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$EVW U DF W � 'HFRP S RVLWLRQ V RI + LOE HU W VS DFHV LQ WHU P V RI U HG X FLQ J VX E VS DFHV
IRU Z DY HOHWV RS HU DWRU V� DV Z HOO DV G HFRP S RVLWLRQ V RI WK HVH RS HU DWRU V WK HP VHOY HV�
DU H LQ Y HVWLJDWHG � ,Q S DU WLFX ODU � LW LV VK RZ Q RQ Z K LFK U HG X FLQ J VX E VS DFHV WK HVH
RS HU DWRU V DFW DV E LODWHU DO VK LIWV RI P X OWLS OLFLW\ �� : H DOVR H[ K LE LW WK H X Q LWDU \
WU DQ VIRU P DWLRQ WK DW S HU IRU P V WK H X Q LWDU \ HT X LY DOHQ FH E HWZ HHQ U HVWU LFWLRQ V RI
WK HP WR DS S U RS U LDWH U HG X FLQ J VX E VS DFHV�

�� ,QW U RGXF W LRQ

/HW + EH D VHSDUDEOH �LQpQLWH�GLPHQVLRQDO� +LOEHUW VSDFH� %\ DQ RSHUDWRU RQ +
ZH PHDQ D ERXQGHG OLQHDU �L�H�� D FRQWLQXRXV OLQHDU� WUDQVIRUPDWLRQ RI + LQWR LWVHOI�
5HFDOO WKH IROORZLQJ GHpQLWLRQV >�@� /HW ' DQG 7 EH ELODWHUDO VKLIWV RI �FRXQWDEO\�
LQpQLWH PXOWLSOLFLW\ >�@ DFWLQJ RQ + VXFK WKDW

'7 �  7'�

7KLV HQVXUHV WKDW >�� 3URSRVLWLRQ �@

'P7Q�
�

 7Q'P���

IRU HYHU\ P � = DQG Q � =� ZKHUH = GHQRWHV WKH VHW RI DOO LQWHJHUV� $Q\ QRQ]HUR
YHFWRU � LQ + WKDW PDNHV I'P7Q�J�P�Q� � =d= LQWR DQ RUWKRQRUPDO EDVLV IRU + LV
D ZDYHOHW� DQG WKH YHFWRUV �P�Q  'P7Q� DUH WKH ZDYHOHW YHFWRUV JHQHUDWHG E\ ��

)RU LQVWDQFH� ZLWK +  / ��5�� WKH RSHUDWRUV ' DQG 7 RQ / ��5� GHpQHG E\
\  '[ ZLWK \�W�  

S
�[��W�

DQG
\  7[ ZLWK \�W�  [�Wb ��

�IRU DOPRVW DOO W LQ 5 ZLWK UHVSHFW WR /HEHVJXH PHDVXUH� DUH ELODWHUDO VKLIWV RI LQpQLWH
PXOWLSOLFLW\ VDWLVI\LQJ ��� IRU ZKLFK WKHUH LV D IXQFWLRQ � �H�J�� WKH +DDU ZDYHOHW�
WKDW PDNHV I'P7Q�J�P�Q� � =d= LQWR DQ RUWKRQRUPDO EDVLV IRU / ��5�� ,Q WKLV FDVH�
' DQG 7 DUH UHIHUUHG WR DV GLODWLRQ�E\�� DQG WUDQVODWLRQ�E\��� UHVSHFWLYHO\�

2UWKRJRQDO GHFRPSRVLWLRQV RI +LOEHUW VSDFHV LQ WHUPV RI UHGXFLQJ VXEVSDFHV IRU
WKH RSHUDWRUV ' DQG 7 DUH UHYLVLWHG LQ 6HFWLRQ �� 2UWKRJRQDO GHFRPSRVLWLRQV RI WKH
RSHUDWRUV ' DQG 7 WKHPVHOYHV DUH FRQVLGHUHG LQ 6HFWLRQ �� ZKHUH LW LV LQYHVWLJDWHG
RQ ZKLFK VXEVSDFHV RI + WKHVH RSHUDWRUV VWLOO DFW DV ELODWHUDO VKLIWV� LQ SDUWLFXODU� DV
ELODWHUDO VKLIWV RI PXOWLSOLFLW\ �� 7KH FORVLQJ 6HFWLRQ � VKRZV ZKLFK UHVWULFWLRQV RI
' DQG 7 DUH XQLWDU\ HTXLYDOHQW� DQG LW LV DOVR H[KLELWHG WKH XQLWDU\ WUDQVIRUPDWLRQ
WKDW SHUIRUPV WKH XQLWDU\ HTXLYDOHQFH EHWZHHQ UHVWULFWLRQV RI ' DQG UHVWULFWLRQV RI
7 RQ DSSURSULDWH UHGXFLQJ VXEVSDFHV�

' DW H� 6 HS WHP E HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��& ���
. H\ Z RU GV� % LODWHU DO VK LIWV� G HFRP S RVLWLRQ � U HG X FLQ J VX E VS DFHV� X Q LWDU \ HT X LY DOHQ FH� Z DY HOHWV�
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�� : DYHO HW V 6XEVSDF HV

)RU HDFK P � = ZH DVVRFLDWH ZLWK D ZDYHOHW � � + WKH IROORZLQJ LQpQLWH�GLPHQ�
VLRQDO VXEVSDFHV RI + >��@ �DOVR VHH >�@� >�@ >�@� >�@� >�@� >�@� >��@� >��@� >��@ DQG >��@��
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�5HFDOO� LQYHUWLEOH RSHUDWRUV� LQ SDUWLFXODU� XQLWDU\ RSHUDWRUV� FDQ EH PRYHG LQVLGH
WKH ?FORVHG VSDQ� V\PERO _ FI� >�� &RUROODU\ �@�� 6LQFH I'P7Q�J�P�Q� � =d= LV D
GRXEOH�LQGH[HG RUWKRQRUPDO EDVLV IRU +� ZH JHW WKH QH[W ZDYHOHW H[SDQVLRQ IRU +�
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'P7Q�  
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ZKHUH I: PJP� = LV D IDPLO\ RI SDLUZLVH RUWKRJRQDO VXEVSDFHV RI + WKDW VSDQV +�
WKXV \LHOGLQJ DQ RUWKRJRQDO GLUHFW VXP GHFRPSRVLWLRQ RI + LQWR I: PJ�
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,W ZLOO EH FRQYHQLHQW WR VSOLW WKH IDPLO\ I: PJP� = LQWR WZR RUWKRJRQDO VXEIDPLOLHV
RI SDLUZLVH RUWKRJRQDO VXEVSDFHV I: b

PJP�� DQG I: �
PJPy�� D QHJDWLYHO\ DQG D

QRQQHJDWLYHO\ LQGH[HG�
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VR WKDW WKH DERYH RUWKRJRQDO GLUHFW VXP GHFRPSRVLWLRQ RI + FDQ EH ZULWWHQ DV
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1RZ DSSO\LQJ ��� ZH SXW
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7KLV LV GHpQHG MXVW IRU P y � EHFDXVH I'P7Q�
�
�JPy� LV D VXEVHW RI WKH RUWKRQRU�

PDO EDVLV I'P7Q�J�P�Q� � =d= RQO\ LI Q�
P LV DQ LQWHJHU IRU HYHU\ Q � = DQG� WKHUH�

IRUH� RQO\ IRU QRQQHJDWLYH LQWHJHUV P� ,W LV FOHDU �E\ WKHLU RZQ GHpQLWLRQ� WKDW HDFK
5P LV D VXEVSDFH RI : P�

5P ~ : �
P  : P� P y ��

DQG VR I5PJPy� LV D IDPLO\ RI SDLUZLVH RUWKRJRQDO VXEVSDFHV� 1H[W FRQVLGHU WKH
RUWKRJRQDO FRPSOHPHQW RI HDFK 5P LQ : �

P� )RU HDFK QRQQHJDWLYH LQWHJHU P y ��
WDNH WKH VHW =P  IN � = � N � Q�P IRU HYHU\ Q � =J� 5HFDOOLQJ WKDW I'P7Q�J�
ZLWK �P�Q� � =d =� PDNHV DQ RUWKRJRQDO VHW� SXW
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ZKHUH I5�
PJPy� LV D IDPLO\ RI SDLUZLVH RUWKRJRQDO VXEVSDFHV �VLQFH I: �

PJPy� LV��
+HQFH WKH SUHYLRXV RUWKRJRQDO GLUHFW VXP GHFRPSRVLWLRQ RI + FDQ EH UHZULWWHQ DV
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0
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P����

1H[W ZH WXUQ WR DQRWKHU NLQG RI VXEVSDFH� ZKHUH WKH VSDQV UXQ RYHU P� UDWKHU
WKDQ RYHU Q� DV IROORZV� )RU HDFK Q � = ZH QRZ DVVRFLDWH ZLWK D ZDYHOHW � � +
DQRWKHU LQpQLWH�GLPHQVLRQDO VXEVSDFH RI +� QDPHO\�

+Q  
B

P� =
'P7Q� Q � =�

6LQFH I'P7Q�J�P�Q� � =d= LV D GRXEOH�LQGH[HG RUWKRQRUPDO EDVLV IRU +� ZH JHW
DQRWKHU ZDYHOHW H[SDQVLRQ IRU +�
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B
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B

P� =
'P7Q�  

B
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ZKHUH I+QJQ� = LV D IDPLO\ RI RUWKRJRQDO VXEVSDFHV RI+ WKDW VSDQV+� WKXV \LHOGLQJ
DQRWKHU RUWKRJRQDO GLUHFW VXP GHFRPSRVLWLRQ RI +� QRZ LQWR I+QJ�
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)LQDOO\� FRQVLGHU WKH IROORZLQJ VXEVSDFH RI + �WKXV D +LOEHUW VSDFH LWVHOI��
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7Q'P�  
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B

Q� =
7Q'P�  

B

Q� =

B

P� 1 �
7Q'P�  

B

P� 1 �
5P�

�+HUH 1� GHQRWHV WKH VHW RI DOO QRQQHJDWLYH LQWHJHUV�� 2QFH DJDLQ� UHFDOOLQJ WKDW
I'P7Q�J�P�Q� � =d= LV D GRXEOH�LQGH[HG RUWKRQRUPDO EDVLV IRU +� LW IROORZV WKDW
I5PJPy� LV D IDPLO\ RI RUWKRJRQDO VXEVSDFHV RI0 WKDW VSDQ0� WKXV \LHOGLQJ DQ
RUWKRJRQDO GLUHFW VXP GHFRPSRVLWLRQ RI 0 LQWR I5PJ�

0  
0

Py�

5P ~
0

Py�

: �
P����

�� : DYHO HW V 'HF RP SRVLW LRQV

7R EHJLQ ZLWK ZH UHFDOO VRPH NQRZQ GHFRPSRVLWLRQV IRU WKH ELODWHUDO VKLIWV '
DQG 7 � 7KH pUVW RQH H[KLELWV D GHFRPSRVLWLRQ IRU WKH ELODWHUDO VKLIW '�

/HPPD �� (DFK +Q UHGXFHV ' VR WKDW

'  
0

Q� =
'M+ � �

ZKHUH HDFK 'M+ � LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ � RQ HDFK +LOEHUW VSDFH +Q�

3URRI� 6HH >�� 7KHRUHP �@�

$ FRXQWHUSDUW RI WKH DERYH UHVXOW� QRZ H[KLELWLQJ D VLPLODU GHFRPSRVLWLRQ IRU WKH
ELODWHUDO VKLIW 7 � JRHV DV IROORZV� �+HUH0" VWDQGV IRU WKH RUWKRJRQDO FRPSOHPHQW
RI 0� WKDW LV� 0"  +k0��



� &�6 � . 8%586 / < $1' 1+$1 / (9$1

/HPPD �� (DFK 5P UHGXFHV 7� DQG VR GRHV 0� +HQFH

7  
0

Py�

7 M5 � j 7 M0 � �

ZKHUH HDFK 7 M5 � LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ � RQ HDFK +LOEHUW VSDFH 5P�

3URRI� 6HH >��� 7KHRUHP �@�

:H VKRZ QH[W WKDW 7 M0 � LV D ELODWHUDO VKLIW�

7KHRUHP �� 7 M0 � LV D ELODWHUDO VKLIW DFWLQJ RQ 0"�

3URRI� )LUVW ZH QHHG WKH IROORZLQJ JHQHUDO UHVXOW RQ RUWKRJRQDO GLUHFW VXPPDQGV RI
ELODWHUDO VKLIWV RQ +LOEHUW VSDFHV� /HW $ EH DQ RSHUDWRU DFWLQJ RQ D +LOEHUW VSDFH�

&ODLP �� ,I $  % j &� ZKHUH $ DQG % DUH ELODWHUDO VKLIWV� WKHQ & LV D ELODWHUDO
VKLIW DV ZHOO�

,QGHHG� UHFDOO WKDW HYHU\ XQLWDU\ RSHUDWRU 8 FDQ EH GHFRPSRVHG DV 8  6 j: �
ZKHUH 6 LV D ELODWHUDO VKLIW DQG : LV D UHGXFWLYH XQLWDU\ RSHUDWRU �VHH H�J�� >��
S���@ _ DQ RSHUDWRU LV UHGXFWLYH LI DOO LWV LQYDULDQW VXEVSDFHV DUH UHGXFLQJ�� 1RWH
WKDW D ELODWHUDO VKLIW KDV QR UHGXFWLYH GLUHFW VXPPDQG� ,Q IDFW� LI 8 LV D ELODWHUDO
VKLIW DQG LI 1 � I�J LV : �LQYDULDQW� WKHQ : �1 �  1 �EHFDXVH : LV D UHGXFWLYH
XQLWDU\� VR WKDW 8�1 �  1 � ZKLFK LV D FRQWUDGLFWLRQ �EHFDXVH D ELODWHUDO VKLIW KDV
QR HLJHQYDOXH�� 6LQFH D ELODWHUDO VKLIW LV QRQUHGXFWLYH� D XQLWDU\ RSHUDWRU LV QRQ�
UHGXFWLYH LI DQG RQO\ LI LW KDV D ELODWHUDO VKLIW DV D GLUHFW VXPPDQG� $OVR UHFDOO WKDW
DQ\ GLUHFW VXP RI ELODWHUDO VKLIWV LV DJDLQ D ELODWHUDO VKLIW� 1RZ VXSSRVH

$  % j &�

ZKHUH $ DQG % DUH ELODWHUDO VKLIWV� 6LQFH GLUHFW VXPPDQGV RI D XQLWDU\ RSHUDWRU
DUH DJDLQ XQLWDU\� LW IROORZV WKDW & LV XQLWDU\� ,I & LV QRW D ELODWHUDO VKLIW� WKHQ LW
KDV D �QRQ]HUR� UHGXFWLYH GLUHFW VXPPDQG : VR WKDW &  6 j: � ZKHUH 6 LV D
ELODWHUDO VKLIW� 7KXV $  % j 6 j: � ZLWK % j 6 EHLQJ D ELODWHUDO VKLIW� KDV WKH
VDPH UHGXFWLYH GLUHFW VXPPDQG : � DQG WKHUHIRUH $ LV QRW D ELODWHUDO VKLIW� ZKLFK
LV D FRQWUDGLFWLRQ� 2XWFRPH� & PXVW EH D ELODWHUDO VKLIW� WKXV FRQFOXGLQJ WKH SURRI
RI WKH DERYH FODLPHG UHVXOW�

7KHUHIRUH� VLQFH 7 LV D ELODWHUDO VKLIW VXFK WKDW �FI� /HPPD ��
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0

Py�

7 M5 � j 7 M0 � �

ZKHUH
/

Py� 7 M5 � LV D ELODWHUDO VKLIW� 7 M0 � DOVR LV D ELODWHUDO VKLIW E\ &ODLP ��

6LQFH I: PJP� = LV D IDPLO\ RI SDLUZLVH RUWKRJRQDO VXEVSDFHV RI +� LW IROORZV E\
��� DQG ��� WKDW 0" DGPLWV WKH RUWKRJRQDO GLUHFW VXP GHFRPSRVLWLRQ
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ZKLFK DUH VXEVSDFHV RI +� WKXV +LOEHUW VSDFHV WKHPVHOYHV�
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7KHRUHP �� (DFK 5�
P UHGXFHV 7� DQG KHQFH ERWK 0"

� DQG 0"
� UHGXFH 7 VR WKDW

7 M0 �  7 M0 �
� j 7 M0 �

� �

3URRI� 7DNH DQ DUELWUDU\ QRQQHJDWLYH LQWHJHU P y � VR WKDW Qh �P � = IRU HYHU\
Q � =� &RQVLGHU WKH VHW =P  IN � = � N � Q�P IRU HYHU\ Q � =J� DQG QRWH WKDW

N � =P  � N h �P � =P�

,QGHHG� VXSSRVH N � Q�P IRU HYHU\ Q � =� ,I N h �P  Q�P IRU VRPH Q � =� WKHQ
N  Q�P i �P  �Qi ���P� ZKLFK LV D FRQWUDGLFWLRQ� &RQYHUVHO\� VXSSRVH N h �P � 
Q�P IRU HYHU\Q � =� ,I N  Q�P IRU VRPH Q � =� WKHQ N h �P  Q�P h �P  
�Qh ���P� ZKLFK LV DJDLQ D FRQWUDGLFWLRQ� 7KXV

N h �P � =P  � N � =P�

2XWFRPH�

N � =P �� N h �P � =P�

7KHUHIRUH� DFFRUGLQJ WR ����
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6LQFH 7 LV XQLWDU\ �L�H�� VLQFH 7 e  7b��� WKLV LPSOLHV WKDW

7 �5�
P�  5�

P  7 e�5�
P�

DQG VR 5�
P UHGXFHV 7 � ZKLFK LQ WXUQ LPSOLHV WKDW0"

�  
/

Py�5�
P DOVR UHGXFHV 7 �

6LQFH 0"
� LV WKH RUWKRJRQDO FRPSOHPHQW RI 0"

� LQ 0" �L�H�� 0"
�  0" k0"

� ��
DQG VLQFH ERWK 0" DQG 0"

� UHGXFH 7 � LW IROORZV WKDW 0"
� UHGXFHV 7 DV ZHOO�

5HFDOO IURP WKH SURRI RI 7KHRUHP � WKDW N h �P � =P LI DQG RQO\ LI N � =P�
DQG VR D WULYLDO LQGXFWLRQ HQVXUHV WKDW N � M�P � =P� IRU HDFK M � =� LI DQG RQO\ LI
N � =P� 7KXV� IRU HDFK P y � DQG HDFK N � =P� FRQVLGHU WKH VXEVSDFH
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+RZHYHU� LW LV ZRUWK QRWLFLQJ WKDW I5�
P�NJN � = � LV QRW D IDPLO\ RI SDLUZLVH RUWKRJRQDO

VXEVSDFHV� WKDW LV� IRU HDFK P y � WKH VXEVSDFH 5�
P�N LV QRW RUWKRJRQDO WR 5�

P�N
� LI

N � N�� ,QGHHG� IRU DQ\ N � =P� LW IROORZV WKDW �P�N � �
� � 5�

P�N DQG �P�N
� � 5�

P�N
�

FRLQFLGH LI N�  N � �P � =P� 7KXV 5�
P LV QRW WKH RUWKRJRQDO GLUHFW VXP RI 5�

P�N

RYHU DOO N � =P �LQ IDFW� LW GRHV QRW PDNH VHQVH WDONLQJ DERXW WKH RUWKRJRQDO GLUHFW
VXP

/

N � = � 5�
P�N EHFDXVH 5�

P�N �" 5�
P�N

� ZKHQHYHU N � N���

7KHRUHP �� (DFK 5�
P�N UHGXFHV 7 DQG HDFK 7 M5 �

���
	 LV D ELODWHUDO VKLIW RI PXOWL�

SOLFLW\ � RQ 5�
P�N�
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3URRI� 7DNH DQ\ P y �� DQ\ N � =P� DQG REVHUYH WKDW
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6LQFH IRU p[HGP y � DQG p[HG N � =P WKH VHW I�P�N � M�
� JM � = FRQVLVWV RI RUWKRJRQDO

YHFWRUV� LW LV DQ RUWKRQRUPDO EDVLV IRU HDFK VXEVSDFH 5�
P�N� 7KXV HDFK 7 M5 �

���
	 VKLIWV

�VHTXHQWLDOO\� D =�LQGH[HG RUWKRQRUPDO EDVLV IRU HDFK 5�
P�N� ZKLFK PHDQV WKDW

7 M5 �
���
	 LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ � DFWLQJ RQ 5�

P�N�

/HPPD � HQVXUHV WKDW WKH UHVWULFWLRQ RI 7 WR VRPH VXEVSDFHV RI : P �L�H�� WKH
UHVWULFWLRQ RI 7 WR HDFK 5P� LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ �� 7KH QH[W WKHRUHP
VKRZV WKDW VRPH SRZHUV �LQWHJHU RU IUDFWLRQDO� RI 7 LQ IDFW DUH ELODWHUDO VKLIWV RI
PXOWLSOLFLW\ � ZKHQ UHVWULFWHG WR HYHU\ : P�

7KHRUHP �� (DFK : P UHGXFHV 7
�
� � DQG HDFK 7

�
� � M : � LV D ELODWHUDO VKLIW RI PXO�

WLSOLFLW\ � RQ WKH +LOEHUW VSDFH : P�

3URRI� 7DNH DQ DUELWUDU\ P � =� ,W IROORZV IURP >�� 3URSRVLWLRQ ��E�Ee�@ WKDW
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UHGXFHV 7 � 1RWH WKDW I�P�QJQ� = LV DQ RUWKRQRUPDO EDVLV IRU WKH +LOEHUW VSDFH : P

VLQFH LW VSDQV : P� 7DNH DQ\ �P�Q �IRU VRPH Q � =�� 2EVHUYH WKDW

7
�
� � M : � �P�Q  7

�
� � �P�Q  7

�
� � 'P7Q��

+RZHYHU� LW IROORZV IURP ��� WKDW

7
�
� � 'P  'P7����

,QGHHG� E\ VHWWLQJ Q  �� UHSODFLQJ P ZLWK bP� DQG PXOWLSO\LQJ E\ 'P �ERWK IURP
OHIW DQG IURP ULJKW� WKH H[SUHVVLRQ LQ ��� ZH JHW WKH LGHQWLW\ LQ ���� 7KHUHIRUH�

7
�
� � M : � �P�Q  'P77QZ  'P7Q� ��  �P�Q� ��

7KXV 7
�
� � M : � VKLIWV �VHTXHQWLDOO\� D =�LQGH[HG RUWKRQRUPDO EDVLV IRU : P� ZKLFK

PHDQV WKDW 7
�
� � M : � LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ � DFWLQJ RQ : P�

&RUROODU\ �� 7DNH DUELWUDU\ LQWHJHUV P DQG Q LQ =� DQG L LQ 1�� 7KH RSHUDWRUV

'M+ � � 7 M5 � � DQG 7
�
� � M : � DUH XQLWDULO\ HTXLYDOHQW WR HDFK RWKHU�

3URRI� 6KLIWV RI WKH VDPH PXOWLSOLFLW\ DUH XQLWDULO\ HTXLYDOHQW �H�J�� VHH >�� &KDSWHU
�@�� 7KXV WKH FODLPHG UHVXOWV IROORZ E\ /HPPDV �� � DQG 7KHRUHP ��
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7KH VSDFHV : P� 5P DQG+Q DUH WULYLDOO\ XQLWDULO\ HTXLYDOHQW� VLQFH WKH\ KDYH WKH
VDPH FRXQWDEO\ LQpQLWH GLPHQVLRQ _ RUWKRQRUPDO EDVHV ZLWK WKH VDPH FDUGLQDOLW\�
+RZHYHU� FRQVWUXFWLQJ XQLWDU\ WUDQVIRUPDWLRQV EHWZHHQ WKHVH VSDFHV WKDW PDNH
WKRVH ELODWHUDO VKLIWV �RI PXOWLSOLFLW\ �� XQLWDULO\ HTXLYDOHQW PD\ WXUQ RXW WR EH D
UHFDOFLWUDQW WDVN� $ UHVXOW DORQJ WKHVH OLQHV LV FRQVLGHUHG LQ WKH QH[W VHFWLRQ�

�� & RQVW U XF W LQJ W KH 8QLW DU \ (TXLYDO HQF H %HW Z HHQ +Q DQG 5P

7DNH DQ DUELWUDU\ YHFWRU KQ � +Q� ZKLFK FDQ EH H[SUHVVHG E\

KQ  
;

N � =
oN'

N7Q��

ZKHUH IoNJN � = LV D VTXDUH�VXPPDEOH IDPLO\ RI VFDODUV�
;

N � =
MoNM�  NKQN� � ��

&RQVLGHU WKH WUDQVIRUPDWLRQ WKDW DVVLJQV� WR HDFK KQ� WKH YHFWRU

j�Q�P�KQ  
;

N � =
oN7

N'P��

7KLV GHpQHV D VXUMHFWLYH OLQHDU WUDQVIRUPDWLRQ EHWZHHQ +Q DQG 5P�

j�Q�P� � +Q � 5P

�IRU DUELWUDU\ Q � = DQG P � 1��� ,QGHHG� j�Q�P� LV WULYLDOO\ OLQHDU RQ +Q DQG
FOHDUO\ VXUMHFWLYH RQWR 5P�

7KHRUHP �� j�Q�P� LV XQLWDU\ DQG LQWHUWZLQHV 'M+ � ZLWK 7 M5 � �

j�Q�P�'M+ �  7 M5 � j�Q�P��

3URRI� 7DNH DQ\ LQWHJHU Q � =� DQG DQ DUELWUDU\ KQ � +Q� 6LQFH

Nj�Q�P�KQN�  
;

N � =
MoNM�  NKQN��

LW IROORZV WKDW WKH VXUMHFWLYH OLQHDU WUDQVIRUPDWLRQ j�Q�P� DOVR LV DQ LVRPHWU\� DQG
WKHUHIRUH j�Q�P� LV XQLWDU\� 1RZ REVHUYH WKDW

'KQ  
;

N � =
oN'

N � �7Q�  
;

N � =
oNb�'

N7Q��

j�Q�P�'KP  
;

N � =
oNb�7

N'P��

7j�Q�P�KQ  
;

N � =
oN7

N � �'P�  
;

N � =
oNb�7

N'P�

VR WKDW

j�Q�P�'KQ  7j�Q�P�KQ�

6LQFH +Q UHGXFHV ' DQG 5P UHGXFHV 7 �FI� /HPPDV � DQG ��� WKH DERYH H[SUHVVLRQ
HQVXUHV WKDW j�Q�P�'M+ �  7 M5 � j�Q�P��
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2EVHUYH WKDW WKH RSHUDWRUV

'M+ � � +Q � +Q DQG 7 M5 � � 5P � 5P

DUH FOHDUO\ XQLWDULO\ HTXLYDOHQW �VLQFH WKH\ DUH ELODWHUDO VKLIWV RI WKH VDPH PXOWLSOLF�
LW\ ��� 7KH DERYH SURSRVLWLRQ H[KLELWV WKH XQLWDU\ WUDQVIRUPDWLRQ

j�Q�P� � +Q � 5P

WKDW FDUULHV RXW VXFK D XQLWDU\ HTXLYDOHQFH� VKRZLQJ KRZ WKHVH RSHUDWRUV DUH� LQ
IDFW� XQLWDULO\ HTXLYDOHQW�

5HI HU HQF HV

�� ,� $ Q WRQ LRX DQ G .� *X VWDIVRQ � : DYHOHW V DQ G VW RFKDVW LF SU RFHVVHV� 0DWK � & RP S X W� 6 LP X ODWLRQ
�� ������� ��^����

�� ; � 'DL DQ G '�5� /DU VRQ � : DQ GHU LQ J 9 HFW RU V IRU 8 Q LW DU \ 6 \ VW HPV DQ G 2U W KRJRQ DO : DYHOHW V�
0HP � $ P HU � 0DWK � 6 RF� 9 RO� ���� Q R� ���� 3 U RY LG HQ FH� �����

�� 3 �$ � )LOOP RU H� 1 RW HV RQ 2SHU DW RU 7 KHRU \ � 9 DQ 1 RVWU DQ G � 1 HZ < RU N � �����
�� 7 �1 �7 � *RRG P DQ � 6 �/� /HH DQ G : �6 � 7 DQ J� : DYHOHW V LQ Z DQ GHU LQ J VXEVSDFHV� 7 U DQ V� $ P HU �

0DWK � 6 RF� ��� ������� ���^����
�� .� *X VWDIVRQ � : DYHOHW V DQ G H[SHFW DW LRQ V� D GLo HU HQ W SDW K W R Z DYHOHW V� + DU P RQ LF� : DY HOHW DQ G

S �$ G LF $ Q DO\ VLV �( G V� 1 �0� & K X RQ J� < X 9 � ( JRU RY � $ � .K U HQ Q LN RY � < � 0H\ HU � '� 0X P IRU G ��
: RU OG 6 FLHQ WLp F� + DFN HQ VDFN � 1 - ������� �^���

�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ � % LU N �

K �DX VHU � % RVWRQ � �����

�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 2Q JHQ HU DW LQ J Z DQ GHU LQ J VXEVSDFHV IRU XQ LW DU \ RSHU DW RU V� $ G Y �
0DWK � 6 FL� $ S S O� �� ������� ��^���

�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � $ EVW U DFW Z DYHOHW V JHQ HU DW HG E\ + LOEHU W VSDFH VKLIW RSHU DW RU V�
$ G Y � 0DWK � 6 FL� $ S S O� �� ������� ���^����

��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � $ Z DYHOHW ?W LPH� VKLIW � GHW DLO� GHFRPSRVLW LRQ � 0DWK � & RP S X W�
6 LP X ODWLRQ �� ������� ��^���

��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 7 LPH� VKLIW V JHQ HU DOL] HG PXOW LU HVROXW LRQ DQ DO\ VLV RYHU G\ DGLF�

VFDOLQ J U HGXFLQ J VXEVSDFHV� ,Q W� - � : DY HOHWV 0X OWLU HVROX W� ,Q I� 3 U RFHVV� � ������� ���^����
��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ VFDOH DQ G W LPH� VKLIW VXEVSDFHV�

0X OWLG LP HQ V� 6 \ VW� 6 LJQ DO 3 U RFHVV� �� ������� ���^����
��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 5 HYHU VHG Z DYHOHW IXQ FW LRQ V DQ G VXEVSDFHV� ,Q W� - � RI : DY HOHWV�

0X OWLU HVROX W� ,Q I� 3 U RFHVV� � ������� ���^����
��� 6 �*� 0DOODW� 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ V DQ G Z DYHOHW RU W KRQ RU PDO EDVHV RI /

��5�� 7 U DQ V�
$ P HU � 0DWK � 6 RF� ��� ������� ��^���

��� - �% � 5RE HU WVRQ � 2Q Z DQ GHU LQ J VXEVSDFHV IRU XQ LW DU \ RSHU DW RU V� 3 U RF� $ P HU � 0DWK � 6 RF� ��
������� ���^����

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU

'HSDU W P HQW RI (O HF W U LF DO (QJLQHHU LQJ� 8QLYHU VLW \ RI & DO LI RU QLD LQ /RV $QJHO HV� /RV

$QJHO HV� & $ � � � � � �� � � � � 86$

( � PDLO DGGU HVV� OHYDQ#HH�XFOD�HGX


