQFH Y � 1 �
IRU HYHU\ 0 y � DQG HYHU\ o ! � WKHUH H[LVWV D W  W�o�0� VXFK WKDW

0HboWNYN � N7 �W�YN�

%XW WKLV FRQWUDGLFWV WKH IDFW WKDW WKH YHFWRU Y LV H�VWDEOH �ZKLFK KDSSHQV EHFDXVH
Y � 5��� 7KHUHIRUH� 5 LV PD[LPDO� )LQDOO\ REVHUYH WKDW

5 ~ 0
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LI DQG RQO\ LI 0? 1 � I�J �UHDVRQ� 5  0 LI DQG RQO\ LI 0? 1  I�J VLQFH
1  5"�� 7KXV WKH SURSHU LQFOXVLRQ 5 ~ 0 LPSOLHV WKDW >7 �W�@ LV V�VWDEOH�QRQ�H�
VWDEOH RQ 0? 1 EHFDXVH 0? 1 � I�J� 0 LV V�VWDEOH� DQG 1 LV QRQ�H�VWDEOH �LQ
WKH VHQVH WKDW DOO QRQ]HUR YHFWRUV LQ 1 DUH QRQ�H�VWDEOH��

5HPDUN �� 7KHRUHP ��I� VD\V WKDW� HYHQ WKRXJK 1 LV D QRQ�H�VWDEOH VXEVSDFH
�LQ WKH VHQVH WKDW DOO QRQ]HUR YHFWRUV LQ 1 DUH QRQ�H�VWDEOH� LW FDQ VWLOO FRQWDLQ V�
VWDEOH �WKXV V�VWDEOH�QRQ�H�VWDEOH� YHFWRUV ZKHQHYHU WKH LQFOXVLRQ5 ~ 0 LV SURSHU�
�1RWH WKDW WKH SURSHU LQFOXVLRQ FOHDUO\ LPSOLHV WKDW WKH UHGXFLQJ H�VWDEOH VXEVSDFH
5 LV QRW WKH ZKROH VSDFH� EXW LW PD\ EH ]HUR� DQG 0 PD\ EH WKH ZKROH VSDFH��
&RQYHUVHO\� LI WKHUH H[LVW V�VWDEOH�QRQ�H�VWDEOH YHFWRUV� WKHQ WKH LQFOXVLRQ 5 ~ 0
LV SURSHU �VLQFH� LQ WKLV FDVH� WKH H�VWDEOH 5 GRHV QRW FRQWDLQ WKH V�VWDEOH�QRQ�H�
VWDEOH YHFWRUV RI0�� +RZHYHU� DV ZH KDYH VHHQ LQ 5HPDUN �� WKHUH DUH VHPLJURXSV
�FRQWUDFWLYH &��FRQWLQXRXV H�GLFKRWRPLF RQ LQpQLWH�GLPHQVLRQDO VSDFHV� ZLWK QR V�
VWDEOH�QRQ�H�VWDEOH YHFWRUV IRU ZKLFK WKH LQFOXVLRQ 5 v 0 EHFRPHV DQ LGHQWLW\�
([DPSOHV� 7 �W�  , LV H�GLFKRWRPLF ZLWK 3  2 DQG 5  0  I�J� DQG 7 �W�  

Hb
�

� W, LV H�GLFKRWRPLF ZLWK 3  , DQG 5  0  +� $FWXDOO\� HYHQ LI >7 �W�@ LV H�
GLFKRWRPLF ZLWK D QRQWULYLDO SURMHFWLRQ 3 ZH PD\ VWLOO KDYH 5  0� )RU LQVWDQFH�
7 �W�  Hb

�

� W, j , RQ +  5j 1 LV H�GLFKRWRPLF ZLWK D QRQWULYLDO SURMHFWLRQ 3

�VLQFH 5 � I�J DQG 1 � I�J� VXFK WKDW 5  0�

&RUROODU\ �� 7DNH D VHPLJURXS >7 �W�@ RQ +� /HW 3 � %>+@ EH WKH H�GLFKRWRPLF

SURMHFWLRQ RI >7 �W�@ �ZLWK UDQJH 5 DQG NHUQHO 1 � DQG OHW 4 � >%>+@ EH WKH RUWKRJ�

RQDO SURMHFWLRQ RQWR WKH V�VWDEOH VXEVSDFH 0 RI >7 �W�@� 7KH IROORZLQJ DVVHUWLRQV

DUH SDLUZLVH HTXLYDOHQW

�D� 3  4�

�E� 0? 1  I�J�

�F� 0  5�

�G� 0 v 5�

3URRI� 7KH GHpQLWLRQV RI 3 DQG 4 HQVXUH WKDW �D��� �F� �VLQFH WKH RUWKRJRQDO
SURMHFWLRQ RQWR D VXEVSDFH LV XQLTXH�� 7KHRUHP ��E� HQVXUHV WKDW �F��� �E��
7KHRUHP ��D� HQVXUHV WKDW �F��� �E�

2EVHUYH WKDW DVVHUWLRQ �F� LQ &RUROODU\ � �DQG VR DQ\ RI WKH DERYH HTXLYDOHQW
DVVHUWLRQV� LPSOLHV WKDW 0 UHGXFHV >7 �W�@ EHFDXVH 5 UHGXFHV >7 �W�@ E\ 'HpQLWLRQ
�� 0RUHRYHU� �G� PHDQV WKDW WKH V�VWDEOH VXEVSDFH 0 FRQVLVWV RQO\ RI H�VWDEOH
YHFWRUV �DQG VR0 LV DQ V�VWDEOH�YLD�H�VWDEOH VXEVSDFH LI DQ\ RI WKH DERYH HTXLYDOHQW
DVVHUWLRQV KROGV WUXH��

$OVR QRWH IURP 7KHRUHP ��E� WKDW V�VWDEOH�YLD�H�VWDEOH YHFWRUV �L�H�� 5� DQG V�
VWDEOH�QRQ�H�VWDEOH YHFWRUV �L�H�� 0? 1 � DUH FRPSOHPHQWDU\ RUWKRJRQDO VXEVSDFHV
RI WKH V�VWDEOH VSDFH0 RQFH WKH VHPLJURXS LV H�GLFKRWRPLF� 7KH V�VWDEOH VXEVSDFH
0 SOD\V D FHQWUDO UROH LQ H�GLFKRWRP\ FRQWUDFWLRQ VHPLJURXSV RI WKH QH[W VHFWLRQ�

�� 7 KH & RQW U DF W LRQ & DVH

$ VHPLJURXS >7 �W�@ LV FRQWUDFWLYH� RU D FRQWUDFWLRQ VHPLJURXS� LI

N7 �W�[N x N[N IRU HYHU\ [ � + DQG DOO W y �
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RU� HTXLYDOHQWO\� LI N7 �W�N x � IRU DOO W y �� ,I >7 �W�@ LV D FRQWUDFWLRQ VHPLJURXS RQ+�
WKHQ OLPW� � N7 �W�[N H[LVW LQ 5 IRU HYHU\ [ � + �VHH H�J�� >��� 3URSRVLWLRQ ,,,����@��
6LQFH I7 e�W�7 �W�J LV D ERXQGHG PRQRWRQH IDPLO\ RI VHOI�DGMRLQW RSHUDWRUV �LQGHHG
D QRQLQFUHDVLQJ IDPLO\ RI QRQQHJDWLYH FRQWUDFWLRQV� N7 e�W�7 �W�N  N7 �W�N� x �
DQG 7 e�W� V�7 �W� V� x 7 e�W�7 �W� IRU HYHU\ V� W y ��� LW IROORZV WKDW LW FRQYHUJHV
VWURQJO\ DV W � �� 7KXV� DVVRFLDWHG ZLWK D FRQWUDFWLYH VHPLJURXS >7 �W�@ WKHUH LV
DQ RSHUDWRU & � %>+@ ZKLFK LV GHpQHG E\

&[  OLP
W� �

7 e�W�7 �W�[ IRU HYHU\ [ � +�

ZKRVH NHUQHO FRLQFLGHV ZLWK WKH V�VWDEOH VSDFH 0 IRU >7 �W�@� WKDW LV�

NHUQHO�&�  0

�VLQFH N&[N  OLPW� � N7 �W�[N� IRU HYHU\ [ � +�� 7KH RSHUDWRU & LV UHIHUUHG WR DV
WKH V�VWDELOLW\ RSHUDWRU �DOWKRXJK LW QRW V�VWDEOH LWVHOI� DVVRFLDWHG ZLWK WKH FRQWUDF�
WLRQ VHPLJURXS >7 �W�@� 0RUHRYHU�

NHUQHO�& b &��  NHUQHO�&�j NHUQHO�, b &��

�VHH H�J�� >�� 3URSRVLWLRQ ���@�� :H QRZ FRQQHFW H�GLFKRWRP\ ZLWK WKH V�VWDELOLW\
RSHUDWRU & RI D FRQWUDFWLRQ VHPLJURXS >7 �W�@�

7KHRUHP �� /HW & EH WKH V�VWDELOLW\ RSHUDWRU RI D FRQWUDFWLRQ VHPLJURXS >7 �W�@ RQ
+� 7KHQ + DGPLWV WKH GHFRPSRVLWLRQ

+  NHUQHO�&�j NHUQHO�, b &�j NHUQHO�& b &��"�

7KH VXEVSDFHV NHUQHO�&�� NHUQHO�, b &�� DQG NHUQHO�& b &�� DUH >7 �W�@�LQYDULDQW�
>7 �W�MNHUQ HO�&�@ LV V�VWDEOH� >7 �W�MNHUQ HO�,b&�@ LV LVRPHWULF� DQG N[N � N7 �W�[N �� � DV

W � � IRU HYHU\ QRQ]HUR [ � NHUQHO�& b &��"�

3URRI� 7KH GHFRPSRVLWLRQ RI + LV DQ LPPHGLDWH FRQVHTXHQFH RI WKH SUHFHGLQJ LGHQ�
WLWLHV VLQFH +  NHUQHO�& b &��j NHUQHO�& b &��"� DQG VR LV WKH V�VWDELOLW\ RI
>7 �W�MNHUQ HO�&�@ RQ WKH LQYDULDQW VXEVSDFH NHUQHO�&�� ,W LV ZHOO NQRZQ WKDW WKH VXE�

VSDFHV NHUQHO�, b &� DQG NHUQHO�& b &�� DUH >7 �W�@�LQYDULDQW� DQG 7 �W�MNHUQ HO�,b&�

LV DQ LVRPHWU\ IRU HDFK W y � �VHH H�J�� >�@� >�� &KDSWHU �@�� 7KH UHPDLQLQJ UHVXOWV
DUH VWUDLJKWIRUZDUG E\ WKH DERYH SURSHUWLHV�

5HPDUN �� 1RWH WKDW LI WKH LQYDULDQW VXEVSDFH NHUQHO�& b &�� UHGXFHV >7 �W�@ �VR
WKDW NHUQHO�& b &��" LV DOVR >7 �W�@�LQYDULDQW�� WKHQ WKH SURSHUW\ N[N � N7 �W�[N �� �
DV W � � IRU HYHU\ QRQ]HUR [ � NHUQHO�& b &��"� LV HTXLYDOHQW WR VD\LQJ WKDW WKH
VHPLJURXS >7 �W�MNHUQ HO�&b&

�

�
� @ LV QRQ�V�VWDEOH DQG FRPSOHWHO\ QRQ�LVRPHWULF� $V ZH

ZLOO VHH LQ 7KHRUHP � EHORZ� WKH DERYH GHFRPSRVLWLRQ FDQ EH IXUWKHU UHpQHG LI &
LV D SURMHFWLRQ� ,Q WKLV FDVH >7 �W�@ FDQ EH GHFRPSRVHG LQWR WKH GLUHFW VXP RI DQ
V�VWDEOH FRQWUDFWLRQ VHPLJURXS� D XQLODWHUDO VKLIW VHPLJURXS DQG D XQLWDU\ VHPL�
JURXS� 'HFRPSRVLWLRQV IRU WKH VSHFLDO FDVH ZKHUH & LV D SURMHFWLRQ� LQYROYLQJ ERWK
& DQG &e� WKH V�VWDELOLW\ RSHUDWRU DVVRFLDWHG >7

e�W�@� VHH H�J�� >�@ RU >�� 6HFWLRQ ���@�

&RUROODU\ �� ,I >7 �W�@ LV FRQWUDFWLRQ VHPLJURXS RQ +� ZLWK DQ V�VWDELOLW\ RSHUDWRU

&� DQG LV H�GLFKRWRPLF ZLWK UHVSHFW WR DQ H�GLFKRWRPLF SURMHFWLRQ 3 � WKHQ

+  UDQJH�3 �j �NHUQHO�&� ? NHUQHO�3 ��j NHUQHO�, b &�j NHUQHO�& b &��"�
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>7 �W�@ LV H�VWDEOH RQ WKH UHGXFLQJ VXEVSDFH UDQJH�3 �� >7 �W�@ LV V�VWDEOH�QRQ�H�VWDEOH

RQ WKH LQYDULDQW VXEVSDFH NHUQHO�&�?NHUQHO�3 �� >7 �W�@ LV LVRPHWULF �DQG VR QRQ�V�

VWDEOH� RQ WKH LQYDULDQW VXEVSDFH NHUQHO�, b&�� DQG N[N � N7 �W�[N �� � DV W � �
IRU HYHU\ QRQ]HUR [ � NHUQHO�& b &��"�

3URRI� 6LQFH0 NHUQHO�&�� ZKHUH0 LV WKH V�VWDEOH VXEVSDFH RI >7 �W�@� WKH FODLPHG
UHVXOWV IROORZ IURP 7KHRUHPV ��G� DQG �

7KH QH[W WKHRUHP DSSOLHV WR WKH FODVV RI FRQWUDFWLRQ VHPLJURXSV ZKRVH V�VWDELOLW\
RSHUDWRU & LV D SURMHFWLRQ �FI� 5HPDUN � DERYH��

7KHRUHP �� /HW & EH WKH V�VWDELOLW\ RSHUDWRU RI D FRQWUDFWLRQ VHPLJURXS >7 �W�@ RQ
+� ,I & LV D SURMHFWLRQ� WKHQ + DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ

+  UDQJH�3 �j �NHUQHO�&� ? NHUQHO�3 �j NHUQHO�, b &�

FRQVLVWLQJ HQWLUHO\ RI UHGXFLQJ VXEVSDFHV IRU >7 �W�@� 0RUHRYHU� IRU HDFK W y ��

7 �W�  7 MUDQ JH�3 � j 7 �W�MNHUQ HO�&�? NHUQ HO�3 � j 7 �W�MNHUQ HO�,b&��

ZKHUH >7 MUDQ JH�3 � LV H�VWDEOH� >7 �W�MNHUQ HO�&� ? NHUQ HO�3 �@ LV V�VWDEOH�QRQ�H�VWDEOH� DQG

>7 �W�MNHUQ HO�,b&�@  >7 �W�MUDQ JH�&�@ LV LVRPHWULF �DQG VR QRQ�V�VWDEOH��

3URRI� ,I &  &�� WKHQ NHUQHO�& b &��"  I�J� 7KXV WKH GHFRPSRVLWLRQ LQ 7KHR�
UHP � FDQ EH LGHQWLpHG ZLWK

+  NHUQHO�&�j NHUQHO�, b &��

DQG WKDW LQ &RUROODU\ � ZLWK

+  UDQJH�3 �j �NHUQHO�&� ? NHUQHO�3 ��j NHUQHO�, b &��

,Q JHQHUDO� 0  NHUQHO�&� DQG NHUQHO�, b &� DUH MXVW >7 �W�@�LQYDULDQW DQG WKH
VXEVSDFH NHUQHO�& b &��" LV QRW QHFHVVDULO\ >7 �W�@�LQYDULDQW� +RZHYHU� VLQFH 5  
UDQJH�3 � DQG 1  NHUQHO�3 � UHGXFH >7 �W�@ �'HpQLWLRQ ��� LI WKH DERYH GHFRP�
SRVLWLRQV KROG WUXH� WKHQ WKH UHPDLQLQJ VXEVSDFHV LQ WKRVH GHFRPSRVLWLRQV DUH DOO
RUWKRJRQDO FRPSOHPHQWV RI UHGXFLQJ VXEVSDFHV� WKXV UHGXFLQJ WKHPVHOYHV� 0RUH�
RYHU� WKH DFWLRQ RI WKH UHVWULFWLRQV RI >7 �W�@ RQ WKRVH UHGXFLQJ VXEVSDFHV IROORZ IURP
7KHRUHP � DQG &RUROODU\ �� )LQDOO\� >7 �W�MNHUQ HO�,b&�@  >7 �W�MUDQ JH�&�@ EHFDXVH

NHUQHO�, b &�  UDQJH�&� LI &  &��

,W LV ZHOO NQRZQ WKDW H�VWDELOLW\ RI +LOEHUW VSDFH VHPLJURXSV LV FKDUDFWHUL]HG E\ D
/\DSXQRY RSHUDWRU HTXDWLRQ >�@� 7KLV LV DOVR WKH FDVH RI H�GLFKRWRP\ _ VHH >��� ��@
DQG WKH UHIHUHQFHV WKHUHLQ� +RZHYHU H�VWDELOLW\ DV ZHOO DV QRQ�H�VWDELOLW\ RI +LOEHUW
VSDFH FRQWUDFWLRQ VHPLJURXSV FDQ DOVR EH FKDUDFWHUL]HG E\ QRUP LQHTXDOLWLHV� DV ZH
ZLOO VHH LQ WKH QH[W OHPPD� 7KHVH ZLOO EH DSSOLHG LQ WKH IRUWKFRPLQJ 7KHRUHP � WR
FKDUDFWHUL]H H�GLFKRWRP\�

,I >7 �W�@ LV D FRQWUDFWLRQ VHPLJURXS� WKHQ LWV JHQHUDWRU $ LV GLVVLSDWLYH� WKDW LV�

5HK$[ �[L x � IRU HYHU\ [ � '�

ZKHUH ' GHQRWHV WKH GRPDLQ RI $ �ZKLFK LV D GHQVH OLQHDU PDQLIROG RI +�� DQG $

LV PD[LPDO GLVVLSDWLYH LQ WKH VHQVH WKDW WKHUH LV QR GLVVLSDWLYH H[WHQVLRQ RI LW RQ +
>�� �� ��@� 7KH JHQHUDWRU $ LV FDOOHG VWULFWO\ GLVVLSDWLYH LI
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5HK$[ �[L � � IRU HYHU\ � � [ � '�

,I $ LV VWULFWO\ GLVVLSDWLYH� WKHQ �b5HK$[ �[L�
�

� GHpQHV D QRUP RQ '� ZKLFK LV
UHIHUUHG WR DV WKH GLVVLSDWLYH QRUP RQ '� ,I >7 �W�@ LV D FRQWUDFWLRQ VHPLJURXS� WKHQ
ZH VD\ WKDW LW LV SODLQ�H�VWDEOH LI LW LV H�VWDEOH ZLWK 0  �� WKDW LV� LI WKHUH H[LVWV D
FRQVWDQW o ! � VXFK WKDW

N7 �W�[N x HboW N[N IRU HYHU\ W y � DQG HYHU\ [ � +

�HTXLYDOHQWO\� N7 �W�N x HboW IRU HYHU\ W y ��� $ FRQWUDFWLRQ VHPLJURXS >7 �W�@ LV
FDOOHG D SURSHU FRQWUDFWLRQ VHPLJURXS LI

N7 �W�[N � N[N IRU HYHU\ � � [ � + DQG DOO W ! ��

DQG LW LV FDOOHG D VWULFW FRQWUDFWLRQ VHPLJURXS LI

N7 �W�N � � IRU DOO W ! ��

'HpQLWLRQ �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS RQ+� 7DNH DQ RUWKRJRQDO SUR�
MHFWLRQ 3 � %>+@ VR WKDW 5  UDQJH�3 �  3 �+� DQG 1  NHUQHO�3 �  3b��I�J�
DUH FRPSOHPHQWDU\ RUWKRJRQDO VXEVSDFHV RI +� WKDW LV�

+  5j 1

ZLWK 5"  1 � ,I

�D� 3 FRPPXWHV ZLWK HDFK 7 �W� �L�H�� 7 �W�3  3 7 �W� IRU HYHU\ W y � RU� HTXLYD�
OHQWO\� 5 DQG 1 DUH UHGXFLQJ VXEVSDFHV IRU >7 �W�@�� DQG

�E� >7 �W�@ LV SODLQ�H�VWDEOH RQ 5 DQG QRQ�SODLQ�H�VWDEOH RQ 1 �LQ WKH VHQVH WKDW
DOO QRQ]HUR YHFWRUV Y LQ 1 DUH VXFK WKDW IRU HYHU\ o ! �� WKHUH H[LVWV W  
W�Y� o� y � IRU ZKLFK HboWNYN � N7 �W�YN��

WKHQ ZH VD\ WKDW 3 LV D SODLQ�H�GLFKRWRPLF SURMHFWLRQ IRU >7 �W�@ DQG WKH FRQWUDFWLRQ
VHPLJURXS LV VDLG WR EH SODLQ�H�GLFKRWRPLF �RU SODLQ�3 �GLFKRWRPLF��

/HPPD �� /HW >7 �W�@ FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQHUDWRU $�

�D� >7 �W�@ LV SODLQ�H�VWDEOH LI DQG RQO\ LI WKHUH H[LVWV D FRQVWDQW o ! � VXFK WKDW�

o N[N� x b5HK$[ �[L IRU HYHU\ [ � '�

�E� >7 �W�@ LV QRQ�SODLQ�H�VWDEOH LI DQG RQO\ LI IRU HDFK p ! � WKHUH H[LVWV D YHFWRU

[p � ' VXFK WKDW

b5HK$[p �[pL � p N[pN
��

�G� >7 �W�@ LV V�VWDEOH LI DQG RQO\ LI

b

= �

�

5HK$[ �[L GW  N[N� IRU HYHU\ [ � '�

�H� >7 �W�@ LV V�VWDEOH�QRQ�SODLQ�H�VWDEOH LI DQG RQO\ LI

N[N�  b

= �

�

5HK$[ �[L GW IRU HYHU\ [ � '�

DQG IRU HYHU\ p ! � WKHUH LV DQ [p � ' VXFK WKDW

b �
p
5HK$[p �[pL � N[pN

�  b

= �

�

5HK$[p �[pL GW�
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3URRI� >�� 7KHRUHP �@� >�� 5HPDUN ��E�� 7KHRUHP �� DQG &RUROODU\ �@�

'HpQLWLRQ � DQG /HPPD � OHDG WR WKH IROORZLQJ FKDUDFWHUL]DWLRQ RI H�GLFKRWRP\
IRU FRQWUDFWLRQ VHPLJURXSV�

7KHRUHP �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS RQ + ZLWK D VWULFWO\ GLVVLSDWLYH

JHQHUDWRU $� $Q RUWKRJRQDO SURMHFWLRQ 3 � %>+@ LV D SODLQ�H�GLFKRWRPLF SURMHFWLRQ

IRU WKH VHPLJURXS >7 �W�@ LI DQG RQO\ LI WKHUH H[LVWV D FRQVWDQW o ! � VXFK WKDW�

o N[N� x b5HK$[ �[L IRU HYHU\ [ � ' ?5

ZLWK 5  UDQJH�3 �� DQG IRU HDFK p ! � WKHUH LV DQ [p � ' ? 1 VXFK WKDW

b5HK$[p �[pL � p N[pN
�

ZLWK 1  NHUQHO�3 ��

3URRI� 'HpQLWLRQ � VD\V WKDW >7 �W�@ LV SODLQ�H�GLFKRWRPLF LI DQG RQO\ LI WKHUH H[LVWV
DQ RUWKRJRQDO SURMHFWLRQ 3 � %>+@ VXFK WKDW 5  UDQJH�3 � DQG 1  NHUQHO�3 �
UHGXFH >7 �W�@ DQG >7 �W�@ LV SODLQ�H�VWDEOH RQ 5 DQG QRQ�SODLQ�H�VWDEOH RQ 1 � 6LQFH
+  5j 1 � /HPPD � HQVXUHV WKH FODLPHG UHVXOW RQ WKH GHFRPSRVLWLRQ RI ' LQWR
WKH FRPSOHPHQWDU\ RUWKRJRQDO OLQHDU PDQLIROGV ' ?5 DQG ' ? 1 �

&RUROODU\ �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQ�

HUDWRU $� /HW & EH WKH V�VWDELOLW\ RSHUDWRU� DQG OHW 0 EH WKH V�VWDEOH VXEVSDFH� DV�

VRFLDWHG ZLWK >7 �W�@� 6XSSRVH & LV D SURMHFWLRQ� 7KHQ >7 �W�@ LV SODLQ�H�GLFKRWRPLF

ZLWK UHVSHFW WR WKH RUWKRJRQDO SURMHFWLRQ 3  , b & LI DQG RQO\ LI WKHUH H[LVWV D

FRQVWDQW o ! � VXFK WKDW

o N[N� x b5HK$[ �[L IRU HYHU\ [ � ' ?0�

DQG IRU HDFK p ! � WKHUH LV DQ [p � ' ? &�+� VXFK WKDW

b5HK$[p �[pL � p N[pN
��

3URRI� ,I &  &� WKHQ WKH SURMHFWLRQ & LV RUWKRJRQDO �VHH H�J�� >�� S���@�� 7KXV
FRQVLGHU WKH FRPSOHPHQWDU\ RUWKRJRQDO SURMHFWLRQ 3  , b & ZLWK UDQJH�3 �  
NHUQHO�&�  0 �WKH V�VWDEOH VXEVSDFH RI >7 �W�@� DQG NHUQHO�3 �  UDQJH�&�  
&�+�� $SSO\LQJ 7KHRUHP � ZH JHW WKH FODLPHG QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ
WKDW 3 LV SODLQ�H�GLFKRWRPLF IRU >7 �W�@�

8QGHU WKH DVVXPSWLRQ RI &RUROODU\ � �L�H�� LI & LV D SURMHFWLRQ DQG LI , b & LV
SODLQ�H�GLFKRWRPLF IRU >7 �W�@�� WKH V�VWDEOH 0 DQG H�VWDEOH 5 VXEVSDFHV IRU >7 �W�@
FRLQFLGH �L�H�� 0  5 DV H[SHFWHG�� $OVR QRWH WKDW LW PD\ KDSSHQ WKDW ' ?0 RU
' ? &�+� PD\ EH ]HUR �HYHQ WKRXJK ' LV GHQVH LQ +� DQG HYHQ XQGHU WKH DGGLWLRQDO
DVVXPSWLRQ WKDW WKH SURMHFWLRQ & LV QRQWULYLDO _ VR WKDW0 DQG &�+� DUH QRQWULYLDO
VXEVSDFHV RI +��

�� & RQF O XGLQJ 5HP DU N

6XSSRVH D VHPLJURXS >7 �W�@ LV H�GLFKRWRPLF DQG FRQVLGHU WKH H�VWDEOH VXEVSDFH
5 RI WKH H�GLFKRWRPLF SURMHFWLRQ 3 RI 'HpQLWLRQ ��

UDQJH�3 �  5�
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6LQFH WKH RUWKRJRQDO SURMHFWLRQ RQWR D VXEVSDFH LV XQLTXH� VLQFH 3 FRPPXWHV ZLWK
HDFK 7 �W� LI DQG RQO\ LI UDQJH�3 � DQG NHUQHO�3 � DUH UHGXFLQJ VXEVSDFHV IRU HDFK
7 �W� �DQG VR >7 �W�@ LV H�VWDEOH RQ 5  UDQJH�3 � DQG QRQ�V�VWDEOH RQ NHUQHO�3 ���
DQG VLQFH 5 LV PD[LPDO� ZH PD\ UHVWDWH 'HpQLWLRQ � DV IROORZV�

/HW5 EH D PD[LPDO H�VWDEOH VXEVSDFH IRU >7 �W�@� &RQVLGHU WKH RUWKRJRQDO
SURMHFWLRQ 3 RQWR 5 VR WKDW >7 �W�@ LV H�VWDEOH RQ 5 DQG QRQ�V�VWDEOH RQ
NHUQHO�3 �� ,I 3 FRPPXWHV ZLWK HDFK 7 �W�� WKHQ 3 LV DQ H�GLFKRWRPLF

SURMHFWLRQ IRU >7 �W�@� ZKLFK LV VDLG WR EH H�GLFKRWRPLF�

,I ZH UHSODFH H[SRQHQWLDO VWDELOLW\ ZLWK VWURQJ VWDELOLW\ LQ 'HpQLWLRQ � ZH FRPH
DFURVV ZLWK V�GLFKRWRPLF VHPLJURXSV� 3UHFLVHO\� LI >7 �W�@ LV D VHPLJURXS RQ +� DQG
LI WKHUH H[LVWV DQ RUWKRJRQDO SURMHFWLRQ LQ %>+@ WKDW FRPPXWHV ZLWK HDFK 7 �W� VXFK
WKDW >7 �W�@ LV V�WDEOH RQ LWV UDQJH DQG QRQ�V�VWDEOH RQ LWV NHUQHO� WKHQ ZH VD\ WKDW
WKH SURMHFWLRQ LV V�GLFKRWRPLF IRU >7 �W�@ DQG WKH VHPLJURXS LV V�GLFKRWRPLF�

'HpQLWLRQ �� /HW >7 �W�@ EH D VHPLJURXS RQ +� 7DNH DQ RUWKRJRQDO SURMHFWLRQ
4 � %>+@ VR WKDW UDQJH�4�  4�+� DQG NHUQHO�4�  4b��I�J� DUH FRPSOHPHQWDU\
RUWKRJRQDO VXEVSDFHV RI +� WKDW LV�

+  UDQJH�4�j NHUQHO�4�

ZLWK UDQJH�4�"  NHUQHO�4�� ,I

�D� 4 FRPPXWHV ZLWK HDFK 7 �W� �L�H�� 7 �W�4  47 �W� IRU HYHU\ W y � RU� HTXLYD�
OHQWO\� UDQJH�4� DQG NHUQHO�4� DUH UHGXFLQJ VXEVSDFHV IRU >7 �W�@�� DQG

�E� >7 �W�@ LV V�VWDEOH RQ UDQJH�4� DQG QRQ�V�VWDEOH RQ NHUQHO�4� �LQ WKH VHQVH WKDW
DOO QRQ]HUR YHFWRUV LQ NHUQHO�4� DUH QRQ�V�VWDEOH��

WKHQ ZH VD\ WKDW 4 LV DQ V�GLFKRWRPLF SURMHFWLRQ IRU >7 �W�@ DQG WKH VHPLJURXS LV
VDLG WR EH V�GLFKRWRPLF�

&RQVLGHU WKH V�VWDEOH VXEVSDFH0  I[ � + � OLPW� � N7 �W�[N � �J RI >7 �W�@� ,W
LV FOHDU WKDW UDQJH�4� v 0� 2Q WKH RWKHU KDQG� VXSSRVH WKHUH H[LVWV D YHFWRU [  
�X� Y� � +� ZLWK X � UDQJH�4� DQG Y � NHUQHO�4�� VXFK WKDW [ OLHV LQ0QUDQJH�4��
7KHQ OLPW� � 7 �W�[  �7 �W�X� 7 �W�Y�  ��� �� VLQFH [ � 0� DQG VR OLPW� � 7 �W�Y  
�� ZKLFK LPSOLHV WKDW Y  �� %XW [  �X� �� OLHV LQ UDQJH�4�� ZKLFK LV D FRQWUDGLF�
WLRQ� 7KHUHIRUH� 0 v UDQJH�4� DQG VR

UDQJH�4�  0�

7KXV� E\ XQLTXHQHVV RI WKH RUWKRJRQDO SURMHFWLRQ RQWR D VXEVSDFH� 4 LV LQ IDFW WKH
RUWKRJRQDO SURMHFWLRQ RQWR WKH V�VWDEOH VXEVSDFH0 RI >7 �W�@� ZKLFK PHDQV WKDW WKLV
DFWXDOO\ LV WKH VDPH RUWKRJRQDO SURMHFWLRQ 4 RI 7KHRUHP �� 6LQFH 4 FRPPXWHV ZLWK
HDFK 7 �W� LI DQG RQO\ LI UDQJH�4� DQG NHUQHO�4� DUH UHGXFLQJ VXEVSDFHV IRU >7 �W�@
�ZKLFK LPSOLHV WKDW >7 �W�@ PXVW EH V�VWDEOH RQ 0  UDQJH�4� DQG QRQ�V�VWDEOH RQ
NHUQHO�4��� DQG VLQFH 0 LV PD[LPDO� ZH PD\ UHVWDWH 'HpQLWLRQ � DV IROORZV�

&RQVLGHU WKH RUWKRJRQDO SURMHFWLRQ4 RQWR0 VR WKDW >7 �W�@ LV H�VWDEOH RQ
0 DQG QRQ�V�VWDEOH RQ NHUQHO�4�� ,I4 FRPPXWHV ZLWK HDFK 7 �W�� WKHQ4
LV DQ V�GLFKRWRPLF SURMHFWLRQ IRU >7 �W�@� ZKLFK LV VDLG WR EH V�GLFKRWRPLF�
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