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APPLICATIONS OF HILBERT SPACE DISSIPATIVE NORM

CARLOS S. KUBRUSLY AND NHAN LEVAN

ABSTRACT. The concept of Hilbert space dissipative norm was introduced in
[8] to obtain necessary and sufficient conditions for exponential stability of
contraction semigroups. In the present paper we show that the same concept
can also be used to derive further properties of contraction semigroups, as well
as to characterize strongly stable semigroups that are not exponentially stable.

1. INTRODUCTION

Strong stability of continuous and discrete operator semigroups on Banach and
Hilbert spaces have been extensively studied in current literature. We refer to [2] for
a recent and comprehensive discussion. The present paper is a sequel to our effort
to go after strong stability of continuous and discrete Hilbert space contraction
semigroups [1, 7, 8, 9, 10].

Necessary and sufficient conditions for e-stability (i.e., exponential stability) and
s-stability (i.e., strong stability) of Hilbert space contraction semigroups were re-
cently obtained in [8] in terms of an inequality involving the Hilbert space norm and
the dissipative norm. This note is a sequel to [8]. Here we show several applications
of dissipative norm to Hilbert space contraction semigroups.

In the following [T'(¢)] = {T'(t);t > 0} will always denote a Cp-semigroup (i.e,
a strongly continuous semigroup) of contraction operators over a complex Hilbert
space H, with inner product (-;-) and norm || - ||. It is said to be ezponentially
stable (or e-stable) if there exist real constants a > 0 and M > 1 such that

IT ()| < Me™®*  for every t >0

(equivalently, if | T'(t)z|| < Me™t||z| for every z € H and every ¢ > 0). It is said to
be plain-e-stable if it is e-stable with M = 1. Recall that [T'(¢)] is uniformly stable
(e, limy_o ||T(t)|| = 0) if and only if it is exponentially stable [4]. A semigroup
[T'(t)] is strongly stable (or s-stable) if

tlim |T(t)x|| =0 for every z € H.
The generator A: D — H of [T'(t)] is a closed linear transformation on a dense
linear manifold D = D(A) of H. Moreover, A is maximal dissipative; that is,
Re(Az;z) <0 for every z € D,

and maximal because it does not admit any dissipative extension in H [5, 6]. The
generator A is called strictly dissipative if
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Re(Az;z) < 0 for every 0# z € D.

It is readily verified that if the generator A is strictly dissipative, then the functional
(—2Re(A-;-))2: D — R defines a norm on the linear manifold D. Such a norm on
D is called a dissipative norm [8] and is denoted by || - ||4; that is,

|z|la = (72Re<Ax;x>)% for every z € D.

Expressions for || - || in terms of the generator A as well as of the cogenerator
S that will be needed throughout the paper are considered in Section 2, and then
we obtain some inequalities involving both norms || - || and || - |4 that will be
required for deriving further properties of the generator and cogenerator of [T'(¢)].
The main results appear in Section 3. They deal with strongly and exponentially
stable semigroups. Exponential and strong stability are compared, leading to a
characterization of strongly stable semigroups that are not exponentially stable.

2. PRELIMINARIES

Let A be the generator of the semigroup [T'(t)]. Recall that
(2.1) (A £ Da|? = || Az|* + ||z]|* £ 2Re (Az; 2)
for every x € D, and that A is dissipative. If, in addition, A is strictly dissipative,
then the dissipative norm
(2.2) |z||2 = —2Re(Ax; x)
is expressed as

(2.3) lzl1Z = 5 (II(A = D=]|* = [|(A + D)a]|*)

for every z € D. The cogenerator S = (A+I)(A—1I)~! of [T(t)] is the Cayley
transform of the generator A. Since A is dissipative, it follows by (2.1) that ||z|| <
[(A —I)x| for every x € D, and so A — I is injective. Actually, in this case, A — I
has a bounded inverse on its range. Therefore [5, 6],

(2.4) S=(A+DA-D)"'=T+2A-1)" ' =-T+24A-1)"".

Moreover, 1 ¢ op(S), with op(S) standing for the point spectrum of S (i.e., S — I
is injective), and the domain of S — I (and so the domain of S) coincides with the
range of A —1I (i.e., D(S —I) = R(A—1)) which is all of H (i.e., (A—I)D="H
because A is densely defined) [5, 6]. Conversely, the generator A can be expressed
in terms of the cogenerator S as follows [5, 6].

(2.5) A=S+D(S-Dt'=T+28-1)"1=-T+28(S-1)"".

Recall that the range of S — I coincides with the domain of A (i.e., R(S—1I) = D).

The following expressions of || - |4 in terms of S can be readily verified by using
the previous identities from (2.1) to (2.5)
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Lemma 1. Let [T(t)] be a contraction semigroup with a strictly dissipative gener-
ator A and cogenerator S. Then, for every x € D,

(2.6) Iz = 2(I(S = D)~ =]* = [IS(S = I)~"=||?).

Moreover, if © = (S —1)y € D for some y € H,

(2.7) lzlz = 2(llyll* — lISyl1*)

(2.8) = 2| Dyl?

(2.9) = 2|D(S - I)"'z|* = 3|D(A~ Dz,
where

(2.10) D=(I-8*S)?

is the defect operator of the contraction S [11].

Note that, under the assumption of Lemma 1, the cogenerator S is, in fact, a
proper contraction, that is,

(2.11) ISyl <yl for every 0#ye™H,

because the left side of (2.7) is positive. (Recall that D(S) = D(S — I) = H). Since
|lz||3 = —2Re(Azx ;) for every x € D (cf. (2.2)), it is also easy to see from (2.1)
and (2.3) that the following inequalities hold.

Lemma 2. Consider the assumptions of the previous lemma. Then, for © € D,

(2.12) lzl* < [I(A= Dz,
(2.13) lzZ < 3ll(A=D)z|?,
(2.14) Il < 27+ 1A+ Dzl < l2llz +11(A = Dz,
(2.15) lzI7 < [ A=]? + [,
(2.16) [Az|? < o]l + A+ Dz)* < [l2llF + (A = Dal|.
In general, neither || - || nor || - |4 dominates the other. However, if [T'(¢)] is

e-stable or s-stable then the situation becomes clearer, as we shall see in the sequel.
3. EXPONENTIAL AND STRONG STABILITIES

We begin this section on the characterization of strong and exponential stabilities
by recalling the following results from [8].

Lemma 3. If [T(t)] is a contraction semigroup with a strictly dissipative generator
A, then, for every x € D,

() / T I @3 de < |l

(i) [T'(t)] is plain-e-stable if and only if there exists a constant o > 0 such that
allz|l < flzlla,

(iii) [T'(¢)] is s-stable if and only if
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o0
2 2
/0 T ()3 dt = ]

Proof. See Lemma 1, Theorem 2, and Remark 1 in [8]; see also [1] for part (iii). O

Our first theorem presents further properties of the cogenerator S as a conse-
quence of the equivalent condition for e-stability in Lemma 3(ii).

Theorem 1. Let [T(t)] be a contraction semigroup with a strictly dissipative gen-
erator A and cogenerator S. Then the following propositions hold.

(i) The defect operator D of S is a contraction.
(il) Suppose [T(t)] is plain-e-stable. Then there exists an o > 0 such that

(ii.a) all(S = Dyl < lyl2 = ISyl

and so

.. 2

(ii.b) a(llyl = 1I1Syll)™ < all(S = Dyll* < llyllI* = [ISyl*,

for every y € H. For such an « it follows that: S — I is a contraction if a > 1, S
is boundedly invertible if o > 1, and A is boundedly invertible if o > %

Proof. First recall that, under the above assumptions, S is a proper contraction.
(1) From (2.4), (2.8), (2.9) and (2.13), for every z = (S —I)y € D and y € H,

20 Dy|2 = llel3 < LI(A=Da|2 = 3|(A=D)(S =Dyl = SI(A=1)2 (A=)~ 'y|]2
and therefore, for every y € H,

1Dyl < {lyll-

(ii) Under the additional e-stability assumption, Lemma 3(ii) ensures the existence
of an a > 0 such that, for every x € D,

2a|z|* < 3

Consider this o > 0. Thus (ii.a) follows from (2.7) by setting x = (S —I)y € D.
Moreover, it is plain (by the triangle inequality) that, for every y € H,

1Syl = [yl < 1S = Dyll-

This and (ii.a) lead to (ii.b). Furthermore, we also have from (ii.a) that

all (S = Dyl* <yl
for every y € H. Hence S — I is a contraction if a > 1. Moreover, from (ii.b),

2
a(llyll = 11Syl)™ < lyll* + 1Syl
or
aLlylI* < 1Syl

for every y € H. Therefore, if @ > 1, then S is boundedly invertible (i.e., S has a
bounded inverse). Finally, from (2.15),

20|z < [l < [[A=]* + [,
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so that

2 2

(20 = D[]|” < [|A=]]7,
for every = € D. Hence A is boundedly invertible if that « is such that o > % |
If a contraction semigroup [T'(¢)] is only s-stable but not e-stable, then its gen-
erator A is injective but it may not be boundedly invertible. In fact, it is injective
since, for any 0 # x € D, if Az =0, then T(t)z = x for every t > 0, thus imply-

ing that T'(t)z — x as t — 0o, which is a contradiction. Hence, if [T(t)] is s-stable,
then A/(A) = {0} (i.e.. A is injective), where N'(A) denotes the kernel of A.

The above facts and Theorem 1(ii) may hint on the difference which separates
s-stability via e-stability (i.e., e-stability, which clearly implies s-stability) for con-
traction semigroups and stand-alone s-stability (i.e., s-stability for non-e-stable con-
traction semigroups).

Corollary 1. Let A be a strictly dissipative generator of a contraction semigroup
[T(t)]. If A is boundedly invertible, and if there exists a constant v > 1 such that

[(A+ Dz < 7llzlla
for every x € D, then
I(A+ D]l < B2 |(A~ Da

for every x € D, and [T(t)] is plain-e-stable.
Proof. If the generator A has a bounded inverse, then there exists a constant 5 > 0

such that
Bll)* < || Az|®

for every z € D. Hence, by (2.1) with ||z||3 = —2Re(Az;z),
Bllel? < || Azl* = [I(A+ Dal® — [l2|* + [l«]Z,
and therefore
(3.1) B+ Dzl < 2l + (A + Dz|f?
for every x € D. Now suppose that there exists a constant v > 0 such that
[(A+ Dzl < vzlla
for every & € D. This and (2.13) imply that
2
A+ Da|? < ¥?[|lzll7 < % (A~ D)z|)?,

and so
(A + Dal| < ¥27)(A - I)al),

for every x € D; and also that, from (3.1),
B+ D) < (v + Dl

for every x € D, which ensures that [T'(¢)] is plain-e-stable by Lemma 3(ii). |

The next result exhibits further necessary and sufficient conditions for e-stability
that, as far as we can tell, have not been discussed before.
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Theorem 2. Let [T(t)] be a contraction semigroup with a strictly dissipative gen-
erator A. The following assertions are pairwise equivalent.

(i) [T'(t)] is e-stable.
(ii) / |IT(t)(A - Iz|?dt < oo for every = € D.
0
(iii) / |IT(t)(A+ Ix|?dt < oo for every = € D.
0

Proof. If A is strictly dissipative, then we have from (2.14) that
IT()z]? < 1T ()7 + 1T () (A = D]

for every « € D and every t > 0, since T'(t)z € D for every z € D and T'(¢t) and A
commute on D. Integrating the above expression on [0, t] we get

t t t
| 1reelpar < [irealiar+ [T DalPar
0 0 0
for every x € D and t > 0. Thus it follows by Lemma 3(i) and assertion (ii) that
/ |T(t)z||?dt < oo for every z € D,
0

which, when extended by continuity (of the integral functional) over all H leads
to Datko’s equivalent condition for e-stability [3]. Conversely, if [T(t)] is e-stable,
then Datko’s equivalent condition for e-stability [3], namely,

(3.2) / |T(t)z||?dt < 0o for every z € H,
0

holds. In particular, for z = (A — I)z in R(A — I) = H this implies that assertion
(ii) holds true for every x € D. A similar argument (now with z = (A4 I)x in
R(A+I) CH) applies to assertion (iii). O

Note that the conditions of Theorem 2 are milder than that of Datko’s in (3.2).

We now turn to s-stability of contraction semigroups.

Lemma 4. Let [T'(t)] be contraction semigroup with a strictly dissipative generator

A. If, for every x € D,
tlim IT(t)(A—1D)x| =0,

then [T(t)] is s-stable and also imy_, | T(t)x||q = 0 for every z € D.
Proof. Suppose A is strictly dissipative and consider Lemma 2. Recall that [T'(t)]
and A commute. From (2.13) we get, for every z € D and every ¢t > 0,
IT ()23 < 5 1T(E)(A - x|,
Moreover, from (2.14), for every x € D and every ¢ > 0,

IT(#)z|* < |1 T()z )7 + IT(t)(A = Dz||*.
Therefore, if
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tlim ITt)(A-Dz|]| =0
for every = € D, then
tlim T (t)x| = tlim IT(t)z]la=0

for every x € D. Furthermore, lim;_, ||T(t)z|| = 0 extends naturally by continuity
(of the norm) from the dense D to the whole space H, since D is T'(t)-invariant. O

Note that the norms || - || and || - ||4 are not necessarily commensurable on D
(i.e., none dominates the other) because A, although closed and densely defined,
is generally unbounded (e.g., see the inequalities in Lemma 2) even under the
assumption of s-stability. However, these norms are commensurable on D under
the assumption of plain-e-stability by Lemma 3(ii).

Contraction semigroups that are strong but not exponentially stable are char-
acterized in the following corollary, where it is given a full account of stand-alone
s-stable contraction semigroups.

Corollary 2. Let [T(t)] be a contraction semigroup with a strictly dissipative gen-
erator A. [T(t)] is s-stable but not plain-e-stable if and only if

] = / T ()] 3 e

for every x € D, and for every a > 0 there exists an x, € D such that
o0
2 2 2
alfealf < ool = [ IOl

Proof. Recall that e-stability clearly implies s-stability. The result is a straightfor-
ward consequence of Lemma 3(ii, iii). In fact, Lemma 3(ii) ensures that [T'(t)] is
not plain-e-stable if and only if for every 3 > 0 there exists an xg € D such that

lzslla < Bllzsll O

REFERENCES

1. K.N. Boyadzhiev and N. Levan, Strong stability of Hilbert space contraction semigroups,
Studia Sci. Math. Hungar. 30 (1995), 165-182.

2. R. Chill and Y. Tomilov, Stability of operator semigroups: ideas and results, Perspectives in
Operator Theory (Banach Center Publ., Polish Acad. Sci., Warsaw) 75 (2007), 71-109.

3. R. Datko, Extending a theorem of A.M. Liapunov to Hilbert space, J. Math. Anal. Appl. 32
(1970), 610-616.

4. R. Datko, Uniform asymptotic stability of evolutionary process in a Banach space, SIAM, J.
Math. Anal. 3 (1972), 428-445.

5. P.A. Fillmore, Notes on Operator Theory, Van Nostrand, New York, 1970.

6. J.A. Goldstein, Semigroups of Linear Operators and Applications, Oxford University Press,
New York, 1985.

7. C.S. Kubrusly and N. Levan, Proper contractions and invariant subspaces, Int. J. Math.
Math. Sci. 28 (2001), 223-230.

8. C.S. Kubrusly and N. Levan, Stabilities of Hilbert space contraction semigroups revisited,
Semigroup Forum 79 (2009), 341-348.



8 CARLOS S. KUBRUSLY AND NHAN LEVAN

9. C.S. Kubrusly and P.C.M. Vieira, Strong stability for cohyponormal operators, J. Operator
Theory 31 (1994), 123-127.

10. N. Levan, The stabilizability problem: a Hilbert space operator decomposition approach, IEEE
Trans. Circuits and Systems 25 (1978), 721-727.

11. B.Sz.-Nagy and C. Foiag, Harmonic Analysis of Operators on Hilbert Space, North-Holland,
Amsterdam, 1970.

CATHOLIC UNIVERSITY OF RIO DE JANEIRO, 22453-900, R10 DE JANEIRO, RJ, BRAZIL
E-mail address: carlos@ele.puc-rio.br

DEPARTMENT OF ELECTRICAL ENGINEERING, UNIVERSITY OF CALIFORNIA IN LOS ANGELES, LOs
ANGELES, CA 90024-1594, USA

FE-mail address: levan@ee.ucla.edu



