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$EVW U DF W � $ VHP LJU RX S >7 �W�@ RQ D + LOE HU W VS DFH LV H[ S RQ HQ WLDOO\ VWDE OH LI

WK HU H H[ LVW U HDO FRQ VWDQ WV 0 y � DQ G o ! � VX FK WK DW N7 �W�N x 0HboW IRU
HY HU \ W y �� ,I >7 �W�@ LV D VWU RQ JO\ FRQ WLQ X RX V FRQ W U DFW LRQ VHP LJU RX S � WK HQ LW LV
S U RY HG WK DW Z H FDQ VHW 0  � LQ WK H G Hp Q LWLRQ RI H[ S RQ HQ WLDO VWDE LOLW\ LI DQ G

RQ O\ LI WK H JHQ HU DWRU $ RI >7 �W�@ LV ERXQ GHGO\ VW U LFW G LVVLS DWLY H �MX VW D VWU LFW
G LVVLS DWLY H $ LV Q RW HQ RX JK ��

�� ,QW U RGXF W LRQ

,I D FRQWUDFWLRQ �VWURQJO\ FRQWLQXRXV� VHPLJURXS LV H[SRQHQWLDOO\ VWDEOH� WKHQ LW
LV QRW WUXH WKDW WKHUH H[LVWV DQ o ! � VXFK WKDW N7 �W�N x HboW IRU HYHU\ W y �� HYHQ
WKRXJK LWV JHQHUDWRU LV GLVVLSDWLYH� ,W PLJKW EH DVVXPHG WKDW WKLV ZRXOG EH WKH FDVH
LI WKH JHQHUDWRU ZDV VWULFWO\ GLVVLSDWLYH� :H VKRZ KHUH WKDW WKLV LV QRW WUXH HLWKHU�
MXVW VWULFW GLVVLSDWLYLW\ LV QRW HQRXJK� ,Q IDFW� LW LV SURYHG LQ 7KHRUHP � WKDW DQ
H[SRQHQWLDOO\ VWDEOH FRQWUDFWLRQ &��VHPLJURXS LV VXFK WKDW N7 �W�N x HboW IRU HYHU\
W y �� IRU VRPH o ! �� LI DQG RQO\ LI LWV JHQHUDWRU LV ERXQGHGO\ VWULFW GLVVLSDWLYH� $
UHpQHPHQW RI VXFK DQ HTXLYDOHQFH LV JLYHQ LQ &RUROODU\ ��

7KURXJKRXW WKLV SDSHU + ZLOO VWDQG IRU D FRPSOH[ +LOEHUW VSDFH� DQG %>+@ IRU
WKH %DQDFK DOJHEUD RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI + LQWR LWVHOI� %\ DQ
RSHUDWRU ZH PHDQ DQ HOHPHQW IURP %>+@� 0RUHRYHU� >7 �W�@  I7 �W� � W y �J ZLOO
VWDQG IRU D VHPLJURXS RI RSHUDWRUV 7 �W� LQ %>+@� DQG WKH OLQHDU WUDQVIRUPDWLRQ
$ � ' � + ZLOO VWDQG IRU WKH JHQHUDWRU RI >7 �W�@� ZKHUH ' LV D OLQHDU PDQLIROG RI +�

$ VHPLJURXS >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH LI WKHUH H[LVW UHDO FRQVWDQWV0 y � DQG
o ! � VXFK WKDW

N7 �W�N x 0HboW IRU HYHU\ W y �

RU� HTXLYDOHQWO\� LI N7 �W�[N x 0HboW N[N IRU HYHU\ W y � DQG HYHU\ [ � +� ,W LV
XQLIRUPO\ VWDEOH LI

N7 �W�N � � DV W � �

�L�H�� 7 �W�� 2 DV W � � LQ %>+@�� 5HFDOO WKDW >7 �W�@ LV XQLIRUPO\ VWDEOH LI DQG RQO\
LI LW LV H[SRQHQWLDOO\ VWDEOH >�� /HPPD �@� $ VHPLJURXS >7 �W�@ LV VWURQJO\ VWDEOH LI

N7 �W�[N � � DV W � � IRU HYHU\ [ � +�

,W LV FOHDU WKDW XQLIRUP VWDELOLW\ �ZKLFK LV HTXLYDOHQW WR H[SRQHQWLDO VWDELOLW\� LPSOLHV
VWURQJ VWDELOLW\� :H DVVXPH WKDW + LV LQpQLWH�GLPHQVLRQDO� RWKHUZLVH DOO WKH DERYH
VWDELOLW\ FRQFHSWV FRLQFLGH�

' DW H� 6 HS WHP E HU �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��'��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� + LOE HU W VS DFH FRQ WU DFWLRQ VHP LJU RX S V� H[ S RQ HQ WLDO VWDE LOLW\ �

�
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$ VHPLJURXS >7 �W�@ LV FRQWUDFWLYH� RU LW LV D FRQWUDFWLRQ VHPLJURXS� LI

N7 �W�N x � IRU DOO W y �

RU� HTXLYDOHQWO\� LI N7 �W�[N x N[N HYHU\ [ � + DQG DOO W y �� ,W LV D SURSHU FRQWUDF�

WLRQ VHPLJURXS LI

N7 �W�[N � N[N IRU HYHU\ � � [ � + DQG DOO W ! ��

$ VHPLJURXS >7 �W�@ LV D VWULFW FRQWUDFWLRQ VHPLJURXS LI

N7 �W�N � � IRU HYHU\ W ! �

RU� HTXLYDOHQWO\� LI VXSN[N  � N7 �W�[N � � IRU DOO W ! �� ,Q JHQHUDO� D SURSHU FRQWUDF�
WLRQ VHPLJURXS LV QRW D VWULFW FRQWUDFWLRQ VHPLJURXS� EXW WKH WZR FRQFHSWV FRLQFLGH
IRU D VHPLJURXS RI FRPSDFW RSHUDWRUV�

$ OLQHDU WUDQVIRUPDWLRQ $ � ' � + LV GLVVLSDWLYH LI LWV GRPDLQ ' LV D GHQVH OLQHDU
PDQLIROG RI + DQG

5HK$[ �[L x � IRU HYHU\ [ � '�

5HFDOO WKDW LI >7 �W�@ LV D VWURQJO\ FRQWLQXRXV FRQWUDFWLRQ VHPLJURXS �L�H�� D FRQWUDF�
WLRQ &��VHPLJURXS�� WKHQ LWV JHQHUDWRU $ LV D FORVHG RSHUDWRU� ZKRVH GRPDLQ ' LV
D GHQVH OLQHDU PDQLIROG RI +� DQG $ LV PD[LPDO GLVVLSDWLYH LQ WKH VHQVH WKDW LW LV
GLVVLSDWLYH DQG WKHUH LV QR GLVVLSDWLYH H[WHQVLRQ RI LW RQ + >�� �� �@� $ GLVVLSDWLYH
JHQHUDWRU $ LV FDOOHG VWULFWO\ GLVVLSDWLYH LI

5HK$[ �[L � � IRU HYHU\ � � [ � '�

:H VKDOO VD\ WKDW D VWULFWO\ GLVVLSDWLYH JHQHUDWRU $ LV ERXQGHGO\ VWULFW GLVVLSDWLYH

�RU XQLIRUPO\ GLVVLSDWLYH _ VHH >�� S���@� LI WKHUH H[LVWV D FRQVWDQW q ! � VXFK WKDW

5HK$[ �[L x b q N[N� IRU HYHU\ [ � '�

:H VKRZ LQ 6HFWLRQ � WKDW LI >7 �W�@ LV D XQLIRUPO\ FRQWLQXRXV FRQWUDFWLRQ VHPL�
JURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQHUDWRU� WKHQ ZH FDQ VHW 0  � LQ WKH GHpQLWLRQ
RI H[SRQHQWLDO VWDELOLW\� 7KLV ZLOO EH H[WHQGHG LQ 6HFWLRQ � WR FRQWUDFWLRQ VHPL�
JURXSV WKDW DUH MXVW VWURQJO\ FRQWLQXRXV� LI >7 �W�@ LV D VWURQJO\ FRQWLQXRXV FRQWUDF�
WLRQ VHPLJURXS� WKHQ ZH FDQ VHW 0  � LQ WKH GHpQLWLRQ RI H[SRQHQWLDO VWDELOLW\ LI

DQG RQO\ LI WKH JHQHUDWRU $ LV ERXQGHGO\ VWULFW GLVVLSDWLYH�

�� ,QMHF W LYH 6HP LJU RXSV

7KH PDLQ UHVXOW RI WKLV VHFWLRQ VD\V WKDW� IRU DQ LQMHFWLYH VWURQJO\ FRQWLQXRXV
FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQHUDWRU� ZH FDQ VHW 0  � LQ
WKH GHpQLWLRQ RI H[SRQHQWLDO VWDELOLW\� 7KLV HQVXUHV WKDW� IRU D XQLIRUPO\ FRQWLQXRXV
FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQHUDWRU� ZH FDQ VHW 0  � LQ
WKH GHpQLWLRQ RI H[SRQHQWLDO VWDELOLW\� 7KHVH DUH FRQVHTXHQFHV RI /HPPD � EHORZ�

7DNH D VHPLJURXS >7 �W�@� 7KH RSHUDWRU 7 �W�� LV LQMHFWLYH IRU VRPH W� ! � LI DQG
RQO\ LI 7 �W� LV LQMHFWLYH IRU DOO W ! �� (TXLYDOHQWO\� � LV QRW DQ HLJHQYDOXH RI 7 �W��
IRU VRPH W� ! � LI DQG RQO\ LI � LV QRW DQ HLJHQYDOXH RI 7 �W� IRU HYHU\ W ! �� ,Q
WKLV FDVH ZH VD\ WKDW >7 �W�@ LV DQ LQMHFWLYH VHPLJURXS� 0RUHRYHU� HYHU\ XQLIRUPO\
FRQWLQXRXV FRQWUDFWLRQ VHPLJURXS >7 �W�@ LV VXFK WKDW 7 �W� KDV D ERXQGHG LQYHUVH IRU
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DOO W ! �� ZKLFK PHDQV WKDW � LV LQ WKH UHVROYHQW VHW RI 7 �W� IRU HYHU\ W ! �� DQG VR
LW LV LQMHFWLYH IRU DOO W ! �� 7KHVH UHVXOWV DUH FRQVLGHUHG LQ WKH IROORZLQJ OHPPD�

/HPPD �� /HW >7 �W�@ EH D VHPLJURXS�

�D� 7 �W� LV LQMHFWLYH IRU VRPH W ! � LI DQG RQO\ LI LW LV LQMHFWLYH IRU HYHU\ W y ��

/HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS� ,I >7 �W�@ LV XQLIRUPO\ FRQWLQXRXV� WKHQ

�E� 7 �W� LV KDV D ERXQGHG LQYHUVH IRU HYHU\ W y ��

3URRI� /HW >7 �W�@ EH D VHPLJURXS �QRW QHFHVVDULO\ D &��VHPLJURXS�� 5HFDOO WKDW 7 �W�
LV LQMHFWLYH LI DQG RQO\ LI 1 �7 �W��  I�J� ZKHUH 1 �7 �W��  I[ � + � 7 �W�[  �J LV
WKH NHUQHO RI 7 �W��

�D� %\ WKH VHPLJURXS SURSHUW\ �YL]� 7 �W� V�  7 �V�7 �W� IRU HYHU\ V� W y ��� ZH JHW

1 �7 �W�� v 1 �7 �W� V��

IRU HYHU\ V� W y �� DQG KHQFH

1 �7 �W��  I�J  � 1 �7 ����  I�J IRU HYHU\ � x � x W�

2Q WKH RWKHU KDQG� WKH VHPLJURXS SURSHUW\ HQVXUHV WKDW� E\ LQGXFWLRQ�

7 �QW�  7 �W�Q

IRU HYHU\ W y � DQG HYHU\ QRQQHJDWLYH LQWHJHU Q� 7DNH DQ DUELWUDU\ W ! �� 6XSSRVH
1 �7 �W��  I�J� 7KLV PHDQV WKDW 7 �W�[ � � IRU HYHU\ � � [ � +� ZKLFK LPSOLHV WKDW
7 �W�Q[ � � E\ LQGXFWLRQ� DQG VR 7 �QW�[ � � IRU HYHU\ � � [ � + DQG HYHU\ SRVLWLYH
LQWHJHU Q E\ WKH SUHFHGLQJ LGHQWLW\� %XW WKLV PHDQV WKDW 1 �7 �QW��  I�J IRU HYHU\
Q y �� +HQFH �E\ XVLQJ WKH SUHYLRXV LPSOLFDWLRQ��

1 �7 �W��  I�J  � 1 �7 ����  I�J IRU HYHU\ � � W x � �

7KHUHIRUH�

1 �7 �W��  I�J IRU VRPH W ! �  � 1 �7 �W��  I�J IRU HYHU\ W y ��

7KDW LV� LI 7 �W� LV LQMHFWLYH IRU VRPH W ! �� WKHQ 7 �W� LV LQMHFWLYH IRU HYHU\ W y ��
7KH FRQYHUVH LV WDXWRORJLFDO� 7KLV FRPSOHWHV WKH SURRI RI �D��

�E� 1RZ FRQVLGHU WKH QRQQHJDWLYH IXQFWLRQ N7 �c�[N� � >����� 5� 6XSSRVH >7 �W�@ LV
D FRQWUDFWLRQ VHPLJURXS� VR WKDW N7 �W� V�[N�  N7 �V�7 �W�[N� x N7 �W�[N� x N[N�

IRU HYHU\ V� W y � DQG HYHU\ [ � +� DQG KHQFH

N7 �c�[N� LV QRQLQFUHDVLQJ ZLWK N7 ���[N�  N[N�

IRU HYHU\ [ � +� 0RUHRYHU� LI WKH FRQWUDFWLRQ VHPLJURXS >7 �W�@ LV DOVR VWURQJO\ FRQ�
WLQXRXV �L�H�� D FRQWUDFWLRQ &��VHPLJURXS�� WKHQ LWV JHQHUDWRU $ LV GLVVLSDWLYH DQG

G
GW

N7 �W�[N�  �5HK$7 �W�[ �7 �W�[L x �

IRU HYHU\ W ! � DQG HYHU\ [ � ' �VHH H�J�� >�� S������@�� ,I� LQ DGGLWLRQ� >7 �W�@ LV
XQLIRUPO\ FRQWLQXRXV� WKHQ $ � %>+@ �L�H�� '  + DQG $ LV ERXQGHG _ VHH H�J�� >��
S���@�� DQG WKHUHIRUH �E\ WKH 6FKZDUW] LQHTXDOLW\�

p

p

p

G
GW

N7 �W�[N�
p

p

p
x �N$N N7 �W�[N� x �N$N N[N�
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IRU HYHU\ W ! � DQG HYHU\ [ � +� ZKLFK LPSOLHV WKDW

b�N$N x LQI
N[N  �

G
GW

N7 �W�[N� IRU DOO W ! ��

6LQFH N7 �c�[N� � >����� 5 LV QRQLQFUHDVLQJ DQG N7 ���[N�  N[N�  � IRU HYHU\
[ � + ZLWK N[N  �� LW FDQ EH YHULpHG WKDW� LI � � ��� �

�N$N �� WKHQ

� � �b �N$N� x LQI
N[N  �

N7 �W�[N� x � IRU DOO W � >�� �@�

7DNH DQ DUELWUDU\ � � ��� �
�N$N �� 7KH DERYH LQHTXDOLW\ LPSOLHV WKDW

7 �W� KDV ERXQGHG LQYHUVH IRU HYHU\ W � >�� �@�

1RZ OHW V EH DQ DUELWUDU\ SRVLWLYH UHDO QXPEHU VXFK WKDW � � V� DQG WDNH D SRVLWLYH
LQWHJHU Q ODUJH HQRXJK VXFK WKDW V

Q
x �� 6HW W  V

Q
x � VR WKDW 7 �W� KDV D ERXQGHG

LQYHUVH� VD\ 7 �W�b� � %>+@� 7KXV� E\ WKH VHPLJURXS SURSHUW\�

7 �V�  7 �QW�  7 �W�Q�

DQG KHQFH 7 �V� KDV D ERXQGHG LQYHUVH� YL]� 7 �V�b�  7 �W�bQ � %>+@� 7KHUHIRUH�

7 �V� KDV ERXQGHG LQYHUVH IRU HYHU\ V � ������

ZKLFK FRPSOHWHV WKH SURRI RI �E��

7KHRUHP �� /HW >7 �W�@ EH D VWURQJO\ FRQWLQXRXV FRQWUDFWLRQ VHPLJURXS ZLWK D

VWULFWO\ GLVVLSDWLYH JHQHUDWRU VXFK WKDW 7 �W� LV LQMHFWLYH IRU VRPH W ! �� ,I >7 �W�@ LV
H[SRQHQWLDOO\ VWDEOH� WKHQ WKHUH H[LVWV D FRQVWDQW o ! � VXFK WKDW

N7 �W�N x HboW IRU HYHU\ W y ��

3URRI� 6XSSRVH >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH� VR WKDW WKHUH H[LVW UHDO FRQVWDQWV
0 y � DQG o ! � VXFK WKDW N7 �W�[N� x 0HboW N[N� IRU HYHU\ W y � DQG HYHU\
[ � +� 0RUHRYHU� VXSSRVH >7 �W�@ LV FRQWUDFWLYH� VR WKDW WKH QRQQHJDWLYH IXQF�
WLRQ N7 �c�[N� � >����� 5 LV QRQLQFUHDVLQJ ZLWK N7 ���[N�  N[N� IRU HYHU\ [ � +�
7KXV� LI 0 ! � QHFHVVDULO\� WKHQ� IRU HDFK [ � + WKHUH LV DQ �  ��[� ! � VXFK WKDW

N7 �W�[N�  N[N� IRU HYHU\ W � >�� �@�

6XSSRVH 7 �W� LV LQMHFWLYH IRU VRPH W ! �� /HPPD ��D� VD\V WKDW 7 �W� LV LQMHFWLYH IRU
HYHU\ W y �� ,I WKH FRQWUDFWLRQ VHPLJURXS >7 �W�@ LV VWURQJO\ FRQWLQXRXV� WKHQ LW KDV
D GLVVLSDWLYH JHQHUDWRU $� ,I $ LV VWULFWO\ GLVVLSDWLYH� WKHQ

G
GW

N7 �W�[N�  �5HK$7 �W�[ �7 �W�[L � �

IRU HYHU\ W ! � DQG HYHU\ � � [ � ' _ ZKLFK LV GHQVH LQ + _ EHFDXVH 7 �W� LV
LQMHFWLYH IRU HYHU\ W y �� 7KH DERYH WZR H[SUHVVLRQV OHDG WR D FRQWUDGLFWLRQ� QDPHO\�
N7 �c�[N� � >����� 5 FDQQRW EH FRQVWDQW RYHU D QRQGHJHQHUDWH LQWHUYDO IRU DQ\
� � [ � '� 7KHUHIRUH� 0 x ��

,Q RWKHU ZRUGV� IRU HYHU\ SDLU RI FRQVWDQWV �o�0� HQVXULQJ H[SRQHQWLDO VWDELOLW\
IRU DQ LQMHFWLYH VWURQJO\ FRQWLQXRXV FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH
JHQHUDWRU� ZH FDQ DOZD\V VHW 0  � ZLWKRXW FKDQJLQJ WKH o�
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&RUROODU\ �� /HW >7 �W�@ EH D XQLIRUPO\ FRQWLQXRXV FRQWUDFWLRQ VHPLJURXS ZLWK D

VWULFWO\ GLVVLSDWLYH JHQHUDWRU� ,I >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH� WKHQ WKHUH H[LVWV D

FRQVWDQW o ! � VXFK WKDW

N7 �W�N x HboW IRU HYHU\ W y ��

3URRI� ,I >7 �W�@ LV XQLIRUPO\ FRQWLQXRXV� WKHQ >7 �W�@ LV VWURQJO\ FRQWLQXRXV DQG� LI LW
LV FRQWUDFWLYH� WKHQ HDFK 7 �W� KDV D ERXQGHG LQYHUVH E\ /HPPD ��E�� DQG VR HDFK
7 �W� LV LQMHFWLYH� ,I� LQ DGGLWLRQ� >7 �W�@ KDV D VWULFWO\ GLVVLSDWLYH JHQHUDWRU� 7KXV
WKH FODLPHG UHVXOW IROORZV E\ 7KHRUHP ��

5HPDUN �� ,W LV ZRUWK QRWLFLQJ KRZ WKH SUHFHGLQJ UHVXOWV EHKDYH IRU D GLVFUHWH
VHPLJURXS >7Q@  I7Q � Q y �J� ZKHUH 7 LV DQ DUELWUDU\ RSHUDWRU LQ %>+@� 7KH
UHVXOW LQ /HPPD ��D� IRU GLVFUHWH VHPLJURXSV� QDPHO\� 7Q LV LQMHFWLYH IRU VRPH
LQWHJHU Q y � LI DQG RQO\ LI 7Q LV LQMHFWLYH IRU HYHU\ Q y �� KDV HVVHQWLDOO\ WKH VDPH
SURRI� 7KH GLVFUHWH FRXQWHUSDUW RI /HPPD ��E� UHDGV DV IROORZV� 7Q KDV DQ LQYHUVH
LQ %>+@ IRU HYHU\ Q y � ZKHUHYHU 7 KDV �UHDVRQ� �7Q�b�  �7b��Q�� 7KH GHpQLWLRQ
RI H[SRQHQWLDO VWDELOLW\ IRU GLVFUHWH VHPLJURXSV LV� >7Q@ LV H[SRQHQWLDOO\ VWDEOH LI
WKHUH H[LVW UHDO FRQVWDQWV 0 y � DQG o � ��� �� VXFK WKDW N7QN x 0oQ IRU HYHU\
Q y �� ,W PD\ KDSSHQ WKDW H[SRQHQWLDO VWDELOLW\ IRU D SDUWLFXODU H[SRQHQWLDOO\
VWDEOH FRQWUDFWLRQ GLVFUHWH VHPLJURXS KROGV RQO\ ZLWK D FRQVWDQW 0 JUHDWHU WKDQ
�� )RU LQVWDQFH� WKLV LV WKH FDVH IRU HYHU\ H[SRQHQWLDOO\ VWDEOH FRQWUDFWLRQ GLVFUHWH

VHPLJURXS >7Q@ ZLWK N7N  �� 6DPSOH� 7DNH WKH QLOSRWHQW FRQWUDFWLRQ 7  
b � �
� �

c

LQ %>&�@ VR WKDW IRU HYHU\ 0 ! � WKHUH H[LVWV DQ o � ��� �� VXFK WKDW N7QN x 0oQ�
ZKLOH WKHUH LV QR o � ��� �� IRU ZKLFK N7QN x oQ� 7KH FRXQWHUSDUW RI &RUROODU\ � IRU
D GLVFUHWH VHPLJURXS UHTXLUHV WKDW 7 EH D VWULFW FRQWUDFWLRQ �UHDVRQ� N7QN x N7NQ��

�� %RXQGHGO \ 6W U LF W 'LVVLSDW LYH * HQHU DW RU

7KURXJKRXW WKLV VHFWLRQ ZH DVVXPH WKDW >7 �W�@ LV D &��VHPLJURXS �L�H�� D VWURQJO\
FRQWLQXRXV VHPLJURXS� ZLWK D JHQHUDWRU $� DQG ZH FRQVLGHU WKH IROORZLQJ VHWXS�
7DNH WKH QRQQHJDWLYH IXQFWLRQ N7 �c�[N� � >����� 5� ,I >7 �W�@ LV D FRQWUDFWLRQ
VHPLJURXS� WKHQ

N7 �c�[N� LV QRQLQFUHDVLQJ ZLWK N7 ���[N�  N[N�

IRU HYHU\ [ � +� 0RUHRYHU� UHFDOO WKDW

G
GW

N7 �W�[N�  �5HK$7 �W�[ �7 �W�[L

IRU HYHU\ W ! � DQG HYHU\ [ � '� 6LQFH 7 �c�[ � >����� + LV FRQWLQXRXV IRU HYHU\
[ � + �DQG VR LV WKH LQQHU SURGXFW� ZH JHW� IRU HYHU\ [ � '�

G
GW

N7 �W�[N�
p

p

W �
�  OLP

W� �

G
GW

N7 �W�[N�  OLP
W� �

�5HK$7 �W�[ �7 �W�[L  �5HK$[ �[L�

$OVR VHW #'M'  I[ � ' � N[N  �J DQG #'M+  I[ � + � N[N  �J� ZKLFK DUH WKH
XQLW VSKHUHV LQ ' DQG LQ +� UHVSHFWLYHO\�

:H VKRZ LQ WKLV VHFWLRQ WKDW LI >7 �W�@ LV DQ H[SRQHQWLDOO\ VWDEOH VWURQJO\ FRQWLQX�
RXV FRQWUDFWLRQ VHPLJURXS� WKHQ ZH FDQ VHW 0  � LQ WKH GHpQLWLRQ RI H[SRQHQWLDO
VWDELOLW\ LI DQG RQO\ LI >7 �W�@ KDV D ERXQGHGO\ VWULFW GLVVLSDWLYH JHQHUDWRU�
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7KHRUHP �� /HW >7 �W�@ EH DQ H[SRQHQWLDOO\ VWDEOH FRQWUDFWLRQ &��VHPLJURXS� 7KHUH

H[LVWV D FRQVWDQW o ! � VXFK WKDW

N7 �W�N x HboW IRU HYHU\ W y �

LI DQG RQO\ LI WKH JHQHUDWRU RI >7 �W�@ LV ERXQGHGO\ VWULFW GLVVLSDWLYH�

3URRI� ,I >7 �W�@ LV FRQWUDFWLYH� DQG LI LWV JHQHUDWRU $ LV VWULFWO\ GLVVLSDWLYH� WKHQ

�L� �5HK$[ �[L  G N7 �W�[N� GW MW �
� � � IRU HYHU\ QRQ]HUR [ � '� DQG

�LL� N7 �c�[N� LV QRQLQFUHDVLQJ ZLWK N7 ���[N�  N[N� IRU HYHU\ [ LQ +�

,I� LQ DGGLWLRQ WR �L� DQG �LL�� >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH� WKHQ WKHUH H[LVW FRQVWDQWV
0 y � DQG o ! � VXFK WKDW

�e� N7 �W�[N� x 0HboW N[N� IRU HYHU\ W y � DQG HYHU\ [ � +�

$FFRUGLQJ WR SURSHUWLHV �L�� �LL�� DQG �e�� IRU HDFK � � [ � ' WKHUH LV D QXPEHU p�[�
LQ ��� MGN7 �W�[N� GWMW �

� M� VXFK WKDW

�ee� N7 �W�[N� x Hbp�[�WN[N� IRU HYHU\ W y ��

�D� ,I $ LV ERXQGHGO\ VWULFW GLVVLSDWLYH �L�H�� LI 5HK$[ �[L x bqN[N� IRU HYHU\ [ � '
DQG VRPH q ! ��� WKHQ SURSHUW\ �L� VD\V WKDW VXS[� #'M � GN7 �W�[N� GWMW �

� � �� 6R

LQI
[� #'M �

M GN7 �W�[N� GW MW �
� M � ��

,W FDQ EH YHULpHG E\ WKH DERYH LQHTXDOLW\ DQG �ee� WKDW WKHUH H[LVWV D IXQFWLRQ

p�c� � #'M' � ��� LQI
[� #'M �

M GN7 �W�[N� GW MW �
� M��

ERXQGHG DZD\ IURP ]HUR �L�H�� VXFK WKDW � � LQI[� #'M � p�[��� IRU ZKLFK �ee� KROGV
IRU HYHU\ XQLW YHFWRU LQ '� 6LQFH ' LV GHQVH LQ +� WKH LQGXFHG XQLIRUP QRUP RI DQ
RSHUDWRU LQ %>+@ DQG RI LWV UHVWULFWLRQ LQ %>'@ FRLQFLGH� DQG VR

N7 �W�N  VXS
[� #'M �

N7 �W�[N  VXS
[� #'M �

N7 �W�[N�

1RZ VXSSRVH WKHUH LV QR FRQVWDQW o ! � VXFK WKDW

N7 �W�N x HboW IRU HYHU\ W y ��

7KHQ IRU HYHU\ o ! � WKHUH H[LVWV D Wo ! � VXFK WKDW� IRUP �ee��

HboW � � N7 �Wo�N
�  VXS

[� #'M �
N7 �Wo�[N

�  VXS
[� #'M �

N7 �Wo�[N
� x Hb LQ I �����
	�� � p�[� W � �

,Q SDUWLFXODU� E\ VHWWLQJ o  LQI[� #'M � p�[� ! �� WKH DERYH VWULFW LQHTXDOLW\ OHDGV
WR D FRQWUDGLFWLRQ� 7KHUHIRUH� WKHUH H[LVWV D FRQVWDQW o ! � VXFK WKDW

N7 �W�N x HboW IRU HYHU\ W y ��

�E� &RQYHUVHO\� VXSSRVH �e� KROGV ZLWK 0  �� (TXLYDOHQWO\� VXSSRVH WKH DERYH
H[SUHVVLRQ KROGV IRU VRPH FRQVWDQW o ! �� 7KHQ NHoW 7 �W�N x � IRU DOO W y �� ZKLFK
PHDQV WKDW WKH VHPLJURXS >HoW 7 �W�@ LV FRQWUDFWLYH� 6LQFH LWV JHQHUDWRU LV $� o,
�VHH H�J�� >�� S���@�� LW IROORZV WKDW $� o, LV GLVVLSDWLYH RQ '� DQG WKHUHIRUH
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5HK$[ �[L� o N[N�  5HK�$� o,�[ �[L x � IRU HYHU\ [ � '�

7KXV WKHUH LV DQ o ! � VXFK WKDW

oN[N� x b5HK$[ �[L IRU HYHU\ [ � '�

HTXLYDOHQWO\� $ LV ERXQGHGO\ VWULFW GLVVLSDWLYH�

$ GLoHUHQW SURRI RI SDUW �E� KDV EHHQ FRQVLGHUHG LQ >�� /HPPD �@�

5HPDUN �� /HW >7 �W�@ EH D FRQWUDFWLRQ &��VHPLJURXS�

�D� ,I WKH JHQHUDWRU RI >7 �W�@ LV VWULFWO\ GLVVLSDWLYH� WKHQ >7 �W�@ LV D SURSHU FRQ�
WUDFWLRQ RQ '�

�E� ,I WKH JHQHUDWRU RI >7 �W�@ LV ERXQGHGO\ VWULFW GLVVLSDWLYH� WKHQ >7 �W�@ LV D SURSHU
FRQWUDFWLRQ RQ +�

,QGHHG� OHW $ EH JHQHUDWRU RI D FRQWUDFWLRQ &��VHPLJURXS >7 �W�@�

�D� ,I $ LV VWULFWO\ GLVVLSDWLYH� WKHQ

OLP
� � �

�
N7 ���[N� b N7 ���[N�

�
 G

GW
N7 �W�[N�

p

p

W �
�  �5HK$[ �[L � �

IRU HYHU\ � � [ � '� WKDW LV� N7 ��� �[N� � N7 ���[N�  N[N� IRU HYHU\ � � [ � '�
7KHUHIRUH� VLQFH N7 �c�[N� LV QRQLQFUHDVLQJ ZLWK N7 ���[N�  N[N�� LW IROORZV WKDW
N7 �W�[N� � N[N� IRU HYHU\ W ! �� ZKHQHYHU � � [ � '�

�E� ,I $ LV ERXQGHGO\ VWULFW GLVVLSDWLYH� WKHQ WKHUH H[LVWV q ! � VXFK WKDW

OLP
�� �

�
N7 ���[N� b N7 ���[N�

�
 G

GW
N7 �W�[N�

p

p

W �
�  �5HK$[ �[L x b� qN[N�

IRU HYHU\ � � [ � '� +HQFH� VLQFH ' LV GHQVH LQ +�

OLP
� � �

�
N7 ���[N� b N7 ���[N�

�
x b� qN[N� � �

IRU HYHU\ � � [ � +� 7KHUHIRUH� E\ XVLQJ WKH VDPH DUJXPHQW� N7 �W�[N� � N[N� IRU
HYHU\ W ! �� ZKHQHYHU � � [ � +�

5HPDUN �� 7KH DVVXPSWLRQ WKDW WKH JHQHUDWRU $ LV VWULFWO\ GLVVLSDWLYH LV HQRXJK
WR SURYH 7KHRUHP � DQG &RUROODU\ �� +RZHYHU� 7KHRUHP � HQVXUHV WKDW� LQ IDFW�
WKDW $ PXVW EH ERXQGHGO\ VWULFW GLVVLSDWLYH�

7KHRUHP � VD\V WKDW� LI >7 �W�@ LV DQ H[SRQHQWLDOO\ VWDEOH FRQWUDFWLRQ &��VHPL�
JURXS� WKHQ LW LV H[SRQHQWLDOO\ VWDEOH ZLWK 0  � LI DQG RQO\ LI LWV JHQHUDWRU LV
ERXQGHGO\ VWULFW GLVVLSDWLYH� :H FORVH WKH SDSHU E\ VKRZLQJ WKDW ERXQGHGO\ VWULFW
GLVVLSDWLYLW\ DFWXDOO\ LPSOLHV H[SRQHQWLDOO\ VWDELOLW\� 7KHUHIRUH� D VWURQJO\ FRQWLQX�

RXV FRQWUDFWLRQ VHPLJURXS LV H[SRQHQWLDOO\ VWDEOH ZLWK 0  � LI DQG RQO\ LI LWV

JHQHUDWRU LV ERXQGHGO\ VWULFW GLVVLSDWLYH�

&RUROODU\ �� /HW $ EH WKH JHQHUDWRU RI D FRQWUDFWLRQ &��VHPLJURXS >7 �W�@� 7KHUH

H[LVWV D FRQVWDQW o ! � VXFK WKDW
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N7 �W�N x HboW IRU HYHU\ W y �

LI DQG RQO\ LI WKHUH H[LVWV D FRQVWDQW q ! � VXFK WKDW

5HK$[ �[L x b q N[N� IRU HYHU\ [ � '�

3URRI� 6XSSRVH $ LV ERXQGHGO\ VWULFW GLVVLSDWLYH� 6LQFH ' LV >7 �W�@�LQYDULDQW� WKHUH
H[LVWV D FRQVWDQW q ! � VXFK WKDW

q N7 �W�[N� x b5HK$7 �W�[ �7 �W�[L  b G
GW

N7 �W�[N�

IRU HYHU\ [ � '� ,QWHJUDWLQJ� DQG H[WHQGLQJ E\ FRQWLQXLW\ �VLQFH LQWHJUDO LV D FRQ�
WLQXRXV IXQFWLRQDO� IRUP WKH GHQVH GRPDLQ ' WR WKH ZKROH VSDFH +� ZH JHW

q

= �

�

N7 �W�[N� GW x N[N� � �

IRU HYHU\ [ � +� %XW� DV LW LV ZHOO�NQRZQ >�� &RUROODU\ �@� WKH SUHFHGLQJ LQHTXDOLW\
LPSOLHV WKDW >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH� ZKLFK PHDQV WKDW WKHUH H[LVW FRQVWDQWV
0 y � DQG o ! � VXFK WKDW

N7 �W�N x 0HboW IRU HYHU\ W y ��

+RZHYHU� 7KHRUHP � HQVXUHV WKDW DQ H[SRQHQWLDOO\ VWDEOH FRQWUDFWLRQ &��VHPLJURXS
ZLWK D ERXQGHGO\ VWULFW GLVVLSDWLYH JHQHUDWRU LV VXFK WKDW

N7 �W�N x HboW IRU HYHU\ W y �

IRU VRPH o ! �� 7KH FRQYHUVH LV DQ LPPHGLDWH FRQVHTXHQFH RI 7KHRUHP � LWVHOI�

5HI HU HQF HV

�� 5� 'DWN R� ( [W HQ GLQ J D W KHRU HP RI $ �0� / LDSXQ RY W R + LOEHU W VSDFH� - � 0DWK � $ Q DO� $ S S O� ��
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