
,QW� -� RI :DYHOHWV� 0XOWLUHVROXWLRQ DQG ,QIRUPDWLRQ 3URFHVVLQJ � ������ ���^���

5(9(56(' :$9(/(7 )81&7,216 $1' 68%63$&(6

1 + $ 1 /( 9 $ 1 $ 1 ' & $ 5/26 6 � .8 % 58 6 /<

$EVW U DF W � /HW WK H RS HU DWRU V ' DQ G 7 E H WK H G LODWLRQ �E \ �� DQ G WU DQ VODWLRQ �
E \ �� RQ / ��5�� Z K LFK DU H E RWK E LODWHU DO VK LIWV RI LQ p Q LWH P X OWLS OLFLW\ � ,I ��c� LQ
/ ��5� LV D Z DY HOHW� WK HQ I'P 7Q��c�J� P�Q� �=

� LV DQ RU WK RQ RU P DO E DVLV IRU WK H

+ LOE HU W VS DFH / ��5� E X W WK H U HY HU VHG VHW I7Q'P��c�J� Q�P� �=
� LV Q RW� ,Q WK LV

S DS HU Z H LQ Y HVWLJDWH WK H U ROH RI WK H U HY HU VHG IX Q FWLRQ V 7Q'P��c� LQ Z DY HOHW
WK HRU \ � $ V D FRQ VHT X HQ FH� Z H H[ K LE LW DQ RU WK RJRQ DO G HFRP S RVLWLRQ RI / ��5�
LQ WR 7 �U HG X FLQ J VX E VS DFHV X S RQ Z K LFK S DU W RI WK H E LODWHU DO VK LIW 7 FRQ VLVWV
RI D FRX Q WDE O\ LQ p Q LWH G LU HFW VX P RI E LODWHU DO VK LIWV RI P X OWLS OLFLW\ RQ H� Z K LFK
P LU U RU V D Z HOO�N Q RZ Q G HFRP S RVLWLRQ RI WK H E LODWHU DO VK LIW '�

�� ,QW U RGXF W LRQ

,Q WKH IROORZLQJ ZH ZLOO EH GHDOLQJ ZLWK WKH IXQFWLRQ VSDFH / ��5�� ZLWK WKH XVXDO
LQQHU SURGXFW DQG QRUP GHQRWHG E\ K � L DQG N N� UHVSHFWLYHO\� DV ZHOO DV ZLWK
WZR XQLWDU\ RSHUDWRUV GHpQHG RQ WKDW VSDFH� PRUH SUHFLVHO\� WZR ELODWHUDO VKLIWV RI
LQpQLWH PXOWLSOLFLW\ >�@� WKH GLODWLRQ�E\�� RSHUDWRU ' RQ / ��5� GHpQHG E\

'I�c�  J�c� ZLWK J�c�  
S
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c

�

DQG WKH WUDQVODWLRQ�E\�� RSHUDWRU 7 RQ / ��5� GHpQHG E\

7I�c�  J�c� ZLWK J�c�  I
b

�c�b �
c

�

/HW = GHQRWH WKH VHW RI DOO LQWHJHUV� $ XQLW IXQFWLRQ ��c� LQ / ��5� �L�H�� D IXQFWLRQ
��c� � / ��5� VXFK WKDW N��c�N  �� LV D ZDYHOHW LI WKH XQLW IXQFWLRQV �P�Q�c� _
FDOOHG ZDYHOHW IXQFWLRQV _ JHQHUDWHG E\ ��c� DV

�P�Q�c�  
S
�
P
�
b

�P�c�b Q
c

 'P 7Q��c� IRU HYHU\ �P�Q� � =�

FRQVWLWXWH DQ RUWKRQRUPDO EDVLV IRU WKH +LOEHUW VSDFH / ��5� >�� ��@� +RZHYHU� LW
ZDV VKRZQ LQ >�@ WKDW WKHUH GRHV QRW H[LVW D XQLW IXQFWLRQ 
�c� VXFK WKDW WKH VHW RI
UHYHUVHG IXQFWLRQV I7Q'P
�c�J�Q�P� � =

� IRUPV DQ RUWKRQRUPDO EDVLV IRU / ��5��

,Q WKLV SDSHU ZH VWXG\ WKH UROH SOD\HG E\ WKH UHYHUVHG IXQFWLRQV 7Q'P��c� _
FDOOHG UHYHUVHG ZDYHOHW IXQFWLRQV _ ZKHUH ��c� LV D ZDYHOHW�

' DW H� - X Q H �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV� : DY HOHW� 7 LP H�6 K LIWV *HQ HU DOL]HG 0X OWLU HVROX WLRQ $ Q DO\ VLV� 6 X E �: DY HOHW�

6 X E �*HQ HU DOL]HG 0X OWLU HVROX WLRQ $ Q DO\ VLV� '\ DG LF�6 FDOLQ J 5HG X FLQ J 6 X E VS DFHV�

�
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�� 5HYHU VHG : DYHO HW V

/HW ' DQG 7 EH WKH GLODWLRQ�E\�� DQG WKH WUDQVODWLRQ�E\�� RSHUDWRUV RQ / ��5��
)RU HDFK �P�Q� � =� FRQVLGHU WKH ZDYHOHW IXQFWLRQV �P�Q�c�  'P 7Q��c� JHQHUDWHG
E\ D ZDYHOHW ��c� LQ / ��5� VR WKDW I�P�Q�c�J�P�Q�� =

� LV DQ RUWKRQRUPDO EDVLV IRU

/ ��5�� )RU HDFK P � = GHpQH WKH VFDOH VXEVSDFHV DV IROORZV >��@ �DOVR VHH >�@� >�@�
>�@� >�@� >�@� >�@ DQG >��@��

: P  'P: �  'P
B

Q� =
7Q��c�  

B

Q� =
'P 7Q��c� ZLWK : �  

B

Q� =
7Q��c�����

�7KH WKLUG LGHQWLW\ KROGV VLQFH WKH ' LV XQLWDU\ >�� &RUROODU\ �@�� I: PJP� = LV DQ
RUWKRJRQDO VXEVSDFH EDVLV IRU / ��5� LQ WKH VHQVH WKDW LW LV DQ RUWKRJRQDO IDPLO\ RI
VXEVSDFHV �L�H�� RI FORVHG OLQHDU PDQLIROGV� RI / ��5� WKDW VSDQ / ��5��

/ ��5�  
B

P� =
: P  

B

P� =
'P : ��

ZLWK
:

P� = : P  
b

VSDQ
6

P� = : P

cb
� WKH FORVXUH RI WKH VSDQ RI

6

P� = : P� 7KH
DERYH H[SUHVVLRQ FDQ EH HTXLYDOHQWO\ ZULWWHQ DV DQ RUWKRJRQDO GLUHFW VXP�

/ ��5�  
0

P� =
: P  

0

P� =
'P: ��

VLQFH I: PJP� = LV DQ RUWKRJRQDO IDPLO\ RI VXEVSDFHV� 7KLV FKDUDFWHUL]H : � DV D
JHQHUDWLQJ VXEVSDFH IRU ' DQG� WRJHWKHU ZLWK WKH IDFW WKDW

'N : � " 'N
�

: � ZKHQHYHU N � N� LQ =�

: � LV DOVR D ZDQGHULQJ VXEVSDFH IRU'� 7KXV : � LV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH
IRU '� FRQpUPLQJ WKDW ' LV D ELODWHUDO VKLIW RI LQpQLWH PXOWLSOLFLW\ EHFDXVH WKH
PXOWLSOLFLW\ RI ' LV WKH GLPHQVLRQ RI WKH JHQHUDWLQJ ZDQGHULQJ VXEVSDFH : �� ZKLFK
LV QRW pQLWH >�� ��@�� 2EVHUYH WKDW� VLQFH ' LV XQLWDU\� HDFK : P LV DOVR '�ZDQGHULQJ

�'N : P " 'N
�

: P� DQG JHQHUDWLQJ � / ��5�  
:

N � = '
N � P: �  

:

N � = '
N : P��

:H QRZ DVVRFLDWH ZLWK D JLYHQ ZDYHOHW ��c� LQ / ��5� WKH UHYHUVHG IXQFWLRQV

UQ�P�c� LQ / ��5�� ZKLFK DUH GHpQHG E\

UQ�P�c�  7Q'P��c� IRU HYHU\ �Q�P� � =��

,W LV UHDGLO\ YHULpHG �VHH H�J�� >�� 3URSRVLWLRQ �@� WKDW� IRU HDFK �Q�P� � =��

7Q'P  'P 7Q��
�
� RU� HTXLYDOHQWO\� 'eP 7Q'P  7Q��

�
����

VLQFH ' LV XQLWDU\ �L�H�� 'b�  'e�� 7KHUHIRUH�

UQ�P�c�  'P 7Q��
�
���c� IRU HYHU\ �Q�P� � =��

7KLV� KRZHYHU� GRHV QRW LPSO\ WKDW UQ�P�c� LV D ZDYHOHW IXQFWLRQ� XQOHVV P LV QRQ�
QHJDWLYH� VLQFH LQ WKDW FDVH Q��P� DUH LQWHJHUV� 7KHUHIRUH� UQ�P�c� DUH DFWXDOO\ WKH
ZDYHOHW IXQFWLRQV �P�Q��

�
��c� IRU HYHU\ P � 1� DQG HYHU\ Q � =� ZKHUH 1� VWDQGV

IRU WKH VHW RI DOO QRQQHJDWLYH LQWHJHUV �L�H�� 1�  1 > I�J�� 7KDW LV�

UQ�P�c�  'P 7Q��
�
���c�  �P�Q��

�
��c� IRU HYHU\ �Q�P� � =d1�����
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'HpQLWLRQ �� /HW ��c� EH D ZDYHOHW ZLWK UHVSHFW WR WKH ELODWHUDO VKLIWV ' DQG 7 �
7KH RUWKRQRUPDO IXQFWLRQV

UQ�P�c�  7Q'P��c� IRU HYHU\ �Q�P� � =d1�

DUH FDOOHG UHYHUVHG ZDYHOHW IXQFWLRQV JHQHUDWHG IURP WKH ZDYHOHW ��c��

7R SURFHHG� ZH GHpQH� IRU HDFK P � 1�� WKH UHYHUVHG VFDOH VXEVSDFHV

5P  
B

Q� =
7Q'P��c�  

B

Q � =
'P 7Q��

�
���c�  'P

B

Q� =
7Q��

�
���c�����

ZKHUH WKH pUVW LGHQWLW\ GHpQHV HDFK 5Q ZKLOH WKH VHFRQG DQG WKLUG IROORZ IURP ���
DQG WKH IDFW WKDW ' LV XQLWDU\ >�� &RUROODU\ �@� UHVSHFWLYHO\� 7KXV LW LV SODLQ IURP
��� WKDW 5P LV D VXEVSDFH RI WKH VFDOH VXEVSDFH : P�

5�  : � DQG 5P ~ : P IRU HYHU\ P � 1
VR WKDW I5PJP� 1 � LV D VHTXHQFH RI RUWKRJRQDO VXEVSDFHV�

5P " 5P
� ZKHQHYHU P � P��

6LQFH
:

Q� = 7
Q��

�
���c� ~ : � IRU HDFK P � 1�� VHW

: ���P�  
B

Q� =
7Q��

�
���c� ~ : �

IRU HDFK P � 1� VR WKDW 5P FDQ EH H[SUHVVHG DV

5P  'P : ���P� IRU HDFK P � 1��

1H[W ZH VKRZ WKDW HDFK : ���P� LV DOVR '�ZDQGHULQJ� $FWXDOO\� ZH VKDOO VKRZ
PRUH WKDQ WKLV� )RU HDFK SDLU RI LQWHJHUV P � 1� DQG N � = GHpQH WKH VXEVSDFHV

: N��P�  'N : ���P�  'N
B

Q� =
7Q��

�
���c�  

B

Q� =
'N 7Q��

�
���c�����

1RWH WKDW

: �����  5�  : � DQG : P��P�  5P IRU HDFK P � 1��

/HPPD �� $Q\ SDLU RI VXEVSDFHV ZLWK GLVWLQFW LQGLFHV N WDNHQ IURP WKH IDPLO\

I: N��P�J�N�P�� =d1 � LV DQ RUWKRJRQDO SDLU� )RU HDFK P � 1�� I: N��P�JN � = LV D VXE�

IDPLO\ RI '�ZDQGHULQJ VXEVSDFHV LQFOXGHG LQ WKH IDPLO\ I: NJN � = RI '�ZDQGHULQJ

VFDOH VXEVSDFHV� 0RUHRYHU�

�L� : N��P� �� ~ : N��P� IRU HYHU\ �N�P� � =d1��

�LL�
7

P� 1 �
: N��P�  VSDQ I'N��c�J IRU HDFK N � =�

�LLL�
6

P� 1 �
: N��P�  : N IRU HDFK N � =�

3URRI� 6LQFH I: NJN � = DUH PXWXDOO\ RUWKRJRQDO DQG VLQFH

: N��P� ~ : N IRU HYHU\ �N�P� � =d1��

LW IROORZV WKDW

: N��P� " : N
�
��P

�
� ZKHQHYHU N � N� LQ = IRU HYHU\ �P�P�� � 1�

��

,Q SDUWLFXODU� : N��P� " : N
�
��P� LI N � N� IRU DQ\ P VR WKDW

'N : ���P� " 'N
�

: ���P� ZKHQHYHU N � N� LQ = IRU HDFK P � 1��
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7KHUHIRUH WKH VXEVSDFHV I: ���P�JP� 1 � DUH LQGHHG '�ZDQGHULQJ� +HQFH� VR DUH WKH

VXEVSDFHV I: N��P�JP� 1 � IRU HYHU\ N � =� 1RZ REVHUYH WKDW Q��P� ��  �Q��P� IRU
DQ\ LQWHJHUV P � 1� DQG Q � =� 7KXV ZH KDYH IURP ��� ZLWK N  � WKDW

: ���P� ��  
B

Q� =
7 �Q��

�
���c� IRU HDFK P � 1�

VR WKDW : ���P� �� ~ : ���P� IRU HYHU\ P � 1�� 6LPLODUO\� LQ JHQHUDO�

: N��P� �� ~ : N��P� IRU HYHU\ �N�P� � =d1��

ZKLFK VKRZV �L�� 7R YHULI\ �LL� WDNH DQ DUELWUDU\ ��c� � / ��5�� 1RWH WKDW
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6

Q� =QI�JI7Q��
�
���c�J IRU DOO P � 1� WKHQ


 �� VSDQ I7Q��
�
���c�J IRU DQ\ SDLU RI LQWHJHUV Q � =QI�J DQG P � 1�� ZKLFK LV D

FRQWUDGLFWLRQ� �5HDVRQ� 7Q��
�
���c�  'bPUQ�P�c� IRU HDFK �Q�P� � =d1� E\ ���

VR WKDW I7Q��
�
���c�J�Q�P� � =d1 � LV DQ RUWKRQRUPDO VHW E\ 'HpQLWLRQ � EHFDXVH '

bP

LV XQLWDU\ IRU HYHU\ P � =�� 7KXV
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7KHUHIRUH�
?

P� 1 �
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�
���c�  

?

P� 1 �
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VSDQ
>

Q� =
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7Q��
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 VSDQ I��c�J�

6LQFH HDFK 'N LV LQYHUWLEOH� LW IROORZV IURP ��� WKDW

?

P� 1 �

: N��P�  
?

P� 1 �

'N
B

Q� =
7Q��

�
���c�  'N

?

P� 1 �

B

Q � =
7Q��

�
���c�  'NVSDQ I��c�J�

IRU HYHU\ N � =� ZKLFK SURYHV �LL�� )XUWKHUPRUH� DFFRUGLQJ WR ��� DQG ����
: N��P� ~ : N����  : N IRU HYHU\ �N�P� � =d1�

VR WKDW �LLL� KROGV WUXH�

�� 5HYHU VHG 7 LP H�6KLI W V

:H QRZ WXUQ WR WKH WLPH�VKLIW VXEVSDFHV DQDORJ RI WKH VFDOH VXEVSDFHV : P >�@�

+Q  
B

P� =
'P 7Q��c� IRU HYHU\ Q � =����

VR WKDW +�  
:

P� = '
P��c�� 7KH IDPLO\ I+QJQ� = DOVR FRQVWLWXWH DQ RUWKRJRQDO

VXEVSDFH EDVLV IRU / ��5� >�@� 7KHQ� DV EHIRUH� WKH UHYHUVHG WLPH�VKLIW VXEVSDFHV DUH
GHpQHG� IRU HYHU\ Q � =� E\

6Q  7Q
B

P� 1 �

'P��c�  
B

P� 1 �

7Q'P��c�  
B

P� 1 �

'P 7Q��
�
���c�����
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$JDLQ� WKH pUVW LGHQWLW\ GHpQHV HDFK 6Q� ZKLOH WKH VHFRQG IROORZV IURP WKH IDFW WKDW
7 LV DOVR XQLWDU\ >�� &RUROODU\ �@ DQG WKH WKLUG IROORZV IURP ���� 7KHUHIRUH

6Q  7Q6� IRU HYHU\ Q � =� ZKHUH 6�  
B

P� 1 �

'P��c� ~ +��

/HPPD �� 7KH UHYHUVHG WLPH�VKLIW VXEVSDFHV 6Q JHQHUDWHG E\ WKH UHYHUVHG ZDYHOHW

IXQFWLRQV UQ�P�c�  7Q'P��c� IRU HDFK �Q�P� � =d1� DUH PXWXDOO\ RUWKRJRQDO�

0RUHRYHU� 6� LV D ZDQGHULQJ VXEVSDFH IRU WKH WUDQVODWLRQ�E\�� RSHUDWRU 7 �

3URRI� 5HFDOO WKDW IUQ�P�c�J�Q�P� � =d1 � LV D GRXEOH LQGH[HG RUWKRQRUPDO VHW RI IXQF�
WLRQV �'HpQLWLRQ �� VR WKDW UQ�P�c� " UQ

�
�P

� �c� ZKHQHYHU �Q�P� � �Q��P��� LQ SDU�
WLFXODU� UQ�P�c� " UQ

�
�P�c� IRU HYHU\ P � 1� ZKHQHYHU Q � Q� LQ =� 7KXV ZH JHW

IURP ��� WKDW I6QJQ� = LV DQ RUWKRJRQDO IDPLO\ RI VXEVSDFHV VR WKDW

7Q6�  6Q  
B

P� 1 �

UQ�P�c� "
B

P� 1 �

UQ
�
�P�c�  6Q

�  7Q
�

6� ZKHQHYHU Q � Q��

DQG KHQFH 6� LV D ZDQGHULQJ VXEVSDFH IRU 7 �

$V ZH VDZ DERYH� LI ��c� LV D ZDYHOHW LQ / ��5� ZLWK UHVSHFW WR WKH ELODWHUDO VKLIWV
' DQG 7 RQ / ��5�� WKHQ I'P 7Q��c�J�P�Q� � =d= LV D GRXEOH LQGH[HG RUWKRQRUPDO

EDVLV IRU WKH +LOEHUW VSDFH / ��5� VR WKDW� DFFRUGLQJ WR ��� DQG ����

/ ��5�  
B

�P�Q�� =
�
'P7Q��c�  

B

P� =
: P  

B

Q� =
+Q

DQG� VLQFH I: PJP� = DQG I+QJQ� = DUH ERWK IDPLOLHV RI RUWKRJRQDO VXEVSDFHV RI
/ ��5�� WKLV FDQ EH UHZULWWHQ DV RUWKRJRQDO GLUHFW VXPV >�@�

/ ��5�  
0

P� =
: P  

0

Q� =
+Q�

1RZ FRQVLGHU WKH IROORZLQJ VXEVSDFH RI / ��5��

0  
B

�Q�P�� =d1 �

7Q'P��c��

6LQFH I7Q'P�J�Q�P� � 1 � d= DOVR LV DQ RUWKRQRUPDO VHW �'HpQLWLRQ ��� LW IROORZV WKDW
LW LV DQ RUWKRQRUPDO EDVLV IRU WKH +LOEHUW VSDFH 0� 3XW� DV LQ ��� DQG ����

5P  
B

Q� =
7Q'P��c� DQG 6Q  

B

P� 1 �

7Q'P��c��

7KHRUHP � LQ >�@ H[KLELWHG WKH IROORZLQJ GHFRPSRVLWLRQ RI WKH ELODWHUDO VKLIW '�
,I ��c� LV D ZDYHOHW LQ / ��5�� WKHQ I+QJQ� = LV D IDPLO\ RI SDLUZLVH RUWKRJRQDO

VXEVSDFHV RI / ��5� WKDW VSDQV / ��5��

/ ��5�  
0

Q� =
+Q�

0RUHRYHU� HDFK +Q UHGXFHV ' RQ / ��5� VR WKDW

'  
0

Q� =
'M+ � �

ZLWK 'M+ � EHLQJ D ELODWHUDO VKLIW RI PXOWLSOLFLW\ RQH DFWLQJ RQ HDFK VXEVSDFH +Q�
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:H HVWDEOLVK QH[W LWV FRXQWHUSDUW� E\ H[KLELWLQJ D VLPLODU GHFRPSRVLWLRQ RI WKH
ELODWHUDO VKLIW 7 �

7KHRUHP �� ,I ��c� LV D ZDYHOHW LQ / ��5�� WKHQ I5PJP� 1 � DQG I6QJQ� = DUH

IDPLOLHV RI SDLUZLVH RUWKRJRQDO VXEVSDFHV RI 0 DQG ERWK VSDQ 0�

0  
0

P� 1 �

5P  
0

Q� =
6Q�

0RUHRYHU� 0 UHGXFHV WKH ELODWHUDO VKLIW 7 RQ / ��5�� DQG VR GRHV HDFK 5P� +HQFH

7  
0

P� 1 �

7 M5 � j 7 M0 � �

ZLWK HDFK 7 M5 � EHLQJ D ELODWHUDO VKLIW RI PXOWLSOLFLW\ RQH DFWLQJ RQ HDFK VXEVSDFH

5P� DQG 7 M0 � LV D XQLWDU\ RSHUDWRU DFWLQJ RQ 0"�

3URRI� %\ XQFRQGLWLRQDO FRQYHUJHQFH RI WKH )RXULHU VHULHV ZH PD\ ZULWH HLWKHU

0  
B

P� 1 �

B

Q� =
7Q'P��c�  

B

P� 1 �

5P RU 0  
B

Q� =

B

P� 1 �

7Q'P��c�  
B

Q� =
6Q�

6LQFH5P " 5P
� IRUP� � P �P� � 1�� DQG 6Q " 6Q

� IRU Q� � Q �Q� � =� �DFFRUGLQJ
WR /HPPDV � DQG ��� ZH JHW

0  
0

P� 1 �

5P  
0

Q� =
6Q�

0RUHRYHU� VLQFH 6Q  7Q6� IRU HYHU\ Q � =�

0  
B

Q� =
6Q  

B

Q � =
7Q6�

LV LQYDULDQW IRU ERWK 7 DQG 7 e� ,QGHHG� 7 LV XQLWDU\ VR WKDW 7 e  7b� DQG

7h��0�  7h�
B

Q� =
7Q6�  

B

Q� =
7h�7Q6�  

B

Q� =
7Q6�  0�

7KLV PHDQV WKDW 0 UHGXFHV 7 � 6LQFH GLUHFW VXPPDQGV RI D XQLWDU\ RSHUDWRU DUH
DJDLQ XQLWDU\ RSHUDWRUV� LW IROORZV WKDW 7 M0 LV XQLWDU\� DV ZHOO DV 7 M0 � � ZKHUH
0"  / ��5�k0 LV WKH RUWKRJRQDO FRPSOHPHQW RI0� 7KH VDPH DUJXPHQW �7 LV
XQLWDU\� VKRZV WKDW HDFK

5P  
B

Q� =
7Q'P��c�

DOVR LV 7 �UHGXFLQJ� 7KHUHIRUH� VLQFH

0  
0

P� 1 �

5P�

LW IROORZV WKDW

7 M0  
0

P� 1 �

7 M5 � �

ZKHUH HDFK 7 M5 � LV XQLWDU\� 6XPPLQJ XS� ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ

/ ��5�  0j0"
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WKH ELODWHUDO VKLIW 7 RQ / ��5� FDQ EH ZULWWHQ DV

7  7 M0 j 7 M0 �  
0

P� 1 �

7 M5 � j 7 M0 � �

,W UHPDLQV WR FKHFN ZKHWKHU RU QRW WKHVH XQLWDU\ GLUHFW VXPPDQGV RI WKH ELODWHUDO
VKLIW 7 DUH ELODWHUDO VKLIWV WKHPVHOYHV� )RU HDFK �Q�P� � =d1� SXW

UQ�P�c�  7Q'P��c�

VR WKDW IUQ�P�c�J�Q�P� � =d1 � DV LQ 'HpQLWLRQ � LV DQ RUWKRQRUPDO EDVLV IRU

0  
B

�Q�P� � =d1 �

UQ�P�c��

6LPLODUO\� IRU HDFK P � 1�� IUQ�P�c�JQ� = LV DQ RUWKRQRUPDO EDVLV IRU

5P  
B

Q� =
UQ�P�c��

7DNH DQ DUELWUDU\ P � = DQG REVHUYH WKDW

7 M5 � UQ�P�c�  7Q� �'P��c�  UQ� ��P�c��

+HQFH HDFK 7 M5 � VKLIWV WKH RUWKRQRUPDO EDVLV IUQ�P�c�JQ� = IRU HDFK +LOEHUW VSDFH
5P� DQG VR HDFK 7 M5 � LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ RQH DFWLQJ RQ 5P�

5HPDUN �� 2EVHUYH WKDW� DFFRUGLQJ WR ��� DQG ����

0  
B

P� 1 �

5P  
B

P� 1 �

: P��P�  
B

P� 1 �

'P: ���P��

7KXV 0 LV QRW QHFHVVDULO\ ' LQYDULDQW EHFDXVH : ���P� GHSHQGV RQ P� +RZHYHU�
VLQFH ' LV XQLWDU\� LW IROORZV IURP /HPPD ��L� WKDW

'�0�  
B

P� 1 �

'P� � : ���P� v '�: �� >
B

P� 1
'P� �: ���P�

 '�: �� > '�
B

P� 1
'Pb�: ���P� ~ '�: �� > '�

B

P� 1
'Pb� : ���Pb��

v '�: �� > '�
B

P� 1 �

'P: ���P�  '�: �� > '��0��

DQG KHQFH

0 ~ : � >'�0��

(YHQ WKRXJK WKH UHYHUVHG ZDYHOHWV GR QRW VSDQ WKH VSDFH / ��5�� WKH VXEVSDFH 0
VSDQQHG E\ WKHP FDQ EH XVHIXO IRU VWXG\LQJ GHWDLOV RQ0 VLQFH WKH WUDQVODWLRQ�E\��
RSHUDWRU 7 EHKDYHV YHU\ VLPSO\ RQ WKH VXEVSDFHV 5P RI 0�

5HPDUN �� ,W LV ZRUWK QRWLFLQJ WKDW WKH UHVXOWV LQ WKLV SDSHU FDQ EH IUDPHG LQ DQ
DEVWUDFW DSSURDFK E\ UHSODFLQJ WKH FRQFUHWH IXQFWLRQ VSDFH / ��5� ZLWK DQ DUELWUDU\
LQpQLWH�GLPHQVLRQDO VHSDUDEOH +LOEHUW VSDFH +� DQG DVVXPLQJ WKDW ' DQG 7 DUH
QRQFRPPXWLQJ ELODWHUDO VKLIWV RI LQpQLWH PXOWLSOLFLW\ DFWLQJ RQ + DQG VDWLVI\LQJ
UHODWLRQ ��� RU� HTXLYDOHQWO\� VXFK WKDW '7 �  7' _ VHH >�� 3URSRVLWLRQ �@�
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�� ,� $ Q WRQ LRX DQ G .� *X VWDIVRQ � : DYHOHW V DQ G VW RFKDVW LF SU RFHVVHV� 0DWK � & RP S X W� 6 LP X ODWLRQ
�� ������� ��^����

�� ; � 'DL DQ G '�5� /DU VRQ � : DQ GHU LQ J 9 HFW RU V IRU 8 Q LW DU \ 6 \ VW HPV DQ G 2U W KRJRQ DO : DYHOHW V�
0HP � $ P HU � 0DWK � 6 RF� 9 RO� ���� Q R� ���� 3 U RY LG HQ FH� �����

�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� 7 �1 �7 � *RRG P DQ � 6 �/� /HH DQ G : �6 � 7 DQ J� : DYHOHW V LQ Z DQ GHU LQ J VXEVSDFHV� 7 U DQ V� $ P HU �

0DWK � 6 RF� ��� ������� ���^����
�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 2Q JHQ HU DW LQ J Z DQ GHU LQ J VXEVSDFHV IRU XQ LW DU \ RSHU DW RU V� $ G Y �

0DWK � 6 FL� $ S S O� �� ������� ��^���
�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � $ EVW U DFW Z DYHOHW V JHQ HU DW HG E\ + LOEHU W VSDFH VKLIW RSHU DW RU V�

$ G Y � 0DWK � 6 FL� $ S S O� �� ������� ���^����
�� 3 ��*� /HP DU LwH DQ G < � 0H\ HU � 2Q GHOHW W HV HW EDVHV KLOEHU W LHQ Q HV� 5HY � 0DW� ,E HU RDP HU LFDQ D� �

������� �^���
�� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � $ Z DYHOHW ?W LPH� VKLIW � GHW DLO� GHFRPSRVLW LRQ � 0DWK � & RP S X W�

6 LP X ODWLRQ �� ������� ��^���
�� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 7 LPH� VKLIW V JHQ HU DOL] HG PXOW LU HVROXW LRQ DQ DO\ VLV RYHU G\ DGLF�

VFDOLQ J U HGXFLQ J VXEVSDFHV� ,Q W� - � : DY HOHWV 0X OWLU HVROX W� ,Q I� 3 U RFHVV� � ������� ���^����
��� 6 �*� 0DOODW� 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ V DQ G Z DYHOHW RU W KRQ RU PDO EDVHV RI /��5�� 7 U DQ V�

$ P HU � 0DWK � 6 RF� ��� ������� ��^���
��� - �% � 5RE HU WVRQ � 2Q Z DQ GHU LQ J VXEVSDFHV IRU XQ LW DU \ RSHU DW RU V� 3 U RF� $ P HU � 0DWK � 6 RF� ��

������� ���^����
��� % � 6 ]��1 DJ\ DQ G & � )RLDV� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH� 1 RU WK �+ ROODQ G �
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