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$EVW U DF W � /HW 7 E H DQ DU E LWU DU \ E RX Q G HG OLQ HDU WU DQ VIRU P DWLRQ RI D + LOE HU W
VS DFH LQ WR LWVHOI� : H LQ Y HVWLJDWH FODVVHV RI FRQ WU DFWLRQ V 6 IRU Z K LFK WK H VS HF�
WU DO U DG LX V U�67 � RI WK H S U RG X FW 67 LV OHVV WK DQ RQ H� 7 K H P DLQ U HVX OW JLY HV D
FROOHFWLRQ RI Q HFHVVDU \ DQ G VX r FLHQ W FRQ G LWLRQ V IRU U�67 � � � Z K HQ 7 LV P X OWL�
S OLFDWLY HO\ S HU WX U E HG E \ FRP S DFW FRQ WU DFWLRQ V 6� : H DOVR JLY H HLWK HU Q HFHVVDU \
RU VX r FLHQ W FRQ G LWLRQ V IRU S HU WX U E DWLRQ E \ RWK HU FODVVHV RI + LOE HU W VS DFH FRQ �

WU DFWLRQ V� VX FK DV WK RVH WK DW LQ FOX G H WK H V\ P P HWU LHV �H�J�� LQ Y ROX WLRQ V� X Q LWDU \
RS HU DWRU V� VHOI�DG MRLQ W� Q RU P DO DQ G Q RU P DORLG FRQ WU DFWLRQ V� RU WK H RU WK RJRQ DO
S U RMHFWLRQ V �H�J�� Q RQ Q HJDWLY H FRQ WU DFWLRQ V��

�� ,QW U RGXF W LRQ

$ +LOEHUW VSDFH RSHUDWRU 7 �L�H�� D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI D +LOEHUW
VSDFH LQWR LWVHOI� LV XQLIRUPO\ VWDEOH LI WKH SRZHU VHTXHQFH I7QJ FRQYHUJHV XQL�
IRUPO\ �RU FRQYHUJHV LQ WKH XQLIRUP WRSRORJ\� RU LQ WKH RSHUDWRU QRUP WRSRORJ\�
WR WKH QXOO RSHUDWRU �L�H�� LI N7QN � ��� 7KH WHUP ?VWDEOH RSHUDWRU� LV UHPLQLVFHQW
RI GLVFUHWH�WLPH G\QDPLFDO V\VWHPV� D GLVFUHWH WLPH�LQYDULDQW IUHH ERXQGHG OLQHDU
V\VWHP PRGHOHG E\ WKH IROORZLQJ DXWRQRPRXV KRPRJHQHRXV GLoHUHQFH HTXDWLRQ

[Q� �  7[Q� ZLWK [�  [� IRU HYHU\ LQWHJHU Qy �

LV XQLIRUPO\ VWDEOH LI WKH +LOEHUW�VSDFH�YDOXHG VWDWH VHTXHQFH I[QJ FRQYHUJHV WR
]HUR XQLIRUPO\ IRU DOO LQLWLDO FRQGLWLRQV [� 7KDW LV� LI VXSN[N  � N7

Q[N � �� ZKLFK

PHDQV WKDW N7QN � �� ,Q WKLV FDVH� ERWK WKH DERYH �OLQHDU� PRGHO DQG WKH �OLQHDU�
RSHUDWRU 7 DUH VDLG WR EH XQLIRUPO\ �DV\PSWRWLFDOO\� VWDEOH�

8QLIRUP VWDELOLW\ IRU LQpQLWH�GLPHQVLRQDO V\VWHPV KDV EHHQ XQGHU WKH VSRWOLJKW
IRU PRUH WKDQ WKUHH GHFDGHV �IRU pQLWH�GLPHQVLRQDO V\VWHPV PDQ\ PRUH GHFDGHV DUH
WR EH DGGHG RQ WKH WRS RI LW�� 1HFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU XQLIRUP VWD�
ELOLW\ LQ DQ LQpQLWH�GLPHQVLRQDO VHWXS FDQ EH IRXQG LQ� IRU LQVWDQFH� >��@� >��@� >��@
DQG WKH UHIHUHQFHV WKHUHLQ� 0RUH UHFHQWO\� VWLOO PRWLYDWHG E\ �DV\PSWRWLF� VWDELO�
LW\ RI GLVFUHWH�WLPH �OLQHDU� V\VWHPV� DWWHQWLRQ KDV EHHQ GLUHFWHG WR PXOWLSOLFDWLYH
SHUWXUEDWLRQV WKDW VWDELOL]H WKH V\VWHP� 7KLV PD\ EH V\QWKHVL]HG E\ WKH TXHVWLRQ�
JLYHQ D PRGHO DV DERYH� ZKLFK FODVV RI RSHUDWRUV 6 LV DEOH WR PDNH WKH V\VWHP

[Q� �  67[Q� ZLWK [�  [� IRU HYHU\ LQWHJHU Qy �

XQLIRUPO\ VWDEOH" ,Q RWKHU ZRUGV� ZKLFK FODVV RI RSHUDWRUV 6 HQVXUHV XQLIRUP VWD�
ELOLW\ IRU 67 �L�H�� HQVXUHV WKDW N�67 �QN � ��" ,Q DQ LQpQLWH�GLPHQVLRQDO VHWWLQJ�
WKLV SUREOHP KDV EHHQ LQYHVWLJDWHG LQ >�@ DQG >�@� ZKHUH WKH RULJLQDO RSHUDWRU 7 LV

' DW H� 2FWRE HU �� ����� U HY LVHG � 0DU FK ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ �� � 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� + LOE HU W VS DFH FRQ WU DFWLRQ V� S HU WX U E DWLRQ WK HRU \ � VS HFWU DO U DG LX V� X Q LIRU P VWDE LOLW\ �
6 X S S RU WHG LQ S DU W E \ % U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO �& 1 3 T ��

�
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SHUWXUEHG E\ VRPH IDPLOLDU FODVVHV RI RSHUDWRUV 6� *HQHUDOL]DWLRQV RI WKH pQLWH�
GLPHQVLRQDO UHVXOWV IURP >�@ ZHUH FRQVLGHUHG LQ >�@� ZKHUH VSHFLpF FRQYH[ VHWV RI
RSHUDWRUV KDYH EHHQ FRQVLGHUHG�

7KH SUHVHQW SDSHU DGGUHVVHV PXOWLSOLFDWLYH SHUWXUEDWLRQV� 1RWDWLRQDO SUHOLPL�
QDULHV DUH FRQVLGHUHG LQ 6HFWLRQ �� 6HFWLRQ � IRFXVHV RQ VXS SURSHUWLHV IRU RSHUDWRUV
SHUWXUEHG E\ FRQWUDFWLRQV� ZKLFK SURYLGH WKH PDLQ WRROV IRU SURYLQJ PXOWLSOLFDWLYH
SHUWXUEDWLRQ UHVXOWV� 7KHUH ZH FRQVLGHU WKH FODVVHV RI SODLQ� QRQVWULFW� VWULFW DQG
XQLIRUPO\ VWDEOH FRQWUDFWLRQV �7KHRUHP ��� WKH FODVV RI SDUWLDO LVRPHWULHV �7KHRUHP
��� DQG WKH FODVVHV RI pQLWH�UDQN RU FRPSDFW FRQWUDFWLRQV �7KHRUHP ��� 7KH FODVVHV
RI V\PPHWULHV� RUWKRJRQDO SURMHFWLRQV� DQG QRQQHJDWLYH RSHUDWRUV DUH DOVR FRQVLG�
HUHG DPRQJ RWKHU FODVVHV RI +LOEHUW VSDFH SHUWXUELQJ FRQWUDFWLRQV� 8QLIRUP VWDELOLW\
IRU PXOWLSOLFDWLYHO\ SHUWXUEHG RSHUDWRUV �SHUWXUEHG E\ WKRVH FODVVHV RI FRQWUDFWLRQV
LQYHVWLJDWHG LQ 6HFWLRQ �� DUH REWDLQHG LQ 6HFWLRQ �� 7KH SDSHU FORVHV ZLWK D FROOHF�
WLRQ RI QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU FRPSDFW SHUWXUEDWLRQ �&RUROODU\ ���
DIWHU H[KLELWLQJ D FRXQWHUH[DPSOH RQ WKH SHUWXUEDWLRQ E\ V\PPHWULHV �5HPDUN ���

�� 3U HO LP LQDU LHV

1RWDWLRQ� WHUPLQRORJ\ DQG EDVLF UHVXOWV DUH SRVHG LQ WKLV VHFWLRQ� %\ EDVLF
UHVXOWV ZH PHDQ ZHOO�NQRZQ VWDQGDUG SURSRVLWLRQV IURP VLQJOH RSHUDWRU WKHRU\ WKDW
ZLOO EH UHTXLUHG LQ WKH VHTXHO� 7KHVH DUH VXPPDUL]HG EHORZ LQ RUGHU WR VHWWOH WKH
SHUWLQHQW GHpQLWLRQV DQG UHFDOO WKH QHFHVVDU\ HOHPHQWDU\ IDFWV RQO\� 3URRIV RI DOO
VWDWHG DVVHUWLRQV �RQ VLQJOH RSHUDWRU WKHRU\� FDQ EH IRXQG LQ FXUUHQW OLWHUDWXUH �VHH
H�J�� >�@� >�@ RU >��@ DPRQJ RWKHU VRXUFHV��

/HW K � L GHQRWH WKH LQQHU SURGXFW LQ D FRPSOH[ LQpQLWH�GLPHQVLRQDO �QRW QHF�
HVVDULO\ VHSDUDEOH� +LOEHUW VSDFH +� %\ D VXEVSDFH RI + ZH PHDQ D FORVHG OLQHDU
PDQLIROG RI +� DQG E\ DQ RSHUDWRU RQ + ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ
RI + LQWR LWVHOI� )RU DQ\ RSHUDWRU 7 RQ + SXW 1 �7 �  7b�I�J �WKH NHUQHO RU QXOO
VSDFH RI 7� ZKLFK LV D VXEVSDFH RI +� DQG 5�7 �  7 �+� �WKH UDQJH RI 7� ZKLFK LV
D OLQHDU PDQLIROG RI +�� /HW %>+@ EH WKH XQLWDO %DQDFK DOJHEUD RI DOO RSHUDWRUV RQ
+ DQG OHW 7 e� %>+@ VWDQG IRU WKH DGMRLQW RI 7 � %>+@� 7KH VDPH QRWDWLRQ N N LV
XVHG IRU WKH QRUP RQ + DQG IRU WKH LQGXFHG �XQLIRUP� QRUP RQ %>+@� $Q LQYHUWLEOH
HOHPHQW IURP %>+@ LV DQ RSHUDWRU 7 ZLWK DQ LQYHUVH LQ %>+@ ZKLFK� E\ WKH ,QYHUVH
0DSSLQJ 7KHRUHP� PHDQV WKDW 7 LV LQMHFWLYH DQG VXUMHFWLYH �L�H�� 1 �7 �  I�J DQG
5�7 �  +��

$ VHOI�DGMRLQW LV DQ RSHUDWRU 7 RQ + IRU ZKLFK 7 e  7� $ VHOI�DGMRLQW RSHUDWRU 4
LV QRQQHJDWLYH �2 x 4�� SRVLWLYH �2 � 4� RU VWULFWO\ SRVLWLYH �2 � 4� LI � x K4[ �[L
IRU HYHU\ [ LQ +� � � K4[ �[L IRU HYHU\ QRQ]HUR [ LQ +� RU oN[N� x K4[ �[L IRU
HYHU\ [ LQ+ DQG VRPH SRVLWLYH o� UHVSHFWLYHO\ _ L�H�� 4 � %>+@ LV VWULFWO\ SRVLWLYH LI
DQG RQO\ LI LW LV SRVLWLYH DQG LQYHUWLEOH� ZKLFK PHDQV WKDW LW KDV D �ERXQGHG� VWULFWO\
SRVLWLYH LQYHUVH LQ %>+@� 5HFDOO WKDW HYHU\ QRQQHJDWLYH RSHUDWRU 4 LQ %>+@ KDV D
XQLTXH QRQQHJDWLYH VTXDUH URRW 4

�
� LQ %>+@ DQG N4

�
� N�  N4N� $OVR UHFDOO WKDW

7 e7 LV D QRQQHJDWLYH RSHUDWRU DQG N7N�  N7 e7N IRU HYHU\ 7 � %>+@ �VWDQGDUG
QRWDWLRQ� M7 M  �7 e7 �

�
� VR WKDW NM7 MN  N7N��

$ FRQWUDFWLRQ LV DQ RSHUDWRU 7 RQ + VXFK WKDW N7N x � �L�H�� N7[N x N[N IRU HY�
HU\ [ LQ +� HTXLYDOHQWO\� 7 e7 x ,�� ,I N7[N � N[N IRU HYHU\ QRQ]HUR [ LQ + �HTXLY�
DOHQWO\� LI 7 e7 � ,�� WKHQ 7 LV D SURSHU FRQWUDFWLRQ� $ VWULFW FRQWUDFWLRQ LV DQ
RSHUDWRU 7 VXFK WKDW N7N � � �L�H�� VXSN[N  � N7[N � � RU� HTXLYDOHQWO\� 7 e7 � ,�
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ZKLFK PHDQV WKDW 7 e7 x o, IRU VRPH o � ��� ���� 7KHVH DUH UHODWHG E\ SURSHU
LQFOXVLRQ� 6WULFW &RQWUDFWLRQ ~ 3URSHU &RQWUDFWLRQ ~ &RQWUDFWLRQ� $ QRQVWULFW
FRQWUDFWLRQ LV D FRQWUDFWLRQ 7 ZLWK N7N  � DQG D QRQSURSHU FRQWUDFWLRQ LV D FRQ�
WUDFWLRQ 7 IRU ZLWK N7[N  N[N IRU VRPH QRQ]HUR [ LQ + �HTXLYDOHQWO\� IRU VRPH [
LQ + ZLWK N[N  ��� (YHU\ QRQSURSHU FRQWUDFWLRQ LV QRQVWULFW� $ QRQQHJDWLYH �RU
SRVLWLYH� RU VWULFWO\ SRVLWLYH� FRQWUDFWLRQ LV SUHFLVHO\ DQ RSHUDWRU 4 RQ + VXFK WKDW
2 x 4 x , �RU 2 x 4 � ,� RU 2 x 4 � ,�� ZKHUH , VWDQGV IRU WKH LGHQWLW\ RI %>+@�

$Q LVRPHWU\ RQ + LV DQ RSHUDWRU 9 VXFK WKDW N9 [N  N[N IRU HYHU\ [ LQ +
RU� HTXLYDOHQWO\� VXFK WKDW 9 e9  ,� (YHU\ LVRPHWU\ LV LQMHFWLYH� $ FRLVRPHWU\
LV DQ RSHUDWRU ZKRVH DGMRLQW LV DQ LVRPHWU\� $ XQLWDU\ RSHUDWRU LV DQ LQYHUWLEOH
LVRPHWU\ RU� HTXLYDOHQWO\� D VXUMHFWLYH LVRPHWU\� ZKLFK PHDQV WKDW DQ RSHUDWRU 8
RQ + LV XQLWDU\ LI DQG RQO\ LI LW LV LQYHUWLEOH DQG 8e  8b� RU� VWLOO HTXLYDOHQWO\� LI
DQG RQO\ LI LW LV DQ LVRPHWU\ DQG DOVR D FRLVRPHWU\� $Q RUWKRJRQDO SURMHFWLRQ 3 RQ
+ LV DQ LGHPSRWHQW RSHUDWRU �L�H�� 3 �  3 � ZKRVH UDQJH DQG NHUQHO DUH RUWKRJRQDO
WR HDFK RWKHU� ZKLFK LV SUHFLVHO\ D QRQQHJDWLYH LGHPSRWHQW �L�H�� 2 x 3  3 ���
HTXLYDOHQWO\� D VHOI�DGMRLQW LGHPSRWHQW �L�H�� 3 e  3  3 ��� $Q LQYROXWLRQ RQ + LV
DQ LQYHUWLEOH RSHUDWRU - WKDW FRLQFLGHV ZLWK LWV LQYHUVH �L�H�� -  -b��� ZKLFK PHDQV
WKDW -�  ,� $ SDUWLDO LVRPHWU\ LV DQ RSHUDWRU : RQ + WKDW DFWV LVRPHWULFDOO\ RQ
WKH RUWKRJRQDO FRPSOHPHQW RI LWV NHUQHO �L�H�� N:[N  N[N IRU HYHU\ [ LQ 1 �: �"��
7KHVH DUH QRQVWULFW FRQWUDFWLRQV� LVRPHWULHV �DQG FRLVRPHWULHV�� XQLWDULHV� �QRQ]HUR�
RUWKRJRQDO SURMHFWLRQV� LQYROXWLRQV DQG �QRQ]HUR� SDUWLDO LVRPHWULHV DOO KDYH QRUP
HTXDO WR � �L�H�� N9 N  N8N  N3N  N-N  N:N  ��� 0RUHRYHU� WKHVH RSHUDWRUV
DOVR KDYH D FORVHG UDQJH �L�H�� WKHLU UDQJHV DUH VXEVSDFHV RI +�� $ V\PPHWU\ 6 LV
D XQLWDU\ LQYROXWLRQ RU� HTXLYDOHQWO\� D VHOI�DGMRLQW LQYROXWLRQ RU� VWLOO HTXLYDOHQWO\�
D VHOI�DGMRLQW XQLWDU\ �L�H�� 6e  6  6b��� ZKLFK LV D QRQVWULFW FRQWUDFWLRQ ZLWK
FORVHG UDQJH DV ZHOO� ,W LV UHDGLO\ YHULpHG WKDW 6 LV D V\PPHWU\ �L�H�� 6 LV D VHOI�
DGMRLQW LQYROXWLRQ� LI DQG RQO\ LI 6  , b �3 IRU VRPH RUWKRJRQDO SURMHFWLRQ 3 �L�H��
IRU VRPH VHOI�DGMRLQW LGHPSRWHQW 3 ��

/HW ~�7 �  
j

y � & � y, b 7 KDV DQ LQYHUVH LQ %>+@
k

EH WKH UHVROYHQW VHW RI DQ
RSHUDWRU 7 RQ +� ,WV FRPSOHPHQW ��7 �  &Q~�7 � LV WKH VSHFWUXP RI 7 DQG WKH
VSHFWUDO UDGLXV LV WKH QRQQHJDWLYH QXPEHU U�7 �  VXSy � ��7 � MyM  PD[y � ��7 � MyM�

7KH *HOIDQG^%HXUOLQJ IRUPXOD VD\V WKDW U�7 �  OLPQ N7QN
�
� � ,I U�7 �  �� WKHQ 7 LV

FDOOHG TXDVLQLOSRWHQW� 7KH QXPHULFDO UDGLXV Z�7 �  VXSN[N  � MK7[ �[LM LV D SRVLWLYH
QXPEHU �� � Z�7 � LI 7 � 2� GHpQLQJ DQRWKHU QRUP LQ %>+@� ZLWK Z�7 e7 �  N7N�
6SHFWUDO UDGLXV� QXPHULFDO UDGLXV DQG WKH LQGXFHG �XQLIRUP� QRUP DUH UHODWHG DV
IROORZV� � x U�7 � x Z�7 � x N7N x �Z�7 � IRU HYHU\ 7 LQ %>+@� $Q RSHUDWRU 7
LV QRUPDORLG LI U�7 �  N7N� DQG VSHFWUDORLG LI U�7 �  Z�7 �� (YHU\ QRUPDORLG LV
VSHFWUDORLG DQG 7 LV QRUPDORLG LI DQG RQO\ LI Z�7 �  N7N� $PRQJ WKH QRUPDORLG DUH
WKH VHOI�DGMRLQW DQG� LQ SDUWLFXODU� WKH QRQQHJDWLYH RSHUDWRUV VR WKDW U�7 e7 �  N7N��
DQG KHQFH U�M7 M�  N7N� $Q RSHUDWRU 7 LV XQLIRUPO\ VWDEOH LI OLPQ N7QN  �� ZKLFK
LV SUHFLVHO\ DQ RSHUDWRU 7 � %>+@ ZLWK U�7 � � �� 7KH SRLQW VSHFWUXP LV WKH VXEVHW
�3 �7 �  

j

y � & � 1 �y, b 7 � � I�J
k

RI ��7 � FRQVLVWLQJ RI DOO HLJHQYDOXHV RI 7�

�� 6XS 3U RSHU W LHV

5HFDOO WKDW U�67 �  U�76� IRU HYHU\ SDLU RI RSHUDWRUV 7� 6 LQ %>+@ EXW� LQ JHQ�
HUDO� U�67 � �x U�6� U�7 � >�� S������@� +RZHYHU� U�67 � x N67N x N6N N7N IRU HYHU\
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7� 6 LQ %>+@� ,Q SDUWLFXODU� U�67 � x N7N IRU HYHU\ RSHUDWRU 7 DQG HYHU\ FRQWUDFWLRQ
6� 7KXV VXS6 � 6 U�67 � x N7N IRU HYHU\ 7 � %>+@ DQG HYHU\ FODVV RI FRQWUDFWLRQV 6�

'HpQLWLRQ �� $ FODVV 6 RI FRQWUDFWLRQV LQ %>+@ KDV WKH QRUP VXS SURSHUW\ LI

VXS
6 � 6

U�67 �  N7N

IRU HYHU\ RSHUDWRU 7 LQ %>+@�

7KH SXUSRVH RI WKH pUVW SDUW RI WKLV VHFWLRQ LV WR LQYHVWLJDWH QRUP VXS SURSHUW\
E\ DVVXPLQJ WKDW WKH SHUWXUELQJ RSHUDWRU 6 EHORQJV WR VRPH VSHFLpF FODVVHV RI
FRQWUDFWLRQV �SODLQ� VWULFW� QRQVWULFW DQG XQLIRUPO\ VWDEOH FRQWUDFWLRQV� V\PPHWULHV�
LQYROXWLRQV� XQLWDU\ RSHUDWRUV� VHOI�DGMRLQW� QRUPDO DQG QRUPDORLG FRQWUDFWLRQV�
SDUWLDO LVRPHWULHV�� ,Q SDUWLFXODU� E\ DVVXPLQJ WKDW WKH SHUWXUELQJ RSHUDWRU 6

EHORQJV WR WKH FODVVHV RI pQLWH�UDQN RU FRPSDFW FRQWUDFWLRQV� 1R DVVXPSWLRQ LV
LPSRVHG RQ WKH RSHUDWRU 7�

7KHRUHP �� 7KH FODVVHV RI DOO QRQVWULFW FRQWUDFWLRQV DQG RI DOO FRQWUDFWLRQV LQ

%>+@ KDYH WKH QRUP VXS SURSHUW\� ,Q IDFW� PRUH LV WUXH� )RU HYHU\ 7 � %>+@�

PD[
N6N  �

U�67 �  PD[
N6Nx�

U�67 �  N7N�

0RUHRYHU� WKH FODVVHV RI DOO VWULFW FRQWUDFWLRQV DQG RI DOO XQLIRUPO\ VWDEOH FRQWUDF�

WLRQV LQ %>+@ DOVR KDYH WKH QRUP VXS SURSHUW\�

3URRI� 1RQVWULFW FRQWUDFWLRQV DUH FRQVLGHUHG LQ SDUW �D�� FRQWUDFWLRQV DUH FRQVLGHUHG
LQ SDUW �E�� VWULFW FRQWUDFWLRQV LQ SDUW �F�� DQG XQLIRUPO\ VWDEOH FRQWUDFWLRQV LQ SDUW
�G�� 6LQFH WKH UHVXOWV DUH DOO WULYLDO IRU 7  2� WDNH DQ DUELWUDU\ 7 � 2 LQ %>+@�

�D� 3XW 6�  N7Nb�7 e LQ %>+@� ZKLFK LV D QRQVWULFW FRQWUDFWLRQ �N6�N  ��� DQG JHW
N7N  N7Nb�U�7 e7 �  U�6�7 �� 7KXV WKH LGHQWLW\ PD[ N6N  � U�67 �  N7N IROORZV
DW RQFH EHFDXVH U�67 � x N7N IRU HYHU\ FRQWUDFWLRQ 6�

�E� $FFRUGLQJ WR �D� ZH JHW N7N  PD[ N6N  � U�67 � x PD[ N6Nx� U�67 � x N7N�

�F� 7DNH DQ DUELWUDU\ o � ��� ��� SXW 6o  oN7Nb�7 e� ZKLFK LV D VWULFW FRQWUDFWLRQ
�N6oN  o � ��� DQG JHW U�6o7 �  oN7Nb� U�7 e7 �  oN7N� 7KHUHIRUH�

N7N  VXS
o� �����

oN7N  VXS
o� �����

U�6o7 � x VXS
N6N��

U�67 � x N7N�

�G� 7KLV IROORZV E\ LWHPV �E� DQG �F��

N7N  VXS
N6N��

U�67 � x VXS
U�6��� � N6Nx�

U�67 � x VXS
N6Nx�

U�67 � x N7N� e

7KHUH DUH VPDOOHU FODVVHV RI FRQWUDFWLRQV WKDW DOVR KDYH WKH QRUP VXS SURSHUW\�
)RU LQVWDQFH� WKH FODVV RI V\PPHWULHV� D SURSHU VXEFODVV RI QRQVWULFW FRQWUDFWLRQV�
7KH DUJXPHQW RI WKH SURRI EHORZ LV VLPLODU WR WKDW LQ >�� /HPPDV ���� DQG ����@�

3URSRVLWLRQ �� 7KH FODVV RI DOO V\PPHWULHV KDV WKH QRUP VXS SURSHUW\�

3URRI� 7DNH DQ DUELWUDU\ RSHUDWRU 7 LQ %>+@ DQG DQ DUELWUDU\ XQLW YHFWRU [ LQ +
�L�H�� [ LQ + VXFK WKDW N[N  ��� ,I 7[  �� WKHQ �  N7[N � �3 �7 � _ L�H�� N7[N LV
DQ HLJHQYDOXH RI 7 _ DQG WKH WULYLDO V\PPHWU\ 6[  , LV VXFK WKDW
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N7[N x U�6[7 ��

1RZ VXSSRVH 7[ � � DQG SXW \[  N7[Nb�7[ LQ +� ZKLFK DOVR LV D XQLW YHFWRU� ,I
\[  q[ IRU VRPH q LQ WKH XQLW FLUFOH �L�H�� q � & ZLWK MqM  ��� WKHQ 7[  qN7[N[
VR WKDW qN7[N � �3 �7 � DQG DJDLQ� IRU WKH WULYLDO V\PPHWU\ 6[  ,�

N7[N x U�6[7 ��

,I \[ � q[ IRU DOO q LQ WKH XQLW FLUFOH� WKHQ SXW q[  MK\[ �[LM
b�K\[ �[L LI K\[ �[L � �

RU q[  � RWKHUZLVH� ZKLFK OLHV LQ WKH XQLW FLUFOH� 6HW X[  \[ b q[[ � �� DQG
FRQVLGHU WKH XQLW YHFWRU H[  NX[Nb�X[ LQ +� /HW 3H � LQ %>+@ EH WKH �UDQN�RQH�
RUWKRJRQDO SURMHFWLRQ ZKRVH UDQJH LV WKH RQH�GLPHQVLRQDO VSDFH VSDQQHG E\ IH[J
�L�H�� 3H � ]  K] � H[LH[ IRU HYHU\ ] � +�� DQG FRQVLGHU WKH V\PPHWU\ 6[  , b �3H � �
6HW Y[  \[ � q[[� 6LQFH q[  MK\[ �[LMb�K\[ �[L LI K\[ �[L � �� ZH JHW Y[ " X[ DQG
VR Y[ " H[� 7KLV HQVXUHV WKDW �6[\[  6[X[ � 6[Y[  Y[ b X[  �q[[� DQG KHQFH
q[[  6[ \[  N7[Nb�6[7[ VR WKDW q[N7[N � �3 �6[7 �� 7KHUHIRUH 6[ LV VXFK WKDW

N7[N x U�6[7 ��

2XWFRPH� )RU HYHU\ XQLW YHFWRU [ � + WKHUH LV D V\PPHWU\ 6[ � %>+@ IRU ZKLFK

N7[N x U�6[7 �� 7KXV �ZLWK 6 GHQRWLQJ WKH FODVV RI DOO V\PPHWULHV IURP %>+@��

N7N  VXS
N[N  �

N7[N x VXS
N[N  �

U�6[7 � x VXS
6 � 6

U�67 � x N7N� e

5HPDUN �� 7KH FODVVHV RI DOO LQYROXWLRQV� RI DOO XQLWDULHV� RI DOO VHOI�DGMRLQW QRQ�

VWULFW FRQWUDFWLRQV� DQG RI DOO VHOI�DGMRLQW FRQWUDFWLRQV IURP %>+@ DOVR KDYH WKH

QRUP VXS SURSHUW\� ,QGHHG� UHFDOO WKDW D V\PPHWU\ LV SUHFLVHO\ D XQLWDU\ LQYROX�
WLRQ� ZKLFK FRLQFLGHV ZLWK WKH FODVV RI DOO VHOI�DGMRLQW LQYROXWLRQV� ZKLFK LQ WXUQ
FRLQFLGHV ZLWK WKH FODVV RI DOO VHOI�DGMRLQW XQLWDU\ RSHUDWRUV� 6LQFH V\PPHWULHV KDYH
WKH QRUP VXS SURSHUW\� DQG VLQFH U�67 � x N7N IRU DOO FRQWUDFWLRQV 6� LW IROORZV
WKDW HYHU\ FODVV RI FRQWUDFWLRQV WKDW FRQWDLQV WKH V\PPHWULHV DOVR KDV WKH QRUP VXS
SURSHUW\�

5HPDUN �� ,I WKH FODVVHV RI DOO VHOI�DGMRLQW FRQWUDFWLRQV DQG RI DOO XQLWDU\ RSHUDWRUV
IURP %>+@ KDYH WKH QRUP VXS SURSHUW\� WKHQ VR KDV HYHU\ FODVV RI FRQWUDFWLRQV WKDW
LQFOXGHV DQ\ RI WKHVH FODVVHV� )RU LQVWDQFH� WKH FODVVHV RI DOO QRUPDO QRQVWULFW FRQ�

WUDFWLRQV DQG RI DOO QRUPDO FRQWUDFWLRQV �DQG VR DQ\ FODVV RI FRQWUDFWLRQV LQFOXGLQJ
WKHP� VXFK DV WKH FODVVHV RI DOO QRUPDORLG QRQVWULFW FRQWUDFWLRQV �U�6�  N6N  ��
DQG RI DOO QRUPDORLG FRQWUDFWLRQV �U�6�  N6N x �� DOVR KDYH WKH QRUP VXS SURS�

HUW\� 6LPLODUO\� WKH FODVVHV RI DOO LVRPHWULHV� DQG RI DOO FRLVRPHWULHV KDYH WKH QRUP

VXS SURSHUW\�

6LQFH WKH FODVV RI LVRPHWULHV LV LQFOXGHG LQ WKH FODVV RI SDUWLDO LVRPHWULHV �DQ
LVRPHWU\ LV SUHFLVHO\ DQ LQMHFWLYH SDUWLDO LVRPHWU\�� LW IROORZV WKDW WKH FODVV RI DOO
SDUWLDO LVRPHWULHV DOVR KDV WKH QRUP VXS SURSHUW\� +RZHYHU� IRU SDUWLDO LVRPHWULHV
WKH QRUP VXS SURSHUW\ KROGV ZLWK ?VXS� VWUHQJWKHQHG WR ?PD[��

7KHRUHP �� 7KH FODVV RI DOO SDUWLDO LVRPHWULHV IURP %>+@ KDV WKH QRUP VXS SURS�

HUW\� ,Q IDFW� PRUH LV WUXH� ,I 6 VWDQGV IRU WKH FODVV RI DOO SDUWLDO LVRPHWULHV IURP

%>+@ WKHQ� IRU HYHU\ 7 � %>+@�

PD[
6 � 6

U�67 �  N7N�



� 3�&�0 � 9,(,5$ $1' &�6 � . 8%586 / <

3URRI� 7DNH DQ DUELWUDU\ 7 LQ %>+@ DQG OHW 7  : M7 M EH LWV SRODU GHFRPSRVLWLRQ�
ZKHUH : LV D SDUWLDO LVRPHWU\ DQG M7 M  �7 e7 �

�
� LV QRQQHJDWLYH� ERWK LQ %>+@�

5HFDOO WKDW M7 M  : e7 � 1RZ SXW 6  : e DQG DOVR UHFDOO WKDW : e LV D SDUWLDO
LVRPHWU\ ZKHQHYHU : LV� 7KXV U�67 �  U�: e7 �  U�M7 M�  N7N DQG ZH JHW WKH
FODLPHG UHVXOW RQFH SDUWLDO LVRPHWULHV DUH FRQWUDFWLRQV DQG U�67 � x N7N ZKHQHYHU
6 LV D FRQWUDFWLRQV IRU HYHU\ RSHUDWRU 7� e

,W LV ZRUWK QRWLFLQJ WKDW WKH QRUP PD[ SURSHUW\ � DV LQ 7KHRUHPV � DQG �� ZDV
UHFHQWO\ LQYHVWLJDWHG IRU %DQDFK VSDFH RSHUDWRUV LQ >�@� ZKHUH LW ZDV VKRZQ WKDW LI
; Q DUH pQLWH�GLPHQVLRQDO QRUPHG VSDFHV� WKHQ HYHU\ RSHUDWRU RQ WKH %DQDFK VSDFH
b
/

Q ; Q

c

S � S ! �� KDV WKH QRUP PD[ SURSHUW\ DWWDLQHG IRU D QRQVWULFW FRQWUDFWLRQ�

$Q RSHUDWRU LV pQLWH�UDQN LI LWV UDQJH LV pQLWH�GLPHQVLRQDO DQG FRPSDFW LI LW PDSV
ERXQGHG VHWV LQWR UHODWLYHO\ FRPSDFW VHWV� 6LQFH HYHU\ pQLWH�UDQN RSHUDWRU LQ %>+@
LV FRPSDFW� LW IROORZV WKDW LI pQLWH�UDQN FRQWUDFWLRQV KDYH WKH QRUP VXS SURSHUW\�
WKHQ VR GR WKH FRPSDFW FRQWUDFWLRQV �EHFDXVH SODLQ FRQWUDFWLRQV KDYH LW�� 7KH QH[W
UHVXOW GHDOV ZLWK pQLWH�UDQN �DQG FRPSDFW� FRQWUDFWLRQV� 1RWH WKDW WKH V\PPHWU\
, b �3H � LQ WKH SURRI RI 3URSRVLWLRQ � LV QHYHU pQLWH�UDQN �3H � LV D pQLWH�UDQN SUR�
MHFWLRQ DQG WKH LGHQWLW\ , LV QRW HYHQ FRPSDFW RQ DQ LQpQLWH�GLPHQVLRQDO VSDFH��

7KHRUHP �� 7KH FODVV RI DOO pQLWH�UDQN FRQWUDFWLRQV KDV WKH QRUP VXS SURSHUW\�

DQG VR GRHV WKH FODVV RI DOO FRPSDFW FRQWUDFWLRQV�

3URRI� 7DNH DQ\ 7 LQ %>+@ DQG DQ DUELWUDU\ XQLW YHFWRU [ LQ +� ,I 7[  �� WKHQ
IRU DQ\ pQLWH�UDQN FRQWUDFWLRQ �DFWXDOO\� IRU DQ\ RSHUDWRU� 6[ LQ %>+@�

N7[N x U�6[7 ��

,I 7[ � �� WKHQ SXW \[  N7[Nb�7[� ,I \[  q[ IRU VRPH q LQ WKH XQLW FLUFOH� WKHQ
VHW 6[  3\ � LQ %>+@� WKH RUWKRJRQDO SURMHFWLRQ ZKRVH UDQJH LV WKH RQH�GLPHQVLRQDO
VSDFH VSDQQHG E\ I\[J� ZKLFK LV D UDQN�RQH QRQQHJDWLYH FRQWUDFWLRQ� 7KXV 6[7[  
K7[ � \[L\[  7[  N7[N\[  qN7[N[ VR WKDW qN7[N OLHV LQ �3 �6[7 �� DQG WKHUHIRUH

N7[N x U�6[7 ��

,I \[ � q[ IRU DOO q LQ WKH XQLW FLUFOH� WKHQ SXW q[  MK\[ �[LMb�K\[ �[L LI K\[ �[L � �
RU q[  � RWKHUZLVH� ZKLFK OLHV LQ WKH XQLW FLUFOH� 6HW X[  \[ b q[[ � � DQG
Y[  \[ � q[[ � �� DQG SXW H[  NX[Nb�X[ DQG I[  NY[Nb�Y[� /HW 3H � DQG 3I � EH
WKH RUWKRJRQDO SURMHFWLRQV ZKRVH UDQJHV DUH WKH RQH�GLPHQVLRQDO VSDFHV VSDQQHG
E\ IH[J DQG II[J� UHVSHFWLYHO\ �3H � ]  K] � H[LH[ DQG 3I � ]  K] � I[LI[ IRU HYHU\
] � +�� 6HW 6[  3I � b 3H � LQ %>+@� 6LQFH X[ " Y[� DQG VR H[ " I[� LW IROORZV WKDW
3H � DQG 3I � DUH PXWXDOO\ RUWKRJRQDO �L�H�� 3H � 3I �  3I � 3H �  2�� 7KLV LPSOLHV
WKDW 6�

[  3I � � 3H � � WKH RUWKRJRQDO SURMHFWLRQ ZKRVH UDQJH LV WKH WZR�GLPHQVLRQDO
VSDFH VSDQQHG E\ IH[� I[J� +RZHYHU� 6[ LWVHOI LV MXVW D UDQN�WZR �VHOI�DGMRLQW� EXW
QRW QRQQHJDWLYH� FRQWUDFWLRQ� ,QGHHG� VLQFH 3H � DQG 3I � DUH PXWXDOO\ RUWKRJRQDO�
N6[]N

�  N3I � ]N
�� N3H � ]N

� x N]N� IRU HYHU\ ] � +� 0XWXDO RUWKRJRQDOLW\ DOVR
LPSOLHV WKDW �6[\[  6[X[ � 6[Y[  Y[ b X[  �q[[� DQG KHQFH q[[  6[\[  
N7[Nb�6[7[ VR WKDW q[N7[N � �3 �6[7 �� 7KHUHIRUH�

N7[N x U�6[7 ��

2XWFRPH� )RU HYHU\ XQLW YHFWRU [ LQ + WKHUH LV D pQLWH�UDQN FRQWUDFWLRQ 6[ VXFK

WKDW N7[N x U�6[7 �� 7KXV �ZLWK 6 GHQRWLQJ WKH FODVV RI DOO pQLWH�UDQN FRQWUDFWLRQV
IURP %>+@� LW IROORZV WKDW
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N7N  VXS
N[N  �

N7[N x VXS
N[N  �

U�6[7 � x VXS
6 � 6

U�67 � x N7N� e

1RUP VXS SURSHUW\ ZLOO EH VWUHQJWKHQHG WR QXPHULFDO UDGLXV VXS SURSHUW\ EHORZ�
1RZ ZH DVVXPH WKDW WKH SHUWXUELQJ RSHUDWRUV 6 EHORQJ WR WKH FODVVHV RI RUWKRJRQDO
SURMHFWLRQV� QRQQHJDWLYH� SRVLWLYH DQG VWULFWO\ SRVLWLYH FRQWUDFWLRQV� $V EHIRUH� QR
DVVXPSWLRQ LV LPSRVHG RQ WKH RSHUDWRU 7�

'HpQLWLRQ �� $ FODVV 6 RI FRQWUDFWLRQV IURP %>+@ KDV WKH QXPHULFDO UDGLXV VXS

SURSHUW\ LI

VXS
6 � 6

U�67 �  Z�7 �

IRU HYHU\ RSHUDWRU 7 LQ %>+@�

7KH DUJXPHQW LQ SDUWV �E� DQG �F� RI WKH SURRI EHORZ DUH VLPLODU WR WKRVH LQ WKH
LQpQLWH�GLPHQVLRQDO YHUVLRQV RI >�� /HPPDV ��� DQG ���@�

3URSRVLWLRQ �� 7KH FODVVHV RI DOO RUWKRJRQDO SURMHFWLRQV� RI DOO QRQQHJDWLYH FRQ�

WUDFWLRQV� RI DOO SRVLWLYH FRQWUDFWLRQV� DQG RI DOO VWULFWO\ SRVLWLYH FRQWUDFWLRQV KDYH

WKH QXPHULFDO UDGLXV VXS SURSHUW\�

3URRI� 7DNH DQ DUELWUDU\ 7 LQ %>+@� :H VKDOO VKRZ LQ SDUW �D� WKDW Z�7 � x U�3 7 �
IRU DOO RUWKRJRQDO SURMHFWLRQV 3 LQ %>+@� LQ SDUW �E� WKDW Z�7 � x U�47 � IRU DOO
VWULFWO\ SRVLWLYH FRQWUDFWLRQV 4 LQ %>+@ DQG� LQ SDUW �F�� WKDW U�47 � x Z�7 � IRU DOO
QRQQHJDWLYH FRQWUDFWLRQV 4 LQ %>+@� 7KXV

Z�7 � x VXS
2x3  3

�
U�3 7 � x VXS

2x4x,

U�47 � x Z�7 ��

Z�7 � x VXS
2�4x,

U�47 � x VXS
2�4x,

U�47 � x VXS
2x4x,

U�47 � x Z�7 ��

�D� 7DNH DQ DUELWUDU\ XQLW YHFWRU [ LQ + DQG FRQVLGHU WKH �XQLTXH� RUWKRJRQDO
SURMHFWLRQ 3[ LQ %>+@ ZKRVH UDQJH LV WKH RQH�GLPHQVLRQDO VSDFH VSDQQHG E\ I[J� WKDW
LV� 3[\  K\ �[L[ IRU HYHU\ \ � + VR WKDW 3[7[  K7[ �[L[� 7KXV K7[ �[L � �3 �3[7 �
_ L�H�� K7[ �[L LV DQ HLJHQYDOXH RI 3[7 _ DQG WKHUHIRUH MK7[ �[LM x U�3[7 �� +HQFH�

Z�7 �  VXS
N[N  �

MK7[ �[LM x VXS
N[N  �

U�3[7 � x VXS
2x3  3

�
U�3 7 ��

�E� &RQVLGHU WKH VHWXS RI LWHP �D� ZKHUH [ LV DQ DUELWUDU\ XQLW YHFWRU LQ +� 6HW
4[�Q�  

Q
Q� �3[ �

�
Q� �, LQ %>+@ IRU HDFK SRVLWLYH LQWHJHU Q� I4[�Q�J LV D VHTXHQFH

RI VWULFWO\ SRVLWLYH FRQWUDFWLRQV �2 � �
Q� �, x 4[�Q� x ,� VXFK WKDW 4[�Q�� 3[ LQ

WKH XQLIRUP WRSRORJ\ �N4[�Q�b 3[N x �
Q� �� DQG KHQFH 4[�Q�7 � 3[7� 6LQFH WKH

VSHFWUXP RI 3[7 LV WRWDOO\ GLVFRQQHFWHG �3[7 LV D UDQN�RQH RSHUDWRU EHFDXVH 3[
LV� DQG VR ��3[7 � LV pQLWH�� LW IROORZV WKDW 3[7 LV D SRLQW RI VSHFWUDO FRQWLQXLW\�
7KHQ WKH DERYH XQLIRUP FRQYHUJHQFH LPSOLHV WKDW U�4[�Q�7 �� U�3[7 � >�� S���@�
7KHUHIRUH� VLQFH K7[ �[L � �3 �3[7 ��

MK7[ �[LM x U�3[7 �  OLP
Q

U�4[�Q�7 � x VXS
2�4x,

U�47 ��

6LQFH WKLV KROGV IRU DOO XQLW YHFWRUV [ LQ +� ZH JHW

Z�7 �  VXS
N[N  �

MK7[ �[LM x VXS
2�4x,

U�47 ��
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�F� 7DNH DQ DUELWUDU\ QRQQHJDWLYH FRQWUDFWLRQ 4 LQ %>+@� ,I U�47 �  �� WKHQ
U�47 � x Z�7 � WULYLDOO\� 7KXV VXSSRVH U�47 � � � DQG OHW 5  4

�
� EH LWV XQLTXH

QRQQHJDWLYH VTXDUH URRW �ZKLFK LV DJDLQ D FRQWUDFWLRQ� VR WKDW U�47 �  U�5�7 �  
U�575�� 6LQFH WKH VSHFWUXP RI DQ\ RSHUDWRU LQ %>+@ LV FRPSDFW� WKHUH H[LVWV D y LQ
��47 � VXFK WKDW MyM  U�47 �  U�575�� 7KLV y OLHV LQ WKH ERXQGDU\ RI ��575��
DQG KHQFH LQ WKH DSSUR[LPDWH SRLQW VSHFWUXP RI 575� ZKLFK PHDQV WKDW WKHUH LV
D VHTXHQFH I[QJ RI XQLW YHFWRUV LQ + VXFK WKDW �y, b575�[Q � �� 7KHUHIRUH�

y  OLP
Q

K575[Q �[QL

EHFDXVH Myb K575[Q �[QLM  MK�y, b575�[Q �[QLM x N�y, b575�[QN �VLQFH
N[QN  ��� ZKLFK LQ WXUQ LPSOLHV WKDW

OLP LQI
Q

N5[QN � �

�UHDVRQ� LI OLP LQIQ N5[QN  �� WKHQ OLPQK575[Q �[QL  � VR WKDW y  �� ZKLFK
FRQWUDGLFWV WKH DVVXPSWLRQ U�47 � � I�J �� 7KXV � � N5[QN IRU HYHU\ Q y Q�� IRU
VRPH LQWHJHU Q�� 6LQFH 5 LV VHOI�DGMRLQW� N5[QNb�K575[Q �[QL  K7XQ �XQL ZKHUH
HDFK XQ  N5[QNb�5[Q DOVR LV D XQLW YHFWRU LQ+� IRU HDFK Q y Q�� +HQFH� UHFDOOLQJ
WKDW N5[QN x � �EHFDXVH 5 LV D FRQWUDFWLRQ�� ZH JHW

U�47 �  MyM  OLP
Q

MK575[Q �[QLM x OLP VXS
Q

N5[QN
� MK7XQ �XQLM

x OLP VXS
Q

MK7XQ �XQLM x VXS
N[N  �

MK7[ �[LM  Z�7 �� e

'HpQLWLRQ �� $ FODVV 6 RI FRQWUDFWLRQV IURP %>+@ KDV WKH VSHFWUDO UDGLXV VXS

SURSHUW\ LI

VXS
6 � 6

U�67 �  U�7 �

IRU HYHU\ RSHUDWRU 7 LQ %>+@�

/HW I7J� GHQRWH WKH FRPPXWDQW RI DQ RSHUDWRU 7 � %>+@ �WKH XQLWDO VXEDOJHEUD
RI %>+@ FRQVLVWLQJ RI DOO RSHUDWRUV WKDW FRPPXWH ZLWK 7 �� $ GLUHFW FRQVHTXHQFH
RI WKH *HOIDQG^%HXUOLQJ IRUPXOD IRU WKH VSHFWUDO UDGLXV LV WKDW U�67 � x U�6�U�7 �
ZKHQHYHU 6 � I7J� �VHH H�J�� >�� S���@�� 5HFDOO WKDW D VFDODU RSHUDWRU LV D PXOWLSOH RI
WKH LGHQWLW\ �L�H�� DQ RSHUDWRU 6  o, RQ + IRU VRPH o � &�� 7KH FODVV RI DOO VFDODU
RSHUDWRUV LV D XQLWDO VXEDOJHEUD RI WKH FRPPXWDQW RI HYHU\ RSHUDWRU 7� DQG LW LV
WULYLDOO\ YHULpHG WKDW WKH FODVV RI DOO VFDODU FRQWUDFWLRQV IURP %>+@ KDV WKH VSHFWUDO

UDGLXV VXS SURSHUW\� ,QGHHG� IRU HYHU\ 7 � %>+@�

PD[
6  o,� MoMx�

U�67 �  U�7 ��

'RHV WKHUH H[LVW DQRWKHU FODVV RI FRQWUDFWLRQV �QRW D VXEFODVV RI VFDODU FRQWUDFWLRQV�
WKDW KDV WKH VSHFWUDO UDGLXV VXS SURSHUW\" 1RWH WKDW WKH FODVV RI DOO TXDVLQLOSRWHQW
�LQ SDUWLFXODU� RI DOO QLOSRWHQW� RSHUDWRUV IURP %>+@ GRHV QRW KDYH DQ\ RI WKH VXS
SURSHUWLHV RI 'HpQLWLRQV �� � DQG �� ,QGHHG� LI 7  , � %>+@� WKHQ U�7 �  Z�7 �  
N7N  � DQG U�67 �  U�6�  � IRU DOO TXDVLQLOSRWHQW RSHUDWRU 6 � %>+@�
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5HFDOO WKDW DQ RSHUDWRU 7 LQ %>+@ LV XQLIRUPO\ VWDEOH LI WKH SRZHU VHTXHQFH I7QJ
FRQYHUJHV XQLIRUPO\ WR WKH QXOO RSHUDWRU �L�H�� LI N7QN � ��� 7KHUH LV D P\ULDG RI
HTXLYDOHQW FRQGLWLRQV IRU XQLIRUP VWDELOLW\ �VHH H�J�� >��@ DQG WKH UHIHUHQFHV WKHUHLQ��
DPRQJ WKHP� N7QN � � LI DQG RQO\ LI U�7 � � �� DQ RSHUDWRU LV XQLIRUPO\ VWDEOH LI
DQ RQO\ LI LWV VSHFWUXP LV LQFOXGHG LQ WKH RSHQ XQLW GLVF�

7KH WKHRUHPV ZHUH SURYHG LQ WKH SUHYLRXV VHFWLRQ� 1RZ ZH KDUYHVW WKH FRUROODULHV
E\ SURYLGLQJ QHFHVVDU\ DQG�RU VXrFLHQW FRQGLWLRQV IRU 67 WR EH XQLIRUPO\ VWDEOH
ZKHQ 7 LV SHUWXUEHG E\ RSHUDWRUV 6 EHORQJLQJ WR WKRVH FODVVHV RI FRQWUDFWLRQV
FRQVLGHUHG LQ 6HFWLRQ ��

&RUROODU\ �� 7DNH 6� 7 LQ %>+@� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ FRQWUDFWLRQ 6�

�E� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ QRQVWULFW FRQWUDFWLRQ 6�

�F� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ SDUWLDO LVRPHWU\ 6�

�G� 7 LV D VWULFW FRQWUDFWLRQ�

3URRI� /HW 6 EH DQ\ FODVV RI FRQWUDFWLRQV VXFK WKDW

PD[
6 � 6

U�67 �  N7N

IRU HYHU\ RSHUDWRU 7 LQ %>+@� ,I 7 � %>+@� WKHQ

U�67 � � � � 6 � 6 �� N7N � ��

7KHUHIRUH� DFFRUGLQJ WR 7KHRUHPV � DQG �� LW IROORZV WKDW �D�� �E�� �F� DQG �G� DUH
SDLUZLVH HTXLYDOHQW� e

&RUROODU\ �� /HW 6 DQG 7 EH RSHUDWRUV LQ %>+@� 7KH DVVHUWLRQ

�G� 7 LV D VWULFW FRQWUDFWLRQ

LPSOLHV HDFK RI WKH DVVHUWLRQV EHORZ�

�H� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ 6 LQ DQ\ FODVV RI FRQWUDFWLRQV WKDW LQFOXGHV

DOO VWULFW FRQWUDFWLRQV�

�I� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ 6 LQ DQ\ FODVV RI FRQWUDFWLRQV WKDW LQFOXGHV

DOO pQLWH�UDQN FRQWUDFWLRQV�

�J� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ 6 LQ DQ\ FODVV RI FRQWUDFWLRQV WKDW LQFOXGHV

DOO V\PPHWULHV�

0RUHRYHU� HDFK RI WKH DERYH DVVHUWLRQV LPSOLHV WKDW

�K� 7 LV D FRQWUDFWLRQ�

3URRI� /HW & EH WKH FODVV RI DOO FRQWUDFWLRQV LQ %>+@� /HW 6 EH DQ\ FODVV RI FRQ�
WUDFWLRQV WKDW LQFOXGHV D FODVV 6� RI FRQWUDFWLRQV WKDW KDV WKH QRUP VXS SURSHUW\�
7KDW LV� 6� v 6 v & ZKHUH N7N  VXS6 � 6 � U�67 �� 6LQFH VXS6 � 6 U�67 � x N7N�

VXS
6 � 6 �

U�67 �  VXS
6 � 6

U�67 �  N7N

IRU HYHU\ RSHUDWRU 7 LQ %>+@� 7KXV WDNH DQ\ 7 � %>+@ DQG REVHUYH WKDW
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N7N�� � VXS
6 � 6

U�67 ��� � U�67 ��� �6�6 � VXS
6 � 6

U�67 �x� � N7Nx��

7KHUHIRUH� �G� LPSOLHV WKDW 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ 6 LQ HYHU\ FODVV 6 WKDW
LQFOXGHV 6�� ZKLFK LPSOLHV WKDW 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ 6 LQ VRPH FODVV 6
WKDW LQFOXGHV 6�� ZKLFK LQ WXUQ LPSOLHV �K�� ,Q SDUWLFXODU� DFFRUGLQJ WR 7KHRUHPV
�� � DQG 3URSRVLWLRQ �� WKLV KROGV ZKHQHYHU 6� LV WKH FODVV RI DOO VWULFW FRQWUDFWLRQV�
WKH FODVV RI DOO V\PPHWULHV� RU WKH FODVV RI DOO pQLWH�UDQN FRQWUDFWLRQV� e

&RUROODU\ �� 7DNH 6� 7 LQ %>+@� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�L� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ VWULFW FRQWUDFWLRQ 6�

�K� 7 LV D FRQWUDFWLRQ�

3URRI� ,I N7N x � DQG N6N � �� WKHQ U�67 � x N67N x N6N N7N � N7N x � VR WKDW
�K� LPSOLHV �L�� %\ &RUROODU\ � �H� LPSOLHV �K�� ,Q SDUWLFXODU �L� LPSOLHV �K�� e

&RUROODU\ �� /HW 6 DQG 7 EH RSHUDWRUV LQ %>+@� 7KH DVVHUWLRQ

�I� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ 6 LQ DQ\ FODVV RI FRQWUDFWLRQV WKDW LQFOXGHV

DOO pQLWH�UDQN FRQWUDFWLRQV

LPSOLHV WKDW

�M� 7 LV D SURSHU FRQWUDFWLRQ�

3URRI� %\ &RUROODU\ � �I� LPSOLHV �K�� 7KXV 7 LV D FRQWUDFWLRQ �N7N x �� LI �I� KROGV�
7KH RXWFRPH LQ WKH SURRI RI 7KHRUHP � VD\V WKDW IRU HYHU\ XQLW YHFWRU [ LQ + WKHUH
LV D pQLWH�UDQN FRQWUDFWLRQ 6[ LQ %>+@ IRU ZKLFK N7[N x U�6[7 �� ,I WKH FRQWUDFWLRQ
7 LV QRW SURSHU� WKHQ WKHUH LV D XQLW YHFWRU X LQ + VXFK WKDW �  NXN  N7XN� DQG
VR � x U�6X7 � � �� ZKLFK LV D FRQWUDGLFWLRQ� U�6[7 � � � IRU HYHU\ XQLW YHFWRU [ LI
�I� KROGV� 7KXV �M�� 7 LV D SURSHU FRQWUDFWLRQ� e

&RUROODU\ �� /HW 6 DQG 7 EH RSHUDWRUV LQ %>+@� 7KH DVVHUWLRQ

�J� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ 6 LQ DQ\ FODVV RI FRQWUDFWLRQV WKDW LQFOXGHV

DOO V\PPHWULHV

LPSOLHV WKDW

�N� Z�7 � � � DQG 7 LV D SURSHU FRQWUDFWLRQ�

3URRI� 6XSSRVH DVVHUWLRQ �J� KROGV� 6LQFH WKH LGHQWLW\ , LV D V\PPHWU\� LW IROORZV
WKDW U�7 � � �� 0RUHRYHU� N7N x � EHFDXVH �J� LPSOLHV �K� LQ &RUROODU\ �� 7KH
RXWFRPH LQ WKH SURRI RI 3URSRVLWLRQ � UHDGV DV IROORZ� IRU HYHU\ XQLW YHFWRU [ LQ
+ WKHUH LV D V\PPHWU\ 6[ LQ %>+@ IRU ZKLFK N7[N x U�6[7 �� %XW U�6[7 � � � IRU
HYHU\ XQLW YHFWRU [ LI �J� KROGV� ,I WKH FRQWUDFWLRQ 7 LV QRW SURSHU� WKHQ WKHUH LV
D XQLW YHFWRU X LQ + VXFK WKDW �  NXN  N7XN� DQG KHQFH � x U�6X7 � � �� ZKLFK
LV D FRQWUDGLFWLRQ� 7KXV 7 LV D SURSHU FRQWUDFWLRQ� 5HFDOO WKDW Z�7 � x � �EHFDXVH
N7N x ��� ,I Z�7 �  �� WKHQ Z�7 �  N7N  �� ZKLFK LPSOLHV WKDW 7 LV QRUPDORLG VR
WKDW U�7 �  N7N  �� DQRWKHU FRQWUDGLFWLRQ �VLQFH U�7 � � ��� 7KHUHIRUH� Z�7 � � ��
7KXV �J� LPSOLHV �N�� e

5HPDUN �� $VVHUWLRQ �N� VD\V WKDW 7 LV HLWKHU D VWULFW FRQWUDFWLRQ RU D QRQ�
QRUPDORLG QRQVWULFW SURSHU FRQWUDFWLRQ� 7KLV LV D QHFHVVDU\ FRQGLWLRQ IRU XQLIRUP
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VWDELOLW\ RI PXOWLSOLFDWLYH SHUWXUEDWLRQ E\ V\PPHWULHV� +RZHYHU� DVVHUWLRQ �N� LV
QRW VXrFLHQW� ,Q RWKHU ZRUGV� DFFRUGLQJ WR &RUROODU\ � WKH DVVHUWLRQ

�O� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ V\PPHWU\ 6

LPSOLHV �N� EXW� DV ZH VKDOO VHH QH[W� �N� GRHV QRW LPSO\ �O�� ,QGHHG� ZH VKDOO
H[KLELW D QRQQRUPDORLG QRQVWULFW SURSHU FRQWUDFWLRQ 7 DQG D V\PPHWU\ 6 VXFK

WKDW U�67 �  �� 7DNH 7�  
�
� �

bb� b�
� �

c

DQG 6�  
bb� �

� �

c

LQ %>&�@� ZKHUH 6� LV D

V\PPHWU\� 7� LV D TXDVLQLOSRWHQW QRQVWULFW FRQWUDFWLRQ �U�7��  � DQG N7�N  ���

DQG 6�7�  
�
� �

b � �
� �

c

LV D QRQQHJDWLYH �WKXV QRUPDORLG� QRQVWULFW FRQWUDFWLRQ�

U�6�7��  Z�6�7��  N6�7�N  N7�N  ��

7KHQ Z�7�� � N7�N �RWKHUZLVH 7� ZRXOG EH QRUPDORLG� VR WKDW

�  U�7�� � Z�7�� � Z�6�7��  N7�N  ��

1RZ FRQVLGHU WKH GLUHFW VXPV 7  
/�

Q �
Q

Q� �7� DQG 6  
/�

Q  � 6� RQ +  C�� �&���

WKH +LOEHUW VSDFH PDGH XS RI DOO VTXDUH VXPPDEOH &��YDOXHG VHTXHQFHV� &OHDUO\� 6
LV D V\PPHWU\ DQG N7N  VXSQy�

q

q

Q
Q� �7�

q

q  �� 1RWH WKDW 67  
/�

Q �
Q

Q� �6�7� LV
DJDLQ D QRQQHJDWLYH QRQVWULFW FRQWUDFWLRQ�

U�67 �  Z�67 �  N67N  N7N  ��

&ODLP� U�7 �  �� ,Q IDFW� WDNH Qy� DQG y � � DUELWUDU\� 6LQFH �
b

Q
Q� �7�

c

 I�J

ZH JHW y � ~
b

Q
Q� �7�

c

� DQG VR
b

y, b Q
Q� �7�

c

KDV D ERXQGHG LQYHUVH� QDPHO\�

b

y, b Q
Q� �7�

c

b�  Q
� ��� �	� ��
�

�

v

� ��� �	� ��
�

Q
b � b�

�
� ��� �	� ��
�

Q
� �

w

�VLQFH $b�  �
po

�
b

ob� b�
� o� �

c

ZKHQHYHU $  p
b

o� � �
b� ob�

c

IRU DQ\ QRQ]HUR o DQG p��

2EVHUYH WKDW
q

q

b

y, b Q
Q� �7�

c

b�
q

q x Q
� ��� ��� ��
������

�
b
� ��� �	� ��
������

Q
� �

c

�
MyM�

� �

MyM
� DQG KHQFH

VXSQy�
q

q

b

y, b Q
Q� �7�

c

b�
q

q � �� 7KLV LPSOLHV WKDW y, b 7  
/�

Q �

b

y, b Q
Q� �7�

c

DOVR KDV D ERXQGHG LQYHUVH �y, b 7 �b�  
/�

Q �

b

y, b Q
Q� �7�

c

b�� 7KXV y � ~�7 ��

DQG WKHUHIRUH 7 LV TXDVLQLOSRWHQW� ��7 �  I�J� $JDLQ� VLQFH 7 LV D TXDVLQLOSRWHQW
QRQVWULFW FRQWUDFWLRQ� Z�7 � � N7N VR WKDW

�  U�7 � � Z�7 � � Z�67 �  N7N  ��

)LQDOO\� ZH YHULI\ WKDW 7 LV D SURSHU �QRQVWULFW� FRQWUDFWLRQ� $FWXDOO\� IRU DQ
DUELWUDU\ QRQ]HUR [  I[QJ�Q � LQ C�� �&���

N7[N�  
�
;

Q �

q

q

Q
Q� �7� [Q

q

q

�
�

�
;

Q �

N7� [QN
� x

�
;

Q �

N[QN
�  N[N��

7KHQ 7 VDWLVpHV �N� EXW �O� IDLOV RQFH U�67 �  � IRU WKH V\PPHWU\ 6�

:KDW LV EHKLQG WKH DERYH H[DPSOH LV WKH IDFW WKDW WKH QXPHULFDO UDGLXV Z�67 �
RI D SURGXFW 67 PD\ EH ODUJHU WKDQ WKH SURGXFW Z�7 �N6N� �)RU PRUH RQ QXPHULFDO
UDGLXV SURSHUWLHV VHH H�J�� >�@� >�@ DQG >�@��

5HPDUN �� ,I Z�7 � � �� WKHQ U�67 � � � IRU HYHU\ 6 LQ DQ\ FODVV RI FRQWUDFWLRQV
WKDW KDV WKH QXPHULFDO UDGLXV VXS SURSHUW\� 7KXV� E\ 3URSRVLWLRQ ��

�P� Z�7 � � �
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LPSOLHV WKDW

�Q� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ RUWKRJRQDO SURMHFWLRQ 6�

�R� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ QRQQHJDWLYH FRQWUDFWLRQ 6�

�S� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ SRVLWLYH FRQWUDFWLRQ 6�

�T� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ VWULFWO\ SRVLWLYH FRQWUDFWLRQ 6�

DQG HDFK RI WKHVH� LQ WXUQ� LPSOLHV WKDW

�U� Z�7 � x � DQG 7 LV XQLIRUPO\ VWDEOH�

,QGHHG� LI DQ\ RI �Q� WR �T� KROGV� WKHQ Z�7 � x � E\ 3URSRVLWLRQ � DQG� VLQFH WKH
LGHQWLW\ LV DQ RUWKRJRQDO SURMHFWLRQ �WKXV QRQQHJDWLYH� DV ZHOO DV D VWULFWO\ SRVLWLYH
�WKXV SRVLWLYH� FRQWUDFWLRQ� LW DOVR IROORZV WKDW U�7 � � �� +RZHYHU� XQOLNH WKH FDVH
RI 5HPDUN �� WKH QHFHVVDU\ FRQGLWLRQ �U� LV VXrFLHQW IRU XQLIRUP VWDELOLW\ RI PXO�
WLSOLFDWLYH SHUWXUEDWLRQ E\ VWULFWO\ SRVLWLYH FRQWUDFWLRQV� 7KLV LV D UHVXOW IURP >�@
ZKLFK ZH VXPPDUL]H EHORZ IRU FRPSOHWHQHVV DQG IRU WKH UHDGHU
V FRQYHQLHQFH�

&RUROODU\ �� >�@ 7DNH 6� 7 LQ %>+@� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�T� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ VWULFWO\ SRVLWLYH FRQWUDFWLRQ 6�

�U� Z�7 � x � DQG 7 LV XQLIRUPO\ VWDEOH�

3URRI� >�@ :H VDZ LQ 5HPDUN � WKDW �T� LPSOLHV �U�� &RQYHUVHO\� VXSSRVH �U� KROGV
IRU DQ RSHUDWRU 7� ,I �T� IDLOV IRU WKLV 7� WKHQ WKHUH H[LVWV DQ RSHUDWRU 4 VXFK WKDW
2 � 4 x , DQG U�47 �  �� &RQVLGHU WKH VHWXS LQ WKH SURRI RI 3URSRVLWLRQ �� SDUW
�F�� ZKHUH 5  4

�
� �VR WKDW 2 � 5 x ,�� y � ��47 � ZLWK MyM  U�47 �  �� DQG

�y, b575�[Q � � ZKLFK LPSOLHV K575[Q �[QL � y

IRU D VHTXHQFH I[QJ RI XQLW YHFWRUV LQ + �VHH SURRI RI 3URSRVLWLRQ ��� :ULWH

�e� N�y, b 7 �5[QN  N5b�
d

y�4b ,� � �y, b575�
e

[QN

x N5b�N
b

N�, b4�[QN� N�y, b575�[QN
c

�

,I Z�7 � x �� WKHQ MK7[ �[LM x N[N� IRU HYHU\ QRQ]HUR [ LQ +� DQG VR

MK575[Q �[QLM  MK75[Q �5[QLM x N5[QN
� x N5N x ��

5HFDOO WKDW MK575[Q �[QLM � MyM  �� 7KXV N5[QN � � E\ DERYH LQHTXDOLW\� ZKLFK
LQ WXUQ LPSOLHV WKDW N�, b4�[QN � � EHFDXVH

N�, b4�[QN
�  N[QN

� b �5HK4[Q� [QL� N4[QN
�

x �b �N5[QN
� � N5N�N5[QN

� x �b N5[QN
��

6LQFH N�, b4�[QN � � DQG N�y, b575�[QN � �� ZH JHW N�y, b 7 �5[QN � � DF�
FRUGLQJ WR �e�� 6HW XQ  N5[QN

b�5[Q� ZKLFK LV DJDLQ D XQLW YHFWRU LQ +� 6LQFH
N5[QN � �� LW DOVR IROORZV WKDW N�y, b 7 �XQN � �� 7KLV PHDQV WKDW y OLHV LQ WKH
DSSUR[LPDWH SRLQW VSHFWUXP RI 7� DQG KHQFH y � ��7 � VR WKDW �  MyM x U�7 ��
ZKLFK LV D FRQWUDGLFWLRQ �U�7 � � � LI �U� KROGV�� 7KXV �U� LPSOLHV �T�� e

:H FORVH WKH SDSHU ZLWK D FROOHFWLRQ RI QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU
XQLIRUP VWDELOLW\ RI PXOWLSOLFDWLYH SHUWXUEDWLRQV E\ FRPSDFW FRQWUDFWLRQV� 5HFDOO
WKDW DQ RSHUDWRU 7 LQ %>+@ LV VWURQJO\ VWDEOH LI WKH SRZHU VHTXHQFH I7QJ FRQYHUJHV



0 8/ 7,3/ ,&$7,9( 3(5785%$7,2 1 %< &2 175$&7,2 16 ��

VWURQJO\ WR WKH QXOO RSHUDWRU �L�H�� N7Q[N � � IRU HYHU\ [ � +�� DQG ZHDNO\ VWDEOH LI
I7QJ FRQYHUJHV ZHDNO\ WR WKH QXOO RSHUDWRU �L�H�� LI K7Q[ � \L � � IRU HYHU\ [� \ � +
RU� HTXLYDOHQWO\� K7Q[ �[L � � IRU HYHU\ [ � + VLQFH + LV D FRPSOH[ +LOEHUW VSDFH��
8QLIRUP VWDELOLW\ LPSOLHV VWURQJ VWDELOLW\� ZKLFK LPSOLHV ZHDN VWDELOLW\� 7KH QH[W
UHVXOW HQVXUHV WKDW 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ FRPSDFW FRQWUDFWLRQ 6 LI DQG

RQO\ LI 7 LV D SURSHU FRQWUDFWLRQ�

&RUROODU\ �� 7DNH 6� 7 LQ %>+@� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�V� 67 LV ZHDNO\ VWDEOH IRU HYHU\ FRPSDFW FRQWUDFWLRQ 6�

�W� 67 LV XQLIRUPO\ VWDEOH IRU HYHU\ FRPSDFW FRQWUDFWLRQ 6�

�X� (LJHQYDOXHV RI 67 OLH LQ WKH RSHQ XQLW GLVF IRU HYHU\ FRPSDFW FRQWUDFWLRQ 6�

�M� 7 LV D SURSHU FRQWUDFWLRQ�

�Y� 67 LV D SURSHU FRQWUDFWLRQ IRU HYHU\ FRPSDFW FRQWUDFWLRQ 6�

�Z� 67 LV D VWULFW FRQWUDFWLRQ IRU HYHU\ FRPSDFW FRQWUDFWLRQ 6�

3URRI� 6LQFH WKH FODVV RI DOO FRPSDFW RSHUDWRUV IURP %>+@ LV D WZR�VLGHG LGHDO RI
%>+@� LW IROORZV WKDW 67 LV FRPSDFW IRU HYHU\ RSHUDWRU 7 ZKHQHYHU 6 LV FRPSDFW�
+RZHYHU� WKH FRQFHSWV RI ZHDN� VWURQJ DQG XQLIRUP VWDELOLWLHV FRLQFLGH IRU D FRPSDFW
RSHUDWRU RQ D FRPSOH[ +LOEHUW VSDFH �VHH H�J�� >��� S���@�� 7KHUHIRUH 67 LV XQLIRUP
VWDEOH LI DQG RQO\ LI 67 LV ZHDNO\ VWDEOH ZKHQHYHU 6 LV FRPSDFW FRQWUDFWLRQ VR
WKDW �V� DQG �W� DUH HTXLYDOHQW� 0RUHRYHU� ��67 �QI�J  �3 �67 �QI�J ZKHQHYHU 67
LV FRPSDFW �)UHGKROP $OWHUQDWLYH� VR WKDW ��67 � v ' LI DQG RQO\ LI �3 �67 � v '�
ZKHUH ' GHQRWHV WKH RSHQ XQLW GLVF �FHQWHUHG DERXW WKH RULJLQ RI WKH FRPSOH[ SODQH��
+HQFH �W� DQG �X� DUH HTXLYDOHQW� 7KDW �W� LPSOLHV �M� LV D SDUWLFXODU FDVH RI &RUROODU\
� �ZKLFK LV D FRQVHTXHQFH RI 7KHRUHP ��� VLQFH HYHU\ pQLWH�UDQN RSHUDWRU LQ %>+@ LV
FRPSDFW� %XW LI �M� KROGV� WKHQ 67 LV D SURSHU FRQWUDFWLRQ IRU HYHU\ FRQWUDFWLRQ 6�
DQG KHQFH WKH FRPSDFW FRQWUDFWLRQ 67 LV� LQ IDFW� D VWULFW FRQWUDFWLRQ� WKH FRQFHSWV
RI SURSHU DQG VWULFW FRQWUDFWLRQV FRLQFLGH IRU FRPSDFW RSHUDWRUV >��@� 7KXV �Y� DQG
�Z� DUH HTXLYDOHQW DVVHUWLRQV� ZKLFK DUH LPSOLHG E\ �M�� )LQDOO\� �Z� LPSOLHV �W� VLQFH
U�67 � x N67N� e

1RWH WKDW WKH DERYH HTXLYDOHQW DVVHUWLRQV LPSO\ WKHLU pQLWH�UDQN FRXQWHUSDUW�
ZKLFK DUH VWLOO HTXLYDOHQW DFFRUGLQJ WR WKH VDPH DUJXPHQW�

5HI HU HQF HV

�� $ � % K D\ D DQ G ( � .DV]N X U HZ LF]� 2Q GLVFU HW H� W LPH GLDJRQ DO DQ G ' � VW DELOLW \ � /LQ HDU $ OJHE U D
$ S S O� ��� ������� ��^����

�� % �( � & DLQ � 2SHU DW RU V Z KLFK U HPDLQ FRQ YHU JHQ W Z KHQ PXOW LSOLHG E\ FHU W DLQ + HU PLW LDQ RSHU D�

W RU V� /LQ HDU $ OJHE U D $ S S O� ��� ������ ��^���
�� % �( � & DLQ � & RQ YHU JHQ W PXOW LSOHV RI FRQ YHU JHQ W RSHU DW RU V� /LQ HDU $ OJHE U D $ S S O� ��� ������

���^����
�� % � & DLQ � /�0� 'H$ OE D� /� + RJE HQ DQ G & �5� - RK Q VRQ � 0XOW LSOLFDW LYH SHU W XU EDW LRQ V RI VW DEOH

DQ G FRQ YHU JHQ W RSHU DW RU V� /LQ HDU $ OJHE U D $ S S O� ��� ������� ���^����
�� - �% � & RQ Z D\ � $ & RXU VH LQ )XQ FW LRQ DO $ Q DO\ VLV� �Q G HG �� 6 S U LQ JHU � 1 HZ < RU N � �����
�� .�( � *X VWDIVRQ DQ G '�.�0� 5DR� 1 XPHU LFDO 5 DQ JH� 6 S U LQ JHU � 1 HZ < RU N � �����
�� 3 �5� + DOP RV� $ + LOEHU W 6 SDFH 3 U REOHP %RRN � �Q G HG �� 6 S U LQ JHU � 1 HZ < RU N � �����
�� 9 �,� ,VWU xDW|HVFX � ,Q W U RGXFW LRQ W R / LQ HDU 2SHU DW RU 7 KHRU \ � 0DU FHO 'HN N HU � 1 HZ < RU N � �����
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�� 9 �$ � .K DWVN HY LFK � 0�,� 2VWU RY VN LL DQ G 9 �6 � 6 K X OP DQ � ( [W U HPDO SU REOHPV IRU RSHU DW RU V LQ

%DQ DFK VSDFHV DU LVLQ J LQ W KH VW XG\ RI OLQ HDU RSHU DW RU SHQ FLOV� ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU
7 K HRU \ �� ������� ���^����

��� & �6 � .X E U X VO\ � 0HDQ VTXDU H VW DELOLW \ IRU GLVFU HW H ERXQ GHG OLQ HDU V\ VW HPV LQ + LOEHU W VSDFH�
6 ,$ 0 - � & RQ WU RO 2S WLP � �� ������� ��^���

��� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU � % RVWRQ � �����
��� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V� % LU N K �DX VHU � % RVWRQ � �����
��� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 3 U RSHU FRQ W U DFW LRQ V DQ G LQ YDU LDQ W VXEVSDFHV� ,Q WHU Q DW� - � 0DWK �

0DWK � 6 FL� �� ������� ���^����
��� 3 �& �0� 9 LHLU D� + � 0DOHE U DQ FK H DQ G & �6 � .X E U X VO\ � 2Q XQ LIRU P VW DELOLW \ � $ G Y � 0DWK � 6 FL�

$ S S O� � ������� ��^����
��� - � =DE F]\ N � 5 HPDU NV RQ W KH FRQ W U RO RI GLVFU HW H� W LPH GLVW U LEXW HG SDU DPHW HU V\ VW HPV� 6 ,$ 0 - �

& RQ WU RO �� ������� ���^����

1DW LRQDO /DERU DW RU \ I RU 6F LHQW LI LF & RP SXW DW LRQ� � � � � � �� � � � 3HW U wRSRO LV� 5-� %U D] LO �

( � PDLO DGGU HVV� SDXORFP#OQFF�EU

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


