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$EVW U DF W � % \ G HFRP S RVLQ J DQ HOHP HQ W RI D VHT X HQ FH _ RI + LOE HU W VS DFH

E RX Q G HG OLQ HDU RS HU DWRU V _ LQ WR WK H VX P RI D ORZ HU OHY HO HOHP HQ W DQ G VHY �
HU DO K LJK HU OHY HO HOHP HQ WV� RQ H RE WDLQ V D 0X OWLOHY HO 'HFRP S RVLWLRQ �0/'� RI
WK H HOHP HQ W� 0RU HRY HU � DV Z H VK DOO VK RZ � VX FK D G HFRP S RVLWLRQ FDQ U HVX OW LQ D
0X OWLOHY HO $ S S U R[ LP DWLRQ �0/$ � RI Y HFWRU V RI WK H VS DFH� ,Q S DU WLFX ODU � IRU WK H
IX Q FWLRQ VS DFH / ��5�� WK H 0/' RI HOHP HQ WV RI D VHT X HQ FH RI RU WK RJRQ DO S U R�
MHFWLRQ V 3P U HVX OWV LQ WK H Z HOO N Q RZ Q 0X OWLU HVROX WLRQ $ S S U R[ LP DWLRQ �05$ �
RI : DY HOHW 7 K HRU \ � $ OVR IRU WK H VHT X HQ FH RI HOHP HQ WV 3P'P� Z K HU H ' LV WK H
/ ��5��G \ DG LF�VFDOH RS HU DWRU � 0/' DOVR \ LHOG V DQ DS S U R[ LP DWLRQ IRU IX Q FWLRQ V
RI WK H VS DFH / ��5�� $ Q LQ WHU HVWLQ J IHDWX U H RI 0/' LV WK DW LW OHDG V WR D Q HZ
LQ WHU S U HWDWLRQ RI WK H 'LODWLRQ �E \ �V RS HU DWRU DV D ?WLP H�Y DU \ LQ J� VK LIW RS HU DWRU �

�� ,QW U RGXF W LRQ

:H VWXG\ DSSOLFDWLRQ RI ZKDW ZH GHpQH DV D QDWXUDO PXOWLOHYHO GHFRPSRVLWLRQ� RI
HOHPHQWV RI VHTXHQFHV RI +LOEHUW VSDFH ERXQGHG OLQHDU RSHUDWRUV� WR DSSUR[LPDWLRQ
RI YHFWRUV LQ WKH VSDFH�

/HW = VWDQG IRU WKH VHW RI DOO LQWHJHUV� DQG + IRU D �QRQ]HUR� FRPSOH[� LQpQLWH�
GLPHQVLRQDO� VHSDUDEOH +LOEHUW VSDFH� %\ DQ RSHUDWRU RQ + ZH PHDQ D ERXQGHG
OLQHDU WUDQVIRUPDWLRQ RI + LQWR LWVHOI� /HW I$PJP� = EH D IDPLO\ RI RSHUDWRUV RQ +�
(DFK $P� WR EH UHIHUUHG WR DV WKH OHYHO�P HOHPHQW� FDQ EH QDWXUDOO\ GHFRPSRVHG DV

$P  $Pb� � �$P b$Pb��� P � =������

ZKLFK LV VLPSO\ WKH VXP RI WKH ORZHU OHYHO HOHPHQW $Pb� DQG WKH ?GLoHUHQFH�
HOHPHQW $P b$Pb�� 5HSHDWLQJ WKH GHFRPSRVLWLRQ ZLWK $M RQ WKH ULJKW KDQG VLGH
LQVWHDG RI $Pb�� IRU DQ\ M�P � = VXFK WKDW M � P� ZH REWDLQ

$P  $M �$P b$M  $M �
P;

N  M � �

$N b
Pb�;

N  M

$N  $M �
Pb�;

N  M

$N � � b
Pb�;

N  M

$N�

ZKLFK \LHOGV D 0XOWLOHYHO 'HFRPSRVLWLRQ �0/'� RI $P�

$P  $M �
Pb�;

N  M

(N� M � P� M�P � =������

ZKHUH $M LV D ORZHU OHYHO HOHPHQW DQG (N� FDOOHG GLoHUHQFH HOHPHQW DW OHYHO�N �RU �
vD OD :DYHOHW 7KHRU\� qXFWXDWLRQ RU GHWDLO HOHPHQW�� LV GHpQHG DV

(N � $N � � b$N� N � >M� Pb �@������

' DW H� 1 RY HP E HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV� 0X OWLOHY HO 'HFRP S RVLWLRQ � 0X OWLOHY HO $ S S U R[ LP DWLRQ � 0X OWLU HVROX WLRQ $ S S U R[ LP D�

WLRQ � 6 FDOLQ J 2S HU DWRU V DQ G 7 LP H�9 DU \ LQ J 6 K LIWV RQ / ��5��
�
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:H WKHUHIRUH FRQFOXGH WKDW DQ\ HOHPHQW $P RI WKH IDPLO\ I$PJ RI RSHUDWRUV FDQ EH
GHFRPSRVHG LQWR WKH VXP RI DQ\ ORZHU OHYHO HOHPHQW DQG WKH GLoHUHQFH HOHPHQWV IRU
DOO OHYHOV QRW JUHDWHU WKDQ Pb �� /HW 5�$P� GHQRWH WKH UDQJH RI $P DQG VXSSRVH

5�$P�  5�$M�j5�(M�j c c c j 5�(Pb��  5�$M�j
Pb�0

N  M

5�(N������

IRU HDFK P � =� 0RUHRYHU� LI WKH RUWKRJRQDO SURMHFWLRQ RI DQ\ K � + RQWR 5�$P�
FDQ EH FRPSXWHG LQ WHUPV RI WKRVH RI K RQWR WKH VXEVSDFHV RQ WKH ULJKW KDQG VLGH�
WKHQ RQH REWDLQV DQ DSSUR[LPDWLRQ RI K DW OHYHO�P� LQ WHUPV RI WKH DSSUR[LPDWLRQ
DW OHYHO�M DQG WKH GLoHUHQFH�DSSUR[LPDWLRQV DW OHYHOV N � >M� Pb�@� 7KHVH EHJLQ WR
VRXQG OLNH 0XOWLUHVROXWLRQ $SSUR[LPDWLRQ �RU $QDO\VLV� �05$� RI :DYHOHW 7KHRU\�

7KLV SDSHU LV D ?IROORZ�XS� RI >�@ LQ ZKLFK ZH VKRZ WKDW 0XOWLUHVROXWLRQ $SSUR[�
LPDWLRQ LQYROYHV ERWK VFDOH VXEVSDFHV DV ZHOO DV WLPH�VKLIW VXEVSDFHV� +HUH ZH VKRZ
WKDW DSSUR[LPDWLRQ RI YHFWRUV RI D VHSDUDEOH +LOEHUW VSDFH + FDQ EH REWDLQHG IURP
D QDWXUDO PXOWLOHYHO GHFRPSRVLWLRQ RI ?VXLWDEOH� VHTXHQFHV RI RSHUDWRUV GHpQHG RQ
WKH VSDFH _ LQVWHDG RI PXOWLOHYHO�GHFRPSRVLQJ WKH YHFWRUV WKHPVHOYHV� :H EHJLQ
LQ 6HFWLRQ � E\ FRQVLGHULQJ D VHTXHQFH RI RUWKRJRQDO SURMHFWLRQV I3PJP� = RQ +�
7KLV� IRU WKH IXQFWLRQ VSDFH / ��5�� UHVXOWV LQ WKH ZHOO NQRZQ :DYHOHW 7KHRU\ 0XO�
WLUHVROXWLRQ $SSUR[LPDWLRQ� :H WKHQ WXUQ WR WKH FDVH RI D VHTXHQFH RI SRZHUV RI
DQ RSHUDWRU� LQ SDUWLFXODU� SRZHUV RI WKH G\DGLF�VFDOH RSHUDWRU ' RQ / ��5�� GHpQHG
IRU HYHU\ IXQFWLRQ I � / ��5� E\

�'I��W�  
S
� I

b
��W�

c
�����

�IRU DOPRVW DOO W LQ 5 ZLWK UHVSHFW WR /HEHVJXH PHDVXUH�� :H WKHQ FRPELQH WKRVH
WZR FDVHV WR REWDLQ D QHZ DOJRULWKP IRU FRPSXWLQJ DSSUR[LPDWLRQ DW DQ\ OHYHO�P RI
D / ��5� IXQFWLRQ� :H FORVH WKH SDSHU ZLWK DQ RULJLQDO LQWHUSUHWDWLRQ RI WKH G\DGLF�
VFDOH RSHUDWRU '� YLD PXOWLOHYHO GHFRPSRVLWLRQ RI SRZHUV RI D ?VFDOLQJ� VFDODU�

�� 0 XO W LO HYHO 'HF RP SRVLW LRQ RI 2U W KRJRQDO 3U RMHF W LRQV

/HW I3PJP� = EH D VHTXHQFH RI RUWKRJRQDO SURMHFWLRQV RQ +� $FFRUGLQJ WR �����

3P  3M �
Pb�;

N  M

�3N � � b 3N�������

 3M �
Pb�;

N  M

4N� IRU M � P� P � =������

ZKHUH WKH GLoHUHQFH HOHPHQW (N RI ����� LV QRZ UH�GHQRWHG E\

4N � 3N � � b 3N� N � >M� Pb �@�
,W WKHQ IROORZV WKDW� IRU HYHU\ K � +�

3PK  3MK�
Pb�;

N  M

�3N � �Kb 3NK�� M � P� P � =������

7KXV WKH OHYHO�P DSSUR[LPDWLRQ 3PK FDQ EH ?GHFRPSRVHG LQWR�� RU ?FRPSXWHG
IURP�� WKH VXP RI WKH DSSUR[LPDWLRQ DW OHYHO�M DQG WKH GLoHUHQFHV RI WKH DSSUR[L�
PDWLRQV DW FRQVHFXWLYH OHYHOV LQ WKH LQWHUYDO >M� Pb �@� :H QRWH WKDW �3N � � b 3N�K
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QHHGV QRW EH DQ DSSUR[LPDWLRQ RI K RQ WKH UDQJH VSDFH 5�3N � � b 3N� _ XQOHVV
3N � �b3N LV DOVR DQ RUWKRJRQDO SURMHFWLRQ� 7KLV LPSRUWDQW FDVH LV GLVFXVVHG EHORZ�

1RZ� DV LQ WKH FDVH RI D / ��5� 05$ �VHH 'HpQLWLRQ � EHORZ�� VXSSRVH
3� � OLP

P� �
3P  ,������

3b� � OLP
P� b�

3P  2������

ZKHUH , VWDQGV IRU WKH LGHQWLW\ RSHUDWRU DQG 2 IRU WKH QXOO RSHUDWRU� ERWK RQ
+� ,W LV ZRUWK QRWLFLQJ WKDW WKH DERYH OLPLWV DUH WR EH LQWHUSUHWHG LQ WKH VWURQJ
WRSRORJ\ �DQG QRW LQ WKH XQLIRUP WRSRORJ\�� ZKLFK PHDQV WKDW N�3P b ,�KN � �
DQG N�3bP b2�KN � � DV P � � IRU HYHU\ K � +� 7KXV� DFFRUGLQJ WR ������

;

N � =
�3N � � b 3N�K  

;

N � =
4NK  OLP

P� �
3PKb OLP

M � b�
3M  ,K  K�����

IRU HYHU\ K � +� 7KH RSHUDWRUV 4N QHHG QRW EH RUWKRJRQDO SURMHFWLRQV� +RZHYHU�
LW LV HDV\ WR VHH WKDW 4N DUH RUWKRJRQDO SURMHFWLRQV LI DQG RQO\ LI

9 N v 9 N � �� N � =������

ZKHUH 9 N GHQRWHV WKH UDQJH 5�3N� RI 3N� WKDW LV�

9 N � 5�3N�� N � =�
,W LV ZRUWK QRWLFLQJ WKDW HDFK RI WKH SUHFHGLQJ HTXLYDOHQW DVVHUWLRQV �YL]� �L� 4N DUH
RUWKRJRQDO SURMHFWLRQV DQG �LL� 9 N v 9 N � �� IRU HYHU\ N � =� DUH VWLOO HTXLYDOHQW WR
HDFK RI WKH IROORZLQJ� �LLL� 3N � �3N  3N� �LY� 3N3N � �  3N� RU �Y� 3N � �3N3N � �  
3N� IRU HYHU\ N � = �FI� >�� 3UREOHP ���@�� 0RUHRYHU LI ����� KROGV� WKHQ 4N LV
DFWXDOO\ WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH RUWKRJRQDO FRPSOHPHQW RI 9 N LQ 9 N � ��
7KDW LV� ZLWK k VWDQGLQJ IRU RUWKRJRQDO FRPSOHPHQW� LI ����� KROGV� WKHQ 4N LV WKH
RUWKRJRQDO SURMHFWLRQ RQWR WKH VXEVSDFH

: N � 9 N � � k 9 N� N � =�����

�L�H�� 5�4N�  : N IRU HDFK N � =�� :H UHIHU WR : N DV WKH GLoHUHQFH VXEVSDFH DW
OHYHO�N� 2EVHUYH WKDW� DFFRUGLQJ WR ����� DQG ������ LI M�P � = ZLWK M � P� WKHQ

9 P  9 M j � 9 P k 9 M�  9 M j
Pb�0

N  M

�9 N � � k 9 N�  9 M j
Pb�0

N  M

: N�

ZKHUH j VWDQGV IRU RUWKRJRQDO GLUHFW VXP� 0RUH LV WUXH LI ����� KROGV� ,QGHHG� SXW

3 �
N � , b 3N� N � =������

ZKLFK LV WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH VXEVSDFH 9 "
N  +k 9 N �L�H�� 3

�
N LV WKH

FRPSOHPHQWDU\ SURMHFWLRQ RI 3N� VR WKDW

3 �
N3N � �  �, b 3N�3N � �  3N � � b 3N 3N � �������

 3N � � b 3N  4N������

EHFDXVH RI ������ 6LQFH 3NK LV FDOOHG WKH OHYHO�N DSSUR[LPDWLRQ RI K� WKH YHFWRU

3 �
NK  Kb 3NK

FDQ EH UHJDUGHG DV WKH HUURU�YHFWRU EHWZHHQ K DQG LWV DSSUR[LPDWLRQ DW OHYHO�N�
:H FDOO VXFK YHFWRU D N�HUURU�YHFWRU� &RQVHTXHQWO\� 9 "

N LV VLPSO\ WKH VXEVSDFH RI

DOO N�HUURU�YHFWRUV� ,W WKHQ IROORZV IURP ������ DQG ������ WKDW 4NK LV� RQ WKH
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RQH KDQG WKH GLoHUHQFH EHWZHHQ WKH WZR FRQVHFXWLYH DSSUR[LPDWLRQV RI K DW OHYHOV
N DQG N � � DQG� RQ WKH RWKHU KDQG� WKH DSSUR[LPDWLRQ RQ WKH VXEVSDFH 9 "

N RI
WKH DSSUR[LPDWLRQ 3N � �K� ,Q 05$ 4NK LV VLPSO\ UHIHUUHG WR DV WKH GHWDLO �RU
qXFWXDWLRQ� DW OHYHO �N RI K�

:H VXPPDUL]H WKH DERYH UHVXOWV LQ WKH QH[W SURSRVLWLRQ�

3URSRVLWLRQ �� ,I I3PJP� = LV D IDPLO\ RI RUWKRJRQDO SURMHFWLRQV RQ D VHSDUDEOH

+LOEHUW VSDFH +� WKHQ HDFK 3P DGPLWV WKH PXOWLOHYHO GHFRPSRVLWLRQ

3P  3M �
Pb�;

N  M

�3N � � b 3N�� M � P� P � =�

7KHUHIRUH� DQ\ K � + DGPLWV WKH OHYHO�P DSSUR[LPDWLRQ

3PK  3MK�
Pb�;

N  M

�3N � �Kb 3NK�� M � P� P � =�

,I� LQ DGGLWLRQ�

OLP
P� �

3P  , DQG OLP
P� b�

3P  2

VWURQJO\� WKHQ ;

N � =
�3N � � b 3N�  ,

VWURQJO\� 0RUHRYHU� WKH GLoHUHQFH RSHUDWRUV

4N  3N � � b 3N� N � =�
DUH RUWKRJRQDO SURMHFWLRQV LI DQG RQO\ LI WKH UDQJHV 9 N � 5�3N� RI 3N DUH QHVWHG�

9 N v 9 N � �� N � =�
DQG� LQ WKLV FDVH� 4N LV WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH GLoHUHQFH VXEVSDFH

: N  9 N � � k 9 N� N � =�
DQG 9 P DGPLWV WKH PXOWLOHYHO RUWKRJRQDO GHFRPSRVLWLRQ

9 P  5�3P�  3P�+�  
t
3M �

Pb�;

N  M

4N

u
+�

 9 M j
Pb�0

N  M

: N� M � P� P � =�

7KLV VKRZV WKDW WKH DSSUR[LPDWLRQ DW OHYHO�P RI DQ\ YHFWRU K � + FDQ EH FRP�
SXWHG IURP WKH DSSUR[LPDWLRQ 3MK DQG IURP WKH DSSUR[LPDWLRQV 4NK RQ WKH GLI�
IHUHQFH VXEVSDFHV : N�

3PK  3MK�
Pb�;

N  M

4NK� K � +������

ZKLFK LV D 0XOWLOHYHO $SSUR[LPDWLRQ �0/$� RQ +� 1RWH WKDW FRPSXWDWLRQ RI 3PK�
LQ JHQHUDO� UHTXLUHV WKH NQRZOHGJH RI D EDVLV RI 9 P� +RZHYHU� WKH ULJKW KDQG VLGHV
RI ������ RoHU DQ DOWHUQDWH HoHFWLYH PHWKRG IRU FRPSXWLQJ 3PK�

7R SURFHHG� OHW XV UHFDOO WKH 'HpQLWLRQ RI DQ / ��5� 05$ >��� ��@�
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'HpQLWLRQ �� $Q / ��5� 05$ _ ZLWK WKH VFDOLQJ IXQFWLRQ � � / ��5� _ LV D VH�
TXHQFH RI FORVHG VXEVSDFHV I9 P���JP� =� FDOOHG DSSUR[LPDWLRQ VXEVSDFHV� VDWLVI\LQJ
WKH IROORZLQJ SURSHUWLHV�

�R� *HQHUDWLRQ RI 9 ����� 9 ���� LV VSDQQHG E\ WKH RUWKRQRUPDO VHW I��c b Q�JQ� =�

�L� *HQHUDWLRQ RI 9 P���� 9 P��� � 'P 9 ����  
:

Q � = '
P��c b Q� IRU P � =�

�LL� 9 P��� ~ 9 P� ����� P � =�
�LLL�

6
P� = 9 P���  / ��5��

�LY�
7

P� = 9 P���  I�J�
ZKHUH ' LV WKH G\DGLF�VFDOH RSHUDWRU GHpQHG LQ ������

5HPDUN �� &RQVLGHU WKH RSHUDWRU' RQ / ��5� GHpQHG LQ ������ ZKLFK LV XQLWDU\ �LQ
IDFW� LW LV D ELODWHUDO VKLIW RI LQpQLW\ PXOWLSOLFLW\ RQ / ��5��� 1RZ FRQVLGHU DQRWKHU
ELODWHUDO VKLIW �WKXV XQLWDU\� RQ / ��5�� DOVR RI LQpQLW\ PXOWLSOLFLW\� ZKLFK ZLOO EH
GHQRWHG E\ 7 DQG GHpQHG IRU HYHU\ IXQFWLRQ I � / ��5� E\

�7I��W�  I�Wb ��
�IRU DOPRVW DOO W LQ 5 ZLWK UHVSHFW WR /HEHVJXH PHDVXUH�� 3URSHUWLHV �R� DQG �L� RI
'HpQLWLRQ � DUH ZULWWHQ LQ WHUPV RI WKH ELODWHUDO VKLIWV ' DQG 7 DV IROORZV

�R� I7Q�JQ� = LV DQ RUWKRQRUPDO IDPLO\ DQG 9 ����  
B

Q� =
7Q��

�L� 9 P���  'P 9 ����  
B

Q� =
'P7Q� IRU HDFK P � =�

6LQFH I7Q�JQ� = LV DQ RUWKRQRUPDO IDPLO\ WKDW VSDQV 9 ����� DQG VLQFH ' LV XQLWDU\�
I'P7Q�JQ� = LV DOVR DQ RUWKRQRUPDO IDPLO\ IRU HDFKP � = �VSDQQLQJ HDFK VXEVSDFH
9 P�� DQG VR HDFK 9 P��� LQ �L� FDQ EH LGHQWLpHG ZLWK WKH RUWKRJRQDO GLUHFW VXP

9 P���  
0

Q � =
'P7Q��

+RZHYHU� 'P7Q� LV QRW RUWKRJRQDO WR 'N7Q� LI N � P� VLQFH 9 P��� ~ 9 P� ����
DV LQ 'HpQLWLRQ ��LL�� DQG WKHUHIRUH

I'P7Q�J�P�Q� � =d= LV D IDPLO\ RI XQLWDU\ YHFWRUV EXW QRW DQ RUWKRJRQDO IDPLO\�

DOWKRXJK� E\ XVLQJ DOO LWHPV RI 'HpQLWLRQ �� ZH FDQ LQIHU WKDW LW VSDQV / ��5��
B

P�Q� =d=
'P7Q�  

B

P� =

B

Q� =
'P7Q�  / ��5��

1RZ UHFDOO WKDW D ZDYHOHW RQ / ��5� �ZLWK UHVSHFW WR WKH ELODWHUDO VKLIWV ' DQG 7 �
LV SUHFLVHO\ D IXQFWLRQ � � / ��5� VXFK WKDW I'P7Q�J�P�Q�� =d= LV DQ RUWKRQRUPDO

EDVLV IRU / ��5�� DQG VR LW DOVR VSDQV / ��5� EXW� XQOLNH I'P7Q�J�P�Q� � =d=�

I'P7Q�J�P�Q� � =d= LV DQ RUWKRQRUPDO IDPLO\�

+RZHYHU� D ZDYHOHW � FDQ EH FRQVWUXFWHG IURP D VFDOLQJ IXQFWLRQ �� ,QGHHG� IRU
HDFK P � =� FRQVLGHU WKH RUWKRJRQDO GLoHUHQFHV �HTXLYDOHQWO\� WKH RUWKRJRQDO FRP�
SOHPHQWV� 9 P� ����k 9 P��� _ FI� 'HpQLWLRQ ��LL�� ,W KDSSHQV WKDW WKHUH H[LVWV D
ZDYHOHW � VXFK WKDW� IRU HDFK P � =�

'P
B

Q� =
7Q�  

B

Q � =
'P7Q�  9 P� ����k 9 P���  ' 9 P���k 9 P����
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LQ SDUWLFXODU� IRU HDFK VFDOLQJ IXQFWLRQ � WKHUH H[LVWV D ZDYHOHW � VXFK WKDW
B

Q� =
7Q�  '

B

Q� =
7Q�k

B

Q� =
7Q��

,Q RWKHU ZRUGV� JLYHQ D VFDOLQJ IXQFWLRQ � DV LQ 'HpQLWLRQ �� WKHUH H[LVWV D �QRW
QHFHVVDULO\ XQLTXH� IXQFWLRQ � LQ / ��5� WKDW VDWLVpHV WKH DERYH H[SUHVVLRQV DQG LV
D ZDYHOHW _ L�H�� VXFK WKDW I'P7Q�J�P�Q� � =d= LV DQ RUWKRQRUPDO EDVLV IRU / ��5��
_ VHH H�J�� >�� 3URSRVLWLRQ ����� S���@�

/HW � EH D ZDYHOHW FRQVWUXFWHG IURP WKH VFDOLQJ IXQFWLRQ � DQG GHpQH WKH GHWDLO
RUWKRJRQDO VXEVSDFHV

: N��� � 
B

Q� =
'N�

b
c bQ

c
� N � =�������

VR WKDW

9 P� ����  9 P���j : P���� P � =�������

7KLV PHDQV WKDW WKH pQHU DSSUR[LPDWLRQ VXEVSDFH 9 P� ���� LV REWDLQHG IURP WKH
FRDUVHU DSSUR[LPDWLRQ VXEVSDFH 9 P��� E\ DGGLQJ WKH GHWDLO VXEVSDFH : P��� WR
LW� 7KH RUWKRJRQDO SURMHFWLRQ 3P RQWR 9 P��� �FI� 3URSRVLWLRQ �� QRZ GHVFULEHV WKH
'LVFUHWH :DYHOHW 7UDQVIRUP �':7� >�@

3P

b
/ ��5�

c
 9 P���  9 M���j

Pb�0

N  M

: N���� M � P� P � =�������

7KH IROORZLQJ UHVXOW RQ IDPLOLHV RI RUWKRJRQDO SURMHFWLRQV RQ / ��5� IROORZV IURP
3URSRVLWLRQ � DQG IURP WKH DERYH GLVFXVVLRQ�

3URSRVLWLRQ �� /HW I3PJP� = EH D VHTXHQFH RI / ��5� RUWKRJRQDO SURMHFWLRQV VDW�
LVI\LQJ HTXDWLRQV ����� DQG ������ 0RUHRYHU VXSSRVH WKDW WKH GLoHUHQFH RSHUDWRUV

4P  3P� � b 3P� P � =�

DUH DOVR RUWKRJRQDO SURMHFWLRQV RYHU / ��5�� 7KHQ WKH VXEVSDFHV

9 P  5�3P�� P � =�

DUH QHVWHG DQG I9 PJP� = LV DQ / ��5� 05$ LI DQG RQO\ LI

9 �  
B

Q� =
��c b Q�  9 �����

DQG

9 P  'P 9 ����  9 P���� P � =�

IRU VRPH VFDOLQJ IXQFWLRQ � � / ��5� ZKLFK LV VXFK WKDW I��c b Q�JQ� = LV DQ RUWKR�

QRUPDO IDPLO\� &RQVHTXHQWO\�

5�4��  : ����  
B

Q� =
��c b Q��

DQG

5�4P�  : P���  'P : ����� P � =�
ZKHUH � LV D ZDYHOHW FRQVWUXFWHG IURP WKH VFDOLQJ IXQFWLRQ ��

1RWH WKDW 3URSRVLWLRQ � H[SODLQV ZK\ D 0/$ QHHGV QRW EH D 05$ �FI� >�@��
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�� 0 XO W LO HYHO 'HF RP SRVLW LRQ RI 3RZ HU V RI DQ 2SHU DW RU

:H QRZ WXUQ WR D FODVV RI VHTXHQFHV RI SRZHUV RI D �ERXQGHG OLQHDU� RSHUDWRU�
/HW $ EH DQ RSHUDWRU RQ +� )RU DQ\ LQWHJHUV � x M � P� ZH JHW IURP ����� WKDW

$P  $M �
Pb�;

N  M

�$N � � b$N�������

ZKLFK KROGV IRU HYHU\ M�P � = VXFK WKDW M � P� ZKHQHYHU $ LV LQYHUWLEOH�

5HPDUN �� (TXDWLRQ ����� OHDGV WR WKH IROORZLQJ JHQHUDOL]DWLRQV� )RU DQ\ SDLU
I$�%J RI RSHUDWRUV RQ +� DQG DQ\ SDLU RI LQWHJHUV � x M � P�

$P b$M%PbM  $P b$M%PbM �
Pb�;

N  M � �

$N%PbN b
Pb�;

N  M � �

$N%PbN

 
P;

N  M � �

$N%PbN b
Pb�;

N  M

$N%PbN

 $
t P;

N  M � �

$Nb�%PbN
u
b
tPb�;

N  M

$N%PbNb�
u
%

 $
tPb�;

N  M

$N%PbNb�
u
b
tPb�;

N  M

$N%PbNb�
u
%�

3DUWLFXODU FDVHV� ,I %  ,� WKHQ ZH JHW ������

$P b$M  �$b ,�
Pb�;

N  M

$N������

,I M  �� WKHQ

$P b%P  $
tPb�;

N  �

$N%PbNb�
u
b
tPb�;

N  �

$N%PbNb�
u
%�

)URP QRZ RQ VXSSRVH $ DQG % FRPPXWH� ,Q WKLV FDVH�

$P b$M%PbM  �$b%�
Pb�;

N  M

$N%PbNb�

DQG� IRU M  ��

$P b%P  �$b%�
Pb�;

N  �

$N%PbNb�

VR WKDW

�$P b$M�b �%P b%M�  �$P b%P�b �$M b%M�

 �$b%�
tPb�;

N  �

$N%PbNb� b
Mb�;

N  �

$N%MbNb�
u

 �$b%�
t Mb�;

N  �

$N%MbNb��%PbMb,��
Pb�;

N  M

$N%PbNb�
u
�



� 6 2 0 ' (% 0 $-80 ' $5� 1+$1 / (9$1� $1' &$5/ 2 6 6 � . 8%586 / <

,I� LQ DGGLWLRQ� % LV LQYHUWLEOH� WKHQ

�$Pb$M�b�%Pb%M� �$b%�

Mb�;

N  �

$N�%Pb%M�%b�N � ����$Pb$M%PbM�������

2EVHUYH WKDW LI $ DQG % DUH LQYHUWLEOH� WKHQ DOO WKH DERYH H[SUHVVLRQV KROG IRU HYHU\
M�P � = VXFK WKDW M � P�

1RZ SXW $  '� WKH G\DGLF�VFDOH RSHUDWRU RQ / ��5�� ZKLFK LV LQYHUWLEOH �VLQFH
LW LV XQLWDU\�� ,Q WKLV FDVH ZH JHW IURP ����� WKDW

'P  'M �
Pb�;

N  M

�'N � � b'N������

 'M �(�

Pb�;

N  M

'N� M � P� P � =������

ZKHUH (� LV WKH GLoHUHQFH HOHPHQW DW OHYHO���

(� � ' b'�  ' b ,�

1RWH WKDW FRQGLWLRQV ����� DQG ����� FHUWDLQO\ GR QRW DSSO\ WR WKH VHTXHQFH I'PJP� =
VLQFH ' LV XQLWDU\�

,I I3PJP� = LV WKH / ��5� IDPLO\ RI RUWKRJRQDO SURMHFWLRQV RI D 05$� WKHQ ZH
KDYH WKH IROORZLQJ LPSRUWDQW UHODWLRQVKLS EHWZHHQ 3P DQG 'P�

5�3P�  3P

b
/ ��5�

c
 9 P���  'P

b
9 ����

c
������

WKDW LV� WKH UDQJH VSDFH RI 3P LV WKH LPDJH RI WKH OHYHO�� DSSUR[LPDWLRQ VXEVSDFH
9 ���� XQGHU '

P� :H KDYH VHHQ IURP ������ WKDW 3P

b
/ ��5�

c
GHVFULEHV D ':7� :H

QRZ VKRZ WKDW WKLV FDQ DOVR EH REWDLQHG GLUHFWO\ IURP ������ 7R VHH WKLV� ZH EHJLQ
ZLWK

(� 9 ����  �' b ,�9 ����������

DQG� E\ 'HpQLWLRQ ��L��

' 9 ����  9 ����������

0RUHRYHU�

9 ���� " : ���� DQG 9 ����  9 ����j : ����������

7KXV ����� FDQ EH UHZULWWHQ DV

(� 9 ����  ' 9 ����k 9 ����  : �����������

1H[W OHW XV DFW ERWK VLGHV RI ����� RQ WKH VFDOLQJ VXEVSDFH 9 ���� WR JHW

'P
b
9 ����

c
 

t
'M �

Pb�;

N  M

'N(�

u
9 �����

 'M 9 ����j
Pb�0

N  M

'N : �����
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ZKHUH ZH KDYH PDGH XVH RI ������ DQG RI WKH IDFW WKDW

'M
b
9 ����

c
 9 M��� " 'N : ����  : N���� M x N�

7KHUHIRUH�

'P
b
9 ����

c
 9 P���  9 M���j

Pb�0

N  M

: N����

ZKLFK LQGHHG GHVFULEHV D ':7�

:H VXPPDUL]H WKH DERYH UHVXOWV DV IROORZV�

3URSRVLWLRQ �� $ ':7 LV GHVFULEHG E\ WKH UDQJH VSDFH RI D PXOWLUHVROXWLRQ GHFRP�

SRVLWLRQ RI WKH RUWKRJRQDO SURMHFWLRQ 3P � / ��5��/ ��5� VXFK WKDW 5�3P�  9 P���
_ L�H�� RI WKH XQLTXH RUWKRJRQDO SURMHFWLRQ RQWR 9 P��� _ DV ZHOO DV WKH LPDJH RI

WKH VFDOLQJ VXEVSDFH 9 ���� XQGHU D PXOWLOHYHO GHFRPSRVLWLRQ RI WKH RSHUDWRU 'P�

3P

b
/ ��5�

c
 9 P���  9 M���j

Pb�0

N  M

: N���  'P
b
9 ����

c
�������

7R SURFHHG� ZH GHpQH 'PI DV WKH OHYHO�P G\DGLF�VFDOH�WUDQVIRUP RI I � WKHQ

'PI  'MI �
Pb�;

N  M

'N(�I� M � >��Pb �@�������

7KLV OHDGV WR WKH IROORZLQJ IXUWKHU UHVXOW�

3URSRVLWLRQ �� /HW I � / ��5� WKHQ LWV OHYHO�P G\DGLF�VFDOH�WUDQVIRUP 'PI FDQ

EH FRPSXWHG IURP DQ\ ORZHU OHYHO WUDQVIRUP 'MI � DQG IURP WKH WUDQVIRUPV _ DW

DOO OHYHOV LQ >M� Pb �@ _ RI WKH GLoHUHQFH YHFWRU (�I �

6HWWLQJ M  � LQ ����� ZH REWDLQ

'P  , �
Pb�;

N  �

'N(�������

VR WKDW WKH LGHQWLW\ , RQ / ��5� DGPLWV WKH PXOWLOHYHO GHFRPSRVLWLRQ

,  'P �
Pb�;

N  �

'N E(��������

ZKHUH

E(� � b(�  , b'�������

&RQVHTXHQWO\� DQ\ I � / ��5� DGPLWV WKH PXOWLOHYHO G\DGLF�VFDOH�WUDQVIRUP UHSUH�
VHQWDWLRQ

I  'PI �
Pb�;

N  �

'N E(� I� I � / ��5��������
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�� 0 XO W LO HYHO 'HF RP SRVLW LRQ RI I3P'PJP� =

/HW I3PJP� = EH D VHTXHQFH RI RUWKRJRQDO SURMHFWLRQV RI DQ / ��5� 05$ DQG
FRQVLGHU WKH VHTXHQFH I3P'PJP� =� :H KDYH� DV LQ HTXDWLRQ ������ WKH PXOWLOHYHO
GHFRPSRVLWLRQ

3P'P  3C'
C �

Pb�;

N  C

�3N � �'
N � � b 3N'

N�� P � =������

:H QRZ UHFDOO IURP >�@ WKDW

3P'z  'z3Pbz������

'{3P  3P� {'
{ ������

7KH DERYH UHVXOWV FRQQHFW D OHYHO�P SURMHFWLRQ ZLWK D ORZHU�OHYHO RU D KLJKHU�OHYHO
SURMHFWLRQV� :KDW LV LQWHUHVWLQJ LV WKH IDFW WKDW WKH FRQQHFWLRQ LV DFKLHYHG E\
PHDQV RI D G\DGLF�VFDOH WUDQVIRUP DQG LWV DGMRLQW WUDQVIRUP� ,W IROORZV IURP �����
WKDW ����� EHFRPHV

3P'P  'P3������

 
K
'C �

Pb�;

N  C

�'N � � b'N�
L
3�������

(TXDWLRQ ����� VKRZV WKDW WKH OHYHO�P DSSUR[LPDWLRQ RI 'PI LV WKH OHYHO�P VFDOH
WUDQVIRUP RI WKH OHYHO�� DSSUR[LPDWLRQ 3�I � ZKLOH HTXDWLRQ ����� LPSOLHV WKDW'

P3�

FDQ EH FRPSXWHG IURP D 0/'�

,I I � / ��5�� WKHQ� E\ ������ LWV OHYHO�P DSSUR[LPDWLRQ FDQ EH H[SUHVVHG DV

3PI  'P3�'
ePI������

7KLV VXJJHVWV WKH IROORZLQJ WKUHH VWHSV IRU FRPSXWLQJ 3PI �

�L� &DOFXODWH 'ePI IURP D 0/'

'ePI�c�  'eCI�c� �
Pb�;

N  C

(e
N I�c��

�LL� &DOFXODWH WKH OHYHO�� DSSUR[LPDWLRQ RI 'ePI IURP 'HpQLWLRQ ��R�

3�'
ePI�c�  

;

Q� =
K'ePI�c� ���c b Q�L��c b Q��

�LLL� &DOFXODWH 'P3�'
ePI GLUHFWO\�

7KHVH KDYH EHHQ DSSOLHG WR $XGLR 6LJQDO $QDO\VLV >�@�

�� 6F DO LQJ�E\�V 2SHU DW RU DQG 7 LP H�9DU \LQJ 6KLI W

:H FORVH WKH SDSHU ZLWK D FKDUDFWHUL]DWLRQ RI WKH VFDOLQJ�E\�V RSHUDWRU 'V RQ
/ ��5�� GHpQHG IRU HYHU\ IXQFWLRQ I � / ��5� DV

�'VI��W�  
S
V I

b
V�W�

c
�����

�IRU DOPRVW DOO W LQ 5 ZLWK UHVSHFW WR /HEHVJXH PHDVXUH�� ZKHUH WKH UHDO VFDODU V y �
LV FDOOHG D VFDOH� :H QRWH WKDW VP IRU HDFK P ! � LV FDOOHG WKH OHYHO�P VFDOH ZKLOH
�
V

� IRU HDFK P ! � LV WKH OHYHO�P UHVROXWLRQ� $OVR WKH G\DGLF�VFDOH RSHUDWRU ' LV
QRZ WKH RSHUDWRU '��
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,I I � / ��5�� WKHQ� IRU HDFK W � 5� I�Wb �� IRU HYHU\ � � W LQ 5 LV VLPSO\ I�W�
?GHOD\HG� E\ D WLPH�VKLIW RI � XQLWV� RU VLPSO\ D WLPH�VKLIW � � 7KLV FDQ EH H[SUHVVHG
LQ WHUPV RI WKH XQLWDU\ JURXS I7 ���� � � 5J RI ELODWHUDO ULJKW�VKLIW RSHUDWRUV RYHU
WKH VSDFH / ��5� DV

7 ���I�W�  I�Wb ��������

DQG WKH DGMRLQW JURXS I7 ���e� � � 5J LV WKH JURXS RI ELODWHUDO OHIW�VKLIW RSHUDWRUV
7 ���eI�W�  I�W� �������

�IRU DOPRVW DOO W LQ 5 ZLWK UHVSHFW WR /HEHVJXH PHDVXUH�� 6HWWLQJ �  � ZH REWDLQ

7 ���I�W�  I�Wb ��������

ZKLFK LV WKH WUDQVODWLRQ�E\�� ELODWHUDO VKLIW RSHUDWRU 7 GHpQHG LQ 5HPDUN �� 7KH
RSHUDWRU 7 DQG WKH G\DGLF�VFDOH RSHUDWRU ' SOD\ D FHQWUDO UROH LQ :DYHOHW 7KHRU\�
:KDW LQWHUHVWLQJ LV WKH IDFW WKDW ERWK 7 DQG ' DUH ELODWHUDO VKLIWV RI LQpQLWH PXO�
WLSOLFLW\� DQG WKH IDPLOLHV I7QJQ� = DQG I'PJP� = DUH GLVFUHWH JURXSV RI ELODWHUDO
VKLIWV RYHU / ��5�� +RZHYHU� 7 LV WLPH�LQYDULDQW ZKLOH ' LV WLPH�YDU\LQJ� \HW WKH\
DUH XQLWDULO\ HTXLYDOHQW _ VLQFH WKH\ KDYH WKH VDPH PXOWLSOLFLW\ >�� ��@�

7R SURFHHG ZH UHSUHVHQW V� E\ WKH OHYHO�� GHFRPSRVLWLRQ

V�  V� � �V� b V��V�  V� � o� V
�������

ZKHUH o�� GHpQHG E\

o�  V� b V�������

LV WKH ?GLoHUHQFH� VFDOH DW OHYHO��� WKDW LV� LW LV WKH VFDODU FRXQWHUSDUW RI WKH GLoHU�
HQFH HOHPHQW (�� ,W WKHQ IROORZV WKDW �ZLWK W � 5�

'VI�W�  
S
V I�V W�

 
S
� � o� I

b
W� >o�V

�@ W
c
������

7KLV ?ORRNV� OLNH ����� H[FHSW WKDW WKH WLPH�VKLIW � QRZ GHSHQGV RQ o�V
� DQG W� :H

WKHUHIRUH GHpQH WKH WLPH�VFDOH�VKLIW IXQFWLRQ �� DV

���W�  >o�V
�@ W� W � 5������

+HQFH ����� EHFRPHV

'VI�W�  
S
� � o� I

b
W� ���W�

c
������

7KH RSHUDWRU 'V FDQ WKHUHIRUH EH FRQVLGHUHG DV D OHIW�WLPH�YDU\LQJ VKLIW _ ZLWK
WKH WLPH�VKLIW IXQFWLRQ ��� :H QRWH WKDW WLPH�YDU\LQJ DPSOLWXGH DQG WLPH�YDU\LQJ
SKDVH KDYH EHHQ GHpQHG IRU DQDO\WLF VLJQDOV� VHH >�@ DQG WKH UHIHUHQFHV WKHUHLQ�

,Q JHQHUDO ZH KDYH� IRU P ! ��

VP  V� �
Pb�;

N  �

o� V
N�������

7KLV FDQ EH FRQVLGHUHG DV DQ ?XQIROGLQJ� RI WKH OHYHO�P VFDOH VP LQWR VFDOHV DW OHYHOV
QRW JUHDWHU WKDQ Pb �� EHJLQQLQJ ZLWK WKH ?LQLWLDO� VFDOH V�� ,W LV HDV\ WR VHH WKDW

'P
V I�W�  

S
� � o�

P
I
b
W� �Pb��W�

c
�������
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ZKHUH �Pb��W� LV GHpQHG E\

�Pb��W�  
Pb�;

N  �

>o� V
N@ W� P y ��������

6LPLODUO\� �
V

� IRU HDFK P y � DGPLWV WKH PXOWLOHYHO GHFRPSRVLWLRQ

�

VP
 
�

V�
b

Pb�;

N  �

p�
�

VN
� P y ��������

ZKHUH

p�  
�

V�
b �

V�
 

V� b V�

V�
 

o�

� � o�
! ��������

,W LV HDV\ WR VHH WKDW WKH DGMRLQW RSHUDWRU 'e
V LV JLYHQ� IRU HDFK W � 5� E\

'e
V I�W�  

�S
V
I
t�
V
W
u

������

 
�S
� � o�

I
t �

� � o�
W
u
�������

%XW� IURP ������
�

� � o�
 �b p��

7KHUHIRUH

'e
VI�W�  

S
�b p� I

td
�b p�

�

V�

e
W
u
�������

RU

'e
VI�W�  

S
�b p� I

b
Wb �e���W�

c
�������

&RQVHTXHQWO\� WKH RSHUDWRU 'e
V LV D ULJKW�WLPH�YDU\LQJ VKLIW� ZLWK WKH WLPH�UHVR�

OXWLRQ�VKLIW IXQFWLRQ JLYHQ� IRU HDFK W � 5� E\

�e���W�  p�
�

V�
W�������

)LQDOO\�

'eP
V I�W�  

S
�b p�

P
I
b
Wb �e�Pb��W�

c
�������

ZKHUH� IRU HDFK W � 5�

�e�Pb�  
Pb�;

N  �

t
p�
�

VN

u
W� P y ��������

7KH DERYH HVWDEOLVK DQRWKHU FRQQHFWLRQ EHWZHHQ WKH WZR ELODWHUDO VKLIWV ' DQG
7 � $SSOLFDWLRQ RI WKLV LQ :DYHOHW 7KHRU\ ZLOO EH UHSRUWHG HOVHZKHUH�

:H KDYH LQ WKLV SDSHU VKRZQ WKDW WKH ?QDWXUDO� 0XOWLOHYHO 'HFRPSRVLWLRQ RI D
VHTXHQFH RI ERXQGHG OLQHDU +LOEHUW VSDFH RSHUDWRUV FDQ� XQGHU VXLWDEOH FRQGLWLRQV�
OHDG WR 0XOWLOHYHO $SSUR[LPDWLRQ RI YHFWRUV LQ WKH VSDFH� 7KLV LV LQGHHG WKH FDVH
RI WKH 0XOWLUHVROXWLRQ $SSUR[LPDWLRQ RI :DYHOHW 7KHRU\� DV ZHOO DV WKH FDVH RI WKH
VHTXHQFH RI WKH RSHUDWRUV 3P'P� $ QHZ LQWHUSUHWDWLRQ RI D 'LODWLRQ�E\�V RSHUDWRU
DV D WLPH�YDU\LQJ VKLIW RSHUDWRU ZDV DOVR REWDLQHG IURP D 0/' RI WKH VFDOH V�
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5HI HU HQF HV

�� ,� 'DX E HFK LHV� 7 HQ / HFW XU HV RQ : DYHOHW V� & % 06 �1 6 ) 5HJLRQ DO & RQ IHU HQ FH 6 HU LHV LQ $ S S OLHG
0DWK HP DWLFV� Y RO� ��� 6 ,$ 0� 3 K LODG HOS K LD� �����

�� 3 � )ODQ G U LQ � 7 LPH� )U HTXHQ F\ � 7 LPH� 6 FDOH $ Q DO\ VLV� $ FDG HP LF 3 U HVV� 6 DQ 'LHJR� �����
�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� ( � + HU Q DQ G H] DQ G *� : HLVV� $ )LU VW & RXU VH RQ : DYHOHW V� & 5& 3 U HVV� % RFD 5DWRQ � �����
�� )� .HLQ HU W� : DYHOHW V DQ G 0XOW LZ DYHOHW V� & 5& 3 U HVV� % RFD 5DWRQ � �����
�� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V� % LU N K �DX VHU � % RVWRQ � �����
�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � $ EVW U DFW Z DYHOHW V JHQ HU DW HG E\ + LOEHU W VSDFH VKLIW RSHU DW RU V�

$ G Y � 0DWK � 6 FL� $ S S O� �� ������� ���^����
�� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ VFDOH DQ G W LPH� VKLIW VXEVSDFHV�

0X OWLG LP HQ V� 6 \ VW� 6 LJQ DO 3 U RFHVV� �� ������� ���^����
�� 6 � 0DMX P G DU � 1 HZ $ SSU RDFK W R 2SHU DW RU � 7 KHRU HW LF )U DPHZ RU NV IRU : DYHOHW 0XOW LU HVROX�

W LRQ $ SSU R[LPDW LRQ DQ G $ Q DO\ VLV� 3 K �' 'LVVHU WDWLRQ � 'HS DU WP HQ W RI ( OHFWU LFDO ( Q JLQ HHU LQ J�
8 & /$ � /RV $ Q JHOHV� - X Q H �����

��� 6 �*� 0DOODW� 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ V DQ G Z DYHOHW RU W KRQ RU PDO EDVHV RI /��5�� 7 U DQ V�
$ P HU � 0DWK � 6 RF� ��� ������� ��^���

��� < � 0H\ HU � 2Q GHOHW W HV HW )XQ FW LRQ V 6 SOLQ H� 6 wHP LQ DLU H ( '3 � w( FROH 3 RO\ WHFK Q LT X H� 3 DU LV� �����
��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH� 1 RU WK �+ ROODQ G �

$ P VWHU G DP � �����

4XDO F RP P ,QF �� � � � � 0 RU HKRXVH 'U �� 6DQ 'LHJR� & $ � � � � �

( � PDLO DGGU HVV� VPDMXPGD#TXDOFRPP�FRP

'HSDU W P HQW RI (O HF W U LF DO (QJLQHHU LQJ� 8QLYHU VLW \ RI & DO LI RU QLD LQ /RV $QJHO HV� /RV

$QJHO HV� & $ � � � � � �� � � � � 86$

( � PDLO DGGU HVV� OHYDQ#HH�XFOD�HGX

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


