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$EVW U DF W � 5HJX ODU VX E VS DFHV DU H WHQ VRU S U RG X FWV RI VX E VS DFHV� 7 K H VWU X FWX U H
RI U HJX ODU VX E VS DFHV WK DW DU H LQ Y DU LDQ W RU U HG X FLQ J IRU WK H WHQ VRU S U RG X FW RI D
p Q LWH FROOHFWLRQ RI + LOE HU W VS DFH RS HU DWRU V LV HQ WLU HO\ FK DU DFWHU L]HG � 1 HFHVVDU \
DQ G VX r FLHQ W FRQ G LWLRQ V IRU D P X OWLS OH WHQ VRU S U RG X FW RI RS HU DWRU V WR E H D
X Q LODWHU DO VK LIW DU H HVWDE OLVK HG � DQ G LW LV S U RY HG WK DW D P X OWLS OH WHQ VRU S U RG X FW
RI RS HU DWRU V LV D FRP S OHWHO\ Q RQ X Q LWDU \ FRQ WU DFWLRQ LI DQ G RQ O\ LI HDFK IDFWRU
LV D FRQ WU DFWLRQ � E HLQ J RQ H RI WK HP FRP S OHWHO\ Q RQ X Q LWDU \ �

�� ,QW U RGXF W LRQ

&RQVLGHU WKH +LOEHUW VSDFH
1P

L �
+L FRQVLVWLQJ RI WKH WHQVRU SURGXFW RI D pQLWH

FROOHFWLRQ RI +LOEHUW VSDFHV +L DQG WKH WHQVRU SURGXFW
1P

L �
$L RI RSHUDWRUV $L RQ

+L� $ VXEVSDFH RI
1P

L �
+L ZLOO EH FDOOHG UHJXODU LI LW LV WKH WHQVRU SURGXFW

1P

L �
0L

RI VXEVSDFHV0L RI+L� ,Q 6HFWLRQ � ZH IRFXV RQ UHJXODU VXEVSDFHV WKDW DUH LQYDULDQW
RU UHGXFLQJ IRU

1P

L �
$L� 7KHVH DUH H[SORUHG LQ 7KHRUHP �� DQG UHGXFLQJ LUUHJXODU

VXEVSDFHV DUH SUHVHQWHG LQ &RUROODU\ �� ,Q 6HFWLRQ � ZH LQYHVWLJDWH WHQVRU SURGXFWV
RI ODWWLFHV RI LQYDULDQW VXEVSDFHV� 7KHVH DUH FKDUDFWHUL]HG LQ &RUROODU\ ��

6HFWLRQV � DQG � GHDO ZLWK DSSOLFDWLRQV� 7KHRUHP � GHVFULEHV XQLODWHUDO VKLIW
WHQVRU SURGXFWV� ZKHUH LW LV VKRZQ WKDW

1P

L �
$L LV D XQLODWHUDO VKLIW LI DQG RQO\ LI

1P

L �
$L  

1P

L �
9L� ZKHUH HDFK 9L LV DQ LVRPHWU\� DW OHDVW RQH RI WKHP LV D XQLODW�

HUDO VKLIW� )LQDOO\� LQ 7KHRUHP �� FRPSOHWHO\ QRQXQLWDU\ WHQVRU SURGXFW FRQWUDFWLRQV
DUH FKDUDFWHUL]HG� ZKHUH LW LV SURYHG WKDW

1P

L �
$L LV D FRPSOHWHO\ QRQXQLWDU\ FRQ�

WUDFWLRQ LI DQG RQO\ LI DW OHDVW RQH RI WKH FRQWUDFWLRQV $L LV FRPSOHWHO\ QRQXQLWDU\�

�� 3U HO LP LQDU LHV

%\ DQ RSHUDWRU $ RQ D +LOEHUW VSDFH+ ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ
RI+ LQWR LWVHOI� /HW %>+@ EH WKH QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ+� DQG OHW 1 �$�
DQG 5�$� VWDQG IRU NHUQHO DQG UDQJH RI $ � %>+@� $ VXEVSDFH 0 RI + LV D FORVHG

OLQHDU PDQLIROG RI +� ZKLFK LV QRQWULYLDO LI I�J � 0 � +� LQYDULDQW IRU DQ RSHUDWRU
$ �RU $�LQYDULDQW� LI $�0� v 0� DQG UHGXFLQJ IRU $ �RU 0 UHGXFHV $� LI 0 LV
LQYDULDQW IRU ERWK $ DQG $e �ZKHUH $e GHQRWHV WKH DGMRLQW RI $�� HTXLYDOHQWO\� LI
ERWK0 DQG0" DUH $�LQYDULDQW �ZKHUH0"  +k0 VWDQGV IRU WKH RUWKRJRQDO
FRPSOHPHQW RI 0�� $Q RSHUDWRU $ LV UHGXFLEOH LI LW KDV D QRQWULYLDO UHGXFLQJ VXE�
VSDFH� RWKHUZLVH LW LV FDOOHG LUUHGXFLEOH� ,I I+LJPL � LV D pQLWH FROOHFWLRQ RI +LOEHUW
VSDFHV� WKHQ WKHLU RUWKRJRQDO GLUHFW VXP LV GHQRWHG E\

/P

L �
+L� ZKLFK LV DJDLQ D

+LOEHUW VSDFH� ,I I$LJPL � LV D pQLWH FROOHFWLRQ RI RSHUDWRUV ZLWK $L LQ %>+L@� WKHQ
WKHLU GLUHFW VXP LV GHQRWHG E\

/P

L �
$L� ZKLFK LV DQ RSHUDWRU LQ %>

/P

L �
+L@�

' DW H� 6 HS WHP E HU ��� ����� U HY LVHG � 0DU FK ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 7 HQ VRU S U RG X FW� + LOE HU W VS DFH RS HU DWRU V� LQ Y DU LDQ W VX E VS DFHV�

�
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/HW + DQG . EH QRQ]HUR FRPSOH[ +LOEHUW VSDFHV� :H FRQVLGHU WKH FRQFHSW RI
WHQVRU SURGXFW VSDFH +n . LQ WHUPV RI WKH VLQJOH WHQVRU SURGXFW RI YHFWRUV DV
D FRQMXJDWH ELOLQHDU IXQFWLRQDO RQ WKH &DUWHVLDQ SURGXFW RI + DQG . � �6HH H�J��
>�@� >��@ DQG >��@ _ IRU DQ DEVWUDFW DSSURDFK VHH H�J�� >�@ DQG >��@�� /HW $n% LQ
%>+n . @ VWDQG IRU WKH WHQVRU SURGXFW RI WZR RSHUDWRUV $ LQ %>+@ DQG % LQ %>. @�
)RU DQ H[SRVLWRU\ SDSHU RQ WHQVRU SURGXFW VHH H�J�� >�@� 7KH WHQVRU SURGXFW RI D SDLU
RI +LOEHUW VSDFHV DQG RI D SDLU RI RSHUDWRUV LV QDWXUDOO\ H[WHQGHG WR D pQLWH FROOHFWLRQ
I+LJPL � �P y �� RI FRPSOH[ +LOEHUW VSDFHV DQG WR D pQLWH FROOHFWLRQ I$LJPL � RI RSHU�
DWRUV ZLWK $L LQ %>+L@� ZKHUH

1P

L �
+L GHQRWHV WKH WHQVRU SURGXFW VSDFH RI I+LJPL �

DQG
1P

L �
$L LQ %>

1P

L �
+L@ VWDQGV IRU WHQVRU SURGXFW RI WKH RSHUDWRUV I$LJPL ��

�� ,QYDU LDQW 6XEVSDF HV

&RQVLGHU D pQLWH FROOHFWLRQ I+LJPL � RI FRPSOH[ +LOEHUW VSDFHV� $ VXEVSDFH RI
WKH RUWKRJRQDO GLUHFW VXP

/P

L �
+L LV LQWULQVLF LI LW LV RI WKH IRUP

/P

L �
0L� ZKHUH

HDFK 0L LV D VXEVSDFH RI +L� 2WKHUZLVH LW LV VDLG WR EH H[WULQVLF� 7KLV QRWLRQ FDQ
EH EURXJKW WR WHQVRU SURGXFW VSDFHV \LHOGLQJ WKH FRQFHSW RI UHJXODU VXEVSDFHV�

'HpQLWLRQ �� $ VXEVSDFH RI D WHQVRU SURGXFW VSDFH
1P

L �
+L LV UHJXODU LI LW LV RI

WKH IRUP
1P

L �
0L� ZKHUH HDFK 0L LV D VXEVSDFH RI +L� 2WKHUZLVH LW LV LUUHJXODU�

7KH GLUHFW VXP
/P

L �
0L RI VXEVSDFHV0L RI +L LV D VXEVSDFH RI WKH GLUHFW VXP

VSDFH
/P

L �
+L� DQG

/P

L �
0L LV LQYDULDQW �UHGXFLQJ� IRU WKH GLUHFW VXP

/P

L �
$L RI

RSHUDWRUV $L RQ +L LI DQG RQO\ LI HDFK0L LV LQYDULDQW �UHGXFLQJ� IRU $L� 7KH WHQVRU
SURGXFW

1P

L �
0L RI VXEVSDFHV0L RI +L LV D VXEVSDFH RI WKH WHQVRU SURGXFW VSDFH

1P

L �
+L� 5HJXODU LQYDULDQW DQG UHGXFLQJ VXEVSDFHV DUH FKDUDFWHUL]HG DV IROORZV�

7KHRUHP �� 7DNH DQ\ LQWHJHU P y �� )RU HDFK LQWHJHU L � >��P@ OHW $L EH DQ RS�

HUDWRU RQ D +LOEHUW VSDFH +L DQG OHW 0L EH D VXEVSDFH RI +L� &RQVLGHU WKH WHQVRU

SURGXFW
1P

L �
$L RI I$LJPL � RQ WKH WHQVRU SURGXFW VSDFH

1P

L �
+L�

�D�� ,I HDFK 0L LV LQYDULDQW �UHGXFLQJ� IRU $L� WKHQ
1P

L �
0L LV DQ LQYDULDQW

�UHGXFLQJ� VXEVSDFH IRU
1P

L �
$L�

�D�� ,I
1P

L �
0L LV LQYDULDQW IRU

1P

L �
$L� WKHQ RQH RI WKH VXEVSDFHV 0L LV LQ�

YDULDQW IRU $L�

�D�� ,I
1P

L �
0L UHGXFHV

1P

L �
$L� WKHQ RQH RI WKH VXEVSDFHV 0L UHGXFHV $L� RU

RQH RI WKH VXEVSDFHV 0L LV LQYDULDQW IRU $L DQG WKH RUWKRJRQDO FRPSOHPHQW

0"
M RI DQRWKHU VXEVSDFH 0M ZLWK M � L LV LQYDULDQW IRU $M�

�D�� ,I
1P

L �
0L LV LQYDULDQW �UHGXFLQJ� IRU

1P

L �
$L DQG LI HDFK 0L �v 1 �$L��

WKHQ HDFK 0L LV LQYDULDQW �UHGXFLQJ� IRU $L� 3DUWLFXODU FDVH�

�D��� ,I
1P

L �
0L LV QRQ]HUR DQG LQYDULDQW �UHGXFLQJ� IRU

1P

L �
$L DQG LI

HYHU\ $L LV LQMHFWLYH� WKHQ HDFK 0L LV LQYDULDQW �UHGXFLQJ� IRU $L�

�E� 2QH RI WKH VXEVSDFHV 0L LV QRQWULYLDO DQG WKH RWKHUV I0MJPL� M  � DUH QRQ]HUR

LI DQG RQO\ LI
1P

L �
0L LV QRQWULYLDO�

�F�� ,I HDFK 0L LV $L�LQYDULDQW� WKHQ
t

2P

L �
$L

up

p

p1 �
����� 0 �

 
2P

L �
$LM0 � �
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�F�� ,I
1P

L �
0L LV QRQ]HUR DQG

1P

L �
$L�LQYDULDQW� DQG LI HDFK $L LV LQMHFWLYH�

WKHQ
t

2P

L �
$L

up

p

p1 �
����� 0 �

 
2P

L �
$LM0 � �

3URRI� 6XSSRVH DOO $L DUH QRQ]HUR �RWKHUZLVH WKH UHVXOWV DUH WULYLDO�� $VVHUWLRQ �D��
LV UHDGLO\ YHULpHG VLQFH D VXEVSDFH 0 RI D +LOEHUW VSDFH LV LQYDULDQW �RU UHGXFLQJ�
IRU D QRQ]HUR RSHUDWRU $ LI DQG RQO\ LI WKH XQLTXH RUWKRJRQDO SURMHFWLRQ 3 ZLWK
5�3 �  0 LV VXFK WKDW 3$3  $3 �RU VXFK WKDW 3$  $3 �� VHH H�J�� >�� 7KHRUHP
���@� &RQYHUVHO\� LI

1P

L �
0L LV LQYDULDQW �RU UHGXFLQJ� IRU

1P

L �
$L� WKHQ WKHUH

H[LVWV DQ RUWKRJRQDO SURMHFWLRQ ( RQ
1P

L �
+L ZLWK5�(�  

1P

L �
0L DQG VXFK WKDW

(
b
1P

L �
$L

c

(  
b
1P

L �
$L

c

( >RU VXFK WKDW (
b
1P

L �
$L

c

 
b
1P

L �
$L

c

(@� &RQVLGHU

WKH SURMHFWLRQV 3L RQWR0L� 6LQFH ( LV XQLTXH DQG VLQFH 5
b
1P

L �
3L

c

 
1P

L �
0L�

LW IROORZV WKDW (  
1P

L �
3L� 7KXV

P
2

L �

3L$L3L  (
t

P
2

L �

$L

u

(  
t

P
2

L �

$L

u

(  
P
2

L �

$L3L

ZKHQHYHU
1P

L �
0L LV LQYDULDQW IRU

1P

L �
$L� RU

P
2

L �

3L$L  (
t

P
2

L �

$L

u

 
t

P
2

L �

$L

u

(  
P
2

L �

$L3L

ZKHQHYHU
1P

L �
0L LV UHGXFLQJ IRU

1P

L �
$L� ,Q DQ\ FDVH� LI $L3L  2 IRU VRPH L�

WKHQ0L LV $L�LQYDULDQW VLQFH0L  5�3L� v 1 �$L�� ,I
1P

L �
0L UHGXFHV

1P

L �
$L�

WKHQ $L3L  2 DOVR LPSOLHV WKDW 3M$M  2� WKDW LV� $e
M3M  2� IRU VRPH M� VR WKDW

HLWKHU 0L UHGXFHV $L �LI M  L� RU 0L LV $L�LQYDULDQW DQG 0"
M LV $M�LQYDULDQW �LI

M � L�� 2Q WKH RWKHU KDQG� VXSSRVH $L3L � 2 IRU HYHU\ L� 7KLV PHDQV WKDW 0L  
5�3L� �v 1 �$L� IRU HYHU\ L� ,Q SDUWLFXODU� WKLV KDSSHQV LI HYHU\ $L LV LQMHFWLYH DQG
1P

L �
0L LV QRQ]HUR� VLQFH 3L � 2 LI 0L � I�J� ,Q WKLV FDVH �L�H�� LI $L3L � 2 _

FI� >��� 3URSRVLWLRQ ���@�� IRU HDFK L�

3L$L3L  oL$L3L

IRU QRQ]HUR VFDODUV oL� VR WKDW HDFK0L  5�3L� LV $L�LQYDULDQW� ZKHQHYHU
1P

L �
0L

LV
1P

L �
$L�LQYDULDQW� RU

3L$L  pL$L3L

IRU QRQ]HUR VFDODUV pL� VR WKDW HDFK 0L  5�3L� UHGXFHV $L� ZKHQHYHU
1P

L �
0L

UHGXFHV
1P

L �
$L� 7KLV FRPSOHWHV WKH SURRI RI �D��� �D�� DQG �D��� $VVHUWLRQV �E�

DQG �F�� DUH DOVR UHDGLO\ YHULpHG� DQG VR WKHLU SURRIV ZLOO EH RPLWWHG� ,I
1P

L �
0L

LV QRQ]HUR� WKHQ �F�� LV D FRQVHTXHQFH RI �F�� DQG �D
�
���

%RWK WKH ]HUR VXEVSDFH DQG WKH ZKROH VSDFH DUH DOZD\V LQWULQVLF DQG UHJXODU� DQG
WKHUHIRUH H[WULQVLF DQG LUUHJXODU VXEVSDFHV DUH DOZD\V QRQWULYLDO� ,QGHHG� WKH ]HUR
VXEVSDFH

/P

L �
I�J RI WKH GLUHFW VXP

/P

L �
+L LV LQWULQVLF DV ZHOO DV WKH ZKROH VSDFH

/P

L �
+L� 7KH ]HUR VXEVSDFH I�J RI WKH WHQVRU SURGXFW VSDFH

1P

L �
+L LV SUHFLVHO\

I�J  
1P

L �
0L ZLWK RQH RI WKH 0L EHLQJ WKH ]HUR VXEVSDFH �0L  I�J ~ +L IRU

VRPH L�� ZKLFK LV UHJXODU DQG� DJDLQ� WKH ZKROH VSDFH
1P

L �
+L LV FOHDUO\ UHJXODU�
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5HPDUN �� 7KHUH H[LVW H[WULQVLF VXEVSDFHV RI D GLUHFW VXP VSDFH WKDW� LQ DGGLWLRQ
WR EHLQJ H[WULQVLF� DUH LQYDULDQW IRU WKH GLUHFW VXP RI +LOEHUW VSDFH RSHUDWRUV� )RU
LQVWDQFH� WDNH DQ\ QRQ]HUR RSHUDWRU & RQ D +LOEHUW VSDFH + DQG FRQVLGHU WKH VHW

0 �  
j

�&[� ccc � &[� �
/P

L �
+ � [ � +

k

�

ZKLFK LQ IDFW LV D QRQWULYLDO OLQHDU PDQLIROG RI WKH GLUHFW VXP VSDFH
/P

L �
+ RI P

FRSLHV RI +� ,W LV UHDGLO\ YHULpHG WKDW LI & KDV D FORVHG UDQJH� WKHQ0 � LV FORVHG LQ
/P

L �
+� DQG VR0 � LV D VXEVSDFH RI

/P

L �
+� ZKLFK LV FOHDUO\ H[WULQVLF� 0RUHRYHU�

LI & FRPPXWHV ZLWK DQ RSHUDWRU $ RQ+� WKHQ WKH H[WULQVLF VXEVSDFH0 � RI
/P

L �
+

LV LQYDULDQW IRU WKH GLUHFW VXP
/P

L �
$ RI P FRSLHV RI $� :H FRQVLGHU WKH H[LVWHQFH

RI LUUHJXODU UHGXFLQJ VXEVSDFHV RI WHQVRU SURGXFW VSDFHV LQ &RUROODU\ ��E� EHORZ�

&RUROODU\ �� 7DNH DQ DUELWUDU\ LQWHJHU P y �� )RU HDFK LQWHJHU L � >��P@ OHW $L

EH DQ LQMHFWLYH RSHUDWRU RQ D +LOEHUW VSDFH +L DQG OHW 0L EH D QRQ]HUR VXEVSDFH RI

+L� &RQVLGHU WKH UHJXODU VXEVSDFH
1P

L �
0L RI

1P

L �
+L DQG WKH WHQVRU SURGXFW

1P

L �
$L RQ

1P

L �
+L�

�D�
1P

L �
0L LV

1P

L �
$L�LQYDULDQW LI DQG RQO\ LI HDFK 0L LV $L�LQYDULDQW�

3XW +L  + �D +LOEHUW VSDFH RI GLPHQVLRQ JUHDWHU WKDQ � � DQG $L  $ �LQMHFWLYH�
IRU DOO L� 7DNH WKH WHQVRU SURGXFW

1P

L �
$ RI P FRSLHV RI $ � %>+@ RQ WKH WHQVRU

SURGXFW VSDFH
1P

L �
+ RI P FRSLHV RI +�

�E�
1P

L �
$ LV UHGXFLEOH DQG� LI $ LV LUUHGXFLEOH� WKHQ DOO QRQWULYLDO UHGXFLQJ VXE�

VSDFHV RI
1P

L �
$ DUH LUUHJXODU�

3URRI� 7KH UHVXOW LQ �D� LV D VWUDLJKWIRUZDUG DSSOLFDWLRQ RI 7KHRUHP ��D�� D
�
��� 7KH

SURRI RI WKH UHVXOW LQ �E� JRHV DV IROORZV� &RQVLGHU WKH WHQVRU SURGXFW
1P

L �
$L

RI P RSHUDWRUV I$LJPL �� HDFK $L DFWLQJ RQ WKH +LOEHUW VSDFH +L� DQG FRQVLGHU WKH
PDSSLQJ g�

1P

L �
+L �

1 �

L P+L GHpQHG E\

g
t

;

N

1P

L �
[L�N

u

 
;

N

1 �

L P [L�N

IRU HYHU\
3

N

1P

L �
[L�N LQ

1P

L �
+L� 7KLV LV DQ LQYHUWLEOH OLQHDU LVRPHWU\� WKXV D

XQLWDU\ WUDQVIRUPDWLRQ RI
1P

L �
+L RQWR

1 �

L P+L� DQG LW LV UHDGLO\ YHULpHG WKDW

g
t

2P

L �
$L

u

 
t

2
�

L P
$L

u

g

�L�H�� WKH WHQVRU SURGXFW RI P RSHUDWRUV LV XQLWDULO\ HTXLYDOHQW FRPPXWDWLYH�� 1RZ
SXW +L  + DQG $L  $ IRU DOO L� ,Q WKLV FDVH WKH XQLWDU\ RSHUDWRU g RQ

1P

L �
+

DOVR LV DQ LQYROXWLRQ �g�  ,� DQG VR LW LV D V\PPHWU\ _ L�H�� gb�  ge  g��
DQG WKH WHQVRU SURGXFW

1P

L �
$ RI P FRSLHV RI DQ DUELWUDU\ RSHUDWRU $ LQ %>+@

FRPPXWHV ZLWK WKH QRQVFDODU QRUPDO RSHUDWRU g LQ %
d
1P

L �
+
e

� 7KLV PHDQV WKDW

�L�
1P

L �
$ LV UHGXFLEOH IRU HYHU\ +LOEHUW VSDFH RSHUDWRU $�

ZKLFK LV D FODVVLFDO FRQVHTXHQFH RI WKH 6SHFWUDO 7KHRUHP� +HQFH WKH WHQVRU SURGXFW
1P

L �
$ DOZD\V KDV D QRQWULYLDO UHGXFLQJ VXEVSDFH� 1RZ VXSSRVH $ LV LQMHFWLYH�

�LL� ,I $ LV LUUHGXFLEOH� WKHQ
1P

L �
$ KDV QR QRQWULYLDO UHJXODU UHGXFLQJ VXEVSDFH�

7KLV IROORZV IURP 7KHRUHP ��D����
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�� ,QW U LQVLF DQG 5HJXO DU /DW W LF HV

7DNH D pQLWH FROOHFWLRQ RI +LOEHUW VSDFHV I+LJPL � DQG FRQVLGHU WKH +LOEHUW VSDFHV
PDGH XS RI WKHLU RUWKRJRQDO GLUHFW VXP�

/P

L �
+L� DQG RI WKHLU WHQVRU SURGXFW�

1P

L �
+L� /HW /DW�$� VWDQG IRU WKH ODWWLFH RI DOO LQYDULDQW VXEVSDFHV IRU DQ DUELWUDU\

RSHUDWRU $� DQG WDNH RSHUDWRUV $L LQ %>+L@ IRU HDFK LQWHJHU L � >��P@�

,QWULQVLF /DWWLFHV� /HW
/P

L �
/DW�$L� EH WKH FROOHFWLRQ RI DOO LQWULQVLF VXEVSDFHV

/P

L �
0L v

/P

L �
+L PDGH XS RI $L�LQYDULDQW VXEVSDFHV 0L�

0P

L �
/DW�$L�  

Q

0P

L �
0L v

0P

L �
+L � 0L � /DW�$L�

R

�

/HW ,/DW
b
/P

L �
$L

c

GHQRWH WKH FROOHFWLRQ RI DOO LQWULQVLF LQYDULDQW VXEVSDFHV IRU WKH
GLUHFW VXP

/P

L �
$L RQ

/P

L �
+L�

,/DW
t

0P

L �
$L

u

 
Q

0P

L �
0L v

0P

L �
+L �

0P

L �
0L � /DW

t

0P

L �
$L

uR

�

7KLV LV D ODWWLFH� ,QGHHG� FRQVLGHU WKH ODWWLFH /DW
b
/P

L �
+L

c

RI DOO VXEVSDFHV RI WKH

GLUHFW VXP
/P

L �
+L DQG OHW ,/DW

b
/P

L �
+L

c

EH WKH VXEFROOHFWLRQ RI /DW
b
/P

L �
+L

c

FRQVLVWLQJ RI DOO LQWULQVLF VXEVSDFHV RI
/P

L �
+L� ,W LV QRW GLrFXOW WR YHULI\ WKDW

,/DW
b
/P

L �
+L

c

LV VXEODWWLFH RI /DW
b
/P

L �
+L

c

� 6LQFH

,/DW
t

0P

L �
$L

u

 ,/DW
t

0P

L �
+L

u

? /DW
t

0P

L �
$L

u

�

LW IROORZV WKDW ,/DW
b
/P

L �
$L

c

LV D VXEODWWLFH RI /DW
b
/P

L �
$L

c

� 0RUHRYHU� LW LV

UHDGLO\ YHULpHG WKDW DQ LQWULQVLF VXEVSDFH ,  
/P

L �
0L OLHV LQ ,/DW

b
/P

L �
$L

c

LI

DQG RQO\ LI , �
/P

L �
/DW�$L�� 7KHUHIRUH �DQG UHFDOOLQJ 5HPDUN ���

0P

L �
/DW�$L�  ,/DW

t

0P

L �
$L

u � /DWt0P

L �
$L

u

�

5HJXODU /DWWLFHV� 6LQFH I�J � /DW�$L� IRU HYHU\ L � >��P@� LW IROORZV WKDW LI0L �  
I�J IRU VRPH L� � >��P@� WKHQ 0L � � /DW�$L � � DQG

1P

L �
0L  I�J  

1P

L �
I�J LV

D UHJXODU VXEVSDFH PDGH XS RI $L�LQYDULDQW VXEVSDFHV HYHQ LI 0L  � /DW�$L� IRU
HYHU\ L � L�� 6R LW LV FRQYHQLHQW WR H[FOXGH ]HUR VXEVSDFHV ZKHQ GHpQLQJ WKH WHQVRU
SURGXFW VSDFH FRXQWHUSDUW� 7KXV OHW

1P

L �
/DW�$L� EH WKH FROOHFWLRQ RI DOO QRQ]HUR

UHJXODU VXEVSDFHV
1P

L �
0L v

1P

L �
+L PDGH XS RI $L�LQYDULDQW VXEVSDFHV 0L�

2P

L �
/DW�$L�  

Q

I�J � 
2P

L �
0L v

2P

L �
+L � I�J � 0L � /DW�$L�

R

�

/HW 5/DW
b
1P

L �
$L

c

GHQRWH WKH FROOHFWLRQ RI DOO UHJXODU LQYDULDQW VXEVSDFHV IRU WKH

WHQVRU SURGXFW RSHUDWRU
1P

L �
$L RQ

1P

L �
+L�

5/DW
t

2P

L �
$L

u

 
Q

2P

L �
0L v

2P

L �
+L �

2P

L �
0L � /DW

t

2P

L �
$L

uR

�

2EVHUYH WKDW� LI $L �  2 IRU VRPH L� � >��P@� WKHQ
1P

L �
$L  2� DQG VR HYHU\

UHJXODU VXEVSDFH
1P

L �
0L RI

1P

L �
+L OLHV LQ /DW

b
1P

L �
$L

c

LQGHSHQGHQWO\ RI WKH
RSHUDWRUV $L IRU HYHU\ L � L�� $OVR QRWH WKDW LI 0L � v 1 �$L � � IRU VRPH L� � >��P@
�DQG VR 0L � � /DW�$L � ��� WKHQ

1P

L �
0L v 1

b
1P

L �
$L

c

VR WKDW
1P

L �
0L OLHV LQ

5/DW
b
1P

L �
$L

c

LQGHSHQGHQWO\ RI WKH VXEVSDFHV 0L RI +L IRU HYHU\ L � L��
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$ ZRUG RQ WHUPLQRORJ\ DQG DQRWKHU RQ QRWDWLRQ� $V XVXDO �VHH H�J�� >�� S� ��@��
DQ RSHUDWRU WKDW LV QRW D PXOWLSOH RI WKH LGHQWLW\ LV FDOOHG QRQVFDODU � RWKHUZLVH LW LV
FDOOHG VFDODU � /HW v DQG ~ GHQRWH RUGLQDU\ LQFOXVLRQ DQG SURSHU LQFOXVLRQ� UHVSHF�
WLYHO\� :H ZULWH � IRU DQ RUGLQDU\ LQFOXVLRQ WKDW PD\ QRW EH DQ LGHQWLW\ �L�H�� ZKHUH
WKHUH DUH NQRZQ LQVWDQFHV IRU ZKLFK WKH UHYHUVH LQFOXVLRQ GRHV QRW KROG _ WKLV LV
GLoHUHQW IURP SURSHU LQFOXVLRQ� ZKHUH WKH UHYHUVH LQFOXVLRQ QHYHU KROGV��

&RUROODU\ �� 7DNH DQ DUELWUDU\ LQWHJHU P y � DQG FRQVLGHU WKH SUHFHGLQJ VHWXS�

�D�
1P

L �
/DW�$L� � 5/DWb1P

L �
$L

c

QI�J � /DWb1P

L �
$L

c

QI�J�

�E� ,I HLWKHU HYHU\ $L LV LQMHFWLYH RU HYHU\ $L LV VFDODU� WKHQ
1P

L �
/DW�$L�  5/DW

b
1P

L �
$L

c

QI�J�

�F� ,I
1P

L �
/DW�$L�  5/DW

b
1P

L �
$L

c

QI�J� WKHQ WKHUH LV QR SDLU I$L � � $L � J IURP

I$LJPL � FRQWDLQLQJ D QRQLQMHFWLYH DQG D QRQVFDODU RSHUDWRU�

�G�� ,I HYHU\ $L LV QRQVFDODU� WKHQ
1P

L �
/DW�$L�  5/DW

b
1P

L �
$L

c

QI�J LI DQG

RQO\ LI HYHU\ $L LV LQMHFWLYH�

�G�� ,I HYHU\ $L LV QRQLQMHFWLYH� WKHQ
1P

L �
/DW�$L�  5/DW

b
1P

L �
$L

c

QI�J LI DQG

RQO\ LI HYHU\ $L LV ]HUR�

3URRI� �D� 7KHRUHP ��D�� HQVXUHV WKH pUVW RUGLQDU\ LQFOXVLRQ LQ �D�� ZKLFK PD\ EH
SURSHU �GHSHQGLQJ RQ I$LJPL �� E\ &ODLP � EHORZ� 7KH VHFRQG RUGLQDU\ LQFOXVLRQ LQ
�D� LV WULYLDO� DQG &RUROODU\ ��E� HQVXUHV WKDW LW PD\ EH SURSHU �HYHQ LI WKH RSHUDWRUV
$L DUH DOO QRQVFDODU DQG LQMHFWLYH��

�E� ,I $L DUH DOO VFDODU� WKHQ WKH LGHQWLW\ LQ �E� LV WULYLDOO\ YHULpHG� ,I $L DUH DOO
LQMHFWLYH� WKHQ DQ\ 5 LQ 5/DW

b
1P

L �
$L

c

QI�J OLHV LQ
1P

L �
/DW�$L� E\ 7KHRUHP

��D���� DQG WKHUHIRUH WKH LGHQWLW\ LQ �E� IROORZV IURP WKH pUVW LQFOXVLRQ LQ �D��

�F� &RQYHUVHO\� �F� LV D GLUHFW FRQVHTXHQFH RI WKH IROORZLQJ UHVXOW�

&ODLP �� ,I WKHUH H[LVWV D SDLU I$L � � $L � J IURP I$LJPL � FRQVLVWLQJ RI D QRQLQMHFWLYH
DQG D QRQVFDODU RSHUDWRU� WKHQ 5/DW

b
1P

L �
$L

c

QI�J �v
1P

L �
/DW�$L��

,QGHHG� DQ RSHUDWRU $ LV LQMHFWLYH LI DQG RQO\ LI 1 �$�  I�J DQG VFDODU LI DQG RQO\
LI /DW�$�  /DW�+�� 7KXV� LI 1 �$L � � � I�J IRU VRPH L� � >��P@� WKHQ WKHUH H[LVWV
0L � � /DW�+L � � VXFK WKDW I�J � 0L � v 1 �$L � �� +HQFH0L � � /DW�$L � �� 0RUHRYHU�
1P

L �
0L � 1

b
1P

L �
$L

c

� DQG WKHUHIRUH

I�J � 
2P

L �
0L � 5/DW

t

2P

L �
$L

u

s

I�J

IRU HYHU\ I�J � 0L � /DW�+L� ZLWK L � L� LQ >��P@� ,I /DW�$L � � � /DW�+L � � IRU VRPH
L� � L� LQ >��P@� WKHQ WDNH I�J � 0L � � /DW�+L � �Q/DW�$L � � VR WKDW

2P

L �
0L ��

2P

L �
/DW�$L��

�5HDVRQ� LI 0� n0�  1 � n 1 � � I�J� WKHQ ZH PD\ LQIHU IURP >��� 3URRI RI
3URSRVLWLRQ ���@ WKDW 0�  1 � DQG 0�  1 �� ZKLFK FDQ EH H[WHQGHG WR D pQLWH
FROOHFWLRQ RI VXEVSDFHV�� 7KLV FRPSOHWHV WKH SURRI RI &ODLP ��
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�G� 7KH UHVXOW LQ �F� HQVXUHV WKDW LI
1P

L �
/DW�$L�  5/DW

b
1P

L �
$L

c

QI�J DQG LI DOO
$L DUH QRQVFDODU� WKHQ DOO $L DUH DOVR LQMHFWLYH� LI DOO $L DUH QRQLQMHFWLYH� WKHQ DOO $L

DUH DOVR VFDODU� L�H�� DOO $L DUH ]HUR� 7KXV �G�� DQG �G�� IROORZ IURP �E� DQG �F��

�� $SSO LF DW LRQV _ 8QLO DW HU DO 6KLI W V

,I WKH RUWKRJRQDO GLUHFW VXP
/P

L �
$L RI D pQLWH FROOHFWLRQ I$LJ

P
L � RI RSHUDWRUV

RQ +L LV D XQLODWHUDO VKLIW� WKHQ LW LV D VKLIW GLUHFW VXP� ,W FDQ EH YHULpHG WKDW
/P

L �
$L LV D VKLIW GLUHFW VXP LI DQG RQO\ LI $L  6L� ZKHUH HDFK 6L LV D

XQLODWHUDO VKLIW�

6LQFH
/P

L �
/DW�$L�  ,/DW

b
/P

L �
$L

c

� DQ LQWULQVLF VXEVSDFH
/P

L �
0L RI WKH GLUHFW

VXP
/P

L �
+L LV LQYDULDQW �UHGXFLQJ� IRU

/P

L �
$L LI DQG RQO\ LI HDFK0L LV LQYDULDQW

�UHGXFLQJ� IRU $L� 7KXV� WKH DERYH LWDOLFL]HG UHVXOW HQVXUHV WKH QH[W RQH�

$Q LQWULQVLF LQYDULDQW �UHGXFLQJ� VXEVSDFH RI D VKLIW GLUHFW VXP
/P

L �
$L LV

WKH GLUHFW VXP RI P LQYDULDQW �UHGXFLQJ� VXEVSDFHV IRU P XQLODWHUDO VKLIWV�

7KH WHQVRU SURGXFW FRXQWHUSDUW LV QRW VWUDLJKWIRUZDUG� DV ZH VKDOO VHH LQ WKLV VHFWLRQ�
6LQFH D XQLODWHUDO VKLIW �RI DQ\ PXOWLSOLFLW\� DFWLQJ RQ D +LOEHUW VSDFH� LV LQMHFWLYH�
&RUROODU\ ��E� FKDUDFWHUL]HV WKH FROOHFWLRQ RI DOO UHJXODU LQYDULDQW VXEVSDFH RI WKH
WHQVRU SURGXFW

1P

L �
6L RI D pQLWH FROOHFWLRQ I6LJPL � RI XQLODWHUDO VKLIWV�

5/DW
t

2P

L �
6L

u�

I�J  
2P

L �
/DW�6L��

RQFH HDFK /DW�6L� ZDV IXOO\ FKDUDFWHUL]HG LQ >�@� +RZHYHU� E\ &RUROODU\ ��E��

5/DW
t

2P

L �
6L

u

~ /DW
t

2P

L �
6L

u

LI 6L  6 IRU DOO L� ZKHUH 6 LV D XQLODWHUDO VKLIW RI PXOWLSOLFLW\ � �ZKLFK LV LUUHGXFLEOH��
7KXV D IXOO FKDUDFWHUL]DWLRQ RI WKH ODWWLFH /DW

b
1P

L �
6L

c

UHTXLUHV WKH GHVFULSWLRQ RI
DOO LUUHJXODU VXEVSDFHV RI WHQVRU SURGXFWV RI XQLODWHUDO VKLIWV�

/DW
t

2P

L �
6L

u�

5/DW
t

2P

L �
6L

u

�

DQG WKLV WXUQV XS IURP >�@ DV ZHOO EHFDXVH� DV D SDUWLFXODU FDVH RI 7KHRUHP � EHORZ�
1P

L �
6L LV DJDLQ D XQLODWHUDO VKLIW�

7KHRUHP �� 7DNH DQ DUELWUDU\ LQWHJHU P y �� 7KH WHQVRU SURGXFW
1P

L �
$L LV D

XQLODWHUDO VKLIW LI DQG RQO\ LI
1P

L �
$L  

1P

L �
9L� ZKHUH HDFK 9L LV DQ LVRPHWU\

EHLQJ DW OHDVW RQH RI WKHP D XQLODWHUDO VKLIW�

3URRI� $ +LOEHUW VSDFH RSHUDWRU $ LV VWURQJO\ VWDEOH LI WKH SRZHU VHTXHQFH I$QJ
FRQYHUJHV VWURQJO\ WR WKH QXOO RSHUDWRU �L�H�� N$Q[N � � IRU HYHU\ [ _ QRWDWLRQ�
$Q Vb� 2�� /HW + DQG . EH +LOEHUW VSDFHV DQG WDNH $ DQG % LQ %>+@ DQG %>. @�
6LQFH D XQLODWHUDO VKLIW LV SUHFLVHO\ DQ LVRPHWU\ ZKRVH DGMRLQW LV VWURQJO\ VWDEOH >��
/HPPD ���@� WKH WHQVRU SURGXFW $n% LV D XQLODWHUDO VKLIW LI DQG RQO\ LI

$n% LV DQ LVRPHWU\ DQG �$n%�eQ Vb� 2�

%XW� IRU DQ\ SDLU RI QRQ]HUR RSHUDWRUV $ DQG %�

$n% LV DQ LVRPHWU\ �� $n%  9 n -�
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ZKHUH 9 DQG - DUH LVRPHWULHV LQ %>+@ DQG %>. @ �VHH H�J�� >��� 7KHRUHP ���@�� DQG

�9 n -�eQ Vb� 2 �� 9 eQ Vb� 2 RU -eQ Vb� 2

�FI� >�� 3URSRVLWLRQ �@ RU >�� 7KHRUHPV � DQG �@�� 7KXV $n% LV D XQLODWHUDO VKLIW LI
DQG RQO\ LI $n%  9 n - � ZKHUH 9 DQG - DUH LVRPHWULHV DQG RQH RI WKHP KDV D
VWURQJO\ VWDEOH DGMRLQW� ZKLFK PHDQV WKDW RQH RI WKH LVRPHWULHV LV D XQLODWHUDO VKLIW�
7KLV SURYHV WKH WKHRUHP IRU P  �� ,I P y � WKHQ� IRU DQ\ M � >��Pb �@�

2P

L �
$L  

2Mb�

L �
$L n$M n

2P

L M � �
$L

VR WKDW WKH UHVXOW IRU P  � H[WHQGV E\ LQGXFWLRQ WR DQ\ LQWHJHU P y �� EHFDXVH
WKH WHQVRU SURGXFW RI LVRPHWULHV LV DJDLQ DQ LVRPHWU\�

,I WKH WHQVRU SURGXFW
1P

L �
$L RI D pQLWH FROOHFWLRQ I$LJ

P
L � RI RSHUDWRUV DFWLQJ

RQ +LOEHUW VSDFHV +L LV D XQLODWHUDO VKLIW� WKHQ LW LV FDOOHG D VKLIW WHQVRU SURGXFW�

&RUROODU\ �� $ UHJXODU LQYDULDQW �UHGXFLQJ� VXEVSDFH RI D VKLIW WHQVRU SURGXFW
1P

L �
$L LV WKH WHQVRU SURGXFW RI LQYDULDQW �UHGXFLQJ� VXEVSDFHV IRU P LVRPHWULHV�

EHLQJ DW OHDVW RQH RI WKHP D XQLODWHUDO VKLIW�

3URRI� 7KLV IROORZV IURP 7KHRUHP � DQG &RUROODU\ ��E�� UHFDOOLQJ WKDW LI
1P

L �
9L

LV LQMHFWLYH� WKHQ VR LV HDFK 9L �VHH H�J�� >�� 3URSHUW\ �@��

�� $SSO LF DW LRQV _ & RP SO HW HO \ 1RQXQLW DU \ & RQW U DF W LRQV

$ FRQWUDFWLRQ �L�H�� DQ RSHUDWRU $ ZLWK N$N x �� LV FRPSOHWHO\ QRQXQLWDU\ LI WKH
UHVWULFWLRQ RI LW WR HYHU\ QRQ]HUR UHGXFLQJ VXEVSDFH LV QRW XQLWDU\� (TXLYDOHQWO\� D
QRQ]HUR FRQWUDFWLRQ $ LQ %>+@ LV QRW FRPSOHWHO\ QRQXQLWDU\ LI WKHUH H[LVWV D QRQ]HUR
YHFWRU [ � + VXFK WKDW

N$Q[N  N$eQ[N  N[N IRU HYHU\ SRVLWLYH LQWHJHU Q�

)RU HYHU\ FRQWUDFWLRQ $ LQ %>+@� OHW 8 $ EH WKH FROOHFWLRQ RI DOO WKRVH YHFWRUV IRU
ZKLFK WKH DERYH LGHQWLW\ KROGV� 7KH 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ IRU FRQWUDF�
WLRQV �VHH H�J�� >��� S� �@ RU >�� S� ��@� VD\V WKDW 8 $ LV D UHGXFLQJ VXEVSDFH IRU $
DQG WKDW $ KDV D XQLTXH GHFRPSRVLWLRQ RQ +  8 $ j 8 "

$ � QDPHO\�

$  8$ j &$�

ZKHUH 8$  $M 8 	 LV XQLWDU\ DQG D &$  $M 8


	 LV FRPSOHWHO\ QRQXQLWDU\� 7KXV D

FRQWUDFWLRQ $ LV FRPSOHWHO\ QRQXQLWDU\ LI DQG RQO\ LI 8 $  I�J�

&RQVLGHU D pQLWH FROOHFWLRQ I$LJPL � RI RSHUDWRUV RQ D FRPSOH[ +LOEHUW VSDFH +L�
7KH �RUWKRJRQDO� GLUHFW VXP

/P

L �
$L LV D FRQWUDFWLRQ LI DQG RQO\ LI HYHU\ RSHUDWRU

$L LV D FRQWUDFWLRQ �VLQFH
q

q

/P

L �
$L

q

q  PD[�xLxP N$LN�� ,I HYHU\ RSHUDWRU $L LV D

FRQWUDFWLRQ� WKHQ WKHLU WHQVRU SURGXFW
1P

L �
$L LV D FRQWUDFWLRQ �VLQFH

q

q

1P

L �
$L

q

q  
4P

L �
N$LN�� ,W LV UHDGLO\ YHULpHG WKDW
/P

L �
$L LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LI DQG RQO\ LI HDFK $L LV D

FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ�

�5HDVRQ� 8 / �
����� $ �  

/P

L �
8 $ � �� 7KH WHQVRU SURGXFW FRXQWHUSDUW LV LQYHVWLJDWHG LQ

7KHRUHP � EHORZ� ZKLFK LV EDVHG RQ WKH QH[W OHPPD�
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/HPPD �� ,I $L LV D FRQWUDFWLRQ RQ D +LOEHUW VSDFH +L IRU HDFK L � >��P@� WKHQ

8 1 �
����� $ �  

P
2

L �

8 $ � �

3URRI� /HW $ EH D FRQWUDFWLRQ RQ D +LOEHUW VSDFH + DQG OHW % EH D FRQWUDFWLRQ RQ D
+LOEHUW VSDFH . � &RQVLGHU WKH FRQWUDFWLRQ $n% RQ +n . � /HW IHoJ DQG IIpJ EH
RUWKRQRUPDO EDVHV IRU + DQG . � UHVSHFWLYHO\� VR WKDW IHo n IpJ LV DQ RUWKRQRUPDO
EDVLV IRU +n . � 7DNH DQ DUELWUDU\ ] LQ +n . DQG FRQVLGHU LWV )RXULHU H[SDQVLRQ�

��� ]  
;

o� p

yo� p Ho n Ip  
;

o

Ho n \o  
;

p

[p n Ip�

ZLWK [p  
3

o yo� p Ho DQG \o  
3

p yo� p Ip LQ + DQG . IRU HYHU\ o DQG HYHU\ p�

UHVSHFWLYHO\� ZKHUH Iyo� pJ LV D VTXDUH�VXPPDEOH IDPLO\ RI VFDODUV� +HQFH

��� N]N�  
;

o

N\oN
�  

;

p

N[pN
�

EHFDXVH IHo n \oJ DQG I[p n IpJ DUH RUWKRQRUPDO IDPLOLHV VXFK WKDW NHo n \oN  
N\oN DQG N[p n IpN  N[pN� 1RZ VXSSRVH ] OLHV LQ 8 $n% � 7KHQ

��� N]N  N�$n%�Q]N  N�$Q n ,��, n%Q�]N x N�, n%Q�]N x N]N

VLQFH �$n%�Q  �$Q n ,��, n%Q�  �, n%Q��$Q n ,� IRU HYHU\ QRQQHJDWLYH LQWH�
JHU Q� ZKLFK LV D FRQWUDFWLRQ WKDW LV D SURGXFW RI FRQWUDFWLRQV� ZKHUH , VWDQGV HLWKHU
IRU WKH LGHQWLW\ RQ + RU IRU WKH LGHQWLW\ RQ . � 7KXV� DFFRUGLQJ WR ���� ��� DQG ����

;

o

N\oN
�  N]N�  N�, n%Q�]N�  

q

q

q
�, n%Q�

;

o

Ho n \o

q

q

q

�

 
q

q

q

;

o

Ho n%Q\o

q

q

q

�
 

;

o

N%Q\oN
��

7KLV LPSOLHV WKDW

N\oN  N%Q\oN IRU HYHU\ SRVLWLYH LQWHJHU Q DQG HYHU\ LQGH[ o

EHFDXVH HDFK %Q LV D FRQWUDFWLRQ� 6LQFH ] OLHV LQ 8 $n%� ��� KROGV LI $ DQG % DUH
UHSODFHG ZLWK $e DQG %e� DQG VR WKH DERYH LGHQWLW\ KROGV LI % LV UHSODFHG ZLWK %e�
0RUHRYHU� VLQFH $Q n , DQG , n%Q FRPPXWH� ZH JHW

���� N]N  N�$Q n ,�]N

IRU HYHU\ QRQQHJDWLYH LQWHJHU Q E\ XVLQJ WKH VDPH DUJXPHQW DSSOLHG WR \LHOG ����
7KXV� UHDVRQLQJ DV DERYH� ���� ��� DQG ��
� HQVXUH WKDW

N[pN  N$Q[pN IRU HYHU\ SRVLWLYH LQWHJHU Q DQG HYHU\ LQGH[ p�

DQG DJDLQ WKH DERYH LGHQWLW\ DOVR KROGV LI $ LV UHSODFHG ZLWK $e� +HQFH [p � 8 $

IRU HYHU\ p DQG \o � 8 % IRU HYHU\ o� DQG VR ] � �+n 8 %� ? � 8 $ n . � DFFRUGLQJ WR
���� +RZHYHU� LI 0 DQG 1 DUH VXEVSDFHV RI + DQG . � WKHQ

�+n 1 � ? �0n . �  0n 1 �

,QGHHG� LI 3 DQG 4 DUH SURMHFWLRQV RQWR 0 DQG 1 � WKHQ �+n 1 � ? �0n . �  
5�, n4� ? 5�3 n ,�  5

b

�, n4� �3 n ,�
c

 5�3 n4�  5�3 �n5�4�  
0n 1 VLQFH , n4 DQG 3 n , DUH FRPPXWLQJ SURMHFWLRQV� 7KXV ] � �8 $ n 8 %��
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7KHQ 8 $n% v 8 $ n 8 %� 7KH UHYHUVH LQFOXVLRQ IROORZV DW RQFH� ,QGHHG� 8 $ n 8 %

UHGXFHV $n% E\ 7KHRUHP ��D�� DQG �$n%�M 8 	 n 8 �  $M 8 	 n%M 8 � E\ 7KHRUHP
��F��� ZKLFK LV XQLWDU\ �VHH H�J�� >��� 7KHRUHP ���@ RU >�� SURSRVLWLRQ �@�� 7KHUHIRUH

8 $n%  8 $ n 8 %�

7KLV SURYHV WKH OHPPD IRU P  �� ZKLFK H[WHQGV WR DQ\ LQWHJHU P y � E\ XVLQJ WKH
VDPH DUJXPHQW DSSOLHG LQ WKH SURRI RI 7KHRUHP ��

7KHRUHP �� 7DNH DQ\ LQWHJHU P y � DQG� IRU HDFK LQWHJHU L � >��P@� OHW $L EH D

FRQWUDFWLRQ RQ D +LOEHUW VSDFH +L� 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� 7KH WHQVRU SURGXFW
1P

L �
$L LV FRPSOHWHO\ QRQXQLWDU\�

�E� 7KH UHVWULFWLRQ RI WKH WHQVRU SURGXFW
1P

L �
$L WR HYHU\ QRQ]HUR UHJXODU UHGXF�

LQJ VXEVSDFH LV QRW XQLWDU\�

�F� 2QH RI WKH FRQWUDFWLRQV $L LV FRPSOHWHO\ QRQXQLWDU\�

3URRI� $VVHUWLRQ �D� WULYLDOO\ LPSOLHV �E�� 6XSSRVH �F� IDLOV VR WKDW HYHU\ FRQWUDFWLRQ
$L LV QRW FRPSOHWHO\ QRQXQLWDU\� DQG KHQFH HDFK UHGXFLQJ VXEVSDFH 8 $ � LV QRQ]HUR
DQG $LM 8 	 � LV D XQLWDU\ RSHUDWRU RQ 8 $ � � 7KXV WKH UHJXODU VXEVSDFH

1P

L �
8 $ � RI

1P

L �
+L LV QRQ]HUR �VLQFH HDFK 8 $ � LV�� UHGXFHV

1P

L �
$L E\ 7KHRUHP ��D��� DQG

t

2P

L �
$L

up

p

p1 �
���� 8 	 �

 
2P

L �
$LM 8 	 �

E\ 7KHRUHP ��F��� ZKLFK LV XQLWDU\ �VLQFH LW LV WKH WHQVRU SURGXFW RI XQLWDULHV� DQG
VR �E� IDLOV� 7KXV �E� LPSOLHV �F�� /HPPD � HQVXUHV WKDW �F� LPSOLHV �D�� ,QGHHG� LI
8 $ �  I�J IRU VRPH LQWHJHU L � >��P@� WKHQ 8 1 �

����� $ �  I�J�

5HPDUN �� %HVLGHV VKRZLQJ WKDW �D� DQG �F� DUH HTXLYDOHQW�
1P

L �
$L LV FRPSOHWHO\ QRQXQLWDU\ LI DQG RQO\ LI RQH RI WKH FRQWUDFWLRQV $L LV

FRPSOHWHO\ QRQXQLWDU\�

7KHRUHP � DOVR VKRZV WKDW �D� DQG �E� DUH HTXLYDOHQW� ZKLFK PHDQV WKDW WKH SURS�
HUW\ RI EHLQJ FRPSOHWHO\ QRQXQLWDU\ LV LQYDULDQW IRU WKH W\SH �UHJXODU RU LUUHJXODU�
RI WKH UHGXFLQJ VXEVSDFH� 7KLV FDQ EH UHZULWWHQ DV IROORZV�

7KHUH H[LVWV D QRQ]HUR UHGXFLQJ VXEVSDFH IRU
1P

L �
$L RQ ZKLFK LW DFWV XQLWDU�

LO\ LI DQG RQO\ LI WKHUH H[LVWV D QRQ]HUR UHJXODU UHGXFLQJ VXEVSDFH
1P

L �
0L

IRU
1P

L �
$L RQ ZKLFK

b
1P

L �
$L

c

M1 �
����� 0 � LV XQLWDU\�

5HPDUN �� 7KH HTXLYDOHQFH �D��� �F� LQ 7KHRUHP � \LHOGV DQRWKHU SURRI IRU
7KHRUHP �� ,Q IDFW� D XQLODWHUDO VKLIW LV SUHFLVHO\ D FRPSOHWHO\ QRQXQLWDU\ LVRPHWU\
�L�H�� D SXUH LVRPHWU\�� DQG VR

1P

L �
$L LV D XQLODWHUDO VKLIW LI DQG RQO\ LI LW LV FRP�

SOHWHO\ QRQXQLWDU\ DQG
1P

L �
$L  

1P

L �
9L� ZKHUH HDFK 9L LV DQ LVRPHWU\ �VHH

H�J�� >��� 7KHRUHP ���@�� 7KLV PHDQV E\ 7KHRUHP � WKDW
1P

L �
$L  

1P

L �
9L LV

FRPSOHWHO\ QRQXQLWDU\� ZKHUH HDFK 9L LV DQ LVRPHWU\ DQG RQH RI WKHP LV FRPSOHWHO\
QRQXQLWDU\� 7KDW LV�

1P

L �
$L LV D XQLODWHUDO VKLIW LI DQG RQO\ LI

1P

L �
$L  

1P

L �
9L�

ZKHUH HDFK 9L LV DQ LVRPHWU\� EHLQJ DW OHDVW RQH RI WKHP D XQLODWHUDO VKLIW�
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$F N QRZ O HGJP HQW

7KH DXWKRU WKDQNV DQ DQRQ\PRXV UHIHUHH ZKR EURXJKW /HPPD � WR KLV DWWHQWLRQ�
WKXV \LHOGLQJ D VLPSOHU SURRI DQG D VKDUSHU VWDWHPHQW RI 7KHRUHP ��

5HI HU HQF HV

�� $ � % U RZ Q DQ G & � 3 HDU F\ � ,Q W U RGXFW LRQ W R 2SHU DW RU 7 KHRU \ , ^ ( OHPHQ W V RI )XQ FW LRQ DO $ Q DO�

\ VLV� 6 S U LQ JHU � 1 HZ < RU N � �����
�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� 3 �5� + DOP RV� )LQ LW H� ' LPHQ VLRQ DO 9 HFW RU 6 SDFHV� 9 DQ 1 RVWU DQ G � 1 HZ < RU N � ����� U HS U LQ WHG �

6 S U LQ JHU � 1 HZ < RU N � �����
�� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ � % LU N �

K �DX VHU � % RVWRQ � �����
�� & �6 � .X E U X VO\ � $ FRQ FLVH LQ W U RGXFW LRQ W R W HQ VRU SU RGXFW � )DU ( DVW - � 0DWK � 6 FL� �� �������

���^����
�� & �6 � .X E U X VO\ � 7 HQ VRU SU RGXFW RI SU RSHU FRQ W U DFW LRQ V� VDEOH DQ G SRVLQ RU PDO RSHU DW RU V� 3 X E O�

0DWK � 'HE U HFHQ �� ������� ���^����
�� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� 2Q : H\ O DQ G %U RZ GHU VSHFW U D RI W HQ VRU SU RGXFW V� *ODVJRZ �

0DWK � - � �� ������� ���^����
�� & �6 � .X E U X VO\ DQ G 3 �& �0� 9 LHLU D� & RQ YHU JHQ FH DQ G GHFRPSRVLW LRQ IRU W HQ VRU SU RGXFW V RI

+ LOEHU W VSDFH RSHU DW RU V� 2S HU � 0DWU LFHV� � ������� ���^����
�� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� ,Q YDU LDQ W 6 XEVSDFHV� 6 S U LQ JHU � 1 HZ < RU N � �����

��� 0� 5HHG DQ G % � 6 LP RQ � 0HW KRGV RI 0RGHU Q 0DW KHPDW LFDO 3 K\ VLFV ,� )XQ FW LRQ DO $ Q DO\ VLV�
�Q G HG Q � $ FDG HP LF 3 U HVV� 1 HZ < RU N � �����

��� 5� 5\ DQ � ,Q W U RGXFW LRQ W R 7 HQ VRU 3 U RGXFW V RI %DQ DFK 6 SDFHV� 6 S U LQ JHU � /RQ G RQ � �����
��� - � 6 WRFK HO� 6 HPLQ RU PDOLW \ RI RSHU DW RU V IU RP W KHLU W HQ VRU SU RGXFW � 3 U RF� $ P HU � 0DWK � 6 RF�

��� ������� ���^����
��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH� 1 RU WK �+ ROODQ G �

$ P VWHU G DP � �����
��� - � : HLG P DQ Q � / LQ HDU 2SHU DW RU V LQ + LOEHU W 6 SDFHV� 6 S U LQ JHU � 1 HZ < RU N � �����

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


