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$EVW U DF W � 'LODWLRQ ( T X DWLRQ V S OD\ DQ LP S RU WDQ W U ROH LQ : DY HOHW 0X OWLU HVROX �
WLRQ $ S S U R[ LP DWLRQ � $ G LODWLRQ HT X DWLRQ LV D G LoHU HQ FH HT X DWLRQ IRU p [ HG VFDOH
VX P P LQ J RY HU DOO WLP H�VK LIWV� ,Q WK LV Q RWH Z H LQ WU RG X FH D FODVV RI HT X DWLRQ V
FDOOHG 7 LP H�6 K LIW ( T X DWLRQ V� $ WLP H�VK LIW HT X DWLRQ LV D G LoHU HQ FH HT X DWLRQ
IRU p [ HG WLP H�VK LIW VX P P LQ J RY HU DOO VFDOHV� $ Q DO\ VLV OHDG LQ J WR G HU LY DWLRQ RI
WK HVH HT X DWLRQ V Z LOO RFFX S \ WK H U HVW RI WK H Q RWH�

�� ,QW U RGXF W LRQ

7KLV QRWH LV D EULHI LQWURGXFWLRQ WR D FODVV RI HTXDWLRQV _ FDOOHG 7LPH�6KLIW
(TXDWLRQV �7L(T� _ ZKLFK LV DQ DQDORJ RI WKH FODVV RI 'LODWLRQ (TXDWLRQV �'L(T��

'LODWLRQ (TXDWLRQV ?OLYH� LQ :DYHOHW 0XOWLUHVROXWLRQ $SSUR[LPDWLRQ �05$�� VHH
IRU LQVWDQFH WKH SDSHU RI 6WUDQJ >��@ DQG WKH ERRN RI .HLQHUW >�� &KDSWHU �@� 7KH
EDVLF 'L(T� DOVR FDOOHG ?UHpQHPHQW HTXDWLRQ�� LV D WZR�VFDOH GLoHUHQFH HTXDWLRQ� RI
WKH IRUP
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Q� =
FQ'7Q��c�������

ZKHUH ��c� � / ��5� FDOOHG VFDOLQJ IXQFWLRQ _ JHQHUDWLQJ D 05$ / ��5��VXEVSDFHV
I9 PJP� = _ LV QRUPDOL]HG VR WKDW >��@

=

�

b�

��W� GW  �  �
;

Q� =
FQ  �������

+HUH DQG LQ ZKDW IROORZV ' DQG 7 DUH� UHVSHFWLYHO\� G\DGLF�VFDOH DQG XQLW�WLPH�VKLIW
/ ��5��RSHUDWRUV GHpQHG E\

'I�c�  
S
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b

��c�
c

DQG 7I�c� � I
b

�c�b �
c

������

7KH EDVLF 7LPH�6KLIW (TXDWLRQ WR EH GHULYHG LV WKH GLoHUHQFH HTXDWLRQ RI WKH
IRUP �IRU VRPH 
�c� � / ��5��
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�
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b
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;

P� =
pP'P7
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:H QRWH WKDW P DOZD\V VWDQGV IRU VFDOH OHYHO DQG �P LV VFDOH ZKLOH Q LV WLPH�VKLIW�
7KXV WKH ULJKW KDQG VLGH RI HTXDWLRQ ����� LV IRU VFDOH OHYHO P  � RU IRU VFDOH ���
RYHU DOO WLPH�VKLIWV� ZKLOH WKDW RI HTXDWLRQ ����� LV DW WLPH�VKLIW � RYHU DOO VFDOH
OHYHOV�

%DFNJURXQG DQG VWHSV OHDGLQJ WR 7L(T ZLOO EH SUHVHQWHG LQ 6HFWLRQ �� 7KH &RQ�
QHFWLRQ EHWZHHQ 7L(T DQG 'L(T LV VKRZQ LQ 6HFWLRQ ��

' DW H� 2FWRE HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV� : DY HOHW 0X OWLU HVROX WLRQ $ S S U R[ LP DWLRQ � 'LODWLRQ ( T X DWLRQ V� 7 LP H�6 K LIW ( T X D�

WLRQ V� 7 LP H�6 K LIW 0X OWLU HVROX WLRQ $ S S U R[ LP DWLRQ �

�
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�� : K\ 7 LP H�6KLI W (TXDW LRQV"

/HW ��c� � / ��5� EH D ZDYHOHW DQG OHW �P�Q�c�� �P�Q� � =�� EH WKH ZDYHOHW IXQF�
WLRQV JHQHUDWHG IURP ��c� E\ WLPH�VKLIWLQJV IROORZHG E\ G\DGLF�VFDOLQJV� WKDW LV�

�P�Q�c� � 
S
�
P
�
b

�P�c�b Q
c

 'P7Q��c�  'P�
b

�c�b Q
c

� �P�Q� � =�������

7KHQ� E\ GHpQLWLRQ� I�P�Q�c�J LV D GRXEOH�LQGH[HG / ��5��RUWKRQRUPDO EDVLV �R�Q�E��
>�� �@� $V D FRQVHTXHQFH WKH ?VFDOH GHWDLO VXEVSDFHV� : P��� FRQVWUXFWHG IURP
�P�Q�c� DV

: P��� � 
B

Q� =
'P�

b

�c�b Q
c

� P � =������

FRQVWLWXWH DQ / ��5��RUWKRJRQDO VXEVSDFHV EDVLV �R�V�E�� >�@� 7KHUHIRUH WKH VSDFH
/ ��5� DGPLWV DQ RUWKRJRQDO VFDOH GHWDLO VXEVSDFHV GHFRPSRVLWLRQ

/ ��5�  
0

P� =
: P���������

0RUHRYHU� VLQFH ' KDV D ERXQGHG LQYHUVH� ZH DOVR KDYH

/ ��5�  
0

P� =
'P: ����������

ZKHUH
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B

Q� =
�
b
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c
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LV D JHQHUDWLQJ _ EHFDXVH RI ����� _ DQG '�ZDQGHULQJ VXEVSDFH _ EHFDXVH

'P: ���� " 'P
�

: ����� ZKHQHYHU P � P�������

:KDW LV LQWHUHVWLQJ LV WKH IDFW WKDW ����� DFWXDOO\ GHpQHV ' DV D ELODWHUDO VKLIW ZKRVH
PXOWLSOLFLW\ LV WKH GLPHQVLRQ RI LWV JHQHUDWLQJ ZDQGHULQJ VXEVSDFH : ���� >�@� 7KLV
IDFW ZLOO EH XVHG LQ 6HFWLRQ ��

1RZ� LI D ZDYHOHW ��c� LV ?GHULYHG� IURP D VFDOLQJ IXQFWLRQ ��c� _ JHQHUDWLQJ
D 05$ I9 PJP� = _ WKDW LV� WKH VXEVSDFHV 9 P _ FDOOHG VFDOLQJ DSSUR[LPDWLRQ
VXEVSDFHV _ VDWLVI\ WKH IROORZLQJ SURSHUWLHV >�� ��� ��@�

�R� 9 � � 
:

Q� = �
b

�c�b Q
c

DQG 9 P� �  ' 9 P� �P�Q� � =��

�L� 9 P ~ 9 P� �� P � =�
�LL�

7

P� = 9 P  I�J�
�LLL�

6

P� = 9 P  / ��5��
7KHQ ZH DOVR KDYH

9 P� �  9 P j : P���� P � =������

7KLV HVWDEOLVKHV UHODWLRQVKLS EHWZHHQ WKH VFDOLQJ IXQFWLRQ ��c� DQG WKH DVVRFLDWHG
ZDYHOHW ��c�� 1RWH WKDW LQ SURSHUW\ �R�� WKH IXQFWLRQV �

b

�c�b Q
c

� Q � =� DUH WDNHQ
WR EH RUWKRQRUPDO�

7KH SODFH ZKHUH 'L(T ZHUH ERUQ LV LQ WKH ?QHVWHG� SURSHUW\ �L��

,W IROORZV IURP SURSHUW\ �R� WKDW

9 P � 
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Q� =
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0RUHRYHU� HDFK 9 P FDQ DOVR EH ?UHSUHVHQWHG� LQ WHUPV RI WKH VFDOH GHWDLO VXEVSDFHV
: P

� ���� b� � P� x Pb �� DV

9 P  
Pb�
0

P
�

 b�

: P
� ���� P � =������

7KLV LV D FRQVHTXHQFH RI ������

7R GLVWLQJXLVK EHWZHHQ 9 P LQ ����� DQG LWV UHSUHVHQWDWLRQ LQ ����� ZH GHQRWH WKH
ULJKW KDQG VLGH RI ����� E\ 9 P���

9 P��� � 
Pb�
0

P
�

 b�

: P
� ���� P � =�������

WR LQGLFDWH WKDW� VLQFH LW GHSHQGV RQ WKH ZDYHOHW IXQFWLRQV �P�Q�c�� LW GHSHQGV RQ
WKH ZDYHOHW ��c� DV ZHOO� 0RUHRYHU� 9 P���� P � =� DXWRPDWLFDOO\ VDWLVI\ WKH 05$
SURSHUWLHV �L�� �LL� DQG �LLL��

,W LV HYLGHQW WKDW G\DGLF�VFDOLQJ SOD\V D FHQWUDO UROH ZKLOH WLPH�VKLIWLQJ LV VRPH�
ZKDW QHJOHFWHG� ,Q RWKHU ZRUGV� :DYHOHWV DQG 05$ DUH EDVLFDOO\ ?VFDOH�EDVHG�
WKHRULHV�

$Q LPSRUWDQW IDFW ZKLFK ZH IHHO KDV EHHQ ?RYHUORRNHG� LV WKH IDFW WKDW RQH
FDQ DOVR FRQVWUXFW ?WLPH�VKLIW GHWDLO VXEVSDFHV� +Q���� Q � =� IURP WKH ZDYHOHW
IXQFWLRQV �P�Q�c�� �P�Q� � =�� DV >�@�

+Q��� � 
B

P� =
'P�

b

�c�b Q
c
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0RUHRYHU� WKHVH +Q��� DUH DOVR RUWKRJRQDO DQG IRUP D VHFRQG R�V�E� IRU / ��5��
&RQVHTXHQWO\� ZH QRZ KDYH� LQ DGGLWLRQ WR ������ WKH WLPH�VKLIW RUWKRJRQDO GHFRP�
SRVLWLRQ

/ ��5�  
0

Q� =
+Q����������

7KLV VXJJHVWV WKDW RQH RXJKW WR H[SORUH ?WLPH�VKLIW�EDVHG� DSSURDFK WR :DYHOHWV
DQG 05$� 3UHOLPLQDU\ UHVXOWV DORQJ WKHVH OLQHV ZHUH UHSRUWHG LQ >�� �@�

7R GHULYH WKH SURSRVHG 7L(T ZH EHJLQ ZLWK WKH WLPH�VKLIW GHWDLO VXEVSDFHV * Q���
GHpQHG E\

* Q��� � 
Qb�
0

Q
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+Q
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7KHVH DUH VLPSO\ D WLPH�VKLIW DQDORJ RI WKH VFDOH VXEVSDFHV 9 P���� 0RUHRYHU� LW LV
D VLPSOH PDWWHU WR YHULI\ WKDW I* Q���J DOVR VDWLVpHV WKH 05$ SURSHUWLHV �L�� �LL�
DQG �LLL��

7KH GLoHUHQFH EHWZHHQ I9 P���JP� = DQG I* Q���JQ� = LV WKDW WKH IRUPHU FRQVLVWV
RI VFDOH GHWDLO VXEVSDFHV DQG LW UHSUHVHQWV WKH RULJLQDO 05$ I9 PJP� =� ZKLOH WKH
ODWWHU FRQVLVWV RI WLPH�VKLIW GHWDLO VXEVSDFHV� KHQFH LW FDQQRW UHSUHVHQW WKH VFDOLQJ
VXEVSDFHV I9 PJP� =� 7KLV LV DOVR GXH LQ SDUW WR WKH IDFW WKDW * Q��� LV '�UHGXFLQJ
ZKLOH 9 P LV RQO\ 'e�LQYDULDQW�

6XSSRVH QRZ WKDW WKHUH LV D IXQFWLRQ 
�c� � / ��5� VXFK WKDW


b

�c�b Q
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/HW WKH VXEVSDFHV 7Q� Q � =� EH GHpQHG E\

7Q � 
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DQG VDWLVI\ WKH IROORZLQJ SURSHUWLHV�
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7
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ZKHUH +Q��� LV DV SUHYLRXVO\ GHpQHG� 7KHQ FOHDUO\ 7Q DOVR DGPLWV WKH UHSUHVHQWD�
WLRQ
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:H QRWH WKDW 7Q DV GHpQHG E\ ������ LV '�UHGXFLQJ DQG VR LV * Q����
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7KHUHIRUH� VLQFH 
�c� DOVR OLYHV LQ 7� LW FDQ EH UHSUHVHQWHG LQ WHUPV RI WKH RUWKRQRU�
PDO IXQFWLRQV 'P
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7KLV LV WKH EDVLF 7LPH�6KLIW (TXDWLRQ DQQRXQFHG LQ ������ :H DOVR KDYH� DV LQ WKH
FDVH RI WKH 'L(T ������
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�� $ & RQQHF W LRQ %HW Z HHQ 7 L(T DQG 'L(T

:H FORVH E\ VKRZLQJ WKDW D 7L(T FDQ EH FRQYHUWHG _ XS WR D XQLWDU\ RSHUDWRU
_ LQWR D 'L(T DQG YLFH YHUVD�

)LUVW� JLYHQ D ZDYHOHW ��c� � / ��5�� WKHQ WKH VSDFH / ��5� DXWRPDWLFDOO\ DGPLWV
WKH VFDOH GHWDLO VXEVSDFHV RUWKRJRQDO GHFRPSRVLWLRQ �����

/ ��5�  
0

P� =
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LV D '�ZDQGHULQJ JHQHUDWLQJ VXEVSDFH� DQG / ��5�'� LQGLFDWHV WKDW ����� LV D '�
ZDQGHULQJ VXEVSDFHV UHSUHVHQWDWLRQ RI / ��5��

)RU WKH XQLW WLPH�VKLIW RSHUDWRU 7 � XQIRUWXQDWHO\� WKHUH LV QR GHFRPSRVLWLRQ LQ
WHUPV RI WKH ZDYHOHW IXQFWLRQV �P�Q�c� _ VLPLODU WR ������ +RZHYHU� VLQFH 7 LV
DOVR D ELODWHUDO VKLIW RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\� WKH VSDFH / ��5� FDQ DGPLW D
7 �ZDQGHULQJ VXEVSDFHV RUWKRJRQDO UHSUHVHQWDWLRQ RI WKH IRUP

/ ��5�  
0

Q� =
7Q : ��7 � / ��5�7 �������

ZKHUH : ��7 LV D 7 �ZDQGHULQJ JHQHUDWLQJ VXEVSDFH�

,W LV ZHOO NQRZQ WKDW ELODWHUDO VKLIWV RI HTXDO PXOWLSOLFLW\ DUH XQLWDULO\ HTXLYDOHQW
>��� &KDSWHU �@� 7KLV IRU WKH FDVH RI WKH ELODWHUDO VKLIWV ' DQG 7 FDQ EH VHHQ DV
IROORZV�

1H[W� OHW I�c� � / ��5�'� VR ZH KDYH WKH G\DGLF�VFDOH RUWKRJRQDO UHSUHVHQWDWLRQ

I�c�  
;

P� =
'PZP�c�� ZP�c� � : ����� P � =� DQG

;

P� =
NZP�c�N�  NI�c�N�������

/HW
� � : ����� : ��7

EH D XQLWDU\ RSHUDWRU VHQGLQJ : ���� RQWR : ��7 � 7KHQ WKH RSHUDWRU

n� / ��5�'�� / ��5� 7 ��
GHpQHG E\

n I�c� � 
;

P� =
7P �ZP�c�������

LV FOHDUO\ XQLWDU\� 0RUHRYHU� LW LV HDV\ WR VHH WKDW

n'  7 n������

WKDW LV� ' DQG 7 DUH XQLWDULO\ HTXLYDOHQW �ERWK DUH ELODWHUDO VKLIWV RI WKH VDPH
FDUGLQDOLW\��

:H VXPPDUL]H WKH DERYH LQ WKH QH[W SURSRVLWLRQ�

3URSRVLWLRQ �� /HW ��c� � / ��5� EH D ZDYHOHW WKHQ WKH VSDFH / ��5� DGPLWV D G\�

DGLF�VFDOLQJ UHSUHVHQWDWLRQ / ��5�'� GHpQHG E\ WKH RUWKRJRQDO GHFRPSRVLWLRQ ������
DV ZHOO DV D XQLW�WLPH�VKLIW UHSUHVHQWDWLRQ / ��5�7 � GHpQHG E\ ������ 7KH IRUPHU LV

XQLTXH ZKLOH WKH ODWWHU QHHGV QRW EH�

1RZ� UHWXUQ WR WKH EDVLF 7L(T �����
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ZKLFK FDQ EH UHZULWWHQ DV
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ZKHUH� VLQFH WKH ULJKW KDQG VLGH LV VXPPLQJ ZLWK UHVSHFW WR WLPH�VKLIWV� ZH KDYH
UHSODFHG P E\ Q� 7KHQ� VLQFH ne LV DOVR XQLWDU\� ZH FDQ KDYH

n'e
�c�  
;

Q� =
pQ7

Qb�n

b

�c�b �
c

������

7KLV LV FOHDUO\ D 'LODWLRQ�7\SH (TXDWLRQ� 7R VHH WKLV� OHW XV UHZULWH WKH EDVLF 'L(T
����� DV

'e��c�  
;

Q� =
FQ7

Qb��
b

�c�b �
c

�������

ZKLFK LV VLPSO\ HTXDWLRQ ����� IRU n  ,� DQG LQ ZKLFK 
�c� DV ZHOO DV pQ DUH UHSODFHG
E\ ��c� DQG FQ� :H KDYH WKHUHIRUH VKRZQ WKDW D 7L(T RI WKH IRUP ����� LV FRQQHFWHG
WR D 'L(T RI WKH IRUP ����� YLD WKH ?'LODWLRQ�7\SH (TXDWLRQ� ������� ,Q H[DFWO\
WKH VDPH ZD\� D 'L(T RI WKH IRUP ������ LV FRQQHFWHG WR D 7L(T RI WKH IRUP �����
YLD WKH ?7LPH�6KLIW�7\SH (TXDWLRQ�

ne'e��c�  
;

Q� =
FQ'

Qb�ne�
b

�c�b �
c

�������

7KLV QRWH LV LQWHQGHG DV D EULHI LQWURGXFWLRQ WR 7L(T� )XUWKHU ZRUN RQ WKHVH
HTXDWLRQV DV ZHOO DV RQ 7LPH�6KLIW 05$ ZLOO EH UHSRUWHG HOVHZKHUH�

$F N QRZ O HGJP HQW V

5HVHDUFK VXSSRUWHG LQ SDUW E\ 1$6$ JUDQW 1&&����� �IRU 1/�� DQG E\ %UD]LOLDQ
1DWLRQDO 5HVHDUFK &RXQFLO �&13T� �IRU &6.��

5HI HU HQF HV

�� ,� $ Q WRQ LRX DQ G .� *X VWDIVRQ � : DYHOHW V DQ G VW RFKDVW LF SU RFHVVHV� 0DWK � & RP S X W� 6 LP X ODWLRQ
�� ������� ��^����

�� 7 �1 �7 � *RRG P DQ � 6 �/� /HH DQ G : �6 � 7 DQ J� : DYHOHW V LQ Z DQ GHU LQ J VXEVSDFHV� 7 U DQ V� $ P HU �
0DWK � 6 RF� ��� ������� ���^����

�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� )U LW] .HLQ HU W� : DYHOHW V DQ G 0XOW LZ DYHOHW V� & K DS P DQ 	 + DOO�& 5& � 1 HZ < RU N � ����
�� 3 ��*� /HP DU LwH DQ G < � 0H\ HU � 2Q GHOHW W HV HW EDVHV KLOEHU W LHQ Q HV� 5HY � 0DW� ,E HU RDP HU LFDQ D� �

������� �^���
�� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � $ Z DYHOHW ?W LPH� VKLIW � GHW DLO� GHFRPSRVLW LRQ � 0DWK � & RP S X W�

6 LP X ODWLRQ �� ������� ��^���

�� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 7 LPH� VKLIW V JHQ HU DOL] HG PXOW LU HVROXW LRQ DQ DO\ VLV RYHU G\ DGLF�

VFDOLQ J U HGXFLQ J VXEVSDFHV� ,Q W� - � : DY HOHWV 0X OWLU HVROX W� ,Q I� 3 U RFHVV� � ������� ���^����
�� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ VFDOH DQ G W LPH� VKLIW VXEVSDFHV�

0X OWLG LP HQ V� 6 \ VW� 6 LJQ DO 3 U RFHVV� �� ������� ���^����
�� 6 �*� 0DOODW� 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ V DQ G Z DYHOHW RU W KRQ RU PDO EDVHV RI /��5�� 7 U DQ V�

$ P HU � 0DWK � 6 RF� ��� ������� ��^���
��� 6 �*� 0DOODW� $ : DYHOHW 7 RXU RI 6 LJQ DO 3 U RFHVVLQ J� $ FDG HP LF 3 U HVV� 1 HZ < RU N � �����
��� < � 0H\ HU � 2Q GHOHW W HV HW IXQ FW LRQ V VSOLQ HV� 6 wHP LQ DLU H VX U OHV wHT X DWLRQ V DX [ G wHU LY wHHV S DU WLHOOHV�

����^����� ( [ S � 1 R� 9 ,� w( FROH 3 RO\ WHFK Q LT X H� 3 DODLVHDX � �����
��� *� 6 WU DQ J� : DYHOHW V DQ G GLODW LRQ HTXDW LRQ V� $ EU LHI LQ W U RGXFW LRQ � 6 ,$ 0 5HY LHZ � �� �������

���^����
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