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STABILITIES OF HILBERT SPACE CONTRACTION
SEMIGROUPS REVISITED

CARLOS S. KUBRUSLY AND NHAN LEVAN

ABSTRACT. A necessary and sufficient condition for exponential stability of
Hilbert space contraction semigroups is obtained in terms of an inequality
involving the dissipative norm associated with the generator of the semigroup
and with the Hilbert space norm.

1. INTRODUCTION

Throughout this paper ‘H will stand for a complex Hilbert space, where inner
product and norm on H will be denoted by (-;-) and ||-||. Let [T'(t)] = {T'(¢): t > 0}
be a semigroup of bounded linear operators on H. We will be dealing with Cp-
semigroups (i.e., with strongly continuous semigroups) only. In this case, the infin-
itesimal generator A of [T'(t)] is closed and densely defined. Since all semigroups
in this paper are strongly continuous, we will omit this attribute from now on. We
assume for the most part of this paper that [T'(t)] is a contraction semigroup, that
is, || T'(¢)]| <1 for all t > 0 or, equivalently,

IT(t)z|| < ||z|| for every x € H and all ¢ > 0.

This implies that the generator A is dissipative [5, p. 90], which means that
Re(Az;z) <0 for every z € D,
where D denotes the domain of A (which is a dense linear manifold of ).

A semigroup [T'(t)] is ezponentially stable (or e-stable) if there exist real constants
a >0 and M > 1 such that

|T(t)|| < Me=>' for every t >0

(equivalently, if | T'(t)z|| < Me=*t||z|| for every = € H and every ¢ > 0), and [T'(t)]
said to be uniformly stable if

lim | T(2)] = 0.

Exponential stability is equivalent to uniform stability [4]. A semigroup [T(t)] is
strongly stable (or s-stable) if

1tlim IT(t)z|| =0 for every x € H.

Necessary and sufficient conditions for e-stability are given in Datko’s Theorem
[3], which is stated below.
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Theorem 1. Let [T'(t)] be a semigroup with generator A. The following conditions
are equivalent.

(i) [T(¢t)] is exponentially stable.

(i) [oSIT@)z|?dt < oo for every x € H.

(iii) There exists a unique positive operator P (i.e., P > O) on H such that
(Px;x)y = / |T(t)z||*dt for every = € H,
0

and it satisfies the Lyapunov equation:

2Re(PAx;z) = —|z||* for every x € D.

It is plain that e-stability implies s-stability (since uniform stability implies
strong stability). We begin in Section 2 by introducing the concept of dissipa-
tive norm (denoted by || - ||4) on the domain D of the generator A of a contraction
semigroup [T'(¢)]. This allows us to obtain a new necessary and sufficient condition
for e-stability of Hilbert space contraction semigroups in Theorem 2. Consequences
of Theorem 2 are investigated in Section 3, which is closed with a characterization of
s-stability for non-e-stable semigroups. Our techniques are direct and elementary.

2. EXPONENTIAL STABILITY OF CONTRACTION SEMIGROUPS

First observe that in order to have e-stability or s-stability it is necessary to
exclude those contraction semigroups [T'(t)] which admit the invariant subspace

Mqp ={zeH: |T(t)z| = ||z|| for every ¢t > 0}.

This leads to contraction semigroups for which My = {0}. Among those contrac-
tion semigroups for which My = {0}, we find the proper contraction semigroups,
that is, semigroups of contractions [T'(¢)] such that [1, 6]

IT(t)z|| < ||z|| for every nonzero x € H and all ¢ > 0.

Moreover, it will also be necessary to consider the concept of strictly dissipative [1]
generator A, which means that

Re(Az;x) <0 for every nonzero x € D.

If the generator A of a contraction semigroup [T'(t)] is strictly dissipative, then
[T(t)] is proper [1]. Therefore, the statements “contraction semigroups with strictly
dissipative generator” and “proper contractions semigroups with strictly dissipative
generator” coincide. Also note that the concept of strictly dissipative can be seen
in the Lyapunov equation with respect to an inner product {-;-)p such that

2Re(Ax;z)p = 2Re(PAx;x) = —||z||> <0 for every nonzero z € D.

We now consider a property of contraction semigroups that plays a crucial role
in the sequel. Let A be the dissipative generator of a contraction semigroup [T'(¢)],
and let (-;-)4 denote the sesquilinear form defined on D as follows [5, 8, 9].

(z1y)a = —(Az;y) — (v; Ay) for every z,y € D.
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It is easy to see that, if A is strictly dissipative, then (-;-)4 is an inner product on
D. Therefore, if A is strictly dissipative, then we can consider the dissipative norm
I - lla on D, which is defined, for every nonzero = € D, by

(2.1) lz||2 = (z;2)g = —(Az;z) — (z; Az) = —2Re(Az;x) > 0.

Note that if A is dissipative (but not strictly dissipative), then || - ||4 is a seminorm
on D. The next lemma shows the role played by || - ||4 in e-stability and s-stability.

Lemma 1. Let [T(t)] be a contraction semigroup. If the generator A is strictly
dissipative, then

(i) JoTIT@)z||? dt < ||z]|* < oo for every x € D,

(i) lime—oo [T ()] = ||2]]? = [;° | T(t)2||2 dt for every z € D, and

(iil) lmy—oo [|T(E)x| < ||z|| < 00 for every z € H.
Proof. Let [T'(t)] be a contraction semigroup with a strictly dissipative generator
A, and take an arbitrary z € D.

(i) Recall that T'(t)x lies in D for every = € D (i.e., D is T|[(t)]-invariant; indeed,
A and T'(t) commute) so that AT (t)z and ||T(t)x||4 are both well-defined for every
xz € D and every t > 0. It is well known (see e.g., [5, p. 80]) that, for every ¢t > 0,

(2.2) LT (t)2]? = 2Re (AT (t)2; T(t)z),

Since A is strictly dissipative, (2.1) says that the above can be rewritten as
d 2 _ 2
4 |[7(1)a]? = ~|7(0)2 3

for every ¢ > 0. Integrating both sides in [0, ] we get

t
(2.3) IT @)l — [ll|* = —/0 IT(7)=3 dr,
and hence ,

| i@l ar < ja?
for all t > 0, which ensures the required result in ().
(ii) The result in (ii) follows from (2.3), according to (i).

(iii) It follows from (ii) that lim;_.. | 7(t)z||? < ||z]|> < co for every z € D. Ex-
tending this by continuity to the whole space H we get (iii). |

Remark 1. Let [T'(t)] be a contraction semigroup with a strictly dissipative genera-
tor A. It is worth addressing the following immediate issues related to Lemma 1.

(a) Lemma 1(iii) follows at once from the fact that [T(¢)] is a contraction for all
t > 0, since limy_, o [|T(¢)x|| exists in R for every = in D.

(b) Lemma i(ii) actually ensures that [T'(t)] is s-stable if and only if [1]

/ IT(0)2)|3 dt = [[2]2 for every = € D.
0
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We give in Theorem 2 below a necessary and sufficient condition for e-stability
of contraction semigroups, but first we need the following result.

Lemma 2. If [T(t)] is an e-stable contraction semigroup, then there exists a real
number a > 0 such that, for every t > 0 and every x € D,

a||T(t)z]|? < —Re(AT(t)x; T(t)x).

Proof. Take x € H and t,h > 0 arbitrary. Suppose [T'(t)] is an e-stable contraction
semigroup so that ||T(h)|| < e~ " for some a > 0. Hence
IT(t + h)a|® = IT®)]* = |T(R)T (O] - | T(t)x]*
ITMWIPIT O] = I T(#)=]?
e 2 M T (t)x]* ~ 1T ()|
IT @)zl (e72*" —1) = (e72*" — &™) | T(t)]*.

IN AN IA

Therefore, according to (2.2),

2 2
T+ Bl — T ()]

2Re(AT(t)z: T(H)x) = 4| T(0)e|* = lim -

ef2ozh o 672a0
< lim —||T 2
lim ————|7(1)z]
— i —2at
B (dte

_)IT@®al? = —2a|T(t)al?,

and so a ||T(t)z]|> < —Re(AT(t)x; T(t)z) for every t > 0 and every z € D. |

The above proof is elementary and “dissipative-free”. Otherwise (using the fact
that the generator of a contraction semigroup is dissipative), if [T'(¢)] is an e-stable
contraction semigroup, then ||T'(t)]| < e~ for every ¢t > 0, for some « > 0. Hence
le** T(t)|| <1 for all ¢ > 0, which means that the semigroup [e* T'(t)] is contrac-

tive. Since its generator is A + ol ([5, p. 90]), it follows that A + ol is dissipative
on D, and therefore

Re(Az;z) + alz||* = Re((A+al)z;z) <0 for every x € D.

Thus there is an o > 0 such that « ||z||* < —Re(Ax;x) for every z € D, which is
the result of Lemma 2 for ¢t = 0. However, since T'(¢)z lies in D for every = € D
and every t > 0, this actually leads to the conclusion of Lemma 2.

Theorem 2. Let [T(t)] be a contraction semigroup. [T(t)] is e-stable if and only if

a|z||* < —Re(Az;x) for every x € D, for some a > 0.

Proof. If [T(t)] be an e-stable contraction semigroup then, by Lemma 2 (with ¢t = 0),
alz||* £ —Re(Az;x) for every z € D, for some a > 0.

Conversely, take an arbitrary x € D and suppose the above inequality holds. This
implies that A is strictly dissipative so that we may consider the norm ||- ||z defined
in (2.1). In terms of || - ||4, the above inequality can be rewritten as

allzl® < 3ll=l
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for some « > 0. Recall again that T'(¢)z lies in D for every x € D. Therefore,
IT(t)z[* < 55 IT(#)Z

for every t > 0. Thus, integrating on [0, c0) and using Lemma 1(i) — since [T(¢)]
is a contraction semigroup with a strictly dissipative generator A,

/0 1T (t)a]|? dt < ﬁ/@ IT(®)z ]G dt < 55 [l

for every z € D. Extending by continuity (since integral is a continuous functional)
from the dense domain D to the whole space H we get

/0 1T @)z dt < o [l2])? < oo

for every x € H, which implies that [T'(t)] is e-stable according to Theorem 1. O

3. APPLICATIONS

Corollaries of Theorem 2 are discussed in this section. We begin with a straight-
forward consequence of Theorem 2 in Corollary 1, and close the section with Corol-
lary 4 that characterizes s-stability for non-e-stable contractive semigroups with a
strictly dissipative generator.

Corollary 1. If [T(t)] is e-stable contractive, then A is strictly dissipative.
In fact, if [T'(t)] is e-stable contractive, then 0 < a < —supj ;=1 —Re(Az;z).

Corollary 2. If [T(t)] is an e-stable contraction semigroup, then

/ IT(0)]2 dt = ||| for every o € D.
0

Proof. It [T'(t)] is e-stable, then A is strictly dissipative by Corollary 1. Thus [T'(t)]
is s-stable with a strictly dissipative A, and so we can apply Lemma 1(ii) — cf.
Remark 1(b) — to get the claimed identity. |

Corollary 3. Let [T'(t)] be a contraction semigroup. If

|z||* = —2Re(Az;z) for every x € D,
then [T'(t)] is e-stable and
(3.1) / IT(®)z|2 dt = [[z]]2 for every z € H.

0
In this case [T'(t)] is unitarily equivalent to the restriction of the left shift semigroup
[L(t)] to an [L(t)]-invariant subspace, where each L(t) is defined on the H-valued
function space L2([0,00); H) by

L(r)f=g with ¢(t)= f(t+7) forevery ¢,7>0.
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Proof. If ||z||* = —Re (Az; z) for every « € D, then [T'(t)] is e-stable by Theorem
2, and so Corollary 2 ensures that

/ |T(t)z||? dt = ||z||* for every x € D.
0

Moreover, since A is strictly dissipative by Corollary 1, it follows that the assump-
tion —2Re(Az;x) = |z||> means ||z||3 = ||z|? for every = € D by (2.1), which
implies that ||T(¢)z||3 = ||T(¢t)z||? for every ¢ > 0 and every x € D. Thus the iden-
tity in (3.1) holds in D. Since D is dense in H, this can be extended by continuity
to H so that the identity in (3.1) holds in H. Let V: H — R(V) C £2([0,); H)
be a linear transformation defined, for each z € H, by

(Vz)(t) =T(t)x for every t >0

(ie., Vz =y € L2([0,00); H) for each z € H with y(t) = T(t)z for every t > 0),
where R(V) = V(H) is the range of V. The identity in (3.1) ensures that V is an
isometry — ||Vz|| = ||=|| for every x € H. Thus the linear manifold R(V) is closed
in H, and V: H — R(V) is a unitary transformation (i.e., a surjective isometry)
between the Hilbert spaces H and R(V). Observe that

VT(r)z](t) =TT (r)c=T{t+ )z = Vz){t+71)=[L(r)Vz|t)
for every t,7 > 0 and every x € H, and so V intertwines each T'(7) to each L(7),
VT(r)=L(r)V

for every 7 > 0. Therefore, the subspace R(V) is invariant for every L(7), and the
restriction L(7)|z vy of L(7) to R(V) is unitarily equivalent to T'(7), that is,

T(r) = V*L(T)|[r(v)V  for every 7> 0. O
Recall the definition of the dissipative norm in (2.1), viz., ||z||3 = —2Re(Az; z).
Hence, by Theorem 2, a necessary and sufficient condition for e-stability is:
There exists an a > 0 such that 2aljz||* < ||z||%3 for every z € D.
Therefore, a necessary and sufficient condition for non-e-stability is:
For every a > 0 there exists an x =z, € D such that ||z||2 < 2a||z||?.

Thus s-stability of non-e-stable contraction semigroups with strictly dissipative gen-
erators follows as a consequence of Theorem 2 and Lemma, 1(ii) — see Remark 1(b),
as in the next corollary.

Corollary 4. Let [T(t)] be a contraction semigroup with a strictly dissipative gen-
erator A. Suppose that for every o« > 0 there exists an x € D such that

0 < —Re(Az;z) < afz|*
Equivalently, ||z||3 < 2aljz||? for every a > 0, for some x € D. If

oo
/ |T(t)x|? dt = ||z||* for every = € D,
0

then [T(t)] is an s-stable semigroup that is not e-stable.
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4. FINAL REMARKS

This paper is a sequel to our effort to go after s-stability of continuous and
discrete Hilbert space contraction semigroups [1, 6, 7]. Our eventual goal is to apply
representation of s-stable contraction semigroups to Continuous Wavelet Theory.

Strong stability of continuous and discrete operator semigroups over Banach
and Hilbert spaces have been extensively studied. We refer to [2] for a recent and
comprehensive discussions on the subject.
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Erratum — unpublished

If a semigroup is e-stable with M =1 (i.e., if there is an « > 0 such that
|T(t)|| < e for every t > 0), then it is called plain-e-stable.

(1) Replace “e-stable” by “plain-e-stable” in Lemma 2, and Corollaries 1 and 2.
(2) Rewrite Theorem 2: plain-e-stability implies the displayed inequality, which in
turn implies e-stability. (In fact, the displayed inequality implies plain-e-stability,
but this was proved only in a subsequent paper: see Corollary 2 in On exponential
stability of contraction semigroups, Semigroup Forum, 2012, to appear.)
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