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$EVW U DF W � 7 K LV Q RWH G HDOV Z LWK S U HVHU Y DWLRQ RI WHQ VRU VX P DQ G WHQ VRU S U RG X FW
RI + LOE HU W VS DFH RS HU DWRU V� % DVLF RS HU DWLRQ V Z LWK WHQ VRU VX P DU H S U HVHQ WHG �
7 K H P DLQ U HVX OW DG G U HVVHV WR WK H S U RE OHP RI WU DQ VIHU U LQ J S U RS HU WLHV IU RP D
S DLU RI RS HU DWRU V WR WK HLU WHQ VRU VX P DQ G WR WK HLU WHQ VRU S U RG X FW� 6 X r FLHQ W
FRQ G LWLRQ V DU H JLY HQ WR HQ VX U H WK DW S U RS HU WLHV S U HVHU Y HG E \ RU G LQ DU \ VX P DQ G
RU G LQ DU \ S U RG X FW DU H S U HVHU Y HG E \ WHQ VRU VX P DQ G WHQ VRU S U RG X FW� Z K LFK DU H
HT X DOO\ U HOHY DQ W IRU E RWK p Q LWH�G LP HQ VLRQ DO DQ G LQ p Q LWH�G LP HQ VLRQ DO VS DFHV�

�� ,QW U RGXF W LRQ

7HQVRU VXP DQG WHQVRU SURGXFW RI +LOEHUW VSDFH RSHUDWRUV FDQ EH WKRXJKW RI DV
DQ H[WHQVLRQ WR LQpQLWH�GLPHQVLRQDO VSDFHV RI WKH WUDGLWLRQDO .URQHFNHU VXP DQG
.URQHFNHU SURGXFW RI PDWULFHV RQ pQLWH�GLPHQVLRQDO VSDFHV� )RU H[DPSOH� VHH >��
S����@ DQG >�@ ZKHUH VHYHUDO pQLWH�GLPHQVLRQDO DSSOLFDWLRQV RI ERWK .URQHFNHU VXP
DQG .URQHFNHU SURGXFW FDQ EH IRXQG� /HW $ DQG % EH RSHUDWRUV RQ +LOEHUW VSDFHV�
,I $n% GHQRWHV WKHLU WHQVRU SURGXFW� WKHQ WKHLU WHQVRU VXP LV JLYHQ E\

�$n ,� � �, n%��

ZKHUH , VWDQGV IRU WKH LGHQWLW\ RSHUDWRU� 7KHRUHWLFDO DVSHFWV RI WHQVRU VXPV KDYH
EHHQ FRQVLGHUHG LQ FXUUHQW OLWHUDWXUH� )RU LQVWDQFH� HVVHQWLDO VSHFWUXP� DV ZHOO DV
:H\O DQG %URZGHU VSHFWUD� RI WHQVRU VXPV ZHUH LQYHVWLJDWHG LQ >��@� $SSOLFDWLRQV
LQYROYLQJ WHQVRU VXPV KDYH DOVR EHHQ UHFHQWO\ FRQVLGHUHG LQ >�� �� �� �@�

,Q WKLV SDSHU ZH DUH FRQFHUQHG ZLWK WKH SUREOHP RI SUHVHUYLQJ SURSHUWLHV E\ WHQ�
VRU VXP DQG SURGXFW� 7KDW LV� SURSHUWLHV RI $ DQG % WKDW FDQ EH WUDQVIHUUHG WR WKH
WHQVRU VXP �$n ,� � �, n%� DQG WR WKH WHQVRU SURGXFW $n%� $IWHU FRQVLGHULQJ
LQ 3URSRVLWLRQ � VRPH EDVLF RSHUDWLRQV ZLWK WHQVRU VXP� WKH PDLQ UHVXOW LV HVWDE�
OLVKHG LQ 7KHRUHP �� ZKHUH SUHVHUYDWLRQ E\ ERWK WHQVRU VXP DQG E\ WHQVRU SURGXFW
DUH LQYHVWLJDWHG� 7KH FRPSDFW FDVH LV WUHDWHG LQ 7KHRUHP �� $SSOLFDWLRQV RI 7KH�
RUHP � DUH FRQVLGHUHG LQ &RUROODULHV � DQG � ZKHUH� LQ SDUWLFXODU� LW LV VKRZQ KRZ
SURSHU FRQWUDFWLYHQHVV DQG VWULFW SRVLWLYLW\ DUH ERWK SUHVHUYHG E\ WHQVRU SURGXFW
DQG E\ WHQVRU VXP� UHVSHFWLYHO\�

�� 3U HO LP LQDU LHV

/HW+ DQG . EH QRQ]HUR FRPSOH[ +LOEHUW VSDFHV� :H VKDOO FRQVLGHU WKH FRQFHSW RI
WHQVRU SURGXFW VSDFH LQ WHUPV RI WKH VLQJOH WHQVRU SURGXFW RI YHFWRUV DV D FRQMXJDWH
ELOLQHDU IXQFWLRQDO RQ WKH &DUWHVLDQ SURGXFW RI + DQG . � �6HH H�J�� >�@� >��@ DQG >��@
_ IRU DQ DEVWUDFW DSSURDFK VHH H�J�� >�@� >�@ DQG >��@�� 7KH VLQJOH WHQVRU SURGXFW RI
[ � + DQG \ � . LV D FRQMXJDWH ELOLQHDU IXQFWLRQDO [n \ � +d . � & GHpQHG E\
�[n \� �X� Y�  K[ �XL K\ � YL IRU HYHU\ �X� Y� � +d . � 7KH WHQVRU SURGXFW VSDFH LV

' DW H� - X O\ ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 7 HQ VRU S U RG X FW� WHQ VRU VX P � + LOE HU W VS DFH RS HU DWRU V�

�
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WKH FRPSOHWLRQ RI WKH LQQHU SURGXFW VSDFH FRQVLVWLQJ RI DOO �pQLWH� VXPV RI VLQJOH
WHQVRUV� ZKLFK LV D +LOEHUW VSDFH ZLWK UHVSHFW WR WKH LQQHU SURGXFW

'

;

L
[L n \L �

;

M
ZM n ]M

(

 
;

L

;

M
K[L �ZML K\L � ]ML

IRU HYHU\
3

L [L n \L DQG
3

M ZM n ]M LQ +n . � �7KH QRUP RQ +n . LV WKH RQH

JHQHUDWHG E\ WKH DERYH LQQHU SURGXFW�� %\ DQ RSHUDWRU RQ D QRUPHG VSDFH ; ZH
PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI ; LQWR LWVHOI� /HW %> ; @ EH WKH QRUPHG
DOJHEUD �HTXLSSHG ZLWK WKH LQGXFHG XQLIRUP QRUP� RI DOO RSHUDWRUV RQ ; � 7KH
WHQVRU SURGXFW RI WZR RSHUDWRUV $ LQ %>+@ DQG % LQ %>. @ LV WKH WUDQVIRUPDWLRQ
$n% � +n . � +n . GHpQHG E\

�$n%�
;

L
[L n \L  

;

L
$[L n%\L IRU HYHU\

;

L
[L n \L � +n . �

ZKLFK LV DQ RSHUDWRU LQ %>+n . @� $OWKRXJK WKH WHQVRU SURGXFW LV QRW D ELQDU\
RSHUDWLRQ� LW VRPHKRZ GHVHUYHV LWV QDPH VLQFH LW LV GLVWULEXWLYH ZLWK UHVSHFW WR �RU�
GLQDU\� DGGLWLRQ� ,QGHHG� WKH SURSRVLWLRQ EHORZ VWDWHV VRPH RI WKH EDVLF RSHUDWLRQV
ZLWK WHQVRU SURGXFW RI +LOEHUW VSDFH RSHUDWRUV �ZKHUH $e GHQRWHV WKH DGMRLQW RI $
DQG N$N WKH QRUP RI $��

3URSRVLWLRQ �� )RU HYHU\ o� p � &� $�$�� $� � %>+@ DQG %�%�� %� � %>. @�

�D� op �$n%�  o$n p%�

�E� �$� �$��n �%� �%��  $� n%� �$� n%� �$� n%� �$� n%��

�F� $�$� n%�%�  �$� n%�� �$� n%���

�G� �$n%�e  $e n%e�

�H� N$n%N  N$N N%N�

,I $ DQG % DUH LQYHUWLEOH� WKHQ VR LV $n% DQG

�I� �$n%�b�  $b� n%b��

)RU DQ H[SRVLWRU\ SDSHU RQ WHQVRU SURGXFW �LQFOXGLQJ D SURRI RI 3URSRVLWLRQ ��� WKH
UHDGHU LV UHIHUUHG WR >��@�

�� 7 HQVRU 6XP

/HW $ DQG % EH DUELWUDU\ RSHUDWRUV RQ + DQG RQ . � UHVSHFWLYHO\� $Q LPPHGLDWH
FRQVHTXHQFH RI 3URSRVLWLRQ ��F� UHDGV DV IROORZV�

$n%  �$n ,� �, n%�  �, n%� �$n ,�� ���

ZKHUH WKH LGHQWLW\ RQ . PDNHV WKH WHQVRU SURGXFW ZLWK $ DQG WKH LGHQWLW\ RQ +
PDNHV WKH WHQVRU SURGXFW ZLWK %� 5HFDOO IURP 3URSRVLWLRQ ��D� WKDW

o, n ob�,  , n ,�

ZKLFK LV WKH LGHQWLW\ RSHUDWRU RQ +n . � IRU HYHU\ QRQ]HUR VFDODU o� DQG

$n2  2 n%  2 n2�

ZKLFK LV WKH QXOO RSHUDWRU RQ +n . � ZKHUH WKH QXOO RSHUDWRU RQ . PDNHV WKH WHQVRU
SURGXFW ZLWK $ DQG WKH QXOO RSHUDWRU RQ + PDNHV WKH WHQVRU SURGXFW ZLWK %� 7KH
WHQVRU VXP RI $ DQG % LV WKH WUDQVIRUPDWLRQ $c% � +n . � +n . GHpQHG E\
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$c%  �$n ,� � �, n%�� ���

ZKLFK LV DQ RSHUDWRU LQ %>+n . @� �,W LV VRPHWLPHV ZULWWHQ j LQVWHDG RI c EXW
ZH UHVHUYH WKH V\PERO j IRU RUWKRJRQDO GLUHFW VXP� DV XVXDO�� :KHQ WKH WHQVRU
SURGXFW �LQ D pQLWH�GLPHQVLRQDO VHWWLQJ� LV LGHQWLpHG ZLWK WKH .URQHFNHU SURGXFW RI
PDWULFHV� WKH FRUUHVSRQGHQW H[SUHVVLRQ LQ ��� LV UHIHUUHG WR DV WKH .URQHFNHU VXP
�VHH H�J�� >�� S����@ DQG >�@�� 7KLV MXVWLpHV WKH QRPHQFODWXUH WHQVRU VXP� +RZHYHU�
LW LV ZRUWK QRWLFLQJ WKDW WKH WHQVRU VXP LV QRW FRPPXWDWLYH� ,QGHHG�

$c2  $n ,� 2 c%  , n%�

$c ,  $n , � , n ,� , c%  , n , � , n%�

,Q SDUWLFXODU� LI +  . DQG $  %� WKHQ

$c2  $n , � , n$  2 c$�

$c ,  $n , � , n , � , n , � , n$  , c$�

%DVLF RSHUDWLRQV ZLWK WHQVRU VXP RI +LOEHUW VSDFH RSHUDWRUV DUH VXPPDUL]HG LQ WKH
QH[W SURSRVLWLRQ� ,WV SURRI LV VWUDLJKWIRUZDUG� KHQFH RPLWWHG�

3URSRVLWLRQ �� )RU HYHU\ o� p � &� $�$�� $� � %>+@ DQG %�%�� %� � %>. @�

�D� �o� p��$c%�  o$c p% � p$c o%�

�E� �$� �$��c �%� �%��  $� c%� �$� c%��

�F� �$� c%���$� c%��  $� n%� �$� n%� �$�$� c%�%��

�G� �$c%�e  $e c%e�

�H� N$c%N x N$N� N%N�

�� 3U HVHU YDW LRQ

7KH QH[W WKHRUHP LV WKH FHQWUDO UHVXOW RI WKLV QRWH� ,W JLYHV VXrFLHQW FRQGLWLRQV
WR HQVXUH ZKHQ D SURSHUW\ WKDW LV SUHVHUYHG E\ RUGLQDU\ SURGXFW DQG E\ RUGLQDU\
VXP LV DOVR SUHVHUYHG E\ WHQVRU SURGXFW DQG E\ WHQVRU VXP� )RU VLPSOLFLW\� ZH
DVVXPH WKDW WKH +LOEHUW VSDFHV WKURXJKRXW WKLV VHFWLRQ DUH VHSDUDEOH�

7KHRUHP �� /HW & � DQG & EH FODVVHV RI RSHUDWRUV RQ +LOEHUW VSDFHV VXFK WKDW

�L� & � v & �

�LL� HYHU\ RSHUDWRU XQLWDU\ HTXLYDOHQW WR DQ RSHUDWRU LQ & � RU LQ & LV DQ RSHUDWRU

LQ & � RU LQ & � UHVSHFWLYHO\� DQG

�LLL� GLUHFW VXP RI FRXQWDEO\ PDQ\ FRSLHV RI DQ RSHUDWRU LQ & � RU LQ & LV DQ RSHUDWRU

LQ & � RU LQ & � UHVSHFWLYHO\�

�D� ,I WKH SURGXFW RI FRPPXWLQJ RSHUDWRUV DFWLQJ RQ WKH VDPH VSDFH� RQH LQ & �

DQG WKH RWKHU LQ & � LV LQ & �� WKHQ WKH WHQVRU SURGXFW RI WZR RSHUDWRUV� RQH LQ

& � DQG WKH RWKHU LQ & � LV LQ & ��

�E� ,I WKH VXP RI FRPPXWLQJ RSHUDWRUV DFWLQJ RQ WKH VDPH VSDFH� RQH LQ & � DQG

WKH RWKHU LQ & � LV LQ & �� WKHQ WKH WHQVRU VXP RI WZR RSHUDWRUV� RQH LQ & � DQG

WKH RWKHU LQ & � LV LQ & ��
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3URRI� /HW + DQG . EH +LOEHUW VSDFHV� 7DNH $ LQ %>+@ DQG % LQ %>. @� )URP ����

$n%  �$n ,� �, n%�  �, n%� �$n ,�

LQ %>+n . @� ZKHUH WKH VDPH QRWDWLRQ , LV EHLQJ XVHG IRU WKH LGHQWLW\ RQ + DQG
RQ . � $OVR UHFDOO WKDW WHQVRU SURGXFW LV XQLWDULO\ HTXLYDOHQW FRPPXWDWLYH� WKDW LV�
WKHUH H[LVWV D XQLWDU\ WUDQVIRUPDWLRQ g� +n . � . n + VXFK WKDW

g �$n%�  �% n$�g

IRU HYHU\ $ LQ %>+@ DQG HYHU\ % LQ %>. @� DQG VR +n . | . n + ZLWK | GHQRWLQJ
XQLWDU\ HTXLYDOHQFH� 1RZ� VLQFH + DQG . DUH VHSDUDEOH� WKH WHQVRU SURGXFWV , n$
RQ . n + DQG , n% RQ +n . DUH XQLWDULO\ HTXLYDOHQW WR WKH �FRXQWDEOH� GLUHFW
VXPV

/

N $ RQ
/

N + DQG
/

N % RQ
/

N . �

, n$ | 
0

N
$ DQG , n% | 

0

N
%�

WKURXJK XQLWDU\ WUDQVIRUPDWLRQV j+ DQG j. WKDW GR QRW GHSHQG RQ $ DQG %�
7KHUH DUH XQLWDU\ WUDQVIRUPDWLRQV j+ �

/

N + � . n+ DQG j. �
/

N . � + n .
VXFK WKDW �VHH H�J�� >��� 5HPDUN �@�

j+

t

0

N
$
u

 �, n$� j+ DQG j.

t

0

N
%
u

 �, n%�j.

IRU HYHU\ $ LQ %>+@ DQG HYHU\ % LQ %>. @� DQG VR . n + | 
/

N + DQG +n . | 
/

N . � �1RWH WKDW LI + LV LQpQLWH�GLPHQVLRQDO� WKHQ + | C �� DQG
/

N .  C �� �. ��
VLPLODUO\� LI . LV LQpQLWH�GLPHQVLRQDO� WKHQ . | C �� DQG

/

N +  C �� �+��� 7KHUHIRUH�

$n%  ge�, n$�g �, n%�  ge
d

j+

b
/

N$
c

je
+

e

g j.

b
/

N%
c

je
.

 �, n%� ge�, n$�g  j.

b
/

N%
c

je
. g

e
d

j+

b
/

N$
c

je
+

e

g

DQG� E\ ����

$c%  �$n ,� � �, n%�  ge�, n$�g � �, n%�

 ge
d

j+

b
/

N$
c

je
+

e

g�j.

b
/

N%
c

je
. �

3XW
$�  ge

d

j+

b
/

N$
c

je
+

e

g DQG %�  j.

b
/

N%
c

je
.

LQ +n . VR WKDW

$n%  $�%�  %�$� DQG $c%  $� �%��

/HW & � DQG & EH FODVVHV RI RSHUDWRUV VDWLVI\LQJ DVVXPSWLRQV �L� WR �LLL�� 6XSSRVH
$ DQG % DUH LQ & � ,I RQH RI WKHP LV LQ & �� WKHQ $�  ge

d

j+

b
/

N$
c

je
+

e

g DQG

%�  j.

b
/

N%
c

je
. DUH LQ & � ZLWK RQH RI WKHP LQ & �� 6LQFH WKHVH RSHUDWRUV �WKDW

DFW RQ WKH VDPH VSDFH +n . � FRPPXWH� ZH PD\ LQIHU WKH IROORZLQJ UHVXOWV�

�D� ,I ERWK $ DQG % DUH LQ & � ZLWK RQH RI WKHP LQ & �� WKHQ $� DQG %� DUH LQ & �
ZLWK RQH RI WKHP LQ & �� 6LQFH $� DQG %� FRPPXWH DQG $n%  $�%�� LW IROORZV
WKDW $n% OLHV LQ & � ZKHQHYHU WKH FODVVHV & � DQG & DUH VXFK WKDW WKH SURGXFW RI
FRPPXWLQJ RSHUDWRUV� RQH LQ & � DQG WKH RWKHU LQ & � LV DQ RSHUDWRU LQ & ��

�E� ,I ERWK $ DQG % DUH LQ & � ZLWK RQH RI WKHP LQ & �� WKHQ $� DQG %� DUH LQ & � ZLWK
RQH RI WKHP LQ & �� 6LQFH $� DQG %� FRPPXWH DQG $c%  $� �%�� LW IROORZV WKDW
$c% OLHV LQ & � ZKHQHYHU WKH FODVVHV & � DQG & DUH VXFK WKDW WKH VXP RI FRPPXWLQJ
RSHUDWRUV RQH LQ & � DQG WKH RWKHU LQ & � LV DQ RSHUDWRU LQ & ��
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�� & RP SDF W & DVH

7KH VXrFLHQW FRQGLWLRQ �LLL� RI 7KHRUHP � FDQQRW EH GLVPLVVHG� +RZHYHU� ,I &
VWDQGV IRU FROOHFWLRQ RI DOO �ERXQGHG OLQHDU� RSHUDWRUV DQG & � VWDQGV IRU WKH FROOHFWLRQ
RI DOO FRPSDFW RSHUDWRUV� ERWK FODVVHV FRPSULVLQJ RSHUDWRUV DFWLQJ RQ +LOEHUW VSDFHV�
WKHQ LW LV SODLQ WKDW WKH FRQGLWLRQV �L� DQG �LL� DUH VDWLVpHG� EXW QRW FRQGLWLRQ �LLL�
_ WKH LGHQWLW\ RQ LQpQLWH�GLPHQVLRQDO VSDFHV LV QRW FRPSDFW� EXW LV D FRXQWDEO\
LQpQLWH GLUHFW VXP RI FRPSDFWV� 0RUHRYHU� VLQFH WKH FRPSDFW RSHUDWRUV IRUP D WZR�
VLGHG GHDO LQ %>+@� LW IROORZV WKDW WKH K\SRWKHVLV LQ ERWK �D� DQG �E� RI 7KHRUHP �
DUH DOVR VDWLVpHG� ,Q IDFW� DV ZH VKDOO VHH EHORZ� WHQVRU SURGXFW RI FRPSDFW RSHUDWRUV

LV FRPSDFW� EXW WHQVRU VXP RI FRPSDFW RSHUDWRUV RQ LQpQLWH�GLPHQVLRQDO VSDFHV LV

QRW FRPSDFW � 5HFDOO WKDW D TXDVLQLOSRWHQW RSHUDWRU LV RQH ZLWK D QXOO VSHFWUDO UDGLXV
�L�H�� RQH ZKRVH VSHFWUXP LV HTXDO WR I�J�� DQG D SDUW RI DQ RSHUDWRU LV D UHVWULFWLRQ
RI LW WR DQ LQYDULDQW VXEVSDFH �E\ D VXEVSDFH ZH PHDQ D FORVHG OLQHDU PDQLIROG��

7KHRUHP �� ,I $ � %>+@ DQG % � %>. @ DUH FRPSDFW� WKHQ $n% � %>+n . @ LV
FRPSDFW� &RQYHUVHO\� LI $n% � %>+n . @ LV FRPSDFW DQG RQH RI $ � %>+@ RU
% � %>. @ KDV D QRQ]HUR HLJHQYDOXH� WKHQ WKH RWKHU LV FRPSDFW�

3URRI� ,I $ DQG % DUH FRPSDFW RQ +LOEHUW VSDFHV �DQG VR RQ %DQDFK VSDFHV ZLWK
6FKDXGHU EDVHV�� WKHQ WKH\ DUH XQLIRUP OLPLWV RI VHTXHQFHV RI pQLWH�UDQN RSHUDWRUV
I$QJ DQG I%QJ �L�H�� $Q

Xb� $ DQG %Q
Xb� %�� DQG WKHUHIRUH $Q n%Q

Xb� $n%
>��@� 6LQFH HDFK $Q DQG HDFK %Q LV pQLWH�UDQN� WKHQ VR LV HDFK $Q n%Q �EHFDXVH
UDQJH �$Q n%Q�  UDQJH �$Q�n UDQJH �%Q��� +HQFH $n% LV WKH XQLIRUP OLPLW RI
D VHTXHQFH RI pQLWH�UDQN RSHUDWRUV� WKXV FRPSDFW� &RQYHUVHO\� VXSSRVH $n% LV
FRPSDFW DQG RQH RI $ RU %� VD\ %� KDV D QRQ]HUR HLJHQYDOXH y� 7DNH DQ DUELWUDU\
HLJHQYHFWRU H LQ WKH HLJHQVSDFH NHUQHO �y, b%�� DQG FRQVLGHU WKH ��GLPHQVLRQDO VXE�
VSDFH >H@ RI . VSDQQHG E\ WKH HLJHQYHFWRU H� ZKLFK LV FOHDUO\ %�LQYDULDQW� 7KXV WKH
UHJXODU VXEVSDFH +n >H@ RI +n . LV �$n%��LQYDULDQW DQG VR �FI� >��@ RU >��@��

�$n%�M+ n >H@  $n y | $�

ZKHUH WKH XQLWDU\ HTXLYDOHQFH KDSSHQV EHFDXVH y � �� 7KHUHIRUH $ LV FRPSDFW VLQFH
�$n%�M+ n >H@ LV FRPSDFW �UHVWULFWLRQ RI D FRPSDFW WR D VXEVSDFH LV FRPSDFW��

+RZHYHU� ,I $ DQG % DUH FRPSDFW RSHUDWRUV RQ LQpQLWH�GLPHQVLRQDO VSDFHV� WKHQ

$c%  �$n ,� � �, n%�

PD\ QRW EH FRPSDFW EHFDXVH ERWK �$n ,� DQG �, n%� DUH QRW FRPSDFW LI WKH LGHQ�
WLWLHV DFW RQ LQpQLWH�GLPHQVLRQDO VSDFHV� )RU LQVWDQFH� $  %  '  GLDJ�I�

M
J�M  ��

RQ C�� LV FRPSDFW EXW , n' | 
/

N ' LV QRW FRPSDFW� DQG VR ' n , | , n' LV QRW
FRPSDFW� DQG WKHUHIRUH $c%  �' n ,� � �, n'� LV QRW FRPSDFW�

5HPDUN �� ,I $n% � %>+n . @ LV FRPSDFW DQG RQH RI $ � %>+@ RU % � %>. @
KDV D QRQTXDVLQLOSRWHQW FRPSDFW SDUW� WKHQ WKH RWKHU LV FRPSDFW �

7KLV LQ IDFW LV D FRUROODU\ RI WKH FRQYHUVH RI 7KHRUHP �� ,QGHHG� LI % KDV D QRQ�
TXDVLQLOSRWHQW FRPSDFW SDUW� WKHQ WKHUH H[LVWV D QRQ]HUR VXEVSDFH 0 RI . � ZKLFK
LV %�LQYDULDQW� VXFK WKDW .  %M0 LQ %>0@ LV QRW TXDVLQLOSRWHQW DQG FRPSDFW�
6LQFH 0 LV %�LQYDULDQW� ZH JHW �VHH >��@ RU >��@�
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�$n%�M+ n0  $n.�

ZKLFK LV FRPSDFW EHFDXVH WKH UHVWULFWLRQ RI D FRPSDFW RSHUDWRU WR D VXEVSDFH LV
FRPSDFW� 6LQFH . LV FRPSDFW EXW QRW TXDVLQLOSRWHQW� LW KDV D QRQ]HUR HLJHQYDOXH
�)UHGKROP $OWHUQDWLYH�� +HQFH� E\ WKH FRQYHUVH RI 7KHRUHP �� $ PXVW EH FRPSDFW�

$OVR QRWH WKDW 7KHRUHP � LV QRW D FRQVHTXHQFH RI 7KHRUHP � VLQFH FRQGLWLRQ �LLL�
LQ 7KHRUHP � LV QRW VDWLVpHG E\ FRPSDFW RSHUDWRUV�

�� $SSO LF DW LRQV

$ pUVW DSSOLFDWLRQ RI 7KHRUHP � GHDOV ZLWK WHQVRU SURGXFW RI SURSHU FRQWUDFWLRQV�
5HFDOO WKDW DQ RSHUDWRU 7 LV D FRQWUDFWLRQ LI N7N x � �L�H�� N7[N x N[N IRU HYHU\ [��
,W LV D SURSHU FRQWUDFWLRQ LI N7[N � N[N IRU HYHU\ QRQ]HUR [� DQG D VWULFW FRQWUDFWLRQ
LI N7N � � �L�H�� VXS[� ��N7[N N[N� � ��� ,W LV FOHDU WKDW HYHU\ VWULFW FRQWUDFWLRQ LV
D SURSHU FRQWUDFWLRQ� HYHU\ SURSHU FRQWUDFWLRQ LV D FRQWUDFWLRQ� DQG WKDW WKHVH DUH
SURSHU LQFOXVLRQV LQ D LQpQLWH�GLPHQVLRQDO VSDFH�

$FFRUGLQJ WR 3URSRVLWLRQ ��H�� WKH WHQVRU SURGXFW $n% LV D FRQWUDFWLRQ �RU D
VWULFW FRQWUDFWLRQ� LI DQG RQO\ LI N$N N%N x � �RU N$N N%N � ��� 7KXV LW LV WULYLDOO\
YHULpHG WKDW LI $ LQ %>+@ DQG % LQ %>. @ DUH FRQWUDFWLRQV� WKHQ VR LV $n% LQ
%>+n . @ DQG� LI LQ DGGLWLRQ RQH RI $ RU % LV D VWULFW FRQWUDFWLRQ� WKHQ VR LV $n%�
+RZHYHU� D VLPLODU UHVXOW IRU SURSHU FRQWUDFWLRQV GRHV QRW IROORZ DW RQFH IURP WKH
QRUP LGHQWLW\ LQ 3URSRVLWLRQ ��H�� ,QGHHG� LW FDQ EH YHULpHG WKDW WKH WHQVRU SURGXFW
RI SURSHU FRQWUDFWLRQV LV D SURSHU FRQWUDFWLRQ LI DQG RQO\ LI� IRU HYHU\ QRQ]HUR pQLWH

VXP RI VLQJOH WHQVRUV
31

L � [L n \L�

;1

L �

;1

M  �
K$[L �$[ML K%\L �%\ML �

;1

L �

;1

M  �
K[L �[ML K\L � \ML

ZKHQHYHU N$[N � N[N DQG N%\N � N\N IRU HYHU\ QRQ]HUR [ DQG \ LQ + DQG . >��@�
$FWXDOO\� WKH WHQVRU SURGXFW RI SURSHU FRQWUDFWLRQV LQ IDFW LV D SURSHU FRQWUDFWLRQ�
ZKLFK FDQ EH YHULpHG DV D FRUROODU\ RI 7KHRUHP ��D��

&RUROODU\ �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ VHSDUDEOH +LOEHUW VSDFHV� ,I RQH

RI WKHP LV D FRQWUDFWLRQ DQG WKH RWKHU LV D SURSHU FRQWUDFWLRQ� WKHQ WKH WHQVRU

SURGXFW $n% LV D SURSHU FRQWUDFWLRQ�

3URRI� 2EVHUYH WKDW DVVXPSWLRQV �L�� �LL� DQG �LLL� RI 7KHRUHP � KROG IRU FRQWUDF�
WLRQV DQG SURSHU FRQWUDFWLRQV DFWLQJ RQ VHSDUDEOH +LOEHUW VSDFHV� 7KDW LV� LW LV
UHDGLO\ YHULpHG WKDW LI & VWDQGV IRU WKH FODVV RI DOO FRQWUDFWLRQV RQ VHSDUDEOH +LOEHUW
VSDFHV DQG & � IRU WKH FODVV RI DOO SURSHU FRQWUDFWLRQV RQ VHSDUDEOH +LOEHUW VSDFHV�
WKHQ DVVXPSWLRQV �L�� �LL� DQG �LLL� KROG WUXH� 6LQFH WKH SURGXFW �HLWKHU OHIW RU ULJKW�
RI D FRQWUDFWLRQ ZLWK D SURSHU FRQWUDFWLRQ �QRW QHFHVVDULO\ FRPPXWLQJ FRQWUDF�
WLRQV� DOZD\V LV D SURSHU FRQWUDFWLRQ >��@� LW IROORZV E\ 7KHRUHP ��D� WKDW $n%
LV D SURSHU FRQWUDFWLRQ ZKHQHYHU RQH RI $ RU % LV D FRQWUDFWLRQ DQG WKH RWKHU LV D
SURSHU FRQWUDFWLRQ�

$ VHFRQG DSSOLFDWLRQ RI 7KHRUHP � GHDOV ZLWK WHQVRU VXP RI VWULFWO\ SRVLWLYH
RSHUDWRUV� 5HFDOO WKDW D +LOEHUW VSDFH RSHUDWRU 7 LV QRQQHJDWLYH LI � x K7[ �[L IRU
HYHU\ YHFWRU [ �QRWDWLRQ� 7 y 2�� SRVLWLYH LI � � K7[ �[L IRU HYHU\ QRQ]HUR YHFWRU
[ �QRWDWLRQ� 7 ! 2�� DQG VWULFWO\ SRVLWLYH LI LW LV DQ LQYHUWLEOH �ZLWK D ERXQGHG
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LQYHUVH� QRQQHJDWLYH RSHUDWRU �QRWDWLRQ� 7 � 2�� $JDLQ� LW LV FOHDU WKDW HYHU\
VWULFWO\ SRVLWLYH RSHUDWRU LV SRVLWLYH� HYHU\ SRVLWLYH RSHUDWRU LV QRQQHJDWLYH� DQG
WKDW WKHVH DUH SURSHU LQFOXVLRQV LQ D LQpQLWH�GLPHQVLRQDO VSDFH�

&RQVLGHU D WHQVRU VXP $c% LQ %>+n . @� 2EVHUYH IURP ��� WKDW

'

�$c%�
;1

L �
[L n \L �

;1

L �
[L n \L

(

 
'

�$n ,�
;1

L �
[L n \L �

;1

L �
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�
'
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;1
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;1
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IRU HYHU\ QRQ]HUR pQLWH VXP RI VLQJOH WHQVRUV
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L � [L n \L� 7KXV LW FDQ EH YHULpHG
WKDW $c% LV QRQQHJDWLYH� SRVLWLYH� RU VWULFWO\ SRVLWLYH LI DQG RQO\ LI

;1

L �

;1

M  �
K$[L �[ML K\L � \ML�

;1

L �

;1

M  �
K[L �[ML K%\L � \ML

LV QRQQHJDWLYH� SRVLWLYH� RU SRVLWLYH DQG ERXQGHG DZD\ IURP ]HUR� UHVSHFWLYHO\� IRU

HYHU\ QRQ]HUR pQLWH VXP RI VLQJOH WHQVRUV
31

L � [L n \L� :H DSSO\ 7KHRUHP ��E� WR
VKRZ WKDW D WHQVRU VXP LV QRQQHJDWLYH� SRVLWLYH� RU VWULFWO\ SRVLWLYH LI RQH RI WKH

VXPPDQGV LV QRQQHJDWLYH DQG WKH RWKHU LV QRQQHJDWLYH� SRVLWLYH� RU VWULFWO\ SRVLWLYH�

&RUROODU\ �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ VHSDUDEOH +LOEHUW VSDFHV� 7KH

WHQVRU VXP $c% LV QRQQHJDWLYH� SRVLWLYH� RU VWULFWO\ SRVLWLYH LI RQH RI $ RU % LV

QRQQHJDWLYH DQG WKH RWKHU LV QRQQHJDWLYH� SRVLWLYH� RU VWULFWO\ SRVLWLYH� UHVSHFWLYHO\�

3URRI� /HW & � & � DQG & �� GHQRWH WKH FODVVHV RI DOO QRQQHJDWLYH� SRVLWLYH� DQG VWULFWO\
SRVLWLYH RSHUDWRUV DFWLQJ RQ VHSDUDEOH +LOEHUW VSDFHV� UHVSHFWLYHO\� $VVXPSWLRQV �L��
�LL� DQG �LLL� RI 7KHRUHP � KROG IRU WKH SDLUV � & �� & �� � & ��� & � DQG � & ��� & �� RI WKHVH
WKUHH FODVVHV� ZKHUH & �� ~ & � ~ & � ,W LV UHDGLO\ YHULpHG WKDW WKH VXP RI QRQQHJDWLYH
RSHUDWRUV LV DJDLQ QRQQHJDWLYH� WKH VXP RI D QRQQHJDWLYH ZLWK D SRVLWLYH LV D SRVLWLYH
RSHUDWRU� DQG WKH VXP RI D QRQQHJDWLYH ZLWK D VWULFWO\ SRVLWLYH LV D VWULFWO\ SRVLWLYH
RSHUDWRU �VHH H�J�� >��� S����@�� 7KXV� E\ 7KHRUHP ��E�� $c% y 2� $c% ! 2� RU
$c% � 2 LI RQH RI$ RU% LV QRQQHJDWLYH �VD\$ y 2� DQG WKH RWKHU LV QRQQHJDWLYH�
SRVLWLYH� RU VWULFWO\ SRVLWLYH �VD\ % y 2� % ! 2� RU % � 2�� UHVSHFWLYHO\�

�� ) LQDO 5HP DU N V

$QRWKHU DSSOLFDWLRQ RI 7KHRUHP � LQYROYHV ERWK WHQVRU SURGXFW DQG WHQVRU VXP
RI QRUPDO RSHUDWRUV� 5HFDOO WKDW D +LOEHUW VSDFH RSHUDWRU 7 LV QRUPDO LI LW FRPPXWHV
ZLWK LWV DGMRLQW �L�H�� LI 7 e7  7 7 e�� 7KHRUHP � HQVXUHV WKDW QRUPDOLW\ LV SUHVHUYHG

E\ ERWK WHQVRU SURGXFW DQG WHQVRU VXP� ,QGHHG� ,I &  & � VWDQGV IRU WKH FROOHFWLRQ RI
DOO QRUPDO RSHUDWRUV RQ VHSDUDEOH +LOEHUW VSDFHV� WKHQ LW LV FOHDU WKDW DVVXPSWLRQV
�L�� �LL� DQG �LLL� RI 7KHRUHP � KROG WUXH� $ FRUROODU\ RI WKH )XJOHGH^3XWQDP
7KHRUHP HQVXUHV WKDW �RUGLQDU\� SURGXFW DQG �RUGLQDU\� VXP RI FRPPXWLQJ QRUPDO
RSHUDWRUV LV DJDLQ D QRUPDO RSHUDWRU �VHH H�J�� >��� S����@�� 7KHUHIRUH� ERWK $n%
DQG $c% DUH QRUPDO RSHUDWRUV RQ +n . ZKHQHYHU $ DQG % DUH QRUPDO RSHUDWRUV

RQ + DQG . � UHVSHFWLYHO\� DFFRUGLQJ WR 7KHRUHP ��D�E�� +RZHYHU� WKLV FDQ EH
GLUHFWO\ YHULpHG �ZLWKRXW DSSO\LQJ 7KHRUHP �� DV IROORZV� %\ 3URSRVLWLRQ ��F�G��
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�$n%�e�$n%�  �$e n%e� �$n%�  $e$n%e%�

�$n%� �$n%�e  �$n%� �$e n%e�  $$e n%%e�

0RUHRYHU� E\ 3URSRVLWLRQ ��F�G��

�$c%�e�$c%�  �$e c%e� �$c%�  �$e n%� � �$n%e� � �$e$c%e%��

�$c%� �$c%�e  �$c%� �$e c%e�  �$n%e� � �$e n%� � �$$e c%%e��

7KHUHIRUH� LI $e$  $$e DQG %e%  %%e� WKHQ

�$n%�e�$n%�  �$n%� �$n%�e DQG �$c%�e�$c%�  �$c%� �$c%�e�

0RUH UHVXOWV RQ WHQVRU SURGXFWV DORQJ WKLV OLQH FDQ EH IRXQG LQ >��@ DQG >��@�

,W LV DOVR ZRUWK QRWLFLQJ RQ D SRVVLEOH DWWHPSW WR JHQHUDOL]H WKH UHVXOWV SUHVHQWHG
LQ WKLV SDSHU WRZDUGV PXOWLSOH WHQVRU SURGXFWV DQG PXOWLSOH WHQVRU VXPV LQ WKH
IROORZLQJ VHQVH� 7KH WHQVRU SURGXFW RI D SDLU RI +LOEHUW VSDFHV DQG RI D SDLU RI
RSHUDWRUV FDQ EH QDWXUDOO\ H[WHQGHG WR D pQLWH FROOHFWLRQ RI FRPSOH[ +LOEHUW VSDFHV
DQG WR D pQLWH FROOHFWLRQ RI RSHUDWRUV DV IROORZV� )RU DQ\ LQWHJHU P y �� OHW I+LJ

P
L �

EH D pQLWH FROOHFWLRQ RI +LOEHUW VSDFHV� 7KH VLQJOH WHQVRU SURGXFW RI DQ P�WXSOH
RI YHFWRUV �[�� ccc � [P�� ZLWK HDFK [L LQ +L� LV WKH FRQMXJDWH PXOWLOLQHDU IXQFWLRQDO
1P

L � [L �
4P

L �+L � & GHpQHG E\
b
1P

L � [L

c

�X�� ccc � XP�  
4P

L �K[L �XLL IRU HYHU\

�X�� ccc � XP� �
4P

L �+L� 7KH WHQVRU SURGXFW VSDFH
1P

L �+L LV WKH FRPSOHWLRQ RI
WKH LQQHU SURGXFW VSDFH RI DOO �pQLWH� VXPV RI VLQJOH WHQVRU SURGXFWV

1P
L � [L�N ZLWK

[L�N � +L� ZKLFK LV DJDLQ D +LOEHUW VSDFH ZLWK UHVSHFW WR WKH LQQHU SURGXFW
'

;

N

1P
L � [L�N �

;

C

1P
L �ZL�C

(

 
;

N

;

C

<P

L �
K[L�N �ZL�CL

IRU HYHU\
3

N

1P
L � [L�N DQG

3

C

1P
L �ZL�C LQ

1P
L �+L� 7KH WHQVRU SURGXFW

1P
L �0L

RI VXEVSDFHV 0L RI +L LV D VXEVSDFH RI WKH WHQVRU SURGXFW VSDFH
1P

L �+L� 7KLV
FRPHV IURP WKH IDFW WKDW LI IKL�q � Jq � � b � LV DQ RUWKRQRUPDO EDVLV IRU HDFK +L� WKHQ
j
1P

L � KL�q �
k

�q � �ccc�q � � � g
���� � b � LV DQ RUWKRQRUPDO EDVLV IRU

1P
L � +L �VHH H�J�� >��� 7KH�

RUHP �����E�@�� 7KH WHQVRU SURGXFW RI D pQLWH FROOHFWLRQ I$LJ
P
L � RI RSHUDWRUV� HDFK

$L DFWLQJ RQ +L� LV JLYHQ E\
t

2P

L �
$L

u

;

N

1P

L � [L�N  
;

N

1P

L �$L[L�N IRU HYHU\
;

N

1P

L � [L�N �
1P

L �+L�

7KLV GHpQHV DQ RSHUDWRU LQ %>
1P

L �+L@ ZLWK WKH IROORZLQJ SURSHUWLHV�
b
1P

L �$L

ce
 

1P
L �$

e
L � DQG

b
1P

L �$L

c

b� 
1P

L �$
b�
L LI HDFK $L LV LQYHUWLEOH� $OVR

q

q

1P
L �$L

q

q  
4P

L � N$LN� DQG
b
1P

L �$L

cb
1P

L �%L

c

 
b
1P

L � $L%L

c

LI I%LJ
P
L � LV D FROOHFWLRQ RI

P RSHUDWRUV ZLWK HDFK %L DFWLQJ RQ HDFK +L� 0RUHRYHU� WKH PXOWLSOH WHQVRU SURGXFW
1P

L �$L LV SURPSWO\ HQGRZHG ZLWK DVVRFLDWLYLW\� ZKLFK PHDQV WKDW

2P

L �
$L  

2Mb�

L �
$L n$M n

2P

L M � �
$L

IRU HYHU\ LQWHJHU M � >��Pb �@ LI P ! �� 7KXV WKH WHQVRU SURGXFW UHVXOWV LQ 7KH�
RUHPV � DQG � PD\ XQGHUJR D QDWXUDO H[WHQVLRQ WR D pQLWH QXPEHU RI RSHUDWRUV
DORQJ WKH OLQHV GHYHORSHG LQ >��@� 6LPLODUO\� DQ H[WHQVLRQ IRU WKH WHQVRU VXP RI D p�
QLWH FROOHFWLRQ I$LJ

P
L � RI RSHUDWRUV ZLOO DOVR HQMR\ DVVRFLDWLYLW\� ,QGHHG� LI HDFK $L

DFWV RQ WKH VDPH + IRU DOO L  �� �� �� DQG LI , GHQRWHV WKH LGHQWLW\ RQ +� WKHQ

�$� c$��c$�  $� n , n , � , n$� n , � , n , n$�  $� c �$� c$���
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7KXV D WULYLDO LQGXFWLRQ OHDGV WR WKH IROORZLQJ JHQHUDOL]DWLRQ RI ����

cP

L �
$L  

;P

L �

t

b

2Lb�

M  �
,M
c

n$L n
b

2P

M  L� �
,M
c

u

�

ZKHUH ,M LV WKH LGHQWLW\ RQ HDFK +M � DQG WKH HPSW\ WHQVRU SURGXFW �L�H��
1C

M  N ,M
IRU C � N� LV DOZD\V PLVVLQJ� 6R WKH PXOWLSOH WHQVRU VXP cP

L �$L LV DOVR HQWLWOHG
WR EH WUHDWHG LQ OLJKW RI 7KHRUHP �� 7KLV DQG LWV SRVVLEOH RXWJURZWKV PLJKW EH D
SURPLVLQJ VXJJHVWLRQ IRU D IXWXUH UHVHDUFK�

5HI HU HQF HV

�� $ �9 � % DODN U LVK Q DQ � $ SSOLHG )XQ FW LRQ DO $ Q DO\ VLV� 6 S U LQ JHU � 1 HZ < RU N � �����
�� 5� % HOOP DQ � ,Q W U RGXFW LRQ W R 0DW U L[ $ Q DO\ VLV� �Q G HG �� 0F*U DZ �+ LOO� 1 HZ < RU N � �����
�� - �: � % U HZ HU � . U RQ HFNHU SU RGXFW V DQ G PDW U L[ FDOFXOXV LQ V\ VW HP W KHRU \ � ,( ( ( 7 U DQ V� & LU FX LWV

6 \ VW� �� ������� ���^����
�� $ � % U RZ Q DQ G & � 3 HDU F\ � ,Q W U RGXFW LRQ W R 2SHU DW RU 7 KHRU \ , ^ ( OHPHQ W V RI )XQ FW LRQ DO $ Q DO�

\ VLV� 6 S U LQ JHU � 1 HZ < RU N � �����
�� 0�,� *LO
� 6 SHFW U XP SHU W XU EDW LRQ V RI RSHU DW RU V RQ W HQ VRU SU RGXFW V RI + LOEHU W VSDFHV� - � 0DWK �

.\ RWR 8 Q LY � �� ������� Q R� �� ���^����
�� 0�,� *LO
� ,Q YHU W LELOLW \ DQ G VSHFW U D RI RSHU DW RU V RQ W HQ VRU SU RGXFW V RI + LOEHU W VSDFHV� *ODVJRZ

0DWK � - � �� ������� ���^����
�� 0�,� *LO
� ( VW LPDW HV IRU Q RU PV RI U HVROYHQ W V RI RSHU DW RU V RQ W HQ VRU SU RGXFW V RI + LOEHU W VSDFHV�

3 HU LRG � 0DWK � + X Q JDU � �� ������� ��^���
�� 0�,� *LO
� 5 HJXODU IXQ FW LRQ V RI RSHU DW RU V RQ W HQ VRU SU RGXFW V RI + LOEHU W VSDFHV� ,Q WHJU DO ( T X D�

WLRQ V 2S HU DWRU 7 K HRU \ �� ������� ���^����
�� 3 �5� + DOP RV� )LQ LW H� ' LPHQ VLRQ DO 9 HFW RU 6 SDFHV� 9 DQ 1 RVWU DQ G � 1 HZ < RU N � ����� U HS U LQ WHG �

6 S U LQ JHU � 1 HZ < RU N � �����
��� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V , � 7 U DQ V� $ P HU � 0DWK �

6 RF� ��� ������� ��^����
��� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU � % RVWRQ � �����

��� & �6 � .X E U X VO\ � $ FRQ FLVH LQ W U RGXFW LRQ W R W HQ VRU SU RGXFW � )DU ( DVW - � 0DWK � 6 FL� �� �������
���^����

��� & �6 � .X E U X VO\ � 7 HQ VRU SU RGXFW RI SU RSHU FRQ W U DFW LRQ V� VDEOH DQ G SRVLQ RU PDO RSHU DW RU V� 3 X E O�
0DWK � 'HE U HFHQ �� ������� ���^����

��� & �6 � .X E U X VO\ � ,Q YDU LDQ W VXEVSDFHV RI PXOW LSOH W HQ VRU SU RGXFW V� $ FWD 6 FL� 0DWK � �6 ]HJHG � ��

������� ���^����
��� & �6 � .X E U X VO\ � 5 HJXODU VXEVSDFHV RI W HQ VRU SU RGXFW V� $ G Y � 0DWK � 6 FL� $ S S O� �� ������� �^���
��� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 3 U RSHU FRQ W U DFW LRQ V DQ G LQ YDU LDQ W VXEVSDFHV� ,Q WHU Q DW� - � 0DWK �

0DWK � 6 FL� �� ������� ���^����
��� & �6 � .X E U X VO\ DQ G 3 �& �0� 9 LHLU D� & RQ YHU JHQ FH DQ G GHFRPSRVLW LRQ IRU W HQ VRU SU RGXFW V RI

+ LOEHU W VSDFH RSHU DW RU V� 2S HU � 0DWU LFHV� � ������� ���^����
��� 0� 5HHG DQ G % � 6 LP RQ � 0HW KRGV RI 0RGHU Q 0DW KHPDW LFDO 3 K\ VLFV ,� )XQ FW LRQ DO $ Q DO\ VLV�

�Q G HG Q � $ FDG HP LF 3 U HVV� 1 HZ < RU N � �����
��� 5� 5\ DQ � ,Q W U RGXFW LRQ W R 7 HQ VRU 3 U RGXFW V RI %DQ DFK 6 SDFHV� 6 S U LQ JHU � /RQ G RQ � �����
��� - � 6 WRFK HO� 6 HPLQ RU PDOLW \ RI RSHU DW RU V IU RP W KHLU W HQ VRU SU RGXFW � 3 U RF� $ P HU � 0DWK � 6 RF�

��� ������� ���^����
��� - � : HLG P DQ Q � / LQ HDU 2SHU DW RU V LQ + LOEHU W 6 SDFHV� 6 S U LQ JHU � 1 HZ < RU N � �����

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO
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