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$EVW U DF W � *LY HQ % DQ DFK VS DFH RS HU DWRU V $ � %�; � DQ G % � %�<�� OHW
$n% � %�; n <� G HQ RWH WK H WHQ VRU S U RG X FW RI $ DQ G %� /HW �D� �DZ

DQ G �DE G HQ RWH WK H DS S U R[ LP DWH S RLQ W VS HFWU X P � WK H : H\ O DS S U R[ LP DWH S RLQ W
VS HFWU X P DQ G WK H % U RZ G HU DS S U R[ LP DWH S RLQ W VS HFWU X P � U HVS HFWLY HO\ � 7 K HQ
�DZ�$n%� v �D�$��DZ�%�>�DZ�$��D�%� v �D�$��DE�%�>�DE�$��D�%�  
�DE�$n%�� DQ G D VX r FLHQ W FRQ G LWLRQ IRU WK H �D�: H\ O VS HFWU X P � LG HQ WLW\
�DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%� WR K ROG LV WK DW �DZ�$n%�  
�DE�$n%�� ( T X LY DOHQ W FRQ G LWLRQ V DU H S U RY HG LQ 7 K HRU HP �� DQ G WK H S U RE OHP
RI WK H WU DQ VIHU HQ FH RI D�: H\ O
V WK HRU HP IRU D�LVRORLG RS HU DWRU V $ DQ G % WR WK HLU
WHQ VRU S U RG X FW $ n % LV FRQ VLG HU HG LQ 7 K HRU HP �� 1 HFHVVDU \ DQ G VX r FLHQ W
FRQ G LWLRQ V IRU WK H �S ODLQ � : H\ O VS HFWU X P LG HQ WLW\ DU H U HY LVLWHG LQ 7 K HRU HP ��

�� ,QW U RGXF W LRQ

*LYHQ %DQDFK VSDFHV ; DQG <� OHW ; n < GHQRWH WKH FRPSOHWLRQ �LQ VRPH UHD�
VRQDEOH XQLIRUP FURVV QRUP� RI WKH WHQVRU SURGXFW RI ; DQG <� )RU %DQDFK VSDFH
RSHUDWRUV $ � %� ; � DQG % � %�<�� OHW $n% � %�; n <� GHQRWH WKH WHQVRU SURG�
XFW RI $ DQG %� 5HFDOO WKDW IRU DQ RSHUDWRU 6� WKH %URZGHU VSHFWUXP �E�6� DQG
WKH :H\O VSHFWUXP �Z�6� RI 6 DUH WKH VHWV

�E�6�  Iy � ��6� � 6 b y LV QRW )UHGKROP RU DVF�6 b y� � GVF�6 b y�J�

�Z�6�  Iy � ��6� � 6 b y LV QRW )UHGKROP RU LQG�6 b y� � �J�

�$OO RXU QRWDWLRQ LV H[SODLQHG LQ WKH IROORZLQJ VHFWLRQ�� ,Q WKH FDVH LQ ZKLFK ; DQG
< DUH +LOEHUW VSDFHV� WZR RI WKH DXWKRUV SURYHG LQ >�@ WKDW

LI �E�$�  �Z�$� DQG �E�%�  �Z�%�� WKHQ �E�$n%�  �Z�$n%�

LI DQG RQO\ LI �Z�$n%�  ��$��Z�%� > �Z�$���%��

,Q RWKHU ZRUGV� LI $ DQG % VDWLVI\ %URZGHU
V 7KHRUHP� WKHQ WKHLU WHQVRU SURGXFW
VDWLVpHV %URZGHU
V WKHRUHP LI DQG RQO\ LI WKH :H\O VSHFWUXP LGHQWLW\ KROGV WUXH�
7KH VDPH SURRI VWLOO KROGV LQ D %DQDFK VSDFH VHWWLQJ� DQG D QHZ HTXLYDOHQW FRQGLWLRQ
LV DGGHG LQ 7KHRUHP � EHORZ�

7KH FXUUHQW SDSHU FRQVLGHUV WKH %URZGHU DSSUR[LPDWH SRLQW VSHFWUXP �DE�

�DE�6�  Iy � �D�6� � y  � j� �6� RU DVF�6 b y�  �J�

DQG WKH :H\O DSSUR[LPDWH SRLQW VSHFWUXP �DZ�

�DZ�6�  Iy � �D�6� � y  � j� �6� RU LQG�6 b y� ! �J�

+HUH �D GHQRWHV WKH DSSUR[LPDWH SRLQW VSHFWUXP DQG

' DW H� )HE �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� % U RZ G HU DQ G : H\ O DS S U R[ LP DWH S RLQ W VS HFWU X P � 6 9 ( 3 � WHQ VRU S U RG X FW�
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j� �6�  Iy � ��6� � 6 b y LV XSSHU VHPL�)UHGKROPJ�

,W LV SURYHG WKDW

�DZ�$n%� v �D�$��DZ�%� > �DZ�$��D�%�

v �D�$��DE�%� > �DE�$��D�%�  �DE�$n%��
DQG WKDW�

LI �DE�$�  �DZ�$� DQG �DE�%�  �DZ�%�� WKHQ �DE�$n%�  �DZ�$n%�

LI DQG RQO\ LI �DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%��

ZKLFK H[WHQGV WKH DERYH GLVSOD\HG UHVXOW IURP >�@ WR %URZGHU DQG:H\O DSSUR[LPDWH
SRLQW VSHFWUXP�

/HW gD
��6�  Iy � LVR �D�6� � � � GLP�6 b y�b���� � �J� :H SURYH WKDW

LI �D�$� Q �DZ�$�  gD
��$� DQG �D�%� Q �DZ�%�  gD

��%�� WKH LVRODWHG SRLQWV
RI �D�$� �DOVR� RI �D�%�� DUH HLJHQYDOXHV RI $ �UHVS� %�� DQG �DZ�$ n %�  
�D�$��DZ�%� > �DZ�$��D�%�� WKHQ �D�$n%� Q �DZ�$n%�  gD

��$n%��

�� 1RW DW LRQ DQG & RP SO HP HQW DU \ 5HVXO W V

)RU D ERXQGHG OLQHDU RSHUDWRU 6 � %� ; �� OHW ��6�� �S�6�� �D�6� DQG LVR ��6�
GHQRWH� UHVSHFWLYHO\� WKH VSHFWUXP� WKH SRLQW VSHFWUXP� WKH DSSUR[LPDWH SRLQW VSHF�
WUXP RI 6 DQG WKH LVRODWHG SRLQWV RI ��6�� /HW o�6� DQG p�6� GHQRWH WKH QXOOLW\
DQG WKH GHpFLHQF\ RI 6� GHpQHG E\

o�6�  GLP6b���� DQG p�6�  FRGLP6�; ��

,I WKH UDQJH 6�; � RI 6 LV FORVHG DQG o�6� � � �UHVS� p�6� � ��� WKHQ 6 LV FDOOHG
DQ XSSHU VHPL�)UHGKROP �UHVS� D ORZHU VHPL�)UHGKROP� RSHUDWRU� ,I 6 � %� ; � LV
HLWKHU XSSHU RU ORZHU VHPL�)UHGKROP� WKHQ 6 LV FDOOHG D VHPL�)UHGKROP RSHUDWRU�
DQG LQG�6�� WKH LQGH[ RI 6� LV WKHQ GHpQHG E\ LQG�6�  o�6�b p�6�� ,I ERWK o�6�
DQG p�6� DUH pQLWH� WKHQ 6 LV D )UHGKROP RSHUDWRU� 7KH DVFHQW� GHQRWHG DVF�6��
DQG WKH GHVFHQW� GHQRWHG GVF�6�� RI 6 DUH JLYHQ E\

DVF�6�  LQIIQ � 6bQ���  6b�Q� �����J� GVF�6�  LQIIQ � 6Q�; �  6Q� �� ; �J

�ZKHUH WKH LQpPXP LV WDNHQ RYHU WKH VHW RI QRQ�QHJDWLYH LQWHJHUV�� LI QR VXFK LQWHJHU
Q H[LVWV� WKHQ DVF�6�  �� UHVSHFWLYHO\ GVF�6�  �� /HW

j� �6�  Iy � & � 6 b y LV XSSHU VHPL�)UHGKROPJ�

jH�6�  Iy � & � 6 b y LV )UHGKROPJ�

�6) � �6�  Iy � �D�6� � y  � j� �6�J�

�DZ�6�  Iy � �D�6� � y � �6) � �6� RU LQG�6 b y� ! �J�

�DE�6�  Iy � �D�6� � y � �6) � �6� RU DVF�6 b y�  �J�

gD
��6�  Iy � LVR �D�6� � � � GLP�6 b y�b���� � �J�

SD��6�  Iy � LVR �D�6� � y � j� �6�� DVF�6 b y� � �J�

+��6�  I[ � ; � OLP
Q� �

N6Q[N� Q  �J�

5HFDOO WKDW �DZ�6� LV WKH :H\O DSSUR[LPDWH SRLQW VSHFWUXP RI 6� �DE�6� LV WKH
%URZGHU DSSUR[LPDWH SRLQW VSHFWUXP RI 6� DQG +��6� LV WKH TXDVL�QLOSRWHQW SDUW
RI 6 >�@�
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:H VD\ WKDW 6 KDV WKH VLQJOH YDOXHG H[WHQVLRQ SURSHUW\� RU 69(3� DW y � & LI
IRU HYHU\ RSHQ QHLJKERUKRRG 8 RI y� WKH RQO\ DQDO\WLF VROXWLRQ I WR WKH HTXDWLRQ
�6 b z�I�z�  � IRU DOO z � 8 LV WKH FRQVWDQW IXQFWLRQ I u �� ZH VD\ WKDW 6 KDV
69(3 LI 6 KDV D 69(3 DW HYHU\ y � &� ,W LV ZHOO NQRZQ WKDW pQLWH DVFHQW LPSOLHV
69(3� DOVR� DQ RSHUDWRU KDV 69(3 DW HYHU\ LVRODWHG SRLQW RI LWV VSHFWUXP �DV ZHOO
DV DW HYHU\ LVRODWHG SRLQW RI LWV DSSUR[LPDWH SRLQW VSHFWUXP��

:H VD\ WKDW 6 � %� ; � VDWLVpHV D�%URZGHU
V WKHRUHP �VKRUWHQHG WR 6 VDWLVpHV
D�%W� LI �DZ�6�  �DE�6� �LI DQG RQO\ LI �D�6� Q �DZ�6�  SD��6�� VHH >�� S� ���@�� 6
VDWLVpHV D�:H\O
V WKHRUHP �VKRUWHQHG WR 6 VDWLVpHV D�:W� LI �D�6�Q�DZ�6�  g

D
��6�

�LI DQG RQO\ LI 6 VDWLVpHV D�%W DQG SD��6�  g
D
��6�� >�� S� ���@� 7KH LPSOLFDWLRQV

D�:W  � D�%W DQG D�:W  �:H\O
V WKHRUHP DUH ZHOO NQRZQ� /HW LVR �D�6� GHQRWH
WKH LVRODWHG SRLQWV RI �D�6��

/HPPD �� >�� 7KHRUHP ����@� ,I 6 � %� ; � KDV 69(3 DW y � ��6�Q�6) � �6�� WKHQ
y � LVR �D�6� DQG DVF�6 b y� � ��

/HW $ � %�; � DQG % � %�<��

/HPPD �� >�@ DQG >�� 7KHRUHP ��� �D���E�@�

�L� �[�$n%�  �[�$��[�%�� ZKHUH �[  � RU �D�

�LL� �6) � �$n%�  �6) � �$��D�%� > �D�$��6) � �%��

7KH LQFOXVLRQV EHORZ DUH UHDGLO\ YHULpHG�

/HPPD �� LVR �D�$n%�v LVR �D�$� LVR �D�%�>I�J DQG �S�$��S�%�v�S�$n%��

/HPPD �� �  � �D�$n%� Q �6) � �$n%��

3URRI� 6XSSRVH WKDW � � �D�$n%�Q�6) � �$n%��7KHQ � � �D�$n%�?j� �$n%��
L�H�� $n% KDV FORVHG UDQJH DQG � � o�$ n %� � �� 6LQFH $ n % LV LQMHFWLYH LI
DQG RQO\ LI $ DQG % DUH LQMHFWLYH� ZH KDYH WKDW o�$� ! � RU o�%� ! �� %XW WKHQ
o�$n%�  �� DQG ZH KDYH D FRQWUDGLFWLRQ�

�� 5HVXO W V

:H VWDUW ZLWK D OHPPD UHODWLQJ �DZ�$n%� DQG �DE�$n%��

/HPPD �� /HW $ � %� ; � DQG % � %�<��

�DZ�$n%� v �D�$��DZ�%� > �DZ�$��D�%�

v �D�$��DE�%� > �DE�$��D�%�  �DE�$n%��

3URRI� 6LQFH �DZ�6� v �DE�6�� IRU HYHU\ RSHUDWRU 6� WKH LQFOXVLRQ �D�$��DZ�%� >
�DZ�$��D�%� v �D�$��DE�%� > �DE�$��D�%� LV HYLGHQW� 7R SURYH WKH LQFOXVLRQ
�DZ�$n%� v �D�$��DZ�%�>�DZ�$��D�%�� WDNH y  � �D�$��DZ�%�>�DZ�$��D�%��
6LQFH �6) � �$n%� v �D�$��DZ�%� > �DZ�$��D�%�� /HPPD � LPSOLHV WKDW y � ��
)RU HYHU\ IDFWRUL]DWLRQ y  z{ RI y VXFK WKDW z � �D�$� DQG { � �D�%� ZH KDYH
WKDW z � �D�$� Q �DZ�$� DQG { � �D�%� Q �DZ�%�� L�H�� y � j� �$�� { � j� �%��
LQG�$b z� x � DQG LQG�% b {� x �� ,Q SDUWLFXODU� y  � �6) � �$n%��

:H SURYH QH[W WKDW LQG�$n%by� x �� 6XSSRVH WKDW LQG�$n%by� ! �� 7KHQ
o�$n% b y� � � LPSOLHV WKDW p�$n% b y� � �� VR WKDW y � jH�$n%�� /HW
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(  I�zL� {L�
S
L � � ��$���%� � zL{L  yJ�

7KHQ ( LV D pQLWH VHW� )XUWKHUPRUH �VHH >�� 7KHRUHP ���@ DQG >�@��

�L� LI Q ! �� WKHQ zL � LVR ��$�� IRU � x L x Q�

�LL� LI S ! Q� WKHQ {L � LVR ��%�� IRU Q� � x L x S�

�LLL� LQG�$n% b y�  
3S

M  Q� � LQG�$b zM� GLP+��% b {M�

�
3Q

M  � LQG�% b {M� GLP+��$b zM��

6LQFH LQG�$bzL� DQG LQG�%b{L� DUH QRQ�SRVLWLYH� ZH KDYH D FRQWUDGLFWLRQ� +HQFH�
LQG�$n%by� x �� DQG FRQVHTXHQWO\ y  � �DZ�$n%�� 7KLV OHDYHV XV WR SURYH WKH
HTXDOLW\ �DE�$n%�  �D�$��DE�%� > �DE�$��D�%��

6XSSRVH WKDW y  � �DE�$n%�� 7KHQ y � �� y � j� �$n%� DQG DVF�$n%by� �
�� 2EVHUYH WKDW y � LVR �D�$ n %�� /HW y  z{ EH DQ\ IDFWRUL]DWLRQ RI y VXFK
WKDW z � �D�$� DQG { � �D�%�� WKHQ z � j� �$� DQG { � j� �%�� )XUWKHUPRUH�
VLQFH �D�$ n %� v LVR �D�$� LVR �D�%� > I�J� $ KDV 69(3 DW z DQG % KDV 69(3
DW {� &RQVHTXHQWO\� z � j� �$�� DVF�$b z� � �� { � j� �%� DQG DVF�%b {� � ��
L�H�� z  � �DE�$� DQG {  � �DE�%�� %XW WKHQ y  � �D�$��DE�%�> �DE�$��D�%�� +HQFH
�D�$��DE�%� > �DE�$��D�%� v �DE�$n%��

7R SURYH WKH UHYHUVH LQFOXVLRQ ZH VWDUW E\ UHFDOOLQJ WKH �HDVLO\ SURYHG� IDFW WKDW
LI z � LVR �D�$� DQG { � LVR �D�%� IRU HYHU\ IDFWRUL]DWLRQ y  z{ RI y � ��
WKHQ y  z{ � LVR �D�$ n %�� /HW y  � �D�$��DE�%� > �DE�$��D�%�� 7KHQ y � ��
)XUWKHUPRUH� LI y  z{ LV DQ\ IDFWRUL]DWLRQ RI y VXFK WKDW z � �D�$� DQG { � �D�%��
WKHQ WKH IROORZLQJ LPSOLFDWLRQV KROG�

z  � �DE�$� DQG {  � �DE�%�  �

z � j� �$�� { � j� �%�� DVF�$b z� � � DQG DVF�% b {� � �  �

y � j� �$n%�� z � LVR �D�$� DQG { � LVR �D�%�  �

y � j� �$n%� DQG y � LVR �D�$n%�  �

y � j� �$n%� DQG DVF�$n% b y� � �  �

y  � �DE�$n%��

+HQFH� �DE�$n%� v �D�$��DE�%� > �DE�$��D�%�� DQG WKH SURRI LV FRPSOHWH�

7KH HTXDOLW\ �DZ�$n%�  �D�$��DZ�%�>�DZ�$��D�%� IDLOV WR KROG LQ JHQHUDO�
DV IROORZV IURP 5HPDUN ��D� EHORZ� 7KH IROORZLQJ OHPPD JLYHV D VXrFLHQW FRQGLWLRQ
IRU WKH HTXDOLW\ WR KROG�

/HPPD �� ,I $n% VDWLVpHV D�%W� WKHQ

�DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%��

3URRI� $ n % VDWLVpHV D�%W LI DQG RQO\ LI �DZ�$ n %�  �DE�$ n %�� 7KXV WKH
VWDWHG UHVXOW LV DQ LPPHGLDWH FRQVHTXHQFH RI /HPPD ��

5HPDUN �� 7KH K\SRWKHVLV �DZ�$n%�  �D�$��DZ�%� > �DZ�$� > �D�%� LV QRW
VXrFLHQW WR JXDUDQWHH WKDW $n% VDWLVpHV D�%W� ,QGHHG� WKH FRQFOXVLRQ $n% VDWLV�
pHV D�%W LV OLDEOH WR IDLO LI RQH RI $ DQG % GRHV QRW VDWLVI\ D�%W� DV WKH IROORZLQJ H[�
DPSOH VKRZV� /HW 8 � %�C�� � GHQRWH WKH IRUZDUG XQLODWHUDO VKLIW 8�[�� [�� [�� ����  
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��� [�� [�� [�� ����� /HW $  8e �RU� $  8 j 8e� DQG OHW % � %�C�� � EH WKH RS�

HUDWRU %  , j �
�,� ,�[�� [�� ����  �[�� [�� ���� IRU DOO �[�� [�� [�� ���� � C�� � 7KHQ�

OHWWLQJ #' GHQRWH WKH ERXQGDU\ RI WKH FORVHG XQLW GLVF '� �D�$�  '� �DZ�$�  #'�
��%�  �DZ�%�  �Z�%�  I�

� � �J� �D�$��DZ�%�>�DZ�$�>�D�%�  #'> �
�' DQG

�D�$ n %�  '  ��$ n %�� 6LQFH DVF�$ b z�  � IRU DOO z � ��$� �LQ ERWK
FKRLFHV RI $�� �DE�$ n %�  '� (YLGHQWO\� $ DQG $ n % GR QRW VDWLVI\ D�%W� :H
UHPDUN KHUH WKDW LI HLWKHU �D�&�  �DZ�&� RU �D�'�  �DZ�'� IRU VRPH RSHUDWRUV
& � %� ; � DQG ' � %�<�� WKHQ ��& n'�  �D�&��DZ�'� > �DZ�&� > �D�'�� FRQ�
VHTXHQWO\� �Z�& n '�  �D�&��DZ�'� > �DZ�&� > �D�'� LPSOLHV & n ' VDWLVpHV
D�%W�

7KH QH[W WKHRUHP� RXU PDLQ UHVXOW� SURYHV WKDW $ DQG % VDWLVI\ D�%W LPSOLHV
$n% VDWLVpHV D�%W LI DQG RQO\ LI �DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%��

7KHRUHP �� ,I $ DQG % VDWLVI\ D�%W� WKHQ WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�L� $n% VDWLVpHV D�%W�

�LL� �DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%��

�LLL� $ KDV 69(3 DW HYHU\ z � j� �$� DQG % KDV 69(3 DW HYHU\ { � j� �%�
VXFK WKDW �� � �y  z{ � �D�$n%� Q �DZ�$n%��

3URRI� ,I $ DQG % VDWLVI\ D�%W� WKHQ �DZ�$�  �DE�$� DQG �DZ�%�  �DE�%��

�L�� �LL�� %\ /HPPD � ZH KDYH� ZLWKRXW DQ\ H[WUD FRQGLWLRQ� WKDW �L�� �LL�� ,I �LL�
LV VDWLVpHG� WKHQ

�DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%�

 �D�$��DE�%� > �DE�$��D�%�  �DE�$n%�

�E\ /HPPD ��� +HQFH $n% VDWLVpHV D�%W�

�LL�� �LLL�� 6XSSRVH WKDW �LL� KROGV� /HW y � �D�$n%�Q�DZ�$n%�  �D�$n%�Q
�DE�$ n %�� 7KHQ �y � � DQG� IRU HYHU\ IDFWRUL]DWLRQ y  z{ RI y VXFK WKDW
z � �D�$�?j� �$� DQG { � �D�%�?j� �%� ZH KDYH WKDW DVF�$bz� DQG DVF�%b{�
DUH pQLWH� +HQFH� $ DQG % KDYH 69(3 DW �DOO VXFK� z DQG {� UHVSHFWLYHO\�

�LLL�� �LL�� ,Q YLHZ RI /HPPD �� ZH KDYH WR SURYH WKDW �DE�$n%� v �DZ�$n%��
6XSSRVH WKDW �LLL� LV VDWLVpHG� 7DNH D y � �D�$n%� Q �DZ�$n%�� 7KHQ �� � �y �
j� �$ n %� DQG LQG�$ n %� x �� 7KH HTXDOLW\ �6) � �$ n %�  �6) � �$��D�%� >
�D�$��6) � �%� �VHH /HPPD �� LPSOLHV WKDW IRU HYHU\ IDFWRUL]DWLRQ y  z{ RI y
�VXFK WKDW z � �D�$� DQG { � �D�%�� ZH KDYH WKDW z � j� �$� DQG { � j� �%��
7KH 69(3 K\SRWKHVLV RQ $ DQG % LPSOLHV WKDW DVF�$ b z� DQG DVF�% b {� DUH
pQLWH� +HQFH� z  � �DE�$� DQG {  � �DE�%�� %XW WKHQ y  � �DE�$ n %�� KHQFH
�DE�$n%� v �DZ�$n%��

,W LV ZRUWK QRWLFLQJ WKDW WKH HTXLYDOHQFH �L�� �LL� LQ 7KHRUHP � H[WHQGV WKH UHVXOW
>�� &RUROODU\ �@ IURP SODLQ %URZGHU
V WKHRUHP DQG SODLQ :H\O VSHFWUXP LGHQWLW\ WR
D�%URZGHU
V WKHRUHP DQG D�:H\O VSHFWUXP LGHQWLW\�

5HPDUN �� 5HFDOO WKDW 6 � %� ; � VDWLVpHV %URZGHU
V WKHRUHP LI �Z�6�  �E�6��
/HW 8 � %�C�� GHQRWH WKH IRUZDUG XQLODWHUDO VKLIW� DQG GHpQH WKH RSHUDWRUV $� %
E\ $  ��b88e�j ���8 b��� %  b��b88e�j ���8

e���� 7KHQ $ DQG % VDWLVI\
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%URZGHU
V WKHRUHP� EXW $ n % GRHV QRW VDWLVI\ %URZGHU
V WKHRUHP >�� 6HFWLRQ �@�
0RUH LV WUXH�

�D� 6LQFH $ DQG %e KDYH 69(3� WKH\ VDWLVI\ D�%URZGHU
V WKHRUHP� )XUWKHUPRUH�
VLQFH WKH RSHUDWRU $n% IDLOV WR KDYH 69(3 RQ WKH FRPSOHPHQW RI �Z�$n%�� LW
IDLOV WR KDYH 69(3 RQ �D�$n%�Q�DZ�$n%� � ��$n%�Q�Z�$n%�� KHQFH GRHV
QRW VDWLVI\ D�%URZGHU
V WKHRUHP >�� /HPPD ����@� 7KHRUHP � LPSOLHV WKDW $n%
GRHV QRW VDWLVI\ WKH HTXDOLW\ �DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%��

�E� $ ZHOO�NQRZQ RSHQ TXHVWLRQ� LPSOLFLWO\ SRVHG LQ >�� 7KHRUHP ���@� DVNV ZKHWKHU
WKH IROORZLQJ LQFOXVLRQ� ZKLFK KROGV IRU DOO RSHUDWRUV $ DQG %�

�Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%��

PD\ EHFRPH D SURSHU LQFOXVLRQ IRU VRPH SDLU RI RSHUDWRUV� (TXLYDOHQWO\� ZKHWKHU
WKH DERYH LQFOXVLRQ LV DQ LGHQWLW\ IRU HYHU\ SDLU RI RSHUDWRUV� +RZHYHU� LW ZDV SURYHG
LQ >�� 3URSRVLWLRQ ��D�@ WKDW LI $ DQG % DUH VXFK WKDW

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�

�L�H�� LI WKH :H\O VSHFWUXP LGHQWLW\ KROGV� DQG LI ERWK $ DQG % VDWLVI\ %URZGHU
V

WKHRUHP� WKHQ WKH WHQVRU SURGXFW $n% VDWLVpHV %URZGHU
V WKHRUHP� 7KHUHIRUH� LI
WKHUH H[LVW $ DQG % WKDW VDWLVI\ %URZGHU
V WKHRUHP� EXW $ n % GRHV QRW VDWLVI\
%URZGHU
V WKHRUHP� WKHQ WKH :H\O VSHFWUXP LGHQWLW\ GRHV QRW KROG IRU WKHP�

7KH QH[W WKHRUHP JLYHV D VXrFLHQW FRQGLWLRQ IRU $n% WR VDWLVI\ D�:W� JLYHQ
WKDW $ DQG % VDWLVI\ D�:W� %XW EHIRUH WKDW D FRXSOH RI WHFKQLFDO OHPPDV� 5HFDOO
WKDW DQ RSHUDWRU 6 LV VDLG WR EH D�LVRORLG LI y � LVR �D�6� LPSOLHV y � �S�6��

/HPPD �� $ DQG % DUH D�LVRORLG LPSOLHV $n% LV D�LVRORLG�

3URRI� ,I LVR �D�$�  LVR �D�%�  "� WKHQ LVR �D�$n%�  "� 2EVHUYH DOVR WKDW LI
HLWKHU RI LVR �D�$� RU LVR �D�%� LV WKH HPSW\ VHW� VD\ LVR �D�$�  "� WKHQ LVR �$�$n
%� v I�J DQG � � LVR �D�%�� %XW WKHQ � � �S�%�� ZKLFK LPSOLHV WKDW � � �S�$n%��
1RZ OHW y � LVR �D�$n %� EH VXFK WKDW y  z{� z � LVR �D�$� DQG { � LVR �D�%��
7KHQ z � �S�$� DQG { � �S�%�� 6LQFH �S�$� c �S�%� v �S�$ n %�� ZH KDYH
y � �S�$n%��

/HPPD �� 6XSSRVH WKDW $� % DQG $n% VDWLVI\ D�%W� ,I z � SD��$� DQG { � SD��%��
WKHQ y  z{ � SD��$n%��

3URRI� z � �D�$� Q�DZ�$�� { � �D�%� Q�DZ�%� DQG �DZ�$n%�  �D�$��DZ�%�>
�DZ�$��D�%�� +HQFH� y  z{ � �D�$n%� Q �DZ�$n%�  SD��$n%��

7KHRUHP �� 6XSSRVH WKDW $ DQG % DUH D�LVRORLG RSHUDWRUV ZKLFK VDWLVI\ D�:W� ,I

�DZ�$n%�  �D�$��DZ�%� > �DZ�$��D�%�� WKHQ $n% VDWLVpHV D�:W�

3URRI� 7KH K\SRWKHVHV LPSO\ WKDW $n% VDWLVpHV D�%W� L�H�� �D�$n%�Q�DZ�$n%�  
SD��$ n %�� 6LQFH SD��$ n %� v gD

��$ n %�� ZH KDYH WR SURYH WKDW gD
��$ n %� v

SD��$n%�� /HW y � gD
��$n%�� 7KHQ �� � �y  z{ IRU VRPH z � LVR �D�$� DQG { �

LVR �D�%�� 7KH RSHUDWRUV $ DQG % EHLQJ D�LVRORLG� LW IROORZV �IURP y � gD
��$n%��

WKDW z � gD
��$�  SD��$� DQG { � gD

��%�  SD��%�� %\ /HPPD �� y � SD��$n%��
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�� %U RZ GHU 
V 7 KHRU HP

$ ERXQGHG OLQHDU RSHUDWRU 6 VDWLVpHV %URZGHU
V WKHRUHP� %W IRU VKRUW� LI �Z�6�  
�E�6�� 6 VDWLVpHV :H\O WKHRUHP� :W IRU VKRUW� LI ��6�Q�Z�6�  g��6� �HTXLYDOHQWO\�
LI 6 VDWLVpHV %W DQG S��6�  g��6��� ZKHUH S��6� �g��6�� LV WKH VHW RI LVRODWHG SRLQW
LQ ��6� ZLWK pQLWH DVFHQW DQG GHVFHQW �UHVS� ZLWK pQLWH GLPHQVLRQDO NHUQHO�� ,W LV
NQRZQ� >�@� WKDW

D�:H\O
V WKHRUHP

:H\O
V WKHRUHP
� 	

	 �

D�%URZGHU
V WKHRUHP

%URZGHU
V WKHRUHP�

7KHRUHP �� ,I $ DQG % VDWLVI\ %W� WKHQ WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�L� $n% VDWLVpHV %W�

�LL� �Z�$n%�  ��$��Z�%� > �Z�$���%��

�LLL� $ KDV 69(3 DW SRLQWV z � j�$� DQG % KDV 69(3 DW SRLQWV { � j�%� VXFK
WKDW �� � �y  z{  � �Z�$n%��

3URRI� �L�� �LL�� >�� &RUROODU\ �@�

�LL�� �LLL�� 7KH SURRI LV VLPLODU WR WKDW RI 7KHRUHP �� ZH LQFOXGH LW KHUH IRU
FRPSOHWHQHVV� 6XSSRVH WKDW �LL� KROGV� /HW y � ��$n%�Q�Z�$n%�  ��$n%�Q
�E�$ n %�� 7KHQ �y � � DQG� IRU HYHU\ IDFWRUL]DWLRQ y  z{ RI y VXFK WKDW
z � ��$� ? j�$� DQG { � ��%� ? j�%� ZH KDYH WKDW DVF�$ b z� DQG DVF�% b {�
DUH pQLWH� +HQFH� $ DQG % KDYH 69(3 DW �DOO VXFK� z DQG {� UHVSHFWLYHO\� :H
VXSSRVH QH[W WKDW �LLL� LV VDWLVpHG DQG SURYH WKDW �E�$n%� v �Z�$n%�� 7DNH D
y � ��$n%� Q�Z�$n%�� 7KHQ �� � �y � j�$n%� DQG LQG�$n%by�  �� 7KH
HTXDOLW\ �H�$n%�  �H�$���%� > ��$��H�%� LPSOLHV WKDW IRU HYHU\ IDFWRUL]DWLRQ
y  z{ RI y �VXFK WKDW z � ��$� DQG { � ��%�� ZH KDYH z � j�$� DQG { � j�%��
7KH 69(3 K\SRWKHVLV RQ $ DQG % LPSOLHV WKDW DVF�$bz� DQG DVF�%b{� DUH pQLWH
�ZKLFK LQ WXUQ LPSOLHV WKDW LQG�$bz� DQG LQG�%b{� DUH ERWK x ��� 7KXV� LQ YLHZ
RI WKH IDFW WKDW LQG�$n%by�  �� LW IROORZV IURP WKH LQGH[ IRUPXOD �LLL� RI WKH SURRI
RI /HPPD � WKDW LQG�$bz� DQG LQG�%b{� DUH ERWK �� &RQVHTXHQWO\� ERWK $bz DQG
%b{ KDYH pQLWH DVFHQW DQG GHVFHQW >�� 7KHRUHP ��� �LY�@� %XW WKHQ z  � �E�$� DQG
{  � �E�%�� ZKLFK LPSOLHV WKDW y  � �E�$n%�� +HQFH �E�$n%� v �Z�$n%��

5HPDUN �� $ UHVXOW VLPLODU WR WKDW LQ /HPPD � VKRZV WKDW WKH K\SRWKHVLV $n%
VDWLVpHV %W HQVXUHV WKDW �Z�$n%�  ��$��Z�%�>�Z�$���%� �VHH >�� 3URSRVLWLRQ
�@�� $OVR� WKH H[DPSOH LQ 5HPDUN � VKRZV WKDW WKH RSSRVLWH LPSOLFDWLRQ LV QRW WUXH LQ
JHQHUDO� ,QGHHG� OHW $  8j8e DQG % EH GHpQHG DV LQ 5HPDUN �� 7KHQ ��$�  '�
�Z�$�  #'� ��%�  �Z�%�  I�

� � �J� �Z�$ n %�  ��$��Z�%� > �Z�$���%�  

#'> �
�'� �E�$n%�  ' DQG ��$n%�  '� (YLGHQWO\� $ DQG $n% GR QRW VDWLVI\

%W�

5HI HU HQF HV

�� 3 � $ LHQ D� )U HGKROP DQ G ORFDO VSHFW U DO W KHRU \ � Z LW K DSSOLFDW LRQ V W R PXOW LSOLHU V� .OX Z HU $ FD�
G HP LF 3 X E OLVK HU V� �����

�� $ � % U RZ Q DQ G & � 3 HDU F\ � 6 SHFW U D RI W HQ VRU SU RGXFW V RI RSHU DW RU V� 3 U RF� $ P � 0DWK � 6 RF� ��
������� ���^����
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�� % �3 � 'X JJDO� + HU HGLW DU LO\ Q RU PDORLG RSHU DW RU V� ( [ WU DFWD 0DWK � �� ������� ���^����
�� - � ( VFK P HLHU � 7 HQ VRU SU RGXFW V DQ G HOHPHQ W DU \ RSHU DW RU V� - � 5HLQ H $ JQ HZ � 0DWK � ��� �������
��^���

�� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V , � 7 U DQ V� $ P HU � 0DWK �
6 RF� ��� ������� ��^����

�� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V ,, � 7 U DQ V� $ P HU � 0DWK �
6 RF� ��� ������� ���^����

�� '� .LWVRQ � 5� + DU WH DQ G & � + HU Q DQ G H]� : H\ O
V W KHRU HP DQ G W HQ VRU SU RGXFW V� D FRXQ W HU H[DP�

SOH� S U H�S U LQ W �������
�� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O DQ G %U RZ GHU VSHFW U D RI W HQ VRU SU RGXFW V� *ODVJRZ
0DWK � - � �� ������� ���^����

� 5HGZ RRG * U RYH� 1RU W KI LHO G $YHQXH� /RQGRQ : � � 6=� (QJO DQG� 8�.

( � PDLO DGGU HVV� ESGXJJDO#\DKRR�FR�XN

) & ) 0 � %HQHP HU LW D 8QLYHU VLGDG $XW RQRP D GH 3XHEO D� 5w LR 9HU GH \ $Y� 6DQ & O DXGLR�

6DQ 0 DQXHO � 3XHEO D� 3XH� � � � � � � 0 H[LF R

( � PDLO DGGU HVV� VODYGM#IFIP�EXDS�P[

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


