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$EVW U DF W � $ Q HFHVVDU \ DQ G VX r FLHQ W FRQ G LWLRQ IRU H[ S RQ HQ WLDO VWDE LOLW\ RI
+ LOE HU W VS DFH FRQ WU DFWLRQ VHP LJU RX S V LV RE WDLQ HG LQ WHU P V RI DQ LQ HT X DOLW\
LQ Y ROY LQ J WK H G LVVLS DWLY H Q RU P DVVRFLDWHG Z LWK WK H JHQ HU DWRU RI WK H VHP LJU RX S
DQ G Z LWK WK H + LOE HU W VS DFH Q RU P �

�� ,QW U RGXF W LRQ

7KURXJKRXW WKLV SDSHU + ZLOO VWDQG IRU D FRPSOH[ +LOEHUW VSDFH� ZKHUH LQQHU
SURGXFW DQG QRUP RQ+ ZLOO EH GHQRWHG E\ Kc � cL DQG NcN� /HW >7 �W�@  I7 �W� � W y �J
EH D VHPLJURXS RI ERXQGHG OLQHDU RSHUDWRUV RQ +� :H ZLOO EH GHDOLQJ ZLWK &��
VHPLJURXSV �L�H�� ZLWK VWURQJO\ FRQWLQXRXV VHPLJURXSV� RQO\� ,Q WKLV FDVH� WKH LQpQ�
LWHVLPDO JHQHUDWRU $ RI >7 �W�@ LV FORVHG DQG GHQVHO\ GHpQHG� 6LQFH DOO VHPLJURXSV
LQ WKLV SDSHU DUH VWURQJO\ FRQWLQXRXV� ZH ZLOO RPLW WKLV DWWULEXWH IURP QRZ RQ� :H
DVVXPH IRU WKH PRVW SDUW RI WKLV SDSHU WKDW >7 �W�@ LV D FRQWUDFWLRQ VHPLJURXS� WKDW
LV� N7 �W�N x � IRU DOO W y � RU� HTXLYDOHQWO\�

N7 �W�[N x N[N IRU HYHU\ [ � + DQG DOO W y ��

7KLV LPSOLHV WKDW WKH JHQHUDWRU $ LV GLVVLSDWLYH >�� S� ��@� ZKLFK PHDQV WKDW

5HK$[ �[L x � IRU HYHU\ [ � '�

ZKHUH ' GHQRWHV WKH GRPDLQ RI $ �ZKLFK LV D GHQVH OLQHDU PDQLIROG RI +��

$ VHPLJURXS >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH �RU H�VWDEOH� LI WKHUH H[LVW UHDO FRQVWDQWV
o ! � DQG 0 y � VXFK WKDW

N7 �W�N x 0HboW IRU HYHU\ W y �

�HTXLYDOHQWO\� LI N7 �W�[N x 0HboWN[N IRU HYHU\ [ � + DQG HYHU\ W y ��� DQG >7 �W�@
VDLG WR EH XQLIRUPO\ VWDEOH LI

OLP
W� �

N7 �W�N  ��

([SRQHQWLDO VWDELOLW\ LV HTXLYDOHQW WR XQLIRUP VWDELOLW\ >�@� $ VHPLJURXS >7 �W�@ LV
VWURQJO\ VWDEOH �RU V�VWDEOH� LI

OLP
W� �

N7 �W�[N  � IRU HYHU\ [ � +�

1HFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU H�VWDELOLW\ DUH JLYHQ LQ 'DWNR
V 7KHRUHP
>�@� ZKLFK LV VWDWHG EHORZ�

' DW H� 6 HS WHP E HU ��� ���� �, QFOXGH V H UUDWD IRU QRPH QFODWXUH � 1 RYH PEH U ��� ������
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��'��� ��$ ���
. H\ Z RU GV� + LOE HU W VS DFH FRQ WU DFWLRQ VHP LJU RX S V� H[ S RQ HQ WLDO VWDE LOLW\ � VWU RQ J VWDE LOLW\ �

�
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7KHRUHP �� /HW >7 �W�@ EH D VHPLJURXS ZLWK JHQHUDWRU $� 7KH IROORZLQJ FRQGLWLRQV

DUH HTXLYDOHQW�

�L� >7 �W�@ LV H[SRQHQWLDOO\ VWDEOH�

�LL�
5 �

�
N7 �W�[N� GW � � IRU HYHU\ [ � +�

�LLL� 7KHUH H[LVWV D XQLTXH SRVLWLYH RSHUDWRU 3 �L�H�� 3 ! 2� RQ + VXFK WKDW

K3[ �[L  

= �

�

N7 �W�[N� GW IRU HYHU\ [ � +�

DQG LW VDWLVpHV WKH /\DSXQRY HTXDWLRQ�

�5HK3$[ �[L  bN[N� IRU HYHU\ [ � '�

,W LV SODLQ WKDW H�VWDELOLW\ LPSOLHV V�VWDELOLW\ �VLQFH XQLIRUP VWDELOLW\ LPSOLHV
VWURQJ VWDELOLW\�� :H EHJLQ LQ 6HFWLRQ � E\ LQWURGXFLQJ WKH FRQFHSW RI GLVVLSD�
WLYH QRUP �GHQRWHG E\ N c NG� RQ WKH GRPDLQ ' RI WKH JHQHUDWRU $ RI D FRQWUDFWLRQ
VHPLJURXS >7 �W�@� 7KLV DOORZV XV WR REWDLQ D QHZ QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ
IRU H�VWDELOLW\ RI +LOEHUW VSDFH FRQWUDFWLRQ VHPLJURXSV LQ 7KHRUHP �� &RQVHTXHQFHV
RI 7KHRUHP � DUH LQYHVWLJDWHG LQ 6HFWLRQ �� ZKLFK LV FORVHG ZLWK D FKDUDFWHUL]DWLRQ RI
V�VWDELOLW\ IRU QRQ�H�VWDEOH VHPLJURXSV� 2XU WHFKQLTXHV DUH GLUHFW DQG HOHPHQWDU\�

�� ([SRQHQW LDO 6W DELO LW \ RI & RQW U DF W LRQ 6HP LJU RXSV

)LUVW REVHUYH WKDW LQ RUGHU WR KDYH H�VWDELOLW\ RU V�VWDELOLW\ LW LV QHFHVVDU\ WR
H[FOXGH WKRVH FRQWUDFWLRQ VHPLJURXSV >7 �W�@ ZKLFK DGPLW WKH LQYDULDQW VXEVSDFH

07  
j

[ � + � N7 �W�[N  N[MM IRU HYHU\ W y �
k

�

7KLV OHDGV WR FRQWUDFWLRQ VHPLJURXSV IRU ZKLFK 07  I�J� $PRQJ WKRVH FRQWUDF�
WLRQ VHPLJURXSV IRU ZKLFK 07  I�J� ZH pQG WKH SURSHU FRQWUDFWLRQ VHPLJURXSV�
WKDW LV� VHPLJURXSV RI FRQWUDFWLRQV >7 �W�@ VXFK WKDW >�� �@

N7 �W�[N � N[N IRU HYHU\ QRQ]HUR [ � + DQG DOO W ! ��

0RUHRYHU� LW ZLOO DOVR EH QHFHVVDU\ WR FRQVLGHU WKH FRQFHSW RI VWULFWO\ GLVVLSDWLYH >�@
JHQHUDWRU $� ZKLFK PHDQV WKDW

5HK$[ �[L � � IRU HYHU\ QRQ]HUR [ � '�

,I WKH JHQHUDWRU $ RI D FRQWUDFWLRQ VHPLJURXS >7 �W�@ LV VWULFWO\ GLVVLSDWLYH� WKHQ
>7 �W�@ LV SURSHU >�@� 7KHUHIRUH� WKH VWDWHPHQWV ?FRQWUDFWLRQ VHPLJURXSV ZLWK VWULFWO\

GLVVLSDWLYH JHQHUDWRU� DQG ?SURSHU FRQWUDFWLRQV VHPLJURXSV ZLWK VWULFWO\ GLVVLSDWLYH

JHQHUDWRU� FRLQFLGH� $OVR QRWH WKDW WKH FRQFHSW RI VWULFWO\ GLVVLSDWLYH FDQ EH VHHQ
LQ WKH /\DSXQRY HTXDWLRQ ZLWK UHVSHFW WR DQ LQQHU SURGXFW Kc � cL3 VXFK WKDW

�5HK$[ �[L3  �5HK3$[ �[L  bN[N� � � IRU HYHU\ QRQ]HUR [ � '�

:H QRZ FRQVLGHU D SURSHUW\ RI FRQWUDFWLRQ VHPLJURXSV WKDW SOD\V D FUXFLDO UROH
LQ WKH VHTXHO� /HW $ EH WKH GLVVLSDWLYH JHQHUDWRU RI D FRQWUDFWLRQ VHPLJURXS >7 �W�@�
DQG OHW Kc � cLG GHQRWH WKH VHVTXLOLQHDU IRUP GHpQHG RQ ' DV IROORZV >�� �� �@�

K[ � \LG  bK$[ � \L b K[ �$\L IRU HYHU\ [� \ � '�
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,W LV HDV\ WR VHH WKDW� LI $ LV VWULFWO\ GLVVLSDWLYH� WKHQ Kc � cLG LV DQ LQQHU SURGXFW RQ
'� 7KHUHIRUH� LI $ LV VWULFWO\ GLVVLSDWLYH� WKHQ ZH FDQ FRQVLGHU WKH GLVVLSDWLYH QRUP

N c NG RQ '� ZKLFK LV GHpQHG� IRU HYHU\ QRQ]HUR [ � '� E\

N[N�G  K[ �[LG  bK$[ �[L b K[ �$[L  b�5HK$[ �[L ! �������

1RWH WKDW LI $ LV GLVVLSDWLYH �EXW QRW VWULFWO\ GLVVLSDWLYH�� WKHQ N c NG LV D VHPLQRUP
RQ '� 7KH QH[W OHPPD VKRZV WKH UROH SOD\HG E\ N c NG LQ H�VWDELOLW\ DQG V�VWDELOLW\�

/HPPD �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS� ,I WKH JHQHUDWRU $ LV VWULFWO\

GLVVLSDWLYH� WKHQ

�L�
5 �

�
N7 �W�[N�

G
GW x N[N� � � IRU HYHU\ [ � '�

�LL� OLPW� � N7 �W�[N�  N[N� b
5 �

�
N7 �W�[N�

G
GW IRU HYHU\ [ � '� DQG

�LLL� OLPW� � N7 �W�[N x N[N � � IRU HYHU\ [ � +�

3URRI� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQHUDWRU
$� DQG WDNH DQ DUELWUDU\ [ � '�

�L� 5HFDOO WKDW 7 �W�[ OLHV LQ ' IRU HYHU\ [ � ' �L�H�� ' LV 7 >�W�@�LQYDULDQW� LQGHHG�
$ DQG 7 �W� FRPPXWH� VR WKDW $7 �W�[ DQG N7 �W�[NG DUH ERWK ZHOO�GHpQHG IRU HYHU\
[ � ' DQG HYHU\ W y �� ,W LV ZHOO NQRZQ �VHH H�J�� >�� S� ��@� WKDW� IRU HYHU\ W y ��

G
GW

N7 �W�[N�  �5HK$7 �W�[ �7 �W�[L������

6LQFH $ LV VWULFWO\ GLVVLSDWLYH� ����� VD\V WKDW WKH DERYH FDQ EH UHZULWWHQ DV

G
GW

N7 �W�[N�  bN7 �W�[N�G

IRU HYHU\ W y �� ,QWHJUDWLQJ ERWK VLGHV LQ >�� W@ ZH JHW

N7 �W�[N� b N[N�  b

= W

�

N7 ���[N�G G�������

DQG KHQFH
= W

�

N7 ���[N�G G� x N[N�

IRU DOO W y �� ZKLFK HQVXUHV WKH UHTXLUHG UHVXOW LQ �L��

�LL� 7KH UHVXOW LQ �LL� IROORZV IURP ������ DFFRUGLQJ WR �L��

�LLL� ,W IROORZV IURP �LL� WKDW OLPW� � N7 �W�[N� x N[N� � � IRU HYHU\ [ � '� ([�
WHQGLQJ WKLV E\ FRQWLQXLW\ WR WKH ZKROH VSDFH + ZH JHW �LLL��

5HPDUN �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQHUD�
WRU $� ,W LV ZRUWK DGGUHVVLQJ WKH IROORZLQJ LPPHGLDWH LVVXHV UHODWHG WR /HPPD ��

�D� /HPPD ��LLL� IROORZV DW RQFH IURP WKH IDFW WKDW >7 �W�@ LV D FRQWUDFWLRQ IRU DOO
W y �� VLQFH OLPW� � N7 �W�[N H[LVWV LQ 5 IRU HYHU\ [ LQ '�

�E� /HPPD L�LL� DFWXDOO\ HQVXUHV WKDW >7 �W�@ LV V�VWDEOH LI DQG RQO\ LI >�@
= �

�

N7 �W�[�N�G GW  N[N� IRU HYHU\ [ � '�
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:H JLYH LQ 7KHRUHP � EHORZ D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU H�VWDELOLW\
RI FRQWUDFWLRQ VHPLJURXSV� EXW pUVW ZH QHHG WKH IROORZLQJ UHVXOW�

/HPPD �� ,I >7 �W�@ LV DQ H�VWDEOH FRQWUDFWLRQ VHPLJURXS� WKHQ WKHUH H[LVWV D UHDO

QXPEHU o ! � VXFK WKDW� IRU HYHU\ W y � DQG HYHU\ [ � '�

o N7 �W�[N� x b5HK$7 �W�[ �7 �W�[L�

3URRI� 7DNH [ � + DQG W� K y � DUELWUDU\� 6XSSRVH >7 �W�@ LV DQ H�VWDEOH FRQWUDFWLRQ
VHPLJURXS VR WKDW N7 �K�N x HboK IRU VRPH o ! �� +HQFH

N7 �W� K�[N� b N7 �W�[N�  N7 �K�7 �W�[N� b N7 �W�[N�

x N7 �K�N�N7 �W�[N� b N7 �W�[N�

x Hb�oKN7 �W�[N� b N7 �W�[N�

x N7 �W�[N��Hb�oK b ��  �Hb�oK b Hb�o��N7 �W�[N��

7KHUHIRUH� DFFRUGLQJ WR ������

�5HK$7 �W�[ �7 �W�[L  G
GW

N7 �W�[N�  OLP
K� �

N7 �W� K�[N� b N7 �W�[N�

K

x OLP
K� �

Hb�oK b Hb�o�

K
N7 �W�[N�

 
t

G
GW

Hb�oW
p

p

p

W �

u

N7 �W�[N�  b�o N7 �W�[N��

DQG VR o N7 �W�[N� x b5HK$7 �W�[ �7 �W�[L IRU HYHU\ W y � DQG HYHU\ [ � '�

7KH DERYH SURRI LV HOHPHQWDU\ DQG ?GLVVLSDWLYH�IUHH�� 2WKHUZLVH �XVLQJ WKH IDFW
WKDW WKH JHQHUDWRU RI D FRQWUDFWLRQ VHPLJURXS LV GLVVLSDWLYH�� LI >7 �W�@ LV DQ H�VWDEOH
FRQWUDFWLRQ VHPLJURXS� WKHQ N7 �W�N x HboW IRU HYHU\ W y �� IRU VRPH o ! �� +HQFH
NHoW 7 �W�N x � IRU DOO W y �� ZKLFK PHDQV WKDW WKH VHPLJURXS >HoW 7 �W�@ LV FRQWUDF�
WLYH� 6LQFH LWV JHQHUDWRU LV $� o, �>�� S� ��@�� LW IROORZV WKDW $� o, LV GLVVLSDWLYH
RQ '� DQG WKHUHIRUH

5HK$[ �[L� o N[N�  5HK�$� o,�[ �[L x � IRU HYHU\ [ � '�

7KXV WKHUH LV DQ o ! � VXFK WKDW o N[N� x b5HK$[ �[L IRU HYHU\ [ � '� ZKLFK LV
WKH UHVXOW RI /HPPD � IRU W  �� +RZHYHU� VLQFH 7 �W�[ OLHV LQ ' IRU HYHU\ [ � '
DQG HYHU\ W y �� WKLV DFWXDOO\ OHDGV WR WKH FRQFOXVLRQ RI /HPPD ��

7KHRUHP �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS� >7 �W�@ LV H�VWDEOH LI DQG RQO\ LI

o N[N� x b5HK$[ �[L IRU HYHU\ [ � '� IRU VRPH o ! ��

3URRI� ,I >7 �W�@ EH DQ H�VWDEOH FRQWUDFWLRQ VHPLJURXS WKHQ� E\ /HPPD � �ZLWK W  ���

o N[N� x b5HK$[ �[L IRU HYHU\ [ � '� IRU VRPH o ! ��

&RQYHUVHO\� WDNH DQ DUELWUDU\ [ � ' DQG VXSSRVH WKH DERYH LQHTXDOLW\ KROGV� 7KLV
LPSOLHV WKDW $ LV VWULFWO\ GLVVLSDWLYH VR WKDW ZH PD\ FRQVLGHU WKH QRUP N cNG GHpQHG
LQ ������ ,Q WHUPV RI N c NG� WKH DERYH LQHTXDOLW\ FDQ EH UHZULWWHQ DV

o N[N� x �
�N[N

�
G
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IRU VRPH o ! �� 5HFDOO DJDLQ WKDW 7 �W�[ OLHV LQ ' IRU HYHU\ [ � '� 7KHUHIRUH�

N7 �W�[N� x �
�o N7 �W�[N�G

IRU HYHU\ W y �� 7KXV� LQWHJUDWLQJ RQ >���� DQG XVLQJ /HPPD ��L� _ VLQFH >7 �W�@
LV D FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQHUDWRU $�

= �

�

N7 �W�[N� GW x �
�o

= �

�

N7 �W�[N�G GW x
�
�o N[N�

IRU HYHU\ [ � '� ([WHQGLQJ E\ FRQWLQXLW\ �VLQFH LQWHJUDO LV D FRQWLQXRXV IXQFWLRQDO�
IURP WKH GHQVH GRPDLQ ' WR WKH ZKROH VSDFH + ZH JHW

= �

�

N7 �W�[N� GW x �
�o N[N� � �

IRU HYHU\ [ � +� ZKLFK LPSOLHV WKDW >7 �W�@ LV H�VWDEOH DFFRUGLQJ WR 7KHRUHP ��

�� $SSO LF DW LRQV

&RUROODULHV RI 7KHRUHP � DUH GLVFXVVHG LQ WKLV VHFWLRQ� :H EHJLQ ZLWK D VWUDLJKW�
IRUZDUG FRQVHTXHQFH RI 7KHRUHP � LQ &RUROODU\ �� DQG FORVH WKH VHFWLRQ ZLWK &RURO�
ODU\ � WKDW FKDUDFWHUL]HV V�VWDELOLW\ IRU QRQ�H�VWDEOH FRQWUDFWLYH VHPLJURXSV ZLWK D
VWULFWO\ GLVVLSDWLYH JHQHUDWRU�

&RUROODU\ �� ,I >7 �W�@ LV H�VWDEOH FRQWUDFWLYH� WKHQ $ LV VWULFWO\ GLVVLSDWLYH�

,Q IDFW� LI >7 �W�@ LV H�VWDEOH FRQWUDFWLYH� WKHQ � � o x b VXSN[N  �b5HK$[ �[L�

&RUROODU\ �� ,I >7 �W�@ LV DQ H�VWDEOH FRQWUDFWLRQ VHPLJURXS� WKHQ

= �

�

N7 �W�[N�G GW  N[N� IRU HYHU\ [ � '�

3URRI� ,I >7 �W�@ LV H�VWDEOH� WKHQ $ LV VWULFWO\ GLVVLSDWLYH E\ &RUROODU\ �� 7KXV >7 �W�@
LV V�VWDEOH ZLWK D VWULFWO\ GLVVLSDWLYH $� DQG VR ZH FDQ DSSO\ /HPPD ��LL� _ FI�
5HPDUN ��E� _ WR JHW WKH FODLPHG LGHQWLW\�

&RUROODU\ �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS� ,I

N[N�  b�5HK$[ �[L IRU HYHU\ [ � '�

WKHQ >7 �W�@ LV H�VWDEOH DQG
= �

�

N7 �W�[N� GW  N[N� IRU HYHU\ [ � +������

,Q WKLV FDVH >7 �W�@ LV XQLWDULO\ HTXLYDOHQW WR WKH UHVWULFWLRQ RI WKH OHIW VKLIW VHPLJURXS

>/�W�@ WR DQ >/�W�@�LQYDULDQW VXEVSDFH� ZKHUH HDFK /�W� LV GHpQHG RQ WKH +�YDOXHG

IXQFWLRQ VSDFH / ��>�����+� E\

/���I  J ZLWK J�W�  I�W� �� IRU HYHU\ W� � y ��
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3URRI� ,I �
�N[N

�  b5HK$[ �[L IRU HYHU\ [ � '� WKHQ >7 �W�@ LV H�VWDEOH E\ 7KHRUHP
�� DQG VR &RUROODU\ � HQVXUHV WKDW

= �

�

N7 �W�[N�G GW  N[N� IRU HYHU\ [ � '�

0RUHRYHU� VLQFH $ LV VWULFWO\ GLVVLSDWLYH E\ &RUROODU\ �� LW IROORZV WKDW WKH DVVXPS�
WLRQ b�5HK$[ �[L  N[N� PHDQV N[N�

G
 N[N� IRU HYHU\ [ � ' E\ ������ ZKLFK

LPSOLHV WKDW N7 �W�[N�
G
 N7 �W�[N� IRU HYHU\ W y � DQG HYHU\ [ � '� 7KXV WKH LGHQ�

WLW\ LQ ����� KROGV LQ '� 6LQFH ' LV GHQVH LQ +� WKLV FDQ EH H[WHQGHG E\ FRQWLQXLW\
WR + VR WKDW WKH LGHQWLW\ LQ ����� KROGV LQ +� /HW 9 � + � 5�9 � v / ��>�����+�
EH D OLQHDU WUDQVIRUPDWLRQ GHpQHG� IRU HDFK [ � +� E\

�9 [��W�  7 �W�[ IRU HYHU\ W y �

�L�H�� 9 [  \ � / ��>�����+� IRU HDFK [ � + ZLWK \�W�  7 �W�[ IRU HYHU\ W y ���
ZKHUH 5�9 �  9 �+� LV WKH UDQJH RI 9� 7KH LGHQWLW\ LQ ����� HQVXUHV WKDW 9 LV DQ
LVRPHWU\ _ N9 [N  N[N IRU HYHU\ [ � +� 7KXV WKH OLQHDU PDQLIROG 5�9 � LV FORVHG
LQ +� DQG 9 � + � 5�9 � LV D XQLWDU\ WUDQVIRUPDWLRQ �L�H�� D VXUMHFWLYH LVRPHWU\�
EHWZHHQ WKH +LOEHUW VSDFHV + DQG 5�9 �� 2EVHUYH WKDW

>9 7 ���[@�W�  7 �W�7 ���[  7 �W� ��[  �9 [��W� ��  >/���9 [@�W�

IRU HYHU\ W� � y � DQG HYHU\ [ � +� DQG VR 9 LQWHUWZLQHV HDFK 7 ��� WR HDFK /����

9 7 ���  /���9

IRU HYHU\ � y �� 7KHUHIRUH� WKH VXEVSDFH 5�9 � LV LQYDULDQW IRU HYHU\ /���� DQG WKH
UHVWULFWLRQ /���M5 �9 � RI /��� WR 5�9 � LV XQLWDULO\ HTXLYDOHQW WR 7 ���� WKDW LV�

7 ���  9 e/���M5 �9 �9 IRU HYHU\ � y �� e

5HFDOO WKH GHpQLWLRQ RI WKH GLVVLSDWLYH QRUP LQ ������ YL]�� N[N�
G
 b�5HK$[ �[L�

+HQFH� E\ 7KHRUHP �� D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU H�VWDELOLW\ LV�

7KHUH H[LVWV DQ o ! � VXFK WKDW �oN[N� x N[N�G IRU HYHU\ [ � '�

7KHUHIRUH� D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU QRQ�H�VWDELOLW\ LV�

)RU HYHU\ o ! � WKHUH H[LVWV DQ [  [o � ' VXFK WKDW N[N�G � �oN[N��

7KXV V�VWDELOLW\ RI QRQ�H�VWDEOH FRQWUDFWLRQ VHPLJURXSV ZLWK VWULFWO\ GLVVLSDWLYH JHQ�
HUDWRUV IROORZV DV D FRQVHTXHQFH RI 7KHRUHP � DQG /HPPD ��LL� _ VHH 5HPDUN ��E��
DV LQ WKH QH[W FRUROODU\�

&RUROODU\ �� /HW >7 �W�@ EH D FRQWUDFWLRQ VHPLJURXS ZLWK D VWULFWO\ GLVVLSDWLYH JHQ�

HUDWRU $� 6XSSRVH WKDW IRU HYHU\ o ! � WKHUH H[LVWV DQ [ � ' VXFK WKDW

� � b5HK$[ �[L � oN[N��

(TXLYDOHQWO\� N[N�
G
� �oN[N� IRU HYHU\ o ! �� IRU VRPH [ � '� ,I
= �

�

N7 �W�[N�G GW  N[N� IRU HYHU\ [ � '�

WKHQ >7 �W�@ LV DQ V�VWDEOH VHPLJURXS WKDW LV QRW H�VWDEOH�
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7KLV SDSHU LV D VHTXHO WR RXU HoRUW WR JR DIWHU V�VWDELOLW\ RI FRQWLQXRXV DQG
GLVFUHWH +LOEHUW VSDFH FRQWUDFWLRQ VHPLJURXSV >�� �� �@� 2XU HYHQWXDO JRDO LV WR DSSO\
UHSUHVHQWDWLRQ RI V�VWDEOH FRQWUDFWLRQ VHPLJURXSV WR &RQWLQXRXV :DYHOHW 7KHRU\�

6WURQJ VWDELOLW\ RI FRQWLQXRXV DQG GLVFUHWH RSHUDWRU VHPLJURXSV RYHU %DQDFK
DQG +LOEHUW VSDFHV KDYH EHHQ H[WHQVLYHO\ VWXGLHG� :H UHIHU WR >�@ IRU D UHFHQW DQG
FRPSUHKHQVLYH GLVFXVVLRQV RQ WKH VXEMHFW�

$F N QRZ O HGJP HQW

:H WKDQN 3URIHVVRU -HURPH $� *ROGVWHLQ ZKR EURXJKW WR RXU DWWHQWLRQ DQ LP�
SRUWDQW FRUUHFWLRQ LQ D SUHYLRXV YHUVLRQ RI WKLV SDSHU� DQG DOVR IRU KLV VXJJHVWLRQV
WR LPSURYH WKH SDSHU� ,W LV RXU SOHDVXUH WR WKDQN KLP�

5HI HU HQF HV

�� .�1 � % R\ DG ]K LHY DQ G 1 � /HY DQ � 6 W U RQ J VW DELOLW \ RI + LOEHU W VSDFH FRQ W U DFW LRQ VHPLJU RXSV�
6 WX G LD 6 FL� 0DWK � + X Q JDU � �� ������� ���^����

�� 5� & K LOO DQ G < � 7 RP LORY � 6 W DELOLW \ RI RSHU DW RU VHPLJU RXSV� LGHDV DQ G U HVXOW V� 3 HU VS HFWLY HV LQ
2S HU DWRU 7 K HRU \ �% DQ DFK & HQ WHU 3 X E O�� 3 ROLVK $ FDG � 6 FL�� : DU VDZ � �� ������� ��^����

�� 5� 'DWN R� ( [W HQ GLQ J D W KHRU HP RI $ �0� / LDSXQ RY W R + LOEHU W VSDFH� - � 0DWK � $ Q DO� $ S S O� ��
������� ���^����

�� 5� 'DWN R� 8 Q LIRU P DV\ PSW RW LF VW DELOLW \ RI HYROXW LRQ DU \ SU RFHVV LQ D %DQ DFK VSDFH� 6 ,$ 0� - �
0DWK � $ Q DO� � ������� ���^����

�� 3 �$ � )LOOP RU H� 1 RW HV RQ 2SHU DW RU 7 KHRU \ � 9 DQ 1 RVWU DQ G � 1 HZ < RU N � �����

�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 3 U RSHU FRQ W U DFW LRQ V DQ G LQ YDU LDQ W VXEVSDFHV� ,Q W� - � 0DWK �
0DWK � 6 FL� �� ������� ���^����

�� & �6 � .X E U X VO\ DQ G 3 �& �0� 9 LHLU D� 6 W U RQ J VW DELOLW \ IRU FRK\ SRQ RU PDO RSHU DW RU V� - � 2S HU DWRU
7 K HRU \ �� ������� ���^����

�� 3 �'� /D[ DQ G 5�6 � 3 K LOOLS V� 6 FDW W HU LQ J 7 KHRU \ � $ FDG HP LF 3 U HVV� 1 HZ < RU N � �����
�� % �6 ]��1 DJ\ DQ G & � )RLD|V� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH� 1 RU WK �+ ROODQ G �

$ P VWHU G DP � �����

(UUDWXP _ XQSXEOLVKHG

,I D VHPLJURXS LV H�VWDEOH ZLWK 0  � �L�H�� LI WKHUH LV DQ o ! � VXFK WKDW
N7 �W�N x HboW IRU HYHU\ W y ��� WKHQ LW LV FDOOHG SODLQ�H�VWDEOH�

��� 5HSODFH ?H�VWDEOH� E\ ?SODLQ�H�VWDEOH� LQ /HPPD �� DQG &RUROODULHV � DQG ��

��� 5HZULWH 7KHRUHP �� SODLQ�H�VWDELOLW\ LPSOLHV WKH GLVSOD\HG LQHTXDOLW\� ZKLFK LQ
WXUQ LPSOLHV H�VWDELOLW\� �,Q IDFW� WKH GLVSOD\HG LQHTXDOLW\ LPSOLHV SODLQ�H�VWDELOLW\�
EXW WKLV ZDV SURYHG RQO\ LQ D VXEVHTXHQW SDSHU� VHH &RUROODU\ � LQ 2Q H[SRQHQWLDO

VWDELOLW\ RI FRQWUDFWLRQ VHPLJURXSV� 6HPLJURXS )RUXP� ����� WR DSSHDU��

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU

'HSDU W P HQW RI (O HF W U LF DO (QJLQHHU LQJ� 8QLYHU VLW \ RI & DO LI RU QLD LQ /RV $QJHO HV� /RV

$QJHO HV� & $ � � � � � �� � � � � 86$

( � PDLO DGGU HVV� OHYDQ#HH�XFOD�HGX


