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$EVW U DF W � /HW $ DQ G % E H + LOE HU W VS DFH RS HU DWRU V� ,Q WK LV S DS HU Z H H[ S ORU H
WK H VWU X FWX U H RI S DU WV RI WK H VS HFWU X P RI WK H WHQ VRU S U RG X FW $n%� DQ G FRQ �
FOX G H VRP H S U RS HU WLHV WK DW IROORZ IU RP VX FK D VWU X FWX U H� : H JLY H FRQ G LWLRQ V
RQ $ DQ G % HQ VX U LQ J WK DW �Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�� Z K HU H
�� c � DQ G �Z� c � VWDQ G IRU VS HFWU X P DQ G : H\ O VS HFWU X P � U HVS HFWLY HO\ � : H DOVR
LQ Y HVWLJDWH WK H S U RE OHP RI WU DQ VIHU U LQ J : H\ O DQ G % U RZ G HU 
V WK HRU HP V IU RP $

DQ G % WR WK HLU WHQ VRU S U RG X FW $n%�

�� ,QW U RGXF W LRQ

/HW $n% EH WKH WHQVRU SURGXFW RI D FRXSOH RI +LOEHUW VSDFH RSHUDWRUV $ DQG
%� /HW �� c � DQG �Z� c � GHQRWH VSHFWUXP DQG :H\O VSHFWUXP� UHVSHFWLYHO\� DQG OHW
��� c �  �� c �Q�Z� c � EH WKH FRPSOHPHQW RI WKH :H\O VSHFWUXP LQ WKH VSHFWUXP�

7KH SUREOHP RI WUDQVIHUULQJ :H\O
V WKHRUHP IURP LVRORLG RSHUDWRUV $ DQG % WR
WKHLU WHQVRU SURGXFW $n% ZDV FRQVLGHUHG LQ WKLV MRXUQDO LQ >��@� ZKHUH WKH SURRI
RI WKH PDLQ VWDWHPHQW �YL]� LI $ DQG % DUH LVRORLG DQG VDWLVI\ :H\O
V WKHRUHP� WKHQ
$n% VDWLVpHV :H\O
V WKHRUHP� VWDQGV RQO\ LI LW LV DVVXPHG WKDW WKH LQFOXVLRQV
�Z�$� c ��%� > ��$� c �Z�%� v �Z�$n%� DQG ���$� c ���%� v ���$n%� KROG
WUXH� ,W ZDV DOVR JLYHQ DQ H[DPSOH RI D SDLU RI QRQLVRORLG RSHUDWRUV $ DQG % WKDW
VDWLVI\ :H\O
V WKHRUHP �DQG DOVR WKH DERYH LQFOXVLRQV�� EXW WKHLU WHQVRU SURGXFW
$n% GRHV QRW VDWLVI\ :H\O
V WKHRUHP�

$OWKRXJK LW LV NQRZQ WKDW

�Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%��

WKH UHYHUVH LQFOXVLRQ �Z�$� c ��%� > ��$� c �Z�%� v �Z�$n%� UHPDLQV DV DQ RSHQ
TXHVWLRQ� DQG VR GRHV WKH LGHQWLW\ �Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�� ,I
WKLV LGHQWLW\ KROGV� WKHQ ZH VKRZ LQ 3URSRVLWLRQ � WKDW ���$n%� v ���$� c ���%��
+RZHYHU� WKH UHYHUVH LQFOXVLRQ ���$� c ���%� v ���$n%� PD\ IDLO HYHQ LI $ DQG
% DUH LVRORLG RSHUDWRUV IRU ZKLFK �Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�� DQG
ERWK $ DQG % VDWLVI\ :H\O
V WKHRUHP WRJHWKHU ZLWK WKHLU WHQVRU SURGXFW $n% _
WKLV ZLOO EH YHULpHG LQ 5HPDUN ��

7KH SUHVHQW SDSHU LV RUJDQL]HG DV IROORZV� 1RWDWLRQDO SUHOLPLQDULHV DUH SRVHG LQ
6HFWLRQ �� 7KH VWUXFWXUH RI SDUWV RI WKH VSHFWUXP RI WHQVRU SURGXFWV LV H[SORUHG LQ
6HFWLRQ �� ZKHUH WKH VSHFWUDO SURSHUWLHV WKDW ZLOO EH UHTXLUHG ODWHU DUH SURYHG� 7KH
SUREOHP RI JLYLQJ FRQGLWLRQV RQ $ DQG % HQRXJK WR HQVXUH WKH LGHQWLW\

' DW H� 'HFHP E HU �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� 7 HQ VRU S U RG X FW� : H\ O DQ G % U RZ G HU VS HFWU D� : H\ O DQ G % U RZ G HU 
V WK HRU HP V�

�



� &�6 � . 8%586 / < $1' %�3� ' 8**$/

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�

LV FRQVLGHUHG LQ 6HFWLRQ �� :H FORVH WKH SDSHU LQ 6HFWLRQ � E\ HVWDEOLVKLQJ FRQGLWLRQV
RQ $ DQG % IRU WUDQVIHUULQJ :H\O DQG %URZGHU
V WKHRUHPV IURP WKHP WR WKHLU WHQVRU
SURGXFW $n%� ZKLFK H[WHQG WKH SUHYLRXV UHVXOWV DORQJ WKLV OLQH�

�� 3U HO LP LQDU LHV

/HW + EH D QRQ]HUR FRPSOH[ +LOEHUW VSDFH �ZLWK LQQHU SURGXFW K � L EHLQJ OLQHDU
LQ WKH pUVW DUJXPHQW�� 7KH VLQJOH WHQVRU SURGXFW RI [ � + DQG \ � + LV D FRQMXJDWH
ELOLQHDU IXQFWLRQDO [n \ � +d+ � & GHpQHG E\

�[n \� �X� Y�  K[ �XL K\ � YL IRU HYHU\ �X� Y� � +d+�

7KH WHQVRU SURGXFW VSDFH +n+ LV WKH FRPSOHWLRQ RI WKH FROOHFWLRQ RI DOO �pQLWH�
VXPV RI VLQJOH WHQVRUV� ZKLFK LV D +LOEHUW VSDFH ZLWK UHVSHFW WR WKH LQQHU SURGXFW

'

;

L

[L n \L �
;

M

ZM n ]M

(

 
;

L

;

M

K[L �ZML K\L � ]ML

IRU HYHU\
3

L [L n \L DQG
3

M ZM n ]M LQ +n+� %\ DQ RSHUDWRU ZH PHDQ D ERXQGHG
OLQHDU WUDQVIRUPDWLRQ RI D QRUPHG VSDFH LQWR LWVHOI� 7KH WHQVRU SURGXFW RI WZR
RSHUDWRUV $ DQG % RQ + LV WKH RSHUDWRU $n% GHpQHG E\

�$n%�
;

L

[L n \L  
;

L

$[L n%\L IRU HYHU\
;

L

[L n \L � +n+�

ZKLFK LQ IDFW LV ERXQGHG DQG OLQHDU RQ +n+� )RU DQ H[SRVLWRU\ SDSHU FRQWDLQLQJ
WKH HVVHQWLDO SURSHUWLHV RI WHQVRU SURGXFWV QHHGHG KHUH� WKH UHDGHU LV UHIHUUHG WR >�@�

/HW 7 EH DQ RSHUDWRU RQ D +LOEHUW VSDFH +� OHW ��7 � VWDQG IRU WKH VSHFWUXP RI
7 DQG �3 �7 � IRU WKH SRLQW VSHFWUXP �L�H�� WKH VHW RI DOO HLJHQYDOXHV� RI 7 � DQG OHW
5�7 �  7 �+� DQG 1 �7 �  7b�I�J EH WKH UDQJH DQG NHUQHO RI 7 � UHVSHFWLYHO\� :H
UHFDOO LQ 3URSRVLWLRQ � EHORZ VRPH ZHOO�NQRZQ IXQGDPHQWDO SURSHUWLHV UHODWHG WR
WKH VSHFWUXP RI WHQVRU SURGXFWV WKDW ZLOO EH UHTXLUHG ODWHU LQ WKH VHTXHO�

3URSRVLWLRQ �� /HW $ DQG % EH RSHUDWRUV RQ D +LOEHUW VSDFH +� 7DNH WKH WHQVRU

SURGXFW $n% RQ +n+� 7KH IROORZLQJ DVVHUWLRQV KROG WUXH�

��� ��$� c ��%�  ��$n%��

��� �3 �$� c �3 �%� � �3 �$n%��

0RUHRYHU� ���D� LI � � �3 �$� > �3 �%�� WKHQ � � �3 �$n%� HYHQ LI RQH RI

�3 �$� RU �3 �%� LV HPSW\� )XUWKHUPRUH� ���E� LI � � { � �3 �$n%� KDV DQ

HLJHQYHFWRU WKDW LV D VLQJOH WHQVRU� WKHQ { � �3 �$� c �3 �%��

��� 5�$�n5�%�  5�$n%��

��� 1 �$�n 1 �%� � 1 �$n%��

7KH LGHQWLW\ LQ ��� LV D FODVVLFDO UHVXOW IURP >�@� 7KH UHPDLQLQJ UHVXOWV DUH UHDGLO\
YHULpHG� ,W FDQ EH VKRZQ WKDW WKH LQFOXVLRQ LQ ��� PD\ EH SURSHU E\ XVLQJ D XQLODW�
HUDO VKLIW� ,QGHHG� LI 6 LV D XQLODWHUDO VKLIW �RI DQ\ PXOWLSOLFLW\� RQ D +LOEHUW VSDFH�
WKHQ �3 �6� LV HPSW\ DQG �3 �6

e� LV WKH RSHQ XQLW GLVF� DQG VR �3 �6
e� c �3 �6�  "�

+RZHYHU� �3 �6
e n 6�  I�J �FI� >�� S��������@�� 7KXV �3 �6e n 6� �v �3 �6

e� c �3 �6��
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0RUHRYHU� WKH UHYHUVH LQFOXVLRQ LQ ��� IDLOV ZKHQHYHU RQH RI $ RU % LV QRW QXOO
DQG WKH RWKHU LV QRW LQMHFWLYH� ,Q IDFW� LI 1 �$� � + DQG 1 �%� � I�J� WKHQ WDNH
[ �� 1 �$� DQG � � \ � 1 �%� VR WKDW [n \ �� 1 �$�n 1 �%� EXW [n \ � 1 �$n%�
VLQFH �$n%��[n \�  $[n%\  $[n �  ��

�� 6RP H 6SHF W U DO 3U RSHU W LHV RI 7 HQVRU 3U RGXF W V

:H GLVFXVV VRPH EDVLF VSHFWUDO SURSHUWLHV RI WHQVRU SURGXFWV WKDW ZLOO EH QHHGHG
QH[W� )RU DQ\ RSHUDWRU 7 OHW �3) �7 � EH WKH VHW RI DOO HLJHQYDOXHV RI pQLWH PXOWLSOLFLW\�

�3) �7 �  
j

y � �3 �7 � � GLP 1 �y,b7 � � �
k

 
j

y � & � � � GLP 1 �y,b7 � � �
k

�

3URSRVLWLRQ �� ,I $�% DUH RSHUDWRUV RQ DQ LQpQLWH�GLPHQVLRQDO +LOEHUW VSDFH� WKHQ

� �� �3) �$n%��

3URRI� 3URSHUW\ ��� RI 3URSRVLWLRQ � LV D SDUWLFXODU FDVH RI

���
b

1 �$�n+
c

> �+n 1 �%�
c � 1 �$n%��

,QGHHG� LI ]  
3

L [L n \L � 1 �$�n+� WKHQ HDFK [L OLHV LQ 1 �$� VR WKDW �$n%�]  
�$n%�

3

L [L n \L  
3

L $[L n%\L  �� DQG KHQFH ] � 1 �$n%�� 7KHUHIRUH�
b

1 �$�n+
c

v 1 �$n%�� 6LPLODUO\�
b

+n 1 �%�
c

v 1 �$n%�� 7KH UHYHUVH LQ�
FOXVLRQ IDLOV LI ERWK $ DQG % DUH QRW QXOO DQG QRW LQMHFWLYH� ,Q IDFW� LI $ � 2
DQG % � 2� WKHQ WDNH X � 1 �$�� [ �� 1 �$�� Y � 1 �%� DQG \ �� 1 �%� VR WKDW
�$n%��Xn \ � [n Y�  $Xn%\ � $[n%Y  �� DQG KHQFH Xn \ � [n Y �
1 �$n%��+RZHYHU� Xn \�[n Y ��

b

1 �$�n+
c

>
b

+n 1 �%�
c

�EHFDXVH [ �� 1 �$�
DQG \ �� 1 �%���

0RUHRYHU� $n% LV LQMHFWLYH LI DQG RQO\ LI $ DQG % DUH LQMHFWLYH� 7KDW LV�

��� 1 �$�  1 �%�  I�J �� 1 �$n%�  I�J�

7R YHULI\ WKH GLUHFW LPSOLFDWLRQ TXLFNO\ VXSSRVH WKDW + LV VHSDUDEOH� ,I 1 �$�  I�J
DQG 1 �%�  I�J� WKHQ 1 �$n ,�  I�J DQG 1 �, n%�  I�J �EHFDXVH , n% | 
/

Q% DQG $n , | , n$ | 
/

Q$� ZKHUH
| PHDQV XQLWDU\ HTXLYDOHQFH� DQG

VR 1 �$n%�  I�J� VLQFH $n%  �$n ,��, n%�� �5HFDOO� LI 1 �6�  I�J DQG
1 �7 �  I�J� WKHQ 1 �67 �  I�J�� 7KH FRQYHUVH IROORZV E\ ���� LI 1 �$n%�  I�J�
WKHQ 1 �$�  I�J DQG 1 �%�  I�J�

)XUWKHUPRUH� ��� DOVR HQVXUHV WKDW �LI + LV LQpQLWH�GLPHQVLRQDO�

��� GLP 1 �$� � � RU GLP 1 �%� � �  � GLP 1 �$n%�  ��

,Q IDFW� VLQFH GLP
b

1 �$�n+
c

 GLP 1 �$� c GLP+ �FI� >��� S���@� DQG� VLPLODUO\�

GLP
b

+n 1 �%�
c

 GLP+ c GLP 1 �%�� LW IROORZV E\ ��� WKDW GLP 1 �$n%�  �
ZKHQHYHU GLP 1 �$� � � RU GLP 1 �%� � ��

7KHUHIRUH�

� �� �3) �$n%��

5HDVRQ� ,I � � �3) �$n%�� WKHQ � � �3 �$n%� _ L�H�� 1 �$n%� � I�J� DQG
KHQFH 1 �$� � I�J RU 1 �%� � I�J DFFRUGLQJ WR ��� _ DQG GLP 1 �$n%� � � VR
WKDW 1 �$�  1 �%�  I�J DFFRUGLQJ WR ���� ZKLFK OHDGV WR D FRQWUDGLFWLRQ�
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3URSRVLWLRQ �� 7DNH DQ DUELWUDU\ SDLU I$�%J RI +LOEHUW VSDFH RSHUDWRUV�

�D� �3 �$� c �3 �%� ? �3) �$n%� � �3) �$� c �3) �%��

0RUHRYHU� WKH LGHQWLW\ �3 �$� c �3 �%� ? �3) �$n%�  �3) �$� c �3) �%� KROGV LI

DQG RQO\ LI �3) �$� c �3) �%� v �3) �$n%�� )XUWKHUPRUH�

�E�
b

�3 �$�Q�3) �$�
c

c�3 �%� > �3 �$� c
b

�3 �%�Q�3) �%�
c � �3 �$n%�Q�3) �$n%��

3URRI� 2EVHUYH WKDW �y, b$�n% � y, n �z, b%�  yz, b$n% IRU HYHU\ SDLU
RI VFDODUV Iy� zJ� ,I ]  

3

L [L n \L OLHV LQ 1 �y, b$�n 1 �z, b%�� WKHQ HDFK
[L OLHV 1 �y, b$� DQG HDFK \L OLHV LQ 1 �z, b%�� DQG WKHUHIRUH �yz, b$n%�]  
>�y,b$�n%@]�y, n �z,b%�@]  

3

L�y,b$�[L n%\L�
3

L y[L n �z,b%�\L  ��
+HQFH�

��� 1 �y, b$�n 1 �z, b%� v 1 �yz, b$n%��

ZKLFK H[WHQGV WKH SURSHUW\ ��� RI 3URSRVLWLRQ �� 6LQFH WKH GLPHQVLRQ RI WKH WHQVRU
SURGXFW RI WZR +LOEHUW VSDFHV LV WKH SURGXFW RI WKHLU UHVSHFWLYH GLPHQVLRQV >��� S���@�
LW IROORZV E\ WKH LQFOXVLRQ LQ ��� WKDW LI � � GLP 1 �y, b$�� � � GLP 1 �z, b%��
DQG GLP 1 �yz, b$n%� � �� WKHQ ZH PD\ LQIHU WKDW � � GLP 1 �y, b$� � ��
� � GLP 1 �z, b%� � �� DQG � � GLP 1 �yz, b$n%�� 7KHUHIRUH� LI y � �3 �$��
z � �3 �%� �VR WKDW yz � �3 �$n%� E\ ��� LQ 3URSRVLWLRQ ��� DQG yz � �3) �$n%��
WKHQ y � �3) �$� DQG z � �3) �%�� ZKLFK SURYHV WKH LQFOXVLRQ LQ �D��

�3 �$� c �3 �%� ? �3) �$n%� v �3) �$� c �3) �%��

6LQFH �3) �$� c �3) �%� v �3 �$� c �3 �%� KROGV WULYLDOO\� ZH PD\ LQIHU WKDW� LI WKH
LQFOXVLRQ �3) �$� c �3) �%� v �3) �$n%� KROGV� WKHQ ZH JHW WKH LGHQWLW\

�3 �$� c �3 �%� ? �3) �$n%�  �3) �$� c �3) �%��

DQG WKH FRQYHUVH LV FOHDU� WKH DERYH LGHQWLW\ LPSOLHV �3) �$� c �3) �%� v �3) �$n%��
2EVHUYH WKDW WKH LQFOXVLRQ LQ �E��

b

�3 �$�Q�3) �$�
c

c �3 �%� > �3 �$� c
b

�3 �%�Q�3) �%�
c

v �3 �$n%�Q�3) �$n%��

DOVR IROORZV IURP SURSHUW\ ���� VLQFH WKH GLPHQVLRQ RI WKH WHQVRU SURGXFW RI WZR
+LOEHUW VSDFHV LV WKH SURGXFW RI WKHLU UHVSHFWLYH GLPHQVLRQV� 7R YHULI\ WKDW WKH
LQFOXVLRQV LQ WKH SURSRVLWLRQ VWDWHPHQW DUH DOO SURSHU� MXVW OHW RQH RI $ RU % �RU
ERWK� KDYH ]HUR DV DQ HLJHQYDOXH RI pQLWH PXOWLSOLFLW\� DQG DSSO\ 3URSRVLWLRQ ��

)RU HYHU\ RSHUDWRU 7 OHW �LV R�7 � GHQRWH WKH VHW RI DOO LVRODWHG SRLQWV RI ��7 � DQG
SXW �DFF�7 �  ��7 �Q�LV R�7 �� WKH VHW RI DOO DFFXPXODWLRQ SRLQWV RI ��7 ��

3URSRVLWLRQ �� /HW $ DQG % EH +LOEHUW VSDFHV RSHUDWRUV�

�D� ,I �LV R�$� � " DQG �LV R�%� � "� WKHQ

�LV R�$n%� � �LV R�$� c �LV R�%��
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�E� ,I HLWKHU �LV R�$�  " RU �LV R�%�  "� WKHQ

�LV R�$n%� � I�J�

DQG �E�� � � �LV R�$� > �LV R�%� ZKHQHYHU �LV R�$n%�  I�J�

�F� ,I �LV R�$�  �LV R�%�  "� WKHQ

�LV R�$n%�  "�

3URRI� )LUVW FRQVLGHU DVVHUWLRQV �D� DQG �E�� ,I �LV R�$n%�  "� WKHQ WKH LQFOXVLRQV
LQ �D� DQG �E� KROG WULYLDOO\� 7KXV VXSSRVH �LV R�$n%� � "� ,I RQH RI $ RU %
LV TXDVLQLOSRWHQW� WKHQ WKH UHVXOWV LQ �D� DQG �E� DOVR KROG WULYLDOO\ �WKH LQFOXVLRQV
EHFRPH WKH LGHQWLW\ �LV R�$n%�  I�J�� 7KXV VXSSRVH ��$� � I�J DQG ��%� � I�J�
,I { � �LV R�$n%�� WKHQ {  yz LV DQ LVRODWHG SRLQW RI ��$n%�  ��$����%� ZLWK
y � ��$� DQG z � ��%�� DQG VR WKH LQFOXVLRQ LQ �D� LV HTXLYDOHQWO\ VWDWHG DV IROORZV�

{ � �LV R�$n%�  � {  yz IRU VRPH y � �LV R�$� DQG z � �LV R�%��

:H VKDOO VSOLW WKH SURRI RI �D� LQWR WKUHH SDUWV� YL]� �D��� �D�� DQG �D��� 7KHQ DVVXPH
WKDW �LV R�$� � " DQG �LV R�%� � "� DQG WDNH DQ DUELWUDU\ {  yz � �LV R�$n%��

�D�� 6XSSRVH yz � � VR WKDW y � � DQG z � �� ,I RQH RI WKHP� VD\ y � ��$�� LV QRW
DQ LVRODWHG SRLQW RI ��$�� WKHQ � � y � �DFF�$�� 7KXV WKHUH H[LVWV D VHTXHQFH IyQJ
RI GLVWLQFW SRLQWV LQ ��$�QIyJ VXFK WKDW yQ � y� 7KHUHIRUH� VLQFH z � �� IyQzJ LV
D VHTXHQFH RI GLVWLQFW SRLQWV LQ ��$� c ��%�QIyzJ VXFK WKDW yQz � yz� DQG VR yz
LV DQG DFFXPXODWLRQ SRLQW RI ��$� c ��%�� ZKLFK LV D FRQWUDGLFWLRQ�

�D�� 1RZ VXSSRVH yz  � VR WKDW RQH RI y RU z LV ]HUR� VD\ y  �� ,I �  y � �DFF�$��
WKHQ WKHUH H[LVWV D VHTXHQFH IyQJ RI GLVWLQFW QRQ]HUR SRLQWV LQ ��$�QI�J VXFK
WKDW yQ � y  �� ,I z � �� WKHQ IyQzJ LV D VHTXHQFH RI GLVWLQFW QRQ]HUR SRLQWV LQ
��$�c��%�QI�J VXFK WKDW yQz � yz  �� DQG VR yz  � LV DQ DFFXPXODWLRQ SRLQW RI
��$� c ��%�� ZKLFK LV DJDLQ D FRQWUDGLFWLRQ� ,I z LV DOVR ]HUR� WKHQ �DV ��%� � I�J�
WDNH DQ\ QRQ]HUR z� � ��%� VR WKDW yz  yz�  � ZLWK y  � DQG z� � �� WKXV
UHGXFLQJ WR WKH DERYH FDVH�

7KHUHIRUH� LQ DQ\ FDVH �HLWKHU yz � � RU yz  ��� LI { � �LV R�$n%�� WKHQ {  yz
IRU VRPH y � �LV R�$� DQG VRPH z � �LV R�%�� 7KLV SURYHV WKH LQFOXVLRQ LQ �D��

�D�� 0RUHRYHU� VXFK LQFOXVLRQ PD\ EH SURSHU �HYHQ LI �LV R�$n%� � "�� WDNH
��$�  I�J > >�� �@ > I�J DQG ��%�  I�J > I�J VR WKDW

��$� c ��%�  I�J > >�� �@ > I�J > I�J > >�� �@ > I�J  I�J > >�� �@ > >�� �@ > I�J�

DQG KHQFH I�� �� �� �J  �LV R�$� c �LV R�%� �v �LV R�$n%�  I�� �J�

�E� 6XSSRVH RQH RI WKH RSHUDWRUV� VD\ $� LV VXFK WKDW �LV R�$�  "� ,I WKHUH H[LVWV � � 
{  yz � �LV R�$n%�� WKHQ � � y � �DFF�$� DQG � � z � ��%� VR WKDW� IROORZLQJ
WKH VDPH DUJXPHQW LQ �D��� {  yz LV DQ DFFXPXODWLRQ SRLQW RI ��$� c ��%�� ZKLFK
LV D FRQWUDGLFWLRQ� 7KXV �LV R�$n%� v I�J� 7KLV SURYHV WKH LQFOXVLRQ LQ �E��
ZKLFK PD\ EH D SURSHU RQH DV ZHOO� )RU LQVWDQFH� LI �LV R�$�  "� � � �DFF�$� DQG
��%�  �LV R�%�  I�� �J� WKHQ ��$� c ��%�  �DFF�$� VR WKDW �LV R�$n%�  " �L�H��
��$n%�  �DFF�$�  �DFF�$n%��� 0RUHRYHU� �E�� LI �LV R�$n%�  I�J� WKHQ
� � ��$� c ��%� DQG KHQFH � OLHV LQ WKH VSHFWUXP RI RQH RI $ RU %� VD\� � � ��$��
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,I �LV R�$�  "� WKHQ � � �DFF�$� DQG VR �VLQFH ��%� � I�J� WKH VDPH DUJXPHQW DV
LQ �D�� OHDGV WR D FRQWUDGLFWLRQ� DQG WKHUHIRUH � � �LV R�$��

�F� ,I ��$�  �DFF�$� DQG ��%�  �DFF�%�� WKHQ LW LV WULYLDOO\ YHULpHG �DSSO\LQJ WKH
VDPH DUJXPHQW DV DERYH� WKDW ��$n%�  �DFF�$n%��

5HPDUN �� 7KH K\SRWKHVHV �LV R�$� � " DQG �LV R�%� � " LQ 3URSRVLWLRQ ��D� FDQ�
QRW EH GLVPLVVHG�

�LV R�$n%� �v �LV R�$� c �LV R�%� LI RQH RI �LV R�$� RU �LV R�%� LV HPSW\�

,Q SDUWLFXODU�

�LV R�$�  " RU �EXW QRW DQG� �LV R�%�  "  � �LV R�$n%�  "�

ZKLFK PHDQV WKDW �LV R�$n%� PD\ EH QRQHPSW\ ZKHQ MXVW RQH RI �LV R�$� RU �LV R�%�
LV HPSW\� )RU LQVWDQFH� LI $ KDV QR LVRODWHG SRLQW LQ LWV VSHFWUXP ��LV R�$�  "� DQG
% LV TXDVLQLOSRWHQW ���%�  �LV R�%�  I�J�� WKHQ ��$n%�  �LV R�$n%�  I�J�
+RZHYHU� �LV R�$� c �LV R�%�  "� $OVR QRWH WKDW

�LV R�$� � " DQG �LV R�%� � "  � �LV R�$n%� � "�

7KDW LV� �LV R�$n%� PD\ EH HPSW\ ZKHQ ERWK �LV R�$� DQG �LV R�%� DUH QRW HPSW\�
6DPSOH� LI ��$�  >�� �@ > I�J > >�� �@ DQG ��%�  I�J > >�� ��@� WKHQ ��$� c ��%�  
>�� �@ > I�J > >�� �@ > >�� ��@ > >�� ��@ > >��� ��@  >�� �@ > >�� ��@� )LQDOO\� UHFDOO WKDW

�DFF�$n%� v �DFF�$� c ��%� > ��$� c �DFF�%�

�DV LW LV ZHOO NQRZQ� DQG UHDGLO\ YHULpHG RQFH �DFF�$n%� LV WKH VHW RI DOO DFFXPXOD�
WLRQ SRLQWV RI WKH SURGXFW ��$� c ��%� RI FRPSDFW VHWV�� DQG QRWH WKDW WKH LQFOXVLRQ
PD\ EH SURSHU� ,QGHHG� LI $ LV TXDVLQLOSRWHQW� WKHQ VR LV $n% IRU HYHU\ %� 7KXV
�DFF�$n%�  " IRU HYHU\ %� DQG ��$� c �DFF�%�  I�J LI �DFF�%� � "�
$Q RSHUDWRU 7 LV LVRORLG LI LVRODWHG SRLQWV RI WKH VSHFWUXP DUH HLJHQYDOXHV� L�H�� LI

�LV R�7 � v �3 �7 ��

&RUROODU\ �� ,I $ DQG % DUH LVRORLG RSHUDWRUV RQ D +LOEHUW VSDFH +� WKHQ VR LV

WKH WHQVRU SURGXFW $n% RQ +n+�

3URRI� ,I �LV R�$� � " DQG �LV R�%� � " WKHQ� E\ SURSHUW\ ��� LQ 3URSRVLWLRQ � DQG
3URSRVLWLRQ ��D�� �LV R�$n%� v �LV R�$� c �LV R�$� v �3 �$� c �3 �%� v �3 �$n%�
DQG $n% LV LVRORLG� 6XSSRVH MXVW RQH RI �LV R�$� RU �LV R�%� LV HPSW\� VD\ �LV R�$�  "� VR WKDW �LV R�$n%� v I�J DFFRUGLQJ WR 3URSRVLWLRQ ��E�� ,I �LV R�$n%�  I�J�
WKHQ � � �LV R�%� E\ 3URSRVLWLRQ ��E��� DQG VR � � �3 �%�� ZKLFK LPSOLHV E\ SURSHUW\
���D� RI 3URSRVLWLRQ � WKDW � � �3 �$n%�� DQG KHQFH �LV R�$n%� v �3 �$n%��
VR WKDW $n% LV DJDLQ LVRORLG� ,I �LV R�$n%�  "� WKHQ $n% LV WULYLDOO\ LVRORLG�
ZKLFK KDSSHQV ZKHQ �LV R�$�  �LV R�%�  " E\ 3URSRVLWLRQ ��F��

&RUROODU\ � FDQQRW EH H[WHQGHG E\ UHSODFLQJ SRLQW VSHFWUXP ZLWK WKH VHW RI
HLJHQYDOXHV RI pQLWH PXOWLSOLFLW\� 7KDW LV�

�LV R�$� v �3) �$� DQG �LV R�%� v �3) �%�  � �LV R�$n%� v �3) �$n%��
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)RU LQVWDQFH� WDNH WKH GLDJRQDO $  GLDJI�� N �N � ��JNy� RQ C �� � 7KLV LV DQ LVRORLG
RSHUDWRU ZLWK �LV R�$�  �3 �$�  �3) �$�  I�� N �N � ��JNy� IRU ZKLFK � OLHV LQ
�LV R�$n$� EXW QRW LQ �3) �$n$� E\ 3URSRVLWLRQ �� +RZHYHU� ZKHQ WKH HLJHQYDO�
XHV RI pQLWH PXOWLSOLFLW\ DUH LQWHUVHFWHG ZLWK WKH LVRODWHG SRLQWV RI WKH VSHFWUXP ZH
JHW WKH IROORZLQJ XVHIXO UHVXOW IRU LVRORLG RSHUDWRUV� ZKLFK ZLOO SOD\ D FHQWUDO UROH LQ
WKH QH[W VHFWLRQ�

3URSRVLWLRQ �� ,I $ DQG % DUH LVRORLG RSHUDWRUV DFWLQJ RQ DQ LQpQLWH�GLPHQVLRQDO

+LOEHUW VSDFH� WKHQ

�LV R�$n%� ? �3) �$n%� v
b

�LV R�$� ? �3) �$�
c

c
b

�LV R�%� ? �3) �%�
c

�

3URRI� ,I �LV R�$� v I�J RU �LV R�%� v I�J� WKHQ �LV R�$n%� v I�J E\ 3URSRVLWLRQ
��D�E�F�� DQG VR �LV R�$n%� ? �3) �$n%�  " E\ 3URSRVLWLRQ � �VLQFH $ DQG %
DFW RQ DQ LQpQLWH�GLPHQVLRQDO VSDFH�� DQG WKH DERYH LQFOXVLRQ KROGV� 7KXV VXSSRVH
�LV R�$� �v I�J DQG �LV R�%� �v I�J� %\ 3URSRVLWLRQ ��D��

�LV R�$n%� ? �3) �$n%� v �LV R�$� c �LV R�%� ? �3) �$n%��

7DNH DQ DUELWUDU\ { � �LV R�$n%�?�3) �$n%� VR WKDW {  yz ZLWK y � ��$� DQG
z � ��%� E\ SURSHUW\ ��� RI 3URSRVLWLRQ �� 7KXV� DFFRUGLQJ WR WKH DERYH LQFOXVLRQ
DQG DVVXPLQJ WKDW $ DQG % DUH LVRORLG�

y � �LV R�$� v �3 �$�� z � �LV R�%� v �3 �%��

DQG yz � �3) �$n%� VR WKDW� E\ 3URSRVLWLRQ ��D��

yz � �3 �$� c �3 �%� ? �3) �$n%� v �3) �$� c �3) �%��

+HQFH �FI� SURRI RI 3URSRVLWLRQ ��D��� y � �3) �$� DQG z � �3) �%�� 7KHUHIRUH�

y � �LV R�$� ? �3) �$� DQG z � �LV R�%� ? �3) �%��

VR WKDW {  yz �
b

�LV R�$� ? �3) �$�
c

c
b

�LV R�%� ? �3) �%�
c

�

2EVHUYH WKDW WKH SUHFHGLQJ LQFOXVLRQ IRU LVRORLG RSHUDWRUV FOHDUO\ OHDGV WR

�LV R�$n%� ? �3) �$n%� v �LV R�$� c �LV R�%� ? �3) �$� c �3) �%��

&RUROODU\ �� /HW $ DQG % EH RSHUDWRUV RQ DQ LQpQLWH�GLPHQVLRQDO +LOEHUW VSDFH�

,I HLWKHU

�D� �LV R�$� c �LV R�%� v I�J �HTXLYDOHQWO\� RQH RI $ RU %� VD\ $� LV VXFK WKDW

�LV R�$� v I�J��
RU

�E� $ DQG % DUH LVRORLG DQG �LV R�$� c �LV R�%�?�3) �$� c �3) �%� v I�J �LQ SDUWLFX�

ODU� $ DQG % DUH LVRORLG DQG RQH RI $ RU %� VD\ $� LV VXFK WKDW �3) �$� v I�J��

WKHQ

�LV R�$n%� ? �3) �$n%�  "�
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3URRI� &RQVLGHU WKH K\SRWKHVLV LQ �D�� ,I �LV R�$� c �LV R�%� v I�J� WKHQ 3URSRVLWLRQ
� HQVXUHV WKDW �LV R�$n%� v I�J� 7KXV� DFFRUGLQJ WR 3URSRVLWLRQ � �VLQFH $ DQG
% DFW RQ DQ LQpQLWH�GLPHQVLRQDO VSDFH��

�LV R�$n%� ? �3) �$n%�  "�

1RZ FRQVLGHU WKH K\SRWKHVLV LQ �E�� 6LQFH $ DQG % DUH LVRORLG RSHUDWRUV DFWLQJ RQ
DQ LQpQLWH�GLPHQVLRQDO VSDFH� ZH JHW

�LV R�$n%� ? �3) �$n%� v �LV R�$� c �LV R�%� ? �3) �$� c �3) �%� v I�J

E\ 3URSRVLWLRQ � ZKHQHYHU �E� KROGV� DQG VR

�LV R�$n%� ? �3) �$n%�  "
DFFRUGLQJ WR 3URSRVLWLRQ ��

�� 7 KH : H\O 6SHF W U XP ,GHQW LW \ I RU 7 HQVRU 3U RGXF W V

/HW 7 EH DQ DUELWUDU\ RSHUDWRU RQ D +LOEHUW VSDFH +� 6HW

���7 �  
j

y � �3 �7 � � 5�y, b 7 �b  5�y, b 7 � � + DQG

GLP 1 �y, b 7 �  GLP 1 �y, b 7 e� � �
k

�

�Z�7 �  ��7 �Q���7 � DQG �E�7 �  ��7 �Q
b

�LV R�7 � ? ���7 �
c

�

ZKHUH �Z�7 � LV SUHFLVHO\ WKH :H\O VSHFWUXP RI 7 �L�H�� �Z�7 �  Iy � & � �y, b 7 �
LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HURJ_ VHH H�J�� >�@�� DQG �E�7 � LV WKH %URZGHU
VSHFWUXP RI 7 � $OVR FRQVLGHU WKH HVVHQWLDO VSHFWUXP RI 7 � GHpQHG DV IROORZV�

�H�7 �  
j

y � & � �y, b 7 � LV QRW D )UHGKROP RSHUDWRU
k

�

&OHDUO\� �H�7 � v �Z�7 � v �E�7 � v ��7 �� ���7 � v �3) �7 �� �DFF�7 � v �E�7 � DQG
�E�7 �  �Z�7 � > �DFF�7 �� 0RUHRYHU� LW LV DOVR NQRZQ WKDW �E�7 �  �H�7 � > �DFF�7 ��
DQG VR �Z�7 �Q�H�7 � v �DFF�7 � �VHH H�J�� >�@�� %XW� LQ JHQHUDO� ���7 � PD\ QRW FRQVLVW
RI LVRODWHG SRLQWV RQO\ RU� HTXLYDOHQWO\� �DFF�7 � PD\ QRW EH LQFOXGHG LQ �Z�7 �� $Q
RSHUDWRU 7 LV VDLG WR VDWLVI\ :H\O
V WKHRUHP LI

���7 �  �LV R�7 � ? �3) �7 ��

DQG LW LV VDLG WR VDWLVI\ %URZGHU
V WKHRUHP LI

���7 � v �LV R�7 � ? �3) �7 ��

ZKLFK PHDQV WKDW 7 VDWLVpHV %URZGHU
V WKHRUHP LI DQG RQO\ LI

���7 � v �LV R�7 �� WKDW LV� �DFF�7 � v �Z�7 �� HTXLYDOHQWO\� �Z�7 �  �E�7 ��

7KHVH DUH WKH XVXDO WHUPLQRORJLHV� DQG ZH VKDOO VWLFN WR WKHP� DOWKRXJK VD\LQJ
WKDW 7 ?VDWLVpHV :H\O
V �RU %URZGHU
V� SURSHUW\�� UDWKHU WKDQ ?VDWLVpHV :H\O
V �RU
%URZGHU
V� WKHRUHP�� ZRXOG FHUWDLQO\ EH PRUH DSSURSULDWH� ,W LV DOVR XVXDO WR ZULWH
}��7 �  �LV R�7 � ? ���7 � DQG }���7 �  �LV R�7 � ? �3) �7 �� EXW ZH VKDOO UHIUDLQ IURP
XVLQJ DGGLWLRQDO QRWDWLRQV� ,W LV SODLQ WKDW� LI 7 VDWLVpHV :H\O
V WKHRUHP� WKHQ LW
DOVR VDWLVpHV %URZGHU
V WKHRUHP� 1RWH WKDW� LI �Z�7 �  �DFF�7 �� WKHQ 7 VDWLVpHV
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:H\O
V WKHRUHP� �5HDVRQ� �Z�7 �  �DFF�7 � PHDQV ���7 �  �LV R�7 �� ZKLFK LPSOLHV
���7 �  �LV R�7 � ? �3) �7 � EHFDXVH ���7 � v �3) �7 ��� ,Q IDFW�

7 VDWLVpHV %URZGHU
V WKHRUHP EXW QRW :H\O
V  � �Z�7 �?�LV R�7 �?�3) �7 � � "�

7KH IROORZLQJ UHVXOWV RQ %URZGHU DQG :H\O VSHFWUD IRU WKH WHQVRU SURGXFW RI DQ\
SDLU I$�%J RI +LOEHUW VSDFH RSHUDWRUV DUH ZHOO NQRZQ�

�L� �H�$n%�  �H�$� c ��%� > ��$� c �H�%��

�LL� �Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%��

�LLL� �E�$n%�  �E�$� c ��%� > ��$� c �E�%��

>�� 7KHRUHP ����F�I�D�@� 7KHVH ZLOO EH UHIHUUHG WR DV WKH HVVHQWLDO VSHFWUXP LGHQWLW\�
WKH :H\O VSHFWUXP LQFOXVLRQ� DQG WKH %URZGHU VSHFWUXP LGHQWLW\� UHVSHFWLYHO\� ,W
LV QRW NQRZQ LI WKH LQFOXVLRQ LV SURSHU� ,Q RWKHU ZRUGV� LW LV VWLOO XQNQRZQ ZKHWKHU
WKH :H\O VSHFWUXP LGHQWLW\

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�

KROGV IRU HYHU\ SDLU RI +LOEHUW VSDFH RSHUDWRUV$ DQG%� 6LQFH LQ D pQLWH�GLPHQVLRQDO
VHWWLQJ WKH:H\O VSHFWUXP LGHQWLW\ KROGV WULYLDOO\ �EHFDXVH� LQ WKLV FDVH� WKH %URZGHU
VSHFWUXP LV HPSW\� DQG VR DUH WKH :H\O DQG WKH HVVHQWLDO VSHFWUD�� LW IROORZV WKDW
WKH QH[W UHVXOWV DUH VLJQLpFDQW RQO\ RQ LQpQLWH�GLPHQVLRQDO VSDFHV� )RU LQVWDQFH�
SXW +  C �� � OHW $ DQG % EH DUELWUDU\ RSHUDWRUV RQ C �� � DQG OHW ' EH DQ LQMHFWLYH
GLDJRQDO RQ C �� � ,W LV HDV\ WR VKRZ WKDW �3) �' n%�  �3) �$n'�  "� VR

�Z�' n%�  ��' n%� DQG �Z�$n'�  ��$n'��

DQG WKLV OHDGV WR WKH :H\O VSHFWUXP LGHQWLW\ �FI� &RUROODU\ � EHORZ��

)RU WKH FRPSOHPHQW ���$n%� RI �Z�$n%� ZH JHW WKH IROORZLQJ EDVLF UHVXOW�

3URSRVLWLRQ �� )RU HYHU\ SDLU I$�%J RI RSHUDWRUV RQ D +LOEHUW VSDFH +�

�D� � �� ���$n%� ZKHQHYHU + LV LQpQLWH�GLPHQVLRQDO� DQG

�E� ��$n%�
sb

�Z�$� c ��%� > ��$� c �Z�%�
c

v ���$� c ���%��

7KHUHIRUH� LI WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU $ DQG %� WKHQ

�E�� ���$n%� v ���$� c ���%��

3URRI� 3URSRVLWLRQ � VD\V WKDW� LI $ DQG % DFW RQ DQ LQpQLWH�GLPHQVLRQDO +LOEHUW
VSDFH� WKHQ � �� �3) �$n%�� 6LQFH ���7 � v �3) �7 � IRU HYHU\ +LOEHUW VSDFH RSHUDWRU
7 � ZH JHW WKH UHVXOW LQ �D�� 6LQFH ��$n%�  ��$� c ��%�� LW IROORZV WKDW

��$n%�
sb

���$� c ���%�
c

 
j

{ � ��$� c ��%� � { � }~� IRU DOO �}� ~� � ���$�d ���%�
k

v
j

{  yz � y � ��$� DQG z � ��%�� y �� ���$� RU z �� ���%�
k

 
j

{  yz � y � ��$� DQG z � ��%�� y � �Z�$� RU z � �Z�%�
k

 �Z�$� c ��%� > ��$� c �Z�%��
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ZKLFK HQVXUHV WKH LQFOXVLRQ LQ �E�� DQG KHQFH WKH LQFOXVLRQ LQ �E���

5HPDUN �� 7KH LQFOXVLRQV LQ 3URSRVLWLRQV � DQG � PD\ EH SURSHU� HYHQ LI WKH
RSHUDWRUV DUH LVRORLG� VDWLVI\ :H\O
V WKHRUHP WRJHWKHU ZLWK WKHLU WHQVRU SURGXFW� DQG
WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU WKHP� 7KDW LV� WKHUH H[LVW LVRORLG RSHUDWRUV
$ DQG % VXFK WKDW $� %� DQG $n% VDWLVI\ :H\O
V WKHRUHP� DQG

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%�

EXW
���$� c ���%� �v ���$n%�

RU� HTXLYDOHQWO\ �VLQFH WKH\ DOO VDWLVI\ :H\O
V WKHRUHP��
b

�LV R�$� ? �3) �$�
c

c
b

�LV R�%� ? �3) �%�
c

�v �LV R�$n%� ? �3) �$n%��

,QGHHG� WDNH

$  �j ,  

v

�
,

w

DQG %  GLDJI�� �J j �,  

�

#

�
�
�,

�

$

RQ C �� VR WKDW

$n%  �% j , n%  

v

�%
, n%

w

 

�

%

%

#

�%
%

%
� � �

�

&

&

$

�

+HQFH

��$�  �LV R�$�  �3 �$�  I�� �J� ��%�  �LV R�%�  �3 �%�  I�� �� �J�

���$�  �3) �$�  I�J� �Z�$�  I�J� ���%�  �3) �%�  I�� �J� �Z�%�  I�J�

��$n%�  �LV R�$n%�  I�� �� �� �� ��J DQG ���$n%�  �3) �$n%�  I�J�

7KHUHIRUH�

I�J  ���$n%� ~ ���$� c ���%�  I�� �J
DQG

I�� �� ��J  ��$n%�Q
b

���$� c ���%�
c

~ �Z�$� c ��%� > ��$� c �Z�%�  �Z�$n%�  I�� �� �� ��J�

6LQFH $� % DQG $n% DUH VHOI�DGMRLQW� WKH\ DOO VDWLVI\ :H\O
V WKHRUHP� 7KXV WKH
LQFOXVLRQV LQ 3URSRVLWLRQV � DQG � PD\ EH SURSHU HYHQ LI $ DQG % DUH LVRORLG
RSHUDWRUV WKDW VDWLVI\ :H\O
V WKHRUHP �ZLWK $n% EHLQJ LVRORLG DQG DOVR VDWLVI\LQJ
:H\O
V WKHRUHP�� DQG IRU ZKLFK WKH :H\O VSHFWUXP LGHQWLW\ KROGV�

%\ 3URSRVLWLRQ ��D�� ZKLFK KROGV LQ DQ LQpQLWH�GLPHQVLRQDO VHWWLQJ� LW IROORZV
WKDW� LI � � ��$n%�� WKHQ � � �Z�$n%�� 5HFDOO WKDW �Z�7 � LV QHYHU HPSW\ LI
7 DFWV RQ DQ LQpQLWH�GLPHQVLRQDO +LOEHUW VSDFH� DQG 7 LV D FRPPXWDWRU ZKHQ�
HYHU � � �Z�7 �� +HQFH� RQ DQ LQpQLWH�GLPHQVLRQDO VSDFH� $n% LV D FRPPXWDWRU
ZKHQHYHU � � ��$n%� RU� HTXLYDOHQWO\� ZKHQHYHU � � ��$� > ��%� _ FI� >�@�

3URSRVLWLRQ �� /HW $ DQG % EH RSHUDWRUV DFWLQJ RQ DQ LQpQLWH�GLPHQVLRQDO +LOEHUW

VSDFH DQG WDNH WKHLU WHQVRU SURGXFW $n%� (DFK RI WKH IROORZLQJ FRQGLWLRQV
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�D� �Z�$n%�  �E�$n%��

�E� �H�$�QI�J  �Z�$�QI�J DQG �H�%�QI�J  �Z�%�QI�J�

�F� �Z�$�  �Z�%�  I�J�

LPSOLHV WKH :H\O VSHFWUXP LGHQWLW\

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%��

3URRI� 6LQFH �Z�7 � v �E�7 � IRU HYHU\ +LOEHUW VSDFH RSHUDWRU 7 � LW IROORZV E\ �LL�
DQG �LLL� WKDW� LI �D� KROGV� WKHQ

�Z�$n%� v �Z�$� c ��%� > ��$� c �Z�%�

v �E�$� c ��%� > ��$� c �E�%�  �E�$n%�  �Z�$n%��

DQG VR �D� LPSOLHV WKH :H\O VSHFWUXP LGHQWLW\� 7KDW LV� LI $n% VDWLVpHV %URZGHU
V
WKHRUHP� WKHQ WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU $ DQG %� 6LQFH �H�7 � v �Z�7 �
IRU HYHU\ +LOEHUW VSDFH RSHUDWRU 7 � LW IROORZV E\ �L� DQG �LL� WKDW� LI �E� KROGV� WKHQ

�Z�$n%�QI�J v �Z�$�QI�J c ��%�QI�J > ��$�QI�J c �Z�%�QI�J

 �H�$�QI�J c ��%�QI�J > ��$�QI�J c �H�%�QI�J

 �H�$n%�QI�J v �Z�$n%�QI�J�

DQG VR �E� LPSOLHV

�Z�$n%�QI�J  �Z�$�QI�J c ��%�QI�J > ��$�QI�J c �Z�%�QI�J�

ZKLFK LQ WXUQ LPSOLHV WKH :H\O VSHFWUXP LGHQWLW\ EHFDXVH � � ��$� > ��%� LI DQG
RQO\ LI � � �Z�$n%� E\ 3URSRVLWLRQV ���� DQG ��D�� 5HFDOO WKDW WKH :H\O VSHFWUXP
LV QRQHPSW\ RQ DQ LQpQLWH�GLPHQVLRQDO VHWWLQJ >�@� ,I �F� KROGV �L�H�� LI �Z�$�  
�Z�%�  I�J� H�J�� LI $ DQG % DUH FRPSDFW RQ DQ LQpQLWH�GLPHQVLRQDO VSDFH >�@��
WKHQ �Z�$n%�  I�J E\ �LL�� WKXV VDWLVI\LQJ WKH :H\O VSHFWUXP LGHQWLW\�

&RUROODU\ �� 2Q DQ LQpQLWH�GLPHQVLRQDO VSDFH� HDFK RI WKH IROORZLQJ FRQGLWLRQV

�D�� �Z�$n%�  ��$n%��

�D��� �H�$n%�  �E�$n%��

�D���� ���$n%�  �LV R�$n%� ? �3) �$n%��

�E�� �DFF�$� v I�J DQG �DFF�%� v I�J�

LPSOLHV WKH :H\O VSHFWUXP LGHQWLW\ IRU $ DQG %�

3URRI� 5HFDOO WKDW �H�7 � v �Z�7 � v �E�7 � v ��7 � DQG �Z�7 �Q�H�7 � v �DFF�7 � IRU
HYHU\ +LOEHUW VSDFH RSHUDWRU 7 � 7KXV DQ\ RI �D�� RU �D��� LPSOLHV WKH FRQGLWLRQ
�D� RI 3URSRVLWLRQ �� DQG �E�� �ZKLFK KROGV� IRU LQVWDQFH� LI $ DQG % DUH FRPSDFW�
LPSOLHV WKH FRQGLWLRQ �E� RI 3URSRVLWLRQ �� 6LQFH DQ RSHUDWRU WKDW VDWLVpHV :H\O
V
WKHRUHP QHFHVVDULO\ VDWLVpHV %URZGHU
V WKHRUHP� LW IROORZV WKDW �D���� DOVR LPSOLHV
WKH FRQGLWLRQ �D� RI 3URSRVLWLRQ ��
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�� 2Q : H\O DQG %U RZ GHU 
V 7 KHRU HP V I RU 7 HQVRU 3U RGXF W V

,I $n% VDWLVpHV %URZGHU
V WKHRUHP� WKHQ WKH :H\O VSHFWUXP LGHQWLW\ KROGV E\
3URSRVLWLRQ ��D�� 7KH pUVW SDUW RI RXU QH[W UHVXOW HQVXUHV WKH FRQYHUVH ZKHQ HDFK
RI WKH RSHUDWRUV VDWLVpHV %URZGHU
V WKHRUHP� 7KH VHFRQG SDUW HVWDEOLVKHV VXrFLHQW
FRQGLWLRQV IRU WUDQVIHUULQJ :H\O
V WKHRUHP IURP LVRORLG RSHUDWRUV WR WKHLU WHQVRU
SURGXFW� :H DVVXPH WKURXJKRXW WKLV VHFWLRQ WKDW DOO RSHUDWRUV DFW RQ DQ LQpQLWH�
GLPHQVLRQDO VSDFH�

3URSRVLWLRQ �� 6XSSRVH WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU D SDLU RI +LOEHUW

VSDFH RSHUDWRUV $ DQG %�

�Z�$n%�  �Z�$� c ��%� > ��$� c �Z�%��

�D� ,I ERWK $ DQG % VDWLVI\ %URZGHU
V WKHRUHP� WKHQ WKH WHQVRU SURGXFW $n%
VDWLVpHV %URZGHU
V WKHRUHP�

�E� ,I $ DQG % DUH ERWK LVRORLG DQG VDWLVI\ :H\O
V WKHRUHP� WKHQ

���$n%� v �LV R�$n%� ? �3) �$n%� v ���$� c ���%��

3URRI� �D� 5HFDOO IURP 5HPDUN � WKDW

�DFF�$n%� v �DFF�$� c ��%� > ��$� c �DFF�%��

7KXV� LI $ DQG % VDWLVI\ %URZGHU
V WKHRUHP� ZKLFK PHDQV WKDW �DFF�$� v �Z�$�
DQG �DFF�%� v �Z�%�� DQG LI WKH :H\O VSHFWUXP LGHQWLW\ KROGV� WKHQ

�DFF�$n%� v �Z�$� c ��%� > ��$� c �Z�%�  �Z�$n%��

DQG KHQFH $n% VDWLVpHV %URZGHU
V WKHRUHP� FRPSOHWLQJ WKH SURRI RI �D��

�E� ,I $ DQG % VDWLVI\ :H\O
V WKHRUHP� WKHQ WKH\ VDWLVI\ %URZGHU
V WKHRUHP� DQG
VR $n% VDWLVpHV %URZGHU
V WKHRUHP DFFRUGLQJ WR LWHP �D�� ZKLFK PHDQV WKDW

���$n%� v �LV R�$n%� ? �3) �$n%��

,I $ DQG % VDWLVI\ :H\O
V WKHRUHP DQG DUH LVRORLG� WKHQ 3URSRVLWLRQ � HQVXUHV WKDW

�LV R�$n%� ? �3) �$n%� v ���$� c ���%��

7KXV ���$n%� v �LV R�$n%� ? �3) �$n%� v ���$� c ���%�� SURYLQJ �E��

6XrFLHQW FRQGLWLRQV IRU WKH WUDQVIHUHQFH RI :H\O
V WKHRUHP IURP $ DQG % WR$n%
DUH REWDLQHG IURP 3URSRVLWLRQ ��E� DV LQ WKH IRUWKFRPLQJ &RUROODULHV � DQG ��

&RUROODU\ �� 6XSSRVH WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU D SDLU RI +LOEHUW VSDFH

RSHUDWRUV $ DQG %� ,I

�D�
b

�Z�$� c ��%� > ��$� c �Z�%�
c

?
b

���$� c ���%�
c

 "�

WKHQ

�E�
K

b

���$� c ���%�
cs

���$n%�
L

? �LV R�$n%� ? �3) �$n%�  "�

0RUHRYHU� LI $ DQG % DUH ERWK LVRORLG DQG VDWLVI\ :H\O
V WKHRUHP� DQG LI �E� KROGV�
WKHQ WKH WHQVRU SURGXFW $n% VDWLVpHV :H\O
V WKHRUHP�
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3URRI� 6XSSRVH WKH :H\O VSHFWUXP LGHQWLW\ KROGV IRU WKH RSHUDWRUV $ DQG %� ,I �D�
KROGV� WKHQ ���$� c ���%� v ���$n%�� ZKLFK LPSOLHV �E�� 1RZ VXSSRVH $ DQG %
DUH ERWK LVRORLG DQG VDWLVI\ :H\O
V WKHRUHP� $FFRUGLQJ WR 3URSRVLWLRQ ��E�

�LV R�$n%� ? �3) �$n%� v ���$� c ���%�

VR WKDW
b

�LV R�$n%� ? �3) �$n%�
cs

���$n%� v
b

���$� c ���%�
cs

���$n%��

7KXV� LI �E� KROGV� WKHQ
b

�LV R�$n%� ? �3) �$n%�
cs

���$n%�  "�

HTXLYDOHQWO\�

�LV R�$n%� ? �3) �$n%� v ���$n%��

7KHUHIRUH� VLQFH 3URSRVLWLRQ ��E� DOVR HQVXUHV WKDW

���$n%� v �LV R�$n%� ? �3) �$n%��

ZH JHW

���$n%�  �LV R�$n%� ? �3) �$n%��

ZKLFK FRPSOHWHV WKH SURRI�

&RQVHTXHQFHV RI WKH SUHFHGLQJ FRUROODU\ DUH VXPPDUL]HG DV IROORZV�

&RUROODU\ �� ,I WKH :H\O
V VSHFWUXP LGHQWLW\ KROGV IRU $ DQG %� ERWK EHLQJ LVRORLG

DQG VDWLVI\LQJ :H\O
V WKHRUHP� DQG LI HLWKHU

�D� ���$� c ���%� v ���$n%�� RU

�E� RQH RI WKHP� VD\ $� LV VXFK WKDW ���$� v I�J� RU

�F� �LV R�$n%� ? �3) �$n%� v I�J�

WKHQ WKH WHQVRU SURGXFW $n% VDWLVpHV :H\O
V WKHRUHP �DQG� LQ FDVH RI �E� RU �F��
ZLWK ���$n%�  "��
3URRI� &RUROODU\ � �FI� 3URSRVLWLRQV � DQG ���

2EVHUYH IURP 3URSRVLWLRQ ��E�� WKDW DVVXPLQJ WKH LQFOXVLRQ LQ &RUROODU\ ��D� _
RU� HTXLYDOHQWO\� WKH LQWHUVHFWLRQ LQ &RUROODU\ ��D� _ LV HTXLYDOHQW WR DVVXPLQJ WKH
LGHQWLW\ ���$n%�  ���$� c ���%��

)LQDOO\� 3URSRVLWLRQ ��D� LV HQRXJK WR HQVXUH WKDW %URZGHU
V WKHRUHP WUDQVIHUV

IURP $ DQG % WR $n% LI DQG RQO\ LI WKH :H\O VSHFWUXP LGHQWLW\ KROGV�

&RUROODU\ �� $n% VDWLVpHV %URZGHU
V WKHRUHP ZKHQHYHU ERWK $ DQG % VDWLVI\

%URZGHU
V WKHRUHP LI DQG RQO\ LI WKH :H\O VSHFWUXP LGHQWLW\ KROGV�

3URRI� 3URSRVLWLRQ ��D� DQG 3URSRVLWLRQ ��D��

)RU DQRWKHU QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU WKH WUDQVIHUHQFH RI %URZGHU
V
WKHRUHP IURP $ DQG % WR $n% VHH >�� 7KHRUHP ���@�
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5HI HU HQF HV

�� 6 �.� % HU E HU LDQ � $ Q H[W HQ VLRQ RI : H\ O
V W KHRU HP W R D FODVV RI Q RW Q HFHVVDU LO\ Q RU PDO RSHU DW RU V�
0LFK LJDQ 0DWK � - � �� ������� ���^����

�� 6 �.� % HU E HU LDQ � 7 KH : H\ O VSHFW U XP RI DQ RSHU DW RU � ,Q G LDQ D 8 Q LY � 0DWK � - � �� ������� ���^
����

�� $ � % U RZ Q DQ G & � 3 HDU F\ � 6 SHFW U D RI W HQ VRU SU RGXFW V RI RSHU DW RU V� 3 U RF� $ P HU � 0DWK � 6 RF� ��
������� ���^����

�� % �3 � 'X JJDO� %U RZ GHU :̂ H\ O W KHRU HPV� W HQ VRU SU RGXFW V DQ G PXOW LSOLFDW LRQ V� S U H�S U LQ W �������
�� % �3 � 'X JJDO DQ G & �6 � .X E U X VO\ � : H\ O
V W KHRU HP IRU GLU HFW VXPV� 6 WX G LD 6 FL� 0DWK � + X Q JDU �

�� ������� ���^����
�� 5� + DU WH DQ G : �< � /HH� $ Q RW KHU Q RW H RQ : H\ O
V W KHRU HP� 7 U DQ V� $ P HU � 0DWK � 6 RF� ���

������� ����^�����
�� 7 � ,FK LQ RVH� 6 SHFW U DO SU RSHU W LHV RI W HQ VRU SU RGXFW V RI OLQ HDU RSHU DW RU V , � 7 U DQ V� $ P HU � 0DWK �
6 RF� ��� ������� ��^����

�� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU � % RVWRQ � �����
�� & �6 � .X E U X VO\ � $ FRQ FLVH LQ W U RGXFW LRQ W R W HQ VRU SU RGXFW � )DU ( DVW - � 0DWK � 6 FL� �� �������
���^����

��� < ��0� 6 RQ J DQ G $ ��+ � .LP � : H\ O
V W KHRU HP IRU W HQ VRU SU RGXFW V� *ODVJRZ � 0DWK � - � �� �������
���^����

��� - � : HLG P DQ Q � / LQ HDU 2SHU DW RU V LQ + LOEHU W 6 SDFHV� 6 S U LQ JHU � 1 HZ < RU N � �����

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU

� 5HGZ RRG * U RYH� 1RU W KI LHO GV $YHQXH� (DO LQJ� /RQGRQ : � � 6=� (QJO DQG� 8�. �

( � PDLO DGGU HVV� ESGXJJDO#\DKRR�FR�XN


