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$EVW U DF W � $ IWHU S U HVHQ WLQ J D VX U Y H\ RQ S RVLQ RU P DO RS HU DWRU V Z H FRQ VLG HU WZ R
FODVVLFDO S U RE OHP V U HVWU LFWHG WR WK LV FODVV RI RS HU DWRU V� 6 LQ FH WU DQ VLWLY H RS HU D�
WRU V DU H T X DVLLQ Y HU WLE OH DQ G VLQ FH LQ Y HU WLE OH RS HU DWRU V DU H S RVLQ RU P DO� Z H JLY H
D X Q LT X H IDFWRU L]DWLRQ IRU LQ Y HU WLE OH WU DQ VLWLY H RS HU DWRU V� DQ G S U RY H D FK DU �

DFWHU L]DWLRQ IRU WU DQ VLWLY H WRWDOO\ K HU HG LWDU LO\ Q RU P DORLG FRQ WU DFWLRQ V Z LWK D
FRP S DFW G HIHFW RS HU DWRU � 0RU HRY HU � VLQ FH G RP LQ DQ W RS HU DWRU V DU H S RVLQ RU P DO�
Z H JLY H FRQ G LWLRQ V IRU G RP LQ DQ W RS HU DWRU V WR VDWLVI\ : H\ O
V WK HRU HP � DQ G VK RZ
WK DW WK HVH FRQ G LWLRQ V DU H WLJK W HQ RX JK � ,W LV DOVR H[ K LE LWHG FRX Q WHU H[ DP S OHV WR
WK U HH LQ FRU U HFW VWDWHP HQ WV RI FX U U HQ W OLWHU DWX U H RQ S RVLQ RU P DO RS HU DWRU V�

�� ,QW U RGXF W LRQ

7KURXJKRXW WKLV SDSHU WKH WHUP RSHUDWRU PHDQV D ERXQGHG OLQHDU WUDQVIRUPDWLRQ
RI D +LOEHUW VSDFH LQWR LWVHOI� 3RVLQRUPDO RSHUDWRUV ZKHUH LQWURGXFHG LQ >��@ DV WKH
FODVV RI RSHUDWRUV 7 IRU ZKLFK 7 7 e  7 e47 IRU VRPH QRQQHJDWLYH RSHUDWRU 4� ,W
ZDV QRWLFHG WKHQ WKDW WKLV ZDV D YHU\ ODUJH FODVV WKDW LQFOXGHV WKH K\SRQRUPDO DV
ZHOO DV DOO LQYHUWLEOH RSHUDWRUV�

7KH SXUSRVH RI WKLV SDSHU LV WZRIROG� )LUVW ZH SUHVHQW D FRPSUHKHQVLYH YLHZ RQ
SRVLQRUPDO RSHUDWRUV LQ 6HFWLRQ �� � DQG �� (TXLYDOHQW FRQGLWLRQV IRU SRVLQRUPDOLW\
DUH FRQVLGHUHG LQ 6HFWLRQ �� ZKLOH VHYHUDO VXEFODVVHV RI SRVLQRUPDO RSHUDWRUV DQG
WKHLU FRQQHFWLRQV ZLWK VXEFODVVHV RI QRUPDORLG RSHUDWRUV DUH GLVFXVVHG LQ GHWDLO LQ
6HFWLRQV � DQG �� 1H[W ZH IRFXV RQ WZR OHDGLQJ SUREOHPV LQ 6HFWLRQV � DQG �� QDPHO\�
WKH LQYDULDQW VXEVSDFH SUREOHP DQG :H\O
V WKHRUHP IRU VXEFODVVHV RI SRVLQRUPDO
RSHUDWRUV� 6LQFH WUDQVLWLYH RSHUDWRUV �L�H�� RSHUDWRUV ZLWKRXW D QRQWULYLDO LQYDULDQW
VXEVSDFH� DUH TXDVLLQYHUWLEOH DQG VLQFH LQYHUWLEOH RSHUDWRUV DUH SRVLQRUPDO� ZH JLYH
D XQLTXH IDFWRUL]DWLRQ IRU LQYHUWLEOH WUDQVLWLYH RSHUDWRUV LQ 7KHRUHP �� DQG SURYH
LQ 7KHRUHP � DQG &RUROODU\ � WKDW LI D WUDQVLWLYH WRWDOO\ KHUHGLWDULO\ QRUPDORLG
FRQWUDFWLRQ KDV D FRPSDFW GHIHFW RSHUDWRU� WKHQ LW LV HLWKHU RI FODVV & �� RU RI FODVV
& ��� DQG KDV QR VXSHUF\FOLF YHFWRU� �$Q RSHUDWRU LV FDOOHG WRWDOO\ KHUHGLWDULO\
QRUPDORLG LI HYHU\ SDUW RI LW LV QRUPDORLG� DV ZHOO DV WKH LQYHUVH RI WKHLU LQYHUWLEOH
SDUWV _ D FODVV WKDW LQFOXGHV WKH SDUDQRUPDO RSHUDWRUV�� 0RUHRYHU� :H\O
V WKHRUHP
LV LQYHVWLJDWHG IRU D VXEFODVV RI SRVLQRUPDO RSHUDWRUV LQ 7KHRUHP �� ZKHUH ZH SURYH
WKDW :H\O
V WKHRUHP KROGV IRU D GRPLQDQW RSHUDWRU LI HYHU\ SDUW RI LW LV WUDQVDORLG�
7KLV FRQGLWLRQ RQ WKH SDUWV RI D GRPLQDQW RSHUDWRU LV ZHDNHQHG LQ &RUROODU\ �� DQG
ZH DOVR VKRZ WKDW LW LV WLJKW HQRXJK E\ JLYLQJ H[DPSOHV DQG FRXQWHUH[DPSOHV�

�� 3RVLQRU P DO 2SHU DW RU V

/HW + EH D FRPSOH[ +LOEHUW VSDFH RI GLPHQVLRQ JUHDWHU WKDQ �� %\ D VXEVSDFH
RI + ZH PHDQ D FORVHG OLQHDU PDQLIROG RI +� DQG E\ DQ RSHUDWRU RQ + ZH PHDQ
D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR LWVHOI� /HW %>+@ EH WKH DOJHEUD RI DOO

' DW H� - X O\ ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��% ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV� + \ S RQ RU P DO RS HU DWRU V� LQ Y DU LDQ W VX E VS DFHV� S RVLQ RU P DO RS HU DWRU V� : H\ O
V WK HRU HP �

�
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RSHUDWRUV RQ +� )RU DQ\ RSHUDWRU 7 � %>+@ SXW 1 �7 �  NHU7  7b�I�J �WKH
NHUQHO RU QXOO VSDFH RI 7 � ZKLFK LV D VXEVSDFH RI +� DQG 5�7 �  UDQ7  7 �+� �WKH
UDQJH RI 7 � ZKLFK LV D OLQHDU PDQLIROG RI +�� /HW 7 e� %>+@ VWDQG IRU WKH DGMRLQW RI
7 � %>+@� OHW0" GHQRWH WKH RUWKRJRQDO FRPSOHPHQW RI D OLQHDU PDQLIROG0� DQG
UHFDOO WKDW 0""  0b� ZKHUH 0b LV WKH FORVXUH RI 0� $OVR UHFDOO WKH IROORZLQJ
ZHOO�NQRZQ SURSHUWLHV� / v 0 LPSOLHV 0" v / "� DQG 5�7 �"  1 �7 e�� VR WKDW
5�7 e�"  1 �7 �� 0RUHRYHU� 5�7 e� LV FORVHG LI DQG RQO\ LI 5�7 � LV FORVHG�
$Q LQYHUWLEOH HOHPHQW IURP %>+@ LV DQ RSHUDWRU 7 ZLWK DQ LQYHUVH LQ %>+@ �L�H��

ZLWK D ERXQGHG LQYHUVH�� 7KLV PHDQV WKDW 7 LV LQMHFWLYH � 1 �7 �  I�J� DQG VXUMHF�
WLYH �5�7 �  +�� $Q RSHUDWRU 4 LQ %>+@ LV QRQQHJDWLYH �4 y 2�� SRVLWLYH �4 ! 2�
RU VWULFWO\ SRVLWLYH �4 � 2� LI � x K4[ �[L IRU HYHU\ [ � +� � � K4[ �[L IRU HYHU\
� � [ � +� RU oN[N� x K4[ �[L IRU HYHU\ [ � + DQG VRPH o ! �� UHVSHFWLYHO\ _
L�H�� 4 � %>+@ LV VWULFWO\ SRVLWLYH LI DQG RQO\ LI LW LV SRVLWLYH DQG LQYHUWLEOH� ZKLFK
PHDQV WKDW LW KDV D �ERXQGHG� VWULFWO\ SRVLWLYH LQYHUVH LQ %>+@�

3URSRVLWLRQ �� 7DNH 7 � %>+@� 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� 7KHUH H[LVWV D QRQQHJDWLYH 4 � %>+@ VXFK WKDW 7 7 e  7 e47 �

�E� 7KHUH H[LVWV D QRQQHJDWLYH 4 � %>+@ VXFK WKDW 7 7 e x 7 e47 �

�F� 7KHUH H[LVWV D QRQQHJDWLYH o � 5 VXFK WKDW 7 7 e x o�7 e7 �

�G� 5�7 � v 5�7 e��

�H� 7KHUH H[LVWV 6 � %>+@ VXFK WKDW 7  7 e6�

0RUHRYHU� HDFK RI WKH DERYH HTXLYDOHQW DVVHUWLRQV LPSOLHV WKH QH[W RQH�

�I� 1 �7 � v 1 �7 e��

)XUWKHUPRUH� LI 5�7 � LV FORVHG� WKHQ WKHVH VL[ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

3URRI� $VVHUWLRQ �D� LPSOLHV �E� WULYLDOO\� ,I �E� KROGV� WKHQ

K7 7 e[ �[L x K7 e47[ �[L  N4
�
� 7[N� x N4NN7[N�  N4NK7 e7[ �[L

IRU HYHU\ [ � +� DQG VR �F� KROGV ZLWK o  N4N
�
� � 2Q WKH RWKHU KDQG� �F� LPSOLHV

�E� ZLWK 4  o�,� 1H[W UHFDOO WKH IROORZLQJ UHVXOW IURP >�@ �VHH DOVR >��@ DQG >�@��
,I $ DQG % OLH LQ %>+@� WKHQ WKH DVVHUWLRQV EHORZ DUH SDLUZLVH HTXLYDOHQW�
��� $$ex o�%%e IRU VRPH o y ��
��� 5�$� v 5�%��
��� 7KHUH H[LVWV & � %>+@ VXFK WKDW $  %&�

7KXV� E\ VHWWLQJ $  7 DQG %  7 e� LW IROORZV WKDW DVVHUWLRQV �F�� �G� DQG �H� DUH
SDLUZLVH HTXLYDOHQW� &OHDUO\� �H� LPSOLHV �D� ZLWK 4  66e� 1RZ� 5�7 � v 5�7 e�
LPSOLHV 5�7 e�" v 5�7 �"� ZKLFK LV HTXLYDOHQW WR 1 �7 � v 1 �7 e�� 7KXV �G� LPSOLHV
�I�� &RQYHUVHO\� 5�7 e�" v 5�7 �" LPSOLHV 5�7 �"" v 5�7 e�""� ZKLFK LV HTXLYD�
OHQW WR 5�7 �b v 5�7 e�b� 7KHUHIRUH� �I� LPSOLHV �G� ZKHQHYHU 5�7 � LV FORVHG� e

$Q RSHUDWRU 7 LQ %>+@ WKDW VDWLVpHV DVVHUWLRQ �D� _ DQG VR DQ\ RI WKH HTXLYDOHQW
DVVHUWLRQV �D� WR �H� _ RI 3URSRVLWLRQ � ZDV FDOOHG SRVLQRUPDO LQ >��@� :H QRWH WKDW
SDUW RI WKH HTXLYDOHQW DVVHUWLRQV LQ 3URSRVLWLRQ � ZHUH DOVR YHULpHG LQ >��@� DQG WKH
HTXLYDOHQFH EHWZHHQ �D� DQG �E� ZDV DOVR VKRZQ LQ >��@� 3URSRVLWLRQ � HQVXUHV WKDW
D FRPSOH[ PXOWLSOH RI D SRVLQRUPDO RSHUDWRU LV DJDLQ SRVLQRUPDO �L�H�� WKH FODVV RI
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SRVLQRUPDO RSHUDWRUV LV FORVHG XQGHU VFDOLQJ�� DQG KHQFH ZH PLJKW UHVWULFW WKH LQYHV�
WLJDWLRQ RI SRVLQRUPDO RSHUDWRUV WR SRVLQRUPDO FRQWUDFWLRQV� $OVR QRWH WKDW� XVLQJ
WKH DEVROXWH YDOXH QRWDWLRQ� M7 M  �7 e7 �

�
� � ZH JHW IURP 3URSRVLWLRQ ��F� WKDW DQ

RSHUDWRU 7 LV SRVLQRUPDO LI DQG RQO\ LI M7 eM� x o�M7 M� IRU VRPH o ! �� 7KLV LPSOLHV
WKDW M7 eM x oM7 M� 7KH FODVV RI DOO RSHUDWRUV 7 IURP %>+@ IRU ZKLFK M7 eM x oM7 M IRU
VRPH o ! � �ZH PLJKW FDOO WKHP VHPLSRVLQRUPDO RSHUDWRUV� LQFOXGHV WKH FODVV RI DOO
SRVLQRUPDO RSHUDWRUV�

5HPDUN �� &RQVLGHU WKH DVVHUWLRQV RI 3URSRVLWLRQ �� 1RWH WKDW� DOWKRXJK WKH LQH�
TXDOLW\ LQ �E� LV HTXLYDOHQW WR WKH LGHQWLW\ LQ �D�� WKH LQFOXVLRQ LQ �G� LV QRW HTXLYDOHQW
WR WKH LGHQWLW\ 5�7 �  5�7 e�� ,Q IDFW� WKLV LGHQWLW\ PD\ IDLO IRU D SRVLQRUPDO
RSHUDWRU �VDPSOH� WDNH WKH XQLODWHUDO VKLIW�� 6RPH RI WKH HTXLYDOHQW GHpQLWLRQV RI
D SRVLQRUPDO RSHUDWRU LQ 3URSRVLWLRQ � KDYH DQ DOWHUQDWLYH UHIRUPXODWLRQ� ,QGHHG�
VLQFH N7[N�  K7 e7[ �[L IRU HYHU\ [ � +� IRU DOO 7 � %>+@� LW IROORZV WKDW DVVHUWLRQV
�D�� �E� DQG �F� DUH HTXLYDOHQW� UHVSHFWLYHO\� WR WKH IROORZLQJ DVVHUWLRQV�

�D�� 7KHUH H[LVWV 4 y 2 LQ %>+@ VXFK WKDW N7 e[N  N4
�
� 7[N IRU HYHU\ [ � +�

�E�� 7KHUH H[LVWV 4 y 2 LQ %>+@ VXFK WKDW N7 e[N x N4
�
� 7[N IRU HYHU\ [ � +�

�F�� 7KHUH H[LVWV o y � VXFK WKDW N7 e[N x oN7[N IRU HYHU\ [ � +�
1RWH WKDW FRQGLWLRQ ��� LQ WKH SURRI RI 3URSRVLWLRQ � LV HTXLYDOHQW WR

���� N$[N x oN%[N IRU HYHU\ [ � + IRU VRPH o y ��
ZKLFK KDV EHHQ UHIHUUHG WR E\ VD\LQJ WKDW % PDMRUL]HV $� 7KXV FRQGLWLRQ �F��
PHDQV� 7 PDMRUL]HV 7 e� 0RUHRYHU� OHW 6e  :4 EH WKH SRODU GHFRPSRVLWLRQ RI
6e� %>+@� ZKHUH : � %>+@ LV D SDUWLDO LVRPHWU\ DQG 4  M6eM  �66e�

�
� � %>+@ LV

QRQQHJDWLYH� DQG FRQVLGHU WKH IROORZLQJ DVVHUWLRQ�

�H�� 7KHUH H[LVWV D SDUWLDO LVRPHWU\ : � %>+@ DQG D QRQQHJDWLYH 4 � %>+@ VXFK
WKDW 7  7 e4: e�

,W LV FOHDU WKDW �H� DQG �H�� LPSO\ HDFK RWKHU� 7KHUHIRUH� HDFK FRQGLWLRQ �D��� �E���
�F��� RU �H�� DOVR LV HTXLYDOHQW WR SRVLQRUPDOLW\� 2EVHUYH WKDW� LI �F� KROGV DQG
7 � 2� WKHQ N7N�  N7 7 eN x o�N7 e7N  o�N7N� VR WKDW o y �� 6LPLODUO\� LI
�F�� KROGV DQG 7 � 2� WKHQ N7N  N7 eN x oN7N VR WKDW o y �� 7KXV WKH FRQVWDQW
o y � LQ �F� RU �F�� LV QHFHVVDULO\ QRW OHVV WKDQ � ZKHQHYHU 7 � 2 �DQG LW LV HTXDO
WR � IRU 7 � 2 LI DQG RQO\ LI 7 LV K\SRQRUPDO �L�H�� 7 7 e x 7 e7 �� +HQFH� 7 � 2 LV
SRVLQRUPDO LI DQG RQO\ LI DQ\ RI WKH IROORZLQJ HTXLYDOHQW DVVHUWLRQV KROG�

�F�� 7KHUH H[LVWV o y � VXFK WKDW 7 7 e x o�7 e7 �

�F��� 7KHUH H[LVWV o y � VXFK WKDW N7 e[N x oN7[N IRU HYHU\ [ � +�
)LQDOO\ QRWH WKDW� DFFRUGLQJ WR DVVHUWLRQV �G� DQG �I��

7 DQG 7 e DUH ERWK SRVLQRUPDO �� 5�7 �  5�7 e�  � 1 �7 �  1 �7 e��

�� 6XEF O DVVHV RI 3RVLQRU P DO 2SHU DW RU V

6LQFH q7 LV SRVLQRUPDO IRU DQ\ q y � ZKHQHYHU 7 LV SRVLQRUPDO �3URSRVLWLRQ ���
LW IROORZV WKDW WKH FROOHFWLRQ RI DOO SRVLQRUPDO RSHUDWRUV LV D FRQH LQ %>+@� ,Q IDFW�
WKH FODVV RI SRVLQRUPDO RSHUDWRUV LV YHU\ ODUJH� 7KLV LV FRQpUPHG LQ WKLV VHFWLRQ�
ZKHUH VRPH IXQGDPHQWDO SURSHUWLHV RI SRVLQRUPDO RSHUDWRUV DUH UHYLVLWHG� 7R EHJLQ
ZLWK� UHFDOO WKDW D XQLODWHUDO ZHLJKWHG VKLIW 6  VKLIW�I�NJ�N  �� RQ C�� LV LQMHFWLYH
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LI DQG RQO\ LI WKH ZHLJKW VHTXHQFH I�NJ KDV QR ]HUR WHUP �L�H�� �N � � IRU HYHU\
Ny��� 1RZ REVHUYH WKDW WKHUH DUH LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIWV WKDW DUH QRW

SRVLQRUPDO� �7KLV VKRZV D JDS LQ >��� 3URSRVLWLRQ ���@ _ H�J�� WDNH �N  � LI N LV
RGG DQG �N  Nb� LI N LV HYHQ DQG JHW D XQLODWHUDO ZHLJKWHG VKLIW WKDW LV LQMHFWLYH
EXW QRW SRVLQRUPDO�� $FWXDOO\� E\ 3URSRVLWLRQ ��F��

$Q LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW LV SRVLQRUPDO LI DQG RQO\ LI VXSN
M� � M

M� ��� � M � ��

1RWH WKDW WKH FRQGLWLRQ VXSN�M�NM M�N � �Mb�� � � KROGV LI D VHTXHQFH I�NJ RI QRQ]HUR
WHUPV FRQYHUJHV WR D QRQ]HUR OLPLW EXW LW PD\ IDLO LI �N � � �H�J�� LW IDLOV IRU �N  NbN

EXW KROGV IRU �N  Nb��� 0RUHRYHU� ZH DOVR QRWH WKH IROORZLQJ JHQHUDO SURSHUW\�

(YHU\ LQYHUWLEOH RSHUDWRU LV SRVLQRUPDO ZLWK D SRVLQRUPDO DGMRLQW�

7KLV IROORZV E\ 3URSRVLWLRQ ��G�� VLQFH 7 LV LQYHUWLEOH LI DQG RQO\ LI 7 e LV LQYHUWLEOH
RU� HTXLYDOHQWO\� 7 LV LQYHUWLEOH LI DQG RQO\ LI 5�7 �  5�7 e�  +� 6LQFH WKH VHW RI
LQYHUWLEOH RSHUDWRUV IURP %>+@ LV RSHQ LQ %>+@� WKLV VKRZV WKDW WKH FODVV RI SRVL�
QRUPDO RSHUDWRUV DOVR LV WRSRORJLFDOO\ ODUJH�

$ VFDODU y � & LV D QRUPDO HLJHQYDOXH RI DQ RSHUDWRU 7 LI I�J � 1 �y, b 7 � v
1 �y, b 7 e� RU� HTXLYDOHQWO\� LI y LV DQ HLJHQYDOXH RI 7 DQG �y, b 7 � VDWLVpHV DVVHU�
WLRQ �I� LQ 3URSRVLWLRQ �� 7KXV WKH IROORZLQJ SURSHUW\ KROGV E\ 3URSRVLWLRQ ��I��

,I 7 LV SRVLQRUPDO� WKHQ HLWKHU 7 LV LQMHFWLYH RU � LV D QRUPDO HLJHQYDOXH RI 7 �

$ VXEVSDFH 0 RI + LV LQYDULDQW IRU DQ RSHUDWRU 7 � %>+@ �RU LV 7 �LQYDULDQW� LI
7 �0� v 0� DQG QRQWULYLDO LI I�J � 0 � +� $ VXEVSDFH0 LV D UHGXFLQJ VXEVSDFH
IRU 7 �RU 0 UHGXFHV 7 � LI LW LV ERWK 7 DQG 7 e�LQYDULDQW �HTXLYDOHQWO\� LI ERWK 0
DQG 0" DUH 7 �LQYDULDQW�� 2EVHUYH WKDW�

y LV D QRUPDO HLJHQYDOXH RI 7 LI DQG RQO\ LI I�J � 1 �y, b 7 � UHGXFHV 7 �

7KLV LV ZKDW LV EHKLQG WKH SURRI RI WKH QH[W UHVXOW� ,QGHHG� DQ HLJHQYDOXH y LV QRUPDO
LI DQG RQO\ LI �y, b 7 � VDWLVpHV DVVHUWLRQ �I� LQ 3URSRVLWLRQ �� DQG D VXEVSDFH 0
UHGXFHV �y, b 7 � LI DQG RQO\ LI LW UHGXFHV 7 �

/HPPD �� ,I 7 LV SRVLQRUPDO� WKHQ 1 �7 � UHGXFHV 7 � ,I 1 �7 � UHGXFHV 7 DQG

5�7 � LV FORVHG� WKHQ 7 LV SRVLQRUPDO�

3URRI� 5HFDOO WKDW WKH VXEVSDFH 1 �7 � LV 7 �LQYDULDQW DQG FRQVLGHU WKH GHFRPSR�
VLWLRQ +  1 �7 �j 1 �7 �"� 6LQFH 7  

b

2 ;
2 6

c

DQG 7 e  
b

2 2
;

�
6
�
c

� ZLWK 6 LQ

%> 1 �7 �"@ DQG 7 M 1 �7 �  2 _ WKH QXOO RSHUDWRU LQ %> 1 �7 �@ _ ZH JHW 7 e�Xj ��  
�j;eX IRU HYHU\ X � 1 �7 �� ZKHUH ;e� 1 �7 �� 1 �7 �"� ,I 7 LV SRVLQRUPDO� WKHQ
1 �7 � v 1 �7 e� E\ 3URSRVLWLRQ ��I� VR WKDW ;e  2 �DQG KHQFH ;  2�� ZKLFK LP�
SOLHV WKDW 7  2 j 6� WKDW LV� 1 �7 � UHGXFHV 7 � &RQYHUVHO\� LI 1 �7 � UHGXFHV 7 �
WKHQ 7  2 j 6 DQG 7 e  2 j 6e VR WKDW 1 �7 � v 1 �7 �j 1 �6e�  1 �7 e�� ,I
5�7 � LV FORVHG DQG 1 �7 � v 1 �7 e�� WKHQ 7 LV SRVLQRUPDO E\ 3URSRVLWLRQ �� e

5HFDOO WKH IROORZLQJ VWDQGDUG GHpQLWLRQV� $Q RSHUDWRU 7 � %>+@ LV K\SRQRUPDO
LI 7 7 e x 7 e7 RU� HTXLYDOHQWO\� LI �y, b 7 ��y, b 7 e� x �y, b 7 e��y, b 7 � IRU HYHU\
y LQ &� ZKLFK PHDQV N�y, b 7 �e[N x N�y, b 7 �[N IRU HYHU\ [ � + DQG HYHU\ y LQ
&� ,W LV0 �K\SRQRUPDO LI WKHUH LV D FRQVWDQW0 y � VXFK WKDW �y, b 7 ��y, b 7 e� x
0�y, b 7 e��y, b 7 � IRU HYHU\ y LQ &� WKDW LV� N�y, b 7 �e[N x 0

�
� N�y, b 7 �[N IRU

HYHU\ [ � + DQG HYHU\ y LQ &� 3URSRVLWLRQ ��E�F� HQVXUHV WKDW 7 LV0 �K\SRQRUPDO LI
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DQG RQO\ LI WKHUH LV D QRQQHJDWLYH 4 LQ %>+@ VXFK WKDW M�y, b 7 �eM� x M4
�
� �y, b 7 �M�

IRU HYHU\ y LQ &� $Q RSHUDWRU 7 � %>+@ LV GRPLQDQW LI5�y, b 7 � v 5�y, b 7 e� IRU
HYHU\ y LQ &� 7KXV� E\ 3URSRVLWLRQ ��G�� DQ RSHUDWRU 7 LV GRPLQDQW LI DQG RQO\ LI

�y, b 7 � LV SRVLQRUPDO IRU HYHU\ y LQ &� 3URSRVLWLRQ ��F�G� VD\V WKDW 7 LV GRPLQDQW
LI DQG RQO\ LI IRU HDFK y LQ & WKHUH H[LVWV DQ0y y � VXFK WKDW �y, b 7 ��y, b 7 e� x
0y�y, b 7 e��y, b 7 �� WKDW LV� N�y, b 7 �e[N x 0y

�
� N�y, b 7 �[N IRU HYHU\ [ � +

DQG HYHU\ y LQ &� %\ 3URSRVLWLRQ ��E�F�� 7 LV GRPLQDQW LI DQG RQO\ LI IRU HDFK y

LQ & WKHUH LV D QRQQHJDWLYH 4y LQ %>+@ VXFK WKDW M�y, b 7 �eM� x M4y

�
� �y, b 7 �M��

(YHU\ K\SRQRUPDO RSHUDWRU LV0 �K\SRQRUPDO �DFWXDOO\� K\SRQRUPDO PHDQV ��K\SR�
QRUPDO�� HYHU\ 0 �K\SRQRUPDO LV GRPLQDQW� DQG HYHU\ GRPLQDQW LV SRVLQRUPDO�

+\SRQRUPDO ~ 0 �+\SRQRUPDO ~ 'RPLQDQW ~ 3RVLQRUPDO� �3�

,W LV ZHOO�NQRZQ WKDW WKH pUVW WZR LQFOXVLRQV DUH SURSHU� DQG VR LV WKH WKLUG RQH �WDNH

DQ\ LQYHUWLEOH� WKXV SRVLQRUPDO� QRQGRPLQDQW RSHUDWRU� VDPSOH� 7  
b � �
� �

c

LQ %>&�@

LV VXFK WKDW 5�, b 7 � �v 5�, b 7 e��� 0 �K\SRQRUPDO DQG GRPLQDQW RSHUDWRUV ZHUH
FDOOHG ?WRWDOO\ SRVLQRUPDO� DQG ?FRQGLWLRQDOO\ WRWDOO\ SRVLQRUPDO� LQ >�@� UHVSHFWLYH�
O\� DQG GRPLQDQW RSHUDWRUV ZHUH FDOOHG ?WRWDOO\ SRVLWLYH�QRUPDO� LQ >��@ DQG ?WRWDOO\
SRVLQRUPDO� LQ >��@ _ ZH DYRLG WKHVH QHRORJLVPV DQG ZLOO VWLFN ZLWK WKH RULJLQDO
QRPHQFODWXUH� 6LQFH 7 LV GRPLQDQW LI DQG RQO\ LI y, b 7 LV SRVLQRUPDO IRU HYHU\
y � &� /HPPD � \LHOGV DQ LPPHGLDWH SURRI IRU WKH IROORZLQJ ZHOO�NQRZ UHVXOW WKDW
ZLOO EH QHHGHG LQ WKH VHTXHO�

,I 7 LV GRPLQDQW� WKHQ 1 �y, b 7 � UHGXFHV 7 IRU HDFK y � &�
6LQFH DQ LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW ZLWK D ZHLJKW VHTXHQFH I�NJ VXFK WKDW
VXSN�M�NM M�N � �Mb�� � � LV SRVLQRUPDO� DQG VLQFH HYHU\ LQYHUWLEOH RSHUDWRU DOVR LV
SRVLQRUPDO� ZH JHW WKH IROORZLQJ LPSRUWDQW LQVWDQFH RI D GRPLQDQW RSHUDWRU�

$Q LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW ZLWK VXSN
M� � M

M� ��� � M�� DQG ZN�� LV GRPLQDQW�

6DPSOH� VKLIW�INb�J�N  �� LV GRPLQDQW� ,QGHHG� VXSSRVH D XQLODWHUDO ZHLJKWHG VKLIW
6 LV LQMHFWLYH DQG VXSN�M�NM M�N � �Mb�� � �� $V ZH VDZ DERYH� 6 LV SRVLQRUPDO� ,I
ZN � �� WKHQ 6 DOVR LV TXDVLQLOSRWHQW� ZKLFK PHDQV WKDW �y, b 6� LV LQYHUWLEOH IRU
HYHU\ y � �� +HQFH �y, b 6� LV SRVLQRUPDO IRU HYHU\ y � &� 7KDW LV� 6 LV GRPLQDQW�
$ 7 �LQYDULDQW VXEVSDFH0 LV FDOOHG D QRUPDO VXEVSDFH IRU 7 LI WKH UHVWULFWLRQ 7 M0

RI 7 WR 0 LV D QRUPDO RSHUDWRU LQ %>0@� 2EVHUYH WKDW 1 �y, b 7 � LV D QRUPDO
VXEVSDFH IRU HYHU\ RSHUDWRU 7 DQG HYHU\ y � & RQFH 7 M 1 �y,b7 �  y, ZKHQHYHU
1 �y, b 7 � � I�J� 7KXV /HPPD � HQVXUHV WKH QH[W SURSHUW\�
,I QRUPDO VXEVSDFHV IRU 7 UHGXFH 7 DQG 5�7 � LV FORVHG� WKHQ 7 LV SRVLQRUPDO�

,W LV ZRUWK QRWLFLQJ WKDW LI 7 LV GRPLQDQW� WKHQ HYHU\ QRUPDO VXEVSDFH IRU 7 UHGXFHV

7 >��@� 7KLV FKDUDFWHUL]HV D FODVV EHWZHHQ GRPLQDQW DQG SRVLQRUPDO RSHUDWRUV� %XW
WKHUH DUH SRVLQRUPDO RSHUDWRUV ZLWK FORVHG UDQJH IRU ZKLFK QRUPDO VXEVSDFHV GR

QRW UHGXFH� )RU LQVWDQFH� WKH VDPH QRQGRPLQDQW SRVLQRUPDO RSHUDWRU 7  
b � �
� �

c

LQ %>&�@ KDV D QRUPDO VXEVSDFH WKDW GRHV QRW UHGXFH 7 �

�� 6XEF O DVVHV RI 1RU P DO RLG 2SHU DW RU V

$OVR UHFDOO WKDW DQ RSHUDWRU 7 � %>+@ LV SDUDQRUPDO LI N7[N� x N7 �[NN[N IRU
HYHU\ [ LQ +� DQG QRUPDORLG LI U�7 �  N7N �ZKHUH U�7 � GHQRWHV WKH VSHFWUDO UDGLXV



� &�6 � . 8%586 / < $1' %�3� ' 8**$/

RI 7 �� $ SDUW RI DQ RSHUDWRU LV D UHVWULFWLRQ RI LW WR DQ LQYDULDQW VXEVSDFH� D QRQWULYL�
DO SDUW LV D UHVWULFWLRQ WR D QRQWULYLDO LQYDULDQW VXEVSDFH� $Q RSHUDWRU LV KHUHGLWDULO\
QRUPDORLG �DEEUHYLDWHG� +1� LI HYHU\ SDUW RI LW LV QRUPDORLG� DQG WRWDOO\ KHUHGLWDULO\
QRUPDORLG �DEEUHYLDWHG� 7+1� LI LW LV KHUHGLWDULO\ QRUPDORLG DQG HYHU\ LQYHUWLEOH
SDUW RI LW KDV D QRUPDORLG LQYHUVH >�@� 7KHVH DQG WKH K\SRQRUPDO DUH UHODWHG E\
SURSHU LQFOXVLRQ >�@�

+\SRQRUPDO ~ 3DUDQRUPDO ~ 7+1 ~ +1 ~ 1RUPDORLG� �1�

:H UHIHU WR WKH FKDLQV RI LQFOXVLRQV LQ �3� DQG �1� DV WKH SRVLQRUPDO DQG QRUPDORLG

IDPLOLHV� UHVSHFWLYHO\� 7KH FRQQHFWLRQ EHWZHHQ WKHP LV WKDW K\SRQRUPDO RSHUDWRUV
LV WKH RQO\ FODVV� DPRQJ WKH DERYH PHQWLRQHG FODVVHV� LQFOXGHG LQ ERWK IDPLOLHV� ,Q�
GHHG� LW ZDV VKRZQ LQ >��@ WKDW WKH XQLODWHUDO ZHLJKWHG VKLIW 6  VKLIW�I�NJ�N  �� RQ
C�� ZLWK ZHLJKWV �N  � IRU DOO N H[FHSW IRU N  � ZKHUH ��  � LV 0 �K\SRQRUPDO�
6LQFH N6QN  � IRU DOO Qy�� LW IROORZV WKDW U�6�  � E\ WKH *HOIDQG^%HXUOLQJ IRU�
PXOD� DQG KHQFH 7 LV QRW QRUPDORLG �LQ SDUWLFXODU� QRW K\SRQRUPDO�� 7KXV

0 �K\SRQRUPDO �v 1RUPDORLG

VR WKDW SRVLQRUPDO RSHUDWRUV DUH QRW QHFHVVDULO\ QRUPDORLG� :H VKRZ QH[W WKDW

3DUDQRUPDO �v 3RVLQRUPDO�

VR WKDW QRUPDORLG RSHUDWRUV DUH QRW QHFHVVDULO\ SRVLQRUPDO�

([DPSOH �� &RQVLGHU WKH RSHUDWRU

7  

�

%

%

%

%

#

2

4 2

5 2

5 2
� � �

�

&

&

&

&

$

RQ C�� �&��� ZKHUH 4  
b � �
� �

c

� 5  
b � �
� �

c

�
�
� DQG HYHU\ HQWU\ QRW GLUHFWO\ EHORZ WKH

PDLQ EORFN GLDJRQDO LV QXOO� 7KLV LV D SDUDQRUPDO RSHUDWRU� ,Q IDFW� LW ZDV VKRZQ
LQ >��� 3UREOHP ����@ WKDW 7 LV TXDVLK\SRQRUPDO �L�H�� 7 e�7 e7 b 7 7 e�7 y 2 _
D FODVV WKDW LQFOXGHV WKH K\SRQRUPDO RSHUDWRUV DQG LV LQFOXGHG LQ WKH SDUDQRUPDO
FODVV�� %XW 7 LV QRW K\SRQRUPDO� 6LQFH 1 �7 �  1 �4�j 1 �5�j/�

N  � 1 �5�� DQG
VLQFH 1 �7 e�  &� j 1 �4� j/�

N  � 1 �5�� LW IROORZV WKDW 1 �7 � �v 1 �7 e� EHFDXVH
1 �5� �v 1 �4�� 7KXV 7 LV QRW SRVLQRUPDO E\ 3URSRVLWLRQ ��I��

2EVHUYH WKDW WKH DERYH H[DPSOHV RQO\ H[LVW RQ DQ LQpQLWH�GLPHQVLRQDO VSDFH� $F�
WXDOO\� FRPSDFW SDUDQRUPDO RSHUDWRUV DUH QRUPDO >��@ DQG FRPSDFW0 �K\SRQRUPDO
RSHUDWRUV DUH QRUPDO WRR >��@� 7KLV SURSHUW\ �YL]� FRPSDFW DUH QRUPDO� LV FOHDUO\ QRW
WUDQVIHUUHG WR WKH FODVV RI SRVLQRUPDO RSHUDWRUV EHFDXVH HYHU\ LQYHUWLEOH RSHUDWRU LV
SRVLQRUPDO DQG WKHUH DUH FRPSDFW LQYHUWLEOH RSHUDWRUV WKDW DUH QRW QRUPDO �VDPSOH�

7  
b � �
� �

c

LQ %>&�@ LV DQ LQYHUWLEOH RSHUDWRU ZLWK U�7 �  � DQG N7N  S
��� ,Q IDFW�

WKLV SURSHUW\ GRHV QRW VXUYLYH HYHQ WKH VKRUWHU WULS IURP 0 �K\SRQRUPDO WR GRPL�
QDQW RSHUDWRUV _ WKHUH H[LVW FRPSDFW GRPLQDQW RSHUDWRUV WKDW DUH QRW QRUPDO� )RU
LQVWDQFH� D XQLODWHUDO ZHLJKWHG VKLIW 6 RQ C�� ZLWK D ZHLJKW VHTXHQFH I�NJ RI SRV�
LWLYH QXPEHUV WKDW FRQYHUJHV WR ]HUR �� � �N � �� LV LQMHFWLYH DQG TXDVLQLOSRWHQW
�U�6�  ��� ZKLFK LV FRPSDFW� QRQQRUPDO DQG �DV ZH VDZ LQ 6HFWLRQ �� GRPLQDQW LI
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VXSN�M�NM M�N � �Mb�� � �� �$OVR REVHUYH WKDW WKHVH DUH IXUWKHU H[DPSOHV RI GRPL�
QDQW� WKXV SRVLQRUPDO RSHUDWRUV� WKDW DUH QRW 0 �K\SRQRUPDO QRU QRUPDORLG��

5HPDUN �� $OWKRXJK SDUDQRUPDO DQG SRVLQRUPDO RSHUDWRUV DUH QRW UHODWHG E\
LQFOXVLRQ �LQ ERWK GLUHFWLRQV�� WKH\ VKDUH VRPH SURSHUWLHV �EH\RQG LQFOXGLQJ WKH
K\SRQRUPDO RSHUDWRUV�� )RU LQVWDQFH�

1 �7 ��  1 �7 �
LV D FRPPRQ SURSHUW\ VDWLVpHG E\ ERWK D SRVLQRUPDO RU D SDUDQRUPDO RSHUDWRU
7 � ,QGHHG� 1 �7 �� v 1 �7 � KROGV IRU D SDUDQRUPDO RSHUDWRU E\ WKH YHU\ GHpQLWLRQ
RI SDUDQRUPDO RSHUDWRUV� 0RUHRYHU� LI 7 LV SRVLQRUPDO DQG [ � 1 �7 �� WKHQ� E\
3URSRVLWLRQ ��I�� 7[ � 1 �7 � v 1 �7 e� VR WKDW 7 e7[  �� ZKLFK LPSOLHV N7[N�  
K7 e7[ �[L  �� DQG KHQFH [ � 1 �7 �� 7KXV 1 �7 �� v 1 �7 � DOVR KROGV IRU D SRVL�
QRUPDO RSHUDWRU �WKLV ZDV pUVW SRLQWHG RXW LQ >��@�� 7KHUHIRUH� LI DQ RSHUDWRU 7 LV
HLWKHU SDUDQRUPDO RU SRVLQRUPDO� WKHQ 1 �7 �� v 1 �7 �� DQG 1 �7 � v 1 �7 �� KROGV
WULYLDOO\ IRU HYHU\ RSHUDWRU 7 � %>+@�

6XFK FRPPRQ SURSHUWLHV PLJKW VXJJHVW WKH TXHVWLRQ� LV D QRUPDORLG SRVLQRUPDO
RSHUDWRU SDUDQRUPDO" 1R LW LV QRW� )RU LQVWDQFH� WDNH WKH RSHUDWRU 6  N7N, j 7

RQ &� j&� ZLWK 7  
b � �
� �

c

� 6LQFH 6 LV LQYHUWLEOH DQG U�6�  N6N  N7N� LW IROORZV
WKDW 6 LV D QRUPDORLG SRVLQRUPDO� +RZHYHU� 6 LV QRW +1 VLQFH 7 LV QRW QRUPDORLG �DV
ZH VDZ DERYH�� DQG 6 LV QRW GRPLQDQW EHFDXVH 5�, b 7 � " 5�, b 7 e�� 7KHUHIRUH�

b

3RVLQRUPDO ? 1RUPDORLG
c

�v
b

+1 > 'RPLQDQW
c

�

,Q SDUWLFXODU� WKLV H[KLELWV D QRUPDORLG SRVLQRUPDO WKDW LV QRW SDUDQRUPDO �QHLWKHU
0 �K\SRQRUPDO��

:H FORVH WKLV VHFWLRQ E\ REVHUYLQJ WKDW SDUWV RI D K\SRQRUPDO �SDUDQRUPDO�
RSHUDWRU DUH DJDLQ K\SRQRUPDO �SDUDQRUPDO�� 7KLV ZHOO�NQRZQ SURSHUW\ H[WHQGV
QDWXUDOO\ �E\ WKHLU RZQ GHpQLWLRQ� WR WKH FODVVHV RI 7+1 DQG +1 RSHUDWRUV� 2Q
WKH RWKHU KDQG� SDUWV RI DQ 0 �K\SRQRUPDO �GRPLQDQW� RSHUDWRU DUH DJDLQ 0 �
K\SRQRUPDO �GRPLQDQW� >��@� 7KLV ZDV H[WHQGHG WR SRVLQRUPDO RSHUDWRUV LQ >��@�
SDUWV RI D SRVLQRUPDO RSHUDWRU DUH DJDLQ SRVLQRUPDO� 6LQFH HYHU\ LQYHUWLEOH RSHUDWRU
LV SRVLQRUPDO� LW IROORZV WKDW LI0 LV DQ\ LQYDULDQW VXEVSDFH IRU DQ RSHUDWRU 7 � WKHQ
WKH IROORZLQJ DVVHUWLRQV KROG WUXH�

�D� ,I 7 OLHV LQ +1 ? 3RVLQRUPDO� WKHQ 7 M0 DOVR OLHV LQ +1 ? 3RVLQRUPDO�
�E� ,I 7 OLHV LQ 7+1 ? 3RVLQRUPDO� WKHQ 7 M0 DOVR OLHV LQ 7+1 ? 3RVLQRUPDO DQG�

LI 7 M0 LV LQYHUWLEOH� WKHQ �7 M0 �b� LV SRVLQRUPDO DQG QRUPDORLG�

�� ,QYDU LDQW 6XEVSDF HV

$Q RSHUDWRU LV WUDQVLWLYH LI LW KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH �Q�L�V� IRU
VKRUW�� :H VDZ WKDW WKH FODVV RI DOO RSHUDWRUV 7 IRU ZKLFK 1 �7 � v 1 �7 e� LQFOXGHV
WKH SRVLQRUPDO RSHUDWRUV �FI� 3URSRVLWLRQ ��� 7KLV FODVV DOVR LQFOXGHV WKH WUDQVLWLYH
RSHUDWRUV� ,QGHHG� UHFDOO WKDW DQ RSHUDWRU 7 � %>+@ LV TXDVLLQYHUWLEOH �RU D TXDVL�
DrQLW\� LI LW LV LQMHFWLYH ZLWK D GHQVH UDQJH� 7KDW LV� LI 1 �7 �  I�J DQG5�7 �b +
RU� HTXLYDOHQWO\� LI 1 �7 �  1 �7 e�  I�J �IRU 5�7 �b 1 �7 e�"�� 6LQFH 5�7 �b DQG
1 �7 � DUH LQYDULDQW VXEVSDFHV IRU HYHU\ RSHUDWRU 7 � LI IROORZV WKDW LI DQ RSHUDWRU
KDV QR Q�L�V�� WKHQ LW LV TXDVLLQYHUWLEOH� 7KHUHIRUH�



� &�6 � . 8%586 / < $1' %�3� ' 8**$/

7 KDV QR Q�L�V�  � 1 �7 �  1 �7 e�  I�J  � 1 �7 � v 1 �7 e��

7KH LQYDULDQW VXEVSDFH SUREOHP LV WKH TXHVWLRQ WKDW DVNV ZKHWKHU WKH FODVV RI DOO
WUDQVLWLYH RSHUDWRUV LV QRQHPSW\ ZKHQ + LV LQpQLWH�GLPHQVLRQDO DQG VHSDUDEOH�

7KHRUHP �� ,I DQ LQYHUWLEOH RSHUDWRU 7 � %>+@ KDV QR QRQWULYLDO LQYDULDQW VXE�

VSDFH� WKHQ WKH IROORZLQJ DVVHUWLRQV KROG WUXH�

�D� 7KHUH H[LVWV D XQLTXH 6 LQ %>+@ VXFK WKDW 7  7 e6� 7KLV 6 LV DQ LQYHUWLEOH

RSHUDWRU ZKLFK LV QRW D PXOWLSOH RI D XQLWDU\ DQG GRHV QRW FRPPXWH ZLWK 7

RU ZLWK 7 e�

�E� 7KHUH H[LVWV D XQLTXH QRQQHJDWLYH 4  66e LQ %>+@ VXFK WKDW 7 7 e  7 e47 �

7KLV 4 LV VWULFWO\ SRVLWLYH DQG QRQVFDODU�

3URRI� :H VSOLW WKH SURRI RI �D� LQWR �D�� DQG �D��� ZLWK �D�� IROORZLQJ WKH SURRI
RI �E�� ,I DQ RSHUDWRU KDV QR Q�L�V�� WKHQ LW LV TXDVLLQYHUWLEOH� ,Q SDUWLFXODU� LI DQ
RSHUDWRU 7 ZLWK QR Q�L�V� LV LQYHUWLEOH� WKHQ 7 DQG 7 e DUH ERWK SRVLQRUPDO�

�D�� 7KXV 3URSRVLWLRQ ��H� HQVXUHV WKH H[LVWHQFH RI RSHUDWRUV 6 DQG 6e VXFK WKDW

7  7 e6 DQG 7 e  76e�

DQG KHQFH 7  76e6 DQG 7 e  7 e66e VR WKDW

7 �, b 6e6�  2 DQG 7 e�, b 66e�  2�

6LQFH 7 DQG 7 e KDYH QR Q�L�V� �EHFDXVH 7 KDV QR Q�L�V��� LW IROORZV WKDW WKH\ DUH
QRQ]HUR �IRU GLP+ ! �� DQG VR WKH DERYH LGHQWLWLHV LPSO\ WKDW �VHH H�J�� >��� S���@�

�, b 6e6�  2 DQG �, b 66e�  2�

7KHQ 6 LV LQYHUWLEOH DQG 6b�  6e LQ %>+@� 7KLV LV HQRXJK WR HQVXUH WKDW 6 LV
XQLTXH �LI 6� DQG 6� DUH VXFK WKDW 7  7 e6�  7 e6�� WKHQ 6b�

�  6b�
�  6e��

�E� 7KH HTXDWLRQ 7  7 e6 LPSOLHV WKDW 7 e  6e7 � DQG KHQFH 7 7 e  7 e66e7 � ,I
7 7 e  7 e47 � WKHQ 7 e�66e b4�7  2� 6LQFH 7 KDV QR Q�L�V�� LW LV TXDVLLQYHUWLEOH
� 1 �7 �  1 �7 e�  I�J� DQG WKH DERYH LGHQWLW\ HQVXUHV WKDW 4  66e� ZKLFK LV
VWULFWO\ SRVLWLYH RQFH 6 LV LQYHUWLEOH� ,I 4  o, IRU VRPH o ! � WKHQ o � � �EHFDXVH
4  , LPSOLHV WKDW 7 LV QRUPDO DQG QRUPDO RSHUDWRUV KDYH D Q�L�V��� %XW VLQFH
7 � 2 LW IROORZV WKDW� LI 4  o,� WKHQ N7N�  N7 7 eN  oN7 e7N  oN7N� VR WKDW
o  �� D FRQWUDGLFWLRQ� 7KXV 4 LV QRW VFDODU�

�D�� 6LQFH 4 LV QRW VFDODU� 6 LV QRW D PXOWLSOH RI D FRLVRPHWU\� ,QGHHG� LI 6  q9 e IRU
VRPH QRQ]HUR q � & DQG VRPH LVRPHWU\ 9 � %>+@� WKHQ4  66e MqM�9 e9  MqM�,�
ZKLFK LV DJDLQ D FRQWUDGLFWLRQ� 6LQFH 6 LV LQYHUWLEOH DQG VLQFH D XQLWDU\ RSHUDWRU LV
SUHFLVHO\ DQ LQYHUWLEOH FRLVRPHWU\� LW IROORZV WKDW 6 LV QRW D PXOWLSOH RI D FRLVRPHWU\
LI DQG RQO\ LI LW LV QRW D PXOWLSOH RI D XQLWDU\ RSHUDWRU� 0RUHRYHU� VLQFH 7  7 e6

DQG 6 LV LQYHUWLEOH� LW IROORZV WKDW 67  76 LI DQG RQO\ LV 67 e6  7 e6�� ZKLFK
LV HTXLYDOHQW WR 67 e  7 e6� WKDW LV� 76e  6e7 � 7KHUHIRUH� LI 6 FRPPXWHV ZLWK
7 RU ZLWK 7 e� WKHQ ERWK 7 DQG 7 e FRPPXWH ZLWK 6� ZKLFK LV QRQVFDODU �VLQFH 6

LV QRW D PXOWLSOH RI D XQLWDU\�� %XW WKLV PHDQV WKDW 7 LV UHGXFLEOH �VHH H�J�� >���
S���@�� DQRWKHU FRQWUDGLFWLRQ� RQFH 7 GRHV QRW HYHQ KDYH D Q�L�V� 7KXV 6 GRHV QRW
FRPPXWH ZLWK 7 RU ZLWK 7 e� e
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%\ D FRQWUDFWLRQ ZH PHDQ D RSHUDWRU 7 � %>+@ VXFK WKDW N7N x �� $ FRQWUDFWLRQ
LV FRPSOHWHO\ QRQXQLWDU\ �F�Q�X� IRU VKRUW� LI LW KDV QR XQLWDU\ GLUHFW VXPPDQG� )RU
DQ\ FRQWUDFWLRQ 7 WKH VHTXHQFH RI SRVLWLYH QXPEHUV IN7Q[NJ LV GHFUHDVLQJ �WKXV
FRQYHUJHQW� IRU HYHU\ [ � +� $ FRQWUDFWLRQ 7 LV RI FODVV & �c LI LW LV VWURQJO\ VWDEOH�
WKDW LV� LI IN7Q[NJ FRQYHUJHV WR ]HUR IRU HYHU\ [ � +� DQG RI FODVV & �c LI IN7Q[NJ
GRHV QRW FRQYHUJH WR ]HUR IRU HYHU\ QRQ]HUR [ � +� ,W LV RI FODVV & c� RU RI FODVV & c�
LI LWV DGMRLQW 7 e LV RI FODVV & �c RU & �c� UHVSHFWLYHO\� $OO FRPELQDWLRQV DUH SRVVLEOH�
OHDGLQJ WR WKH 1DJ\^)RLD|V FODVVHV RI FRQWUDFWLRQV & ��� & ��� & �� DQG & ��� 5HFDOO
WKDW DQ RSHUDWRU 7 � %>+@ LV D FRQWUDFWLRQ LI DQG RQO\ LI , b 7 e7 LV D QRQQHJDWLYH
FRQWUDFWLRQ� ,I 7 LV D FRQWUDFWLRQ� WKHQ WKH QRQQHJDWLYH FRQWUDFWLRQ �, b 7 e7 �

�
� LV

FDOOHG WKH GHIHFW RSHUDWRU RI 7 �

,W ZDV SURYHG LQ >��@ WKDW D F�Q�X� K\SRQRUPDO FRQWUDFWLRQ LV RI FODVV & c�� 7KLV
ZDV H[WHQGHG WR SDUDQRUPDO FRQWUDFWLRQV LQ >��@ DQG WR GRPLQDQW FRQWUDFWLRQV LQ
>��@ �DOVR VHH >��@�� ,W LV ZRUWK QRWLFLQJ WKDW WKLV ZDV IXUWKHU H[WHQGHG WR N�SDUD�
QRUPDO FRQWUDFWLRQV DQG WR N�TXDVLK\SRQRUPDO FRQWUDFWLRQV LQ >�@� 5HFDOO WKDW DQ
RSHUDWRU 7 LV N�SDUDQRUPDO LI N7[NN � �x N7 N � �[NN[NN IRU VRPH LQWHJHU Ny� DQG
HYHU\ [ LQ+ �D FODVV RI RSHUDWRUV LQ WKH QRUPDORLG IDPLO\ �1� WKDW LQFOXGHV WKH SDUD�
QRUPDO RSHUDWRUV DQG LV LQFOXGHG LQ WKH 7+1 FODVV�� $OVR UHFDOO WKDW DQ RSHUDWRU 7
LV N�TXDVLK\SRQRUPDO LI 7 eN�7 e7 b 7 7 e�7 N y 2 IRU VRPH LQWHJHU N y � �D FODVV RI
RSHUDWRUV WKDW LQFOXGHV WKH TXDVLK\SRQRUPDO� WKXV WKH K\SRQRUPDO RSHUDWRUV� EXW
LV QRW LQFOXGHG LQ DQ\ RI WKH FODVVHV GLVFXVVHG LQ WKLV SDSHU��

7KXV ZH FDQ LQIHU WKDW WKHUH LV QR & ���FRQWUDFWLRQ LQ DQ\ RI WKH DERYH PHQWLRQHG
FODVVHV� ,Q SDUWLFXODU� WKHUH LV QR SDUDQRUPDO RU GRPLQDQW FRQWUDFWLRQ RI FODVV & ���

,QGHHG� LI WKHUH LV D SDUDQRUPDO RU GRPLQDQW & ���FRQWUDFWLRQ� WKHQ LW LV QRW F�Q�X�
�EHFDXVH LW LV QRW RI FODVV & c�� VR WKDW LW KDV D XQLWDU\ GLUHFW VXPPDQG� ZKLFK LV D
FRQWUDGLFWLRQ� LW FDQQRW EH RI FODVV & �c ZLWK D XQLWDU\ GLUHFW VXPPDQG� :H VKRZ
LQ 7KHRUHP � EHORZ WKDW� LI WKHUH H[LVWV D 7+1 & ���FRQWUDFWLRQV ZLWK D FRPSDFW
GHIHFW RSHUDWRU� WKHQ LW LV QRW SRVLQRUPDO DQG KDV D Q�L�V�

5HFDOO WKDW LI + LV DQ LQpQLWH�GLPHQVLRQDO VHSDUDEOH FRPSOH[ +LOEHUW VSDFH� WKHQ
LW LV VWLOO XQNQRZQ ZKHWKHU RSHUDWRUV LQ DQ\ RI WKH IROORZLQJ FODVVHV KDYH D Q�L�V�� ���
K\SRQRUPDO RSHUDWRUV �DQG HYHU\ FODVV RI RSHUDWRUV WKDW LQFOXGHV WKH K\SRQRUPDOV��
��� FRQWUDFWLRQV RI FODVVHV & ��� DQG ��� FRQWUDFWLRQV ZLWK FRPSDFW GHIHFW RSHUDWRUV�
$OVR UHFDOO WKDW DQ RSHUDWRU 7 � %>+@ LV VXSHUF\FOLF LI WKHUH H[LVWV D QRQ]HUR YHFWRU
[ LQ + �FDOOHG D VXSHUF\FOLF YHFWRU IRU 7 � IRU ZKLFK WKH VHW RI VFDODU PXOWLSOHV RI
WKH RUELW Iq 7Q[Jq � & � Qy� LV GHQVH LQ +� 6XSHUF\FOLF RSHUDWRUV KDYH D GHQVH UDQJH�
DQG K\SRQRUPDO �DQG HYHQ SDUDQRUPDO� RSHUDWRUV DUH QRW VXSHUF\FOLF >�@�

7KHRUHP �� /HW 7 � %>+@ EH D 7+1 FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU�

�D� ,I 7 � & ��� WKHQ LW KDV D QRQWULYLDO LQYDULDQW VXEVSDFH DQG LV QRW SRVLQRUPDO�

�E� ,I 7 LV VXSHUF\FOLF� WKHQ LW KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

3URRI� 6XSSRVH 7 LV D FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU�

�D� ,I 7 LV RI FODVV & �� DQG 1 �7 � v 1 �7 e�� WKHQ LW LV QRW 7+1 >�� 3URSRVLWLRQ �@�
6R� IRU D 7+1 & ���FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU� 1 �7 � �v 1 �7 e��

�E� ,I 7 LV 7+1� 1 �7 � v 1 �7 e� DQG QRQ]HUR LVRODWHG HLJHQYDOXHV RI 7 DUH QRUPDO
HLJHQYDOXHV� WKHQ 7 LV QRW VXSHUF\FOLF >�� 7KHRUHP ���@� ,I 7 KDV DQ HLJHQYDOXH� WKHQ
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LW KDV D Q�L�V� 7KXV VXSSRVH 7 KDV QR HLJHQYDOXH VR WKDW WKH FRQGLWLRQ?QRQ]HUR LVRO�
DWHG HLJHQYDOXHV DUH QRUPDO� LV VDWLVpHG E\ YDFXRXVQHVV� 6R� IRU D 7+1 VXSHUF\FOLF
FRQWUDFWLRQ ZLWK D GHIHFW FRPSDFW RSHUDWRU DQG QR HLJHQYDOXH� 1 �7 � �v 1 �7 e��

,I 1 �7 � �v 1 �7 e�� WKHQ 7 KDV D Q�L�V� DQG LV QRQSRVLQRUPDO E\ 3URSRVLWLRQ ��I�� e

:H VDZ DERYH WKDW WKHUH LV QR SDUDQRUPDO RU GRPLQDQW �RU N�SDUDQRUPDO� RU N�
TXDVLK\SRQRUPDO� & ���FRQWUDFWLRQ� 7KLV LV HQRXJK WR HQVXUH WKDW LI D FRQWUDFWLRQ LQ
DQ\ WKHVH FODVVHV GRHV QRW KDYH D Q�L�V�� WKHQ LW LV HLWKHU D & �� RU D & ���FRQWUDFWLRQ�
6XFK D FRQFOXVLRQ FDQ EH H[WHQGHG WR D 7+1 FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW
RSHUDWRU E\ XVLQJ 7KHRUHP ��

&RUROODU\ �� $ 7+1 FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU DQG ZLWKRXW D

QRQWULYLDO LQYDULDQW VXEVSDFH LV HLWKHU RI FODVV & �� RU RI FODVV & ���

3URRI� ,I D FRQWUDFWLRQ KDV QR Q�L�V�� WKHQ LW LV HLWKHU D & ��� D & ��� RU D & ���
FRQWUDFWLRQ �VHH H�J�� >��� S���@�� $ 7+1 FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU
DQG ZLWKRXW D Q�L�V� LV QRW RI FODVV & �� E\ 7KHRUHP �� e

�� : H\O 
V 7 KHRU HP

$FFRUGLQJ WR XVXDO WHUPLQRORJ\� :H\O
V WKHRUHP LV VDLG WR KROG IRU DQ RSHUDWRU
7 � %>+@� RU 7 VDWLVpHV :H\O
V WKHRUHP� LI

��7 �Q�Z�7 �  }���7 ��

ZKHUH ��7 � LV WKH VSHFWUXP RI 7 � �Z�7 � LV WKH :H\O VSHFWUXP RI 7 �WKH VHW RI DOO
y � & IRU ZKLFK �y, b 7 � LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HUR�� DQG }���7 �
LV WKH VHW RI DOO LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\� ,W LV UHDGLO\ YHULpHG
WKDW WKH FRPSOHPHQW ���7 � RI �Z�7 � LQ ��7 � LV JLYHQ E\

���7 �  ��7 �Q�Z�7 �  
j

y � �3 �7 � � 5�y, b 7 �b  5�y, b 7 � � + DQG

GLP 1 �y, b 7 �  GLP 1 �y, b 7 e� � �
k

�

ZKHUH �3 �7 � LV WKH SRLQW VSHFWUXP �L�H�� WKH VHW RI HLJHQYDOXHV� RI 7 � /HW �LV R�7 �
EH WKH VHW RI LVRODWHG SRLQWV RI ��7 � DQG OHW �3) �7 � EH WKH VHW RI DOO HLJHQYDOXHV RI
7 RI pQLWH PXOWLSOLFLW\� �3) �7 �  

j

y � �3 �7 � � GLP 1 �y, b 7 � � �
k

� 7KXV

}���7 �  �LV R�7 � ? �3) �7 �

VR WKDW 7 VDWLVpHV :H\O
V WKHRUHP LI DQG RQO\ LI

���7 �  �LV R�7 � ? �3) �7 ��

$V IDU DV WKH SRVLQRUPDO DQG QRUPDORLG IDPLOLHV LQ �3� DQG �1� DUH FRQFHUQHG�
LW ZDV VKRZQ LQ >�@ WKDW :H\O
V WKHRUHP KROGV IRU ERWK 7 DQG 7 e ZKHQHYHU 7

LV 7+1 �ZKLFK LQFOXGHV WKH SDUDQRUPDO RSHUDWRUV�� 7KH VDPH VRUW RI FRQFOXVLRQ
KROGV IRU 0 �K\SRQRUPDO RSHUDWRUV� $FWXDOO\� :H\O
V WKHRUHP KROGV IRU ERWK I�7 �
DQG I�7 e� ZKHQHYHU 7 LV 0 �K\SRQRUPDO IRU HYHU\ DQDO\WLF IXQFWLRQ I GHpQHG RQ
DQ RSHQ QHLJKERUKRRG RI ��7 � �VHH H�J�� >�@ DQG WKH UHIHUHQFH WKHUHLQ�� $OWKRXJK
:H\O
V WKHRUHP PD\ IDLO IRU D GRPLQDQW RSHUDWRU �VHH H�J�� 5HPDUN � EHORZ�� LW KDV
EHHQ LQYHVWLJDWHG XQGHU DGGLWLRQDO K\SRWKHVLV� )RU LQVWDQFH� :H\O
V WKHRUHP ZDV
FRQVLGHUHG IRU D GRPLQDQW RSHUDWRU 7 DVVXPLQJ WKDW HLWKHU ��� LVRODWHG SRLQWV RI
WKH VSHFWUXP RI 7 DUH SROHV RI WKH UHVROYHQW RI 7 >�@� RU ��� DOO SDUWV RI 7 EHORQJ WR
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D FODVV RI RSHUDWRUV ZKLFK DUH QXOO ZKHQHYHU WKHLU VSHFWUDO UDGLXV LV ]HUR >��@� �$V D
PDWWHU RI IDFW� DVVXPSWLRQ ��� LV QRW HQRXJK WR HQVXUH WKDW :H\O
V WKHRUHP KROGV
IRU D GRPLQDQW RSHUDWRU� DV LW ZLOO EH YHULpHG LQ 5HPDUN � EHORZ� LW LV QHFHVVDU\ WR
DVVXPH WKDW y, b 7 M0 EHORQJV WR VXFK D FODVV IRU DOO SDUWV 7 M0 RI 7 DQG DOO VFDODUV
y � &�� 1RWH WKDW0 �K\SRQRUPDO RSHUDWRUV ZHUH FDOOHG ?WRWDOO\ SRVLQRUPDO� LQ >�@�
DQG GRPLQDQW RSHUDWRUV ZHUH FDOOHG ?FRQGLWLRQDOO\ WRWDOO\ SRVLQRUPDO� LQ >�@ DQG
?WRWDOO\ SRVLWLYH�QRUPDO� LQ >��@�

7KH QH[W WKHRUHP JLYHV D VXrFLHQW FRQGLWLRQ IRU D GRPLQDQW RSHUDWRU WR VDWLVI\
:H\O
V WKHRUHP� 5HFDOO WKDW DQ RSHUDWRU 7 � %>+@ LV LVRORLG LI LVRODWHG SRLQWV RI
WKH VSHFWUXP DUH HLJHQYDOXHV �L�H�� LI �LV R�7 � v �3 �7 ��� DQG WUDQVDORLG LI y, b 7 LV
QRUPDORLG IRU HYHU\ y � &�

7KHRUHP �� ,I HYHU\ SDUW RI D GRPLQDQW RSHUDWRU LV WUDQVDORLG� WKHQ LW VDWLVpHV

:H\O
V WKHRUHP�

3URRI� 7DNH DQ RSHUDWRU 7 � %>+@� 7R EHJLQ ZLWK ZH UHFDOO D FODVVLF UHVXOW IURP >�@�
,I pQLWH�GLPHQVLRQDO HLJHQVSDFHV RI 7 DUH UHGXFLQJ DQG HYHU\ GLUHFW VXPPDQG RI LW

LV LVRORLG� WKHQ 7 VDWLVpHV :H\O
V WKHRUHP� $V ZH VDZ LQ 6HFWLRQ �� LI DQ RSHUDWRU 7
LV GRPLQDQW� WKHQ 1 �y, b 7 � UHGXFHV 7 IRU HDFK y � �3 �7 � VR WKDW HYHU\ HLJHQVSDFH
RI D GRPLQDQW RSHUDWRU LV UHGXFLQJ DQG VR LV� LQ SDUWLFXODU� HYHU\ pQLWH�GLPHQVLRQDO
HLJHQVSDFH� 7KXV DQ LPPHGLDWH FRUROODU\ RI WKH DERYH UHVXOW UHDGV DV IROORZV�

&ODLP �� ,I HYHU\ GLUHFW VXPPDQG RI D GRPLQDQW RSHUDWRU LV LVRORLG� WKHQ LW VDWLVpHV
:H\O
V WKHRUHP�

1RZ VXSSRVH HYHU\ SDUW RI DQ RSHUDWRU 7 LV WUDQVDORLG� ZKLFK PHDQV WKDW y, b 7 M0
LV QRUPDORLG IRU HYHU\ 7 �LQYDULDQW VXEVSDFH0 DQG HYHU\ y � & �WKLV LV VRPHWLPHV
UHIHUUHG WR E\ VD\LQJ WKDW 7 LV KHUHGLWDULO\ WUDQVDORLG�� 7KH 5LHV] 'HFRPSRVLWLRQ
7KHRUHP VD\V WKDW LI ��7 �  �� > ��� ZKHUH �� DQG �� DUH GLVMRLQW QRQHPSW\

DQG FORVHG VHWV� WKHQ 7 KDV D SDLU RI FRPSOHPHQWDU\ QRQWULYLDO LQYDULDQW VXEVSDFHV

I0��0�J VXFK WKDW ��7 M0 � �  �� DQG ��7 M0 � �  ��� 7DNH DQ\ y LQ �LV R�7 � VR
WKDW ��7 �  IyJ > � IRU VRPH FORVHG VHW � WKDW GRHV QRW FRQWDLQ y� 7KXV WKH 5LHV]
'HFRPSRVLWLRQ 7KHRUHP HQVXUHV WKDW 7 KDV D QRQ]HUR LQYDULDQW VXEVSDFH 0 VXFK
WKDW ��7 M0 �  IyJ� 3XW 6  7 M0 RQ 0 � I�J VR WKDW ��y, b 6�  I�J �E\ WKH
6SHFWUDO 0DSSLQJ 7KHRUHP�� ,I HYHU\ SDUW RI 7 LV WUDQVDORLG� WKHQ y, b 6 LV D QRU�
PDORLG RSHUDWRU VR WKDW Ny, b 6N  U�y, b 6�  �� DQG KHQFH 7 M0  6  y, LQ
%>0@� ZKLFK LPSOLHV y � �3 �7 �� 7KXV �LV R�7 � v �3 �7 �� DQG ZH JHW WKH QH[W UHVXOW�

&ODLP �� ,I HYHU\ SDUW RI DQ RSHUDWRU LV WUDQVDORLG� WKHQ LW LV LVRORLG�

7KHUHIRUH� LI HYHU\ SDUW RI DQ RSHUDWRU LV WUDQVDORLG� WKHQ HYHU\ SDUW RI HYHU\ GLUHFW
VXPPDQG RI LW LV WUDQVDORLG� DQG VR HYHU\ GLUHFW VXPPDQG RI LW LV LVRORLG E\ &ODLP
�� DQG KHQFH LW VDWLVpHV :H\O
V WKHRUHP E\ &ODLP � LI LW LV GRPLQDQW� e

1RWH WKDW K\SRQRUPDO RSHUDWRUV VDWLVI\ WKH K\SRWKHVLV RI 7KHRUHP �� ,QGHHG�
VLQFH y, b 7 LV K\SRQRUPDO IRU HYHU\ y � & ZKHQHYHU 7 LV� DQG VLQFH HYHU\ SDUW RI
D K\SRQRUPDO RSHUDWRU LV DJDLQ K\SRQRUPDO �WKXV QRUPDORLG�� LW IROORZV WKDW HYHU\
SDUW RI 7 LV WUDQVDORLG ZKHQHYHU 7 LV K\SRQRUPDO �L�H�� K\SRQRUPDO RSHUDWRUV DUH
KHUHGLWDULO\ WUDQVDORLG� VR WKDW &ODLP � LQ WKH DERYH SURRI DSSOLHV WR K\SRQRUPDO
RSHUDWRUV� ZKLFK LQ WXUQ DUH GRPLQDQW� $OVR QRWH WKDW LI 7 LV D GRPLQDQW RSHUDWRU�
WKHQ y, b 7 LV GRPLQDQW IRU HYHU\ y � &� DQG HYHU\ SDUW RI D GRPLQDQW RSHUDWRU
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LV DJDLQ GRPLQDQW� VR WKDW y, b 7 M0 LV GRPLQDQW IRU DOO SDUWV 7 M0 RI 7 DQG DOO y�
%XW WKLV LV QRW HQRXJK WR PDNH GRPLQDQW RSHUDWRUV KHUHGLWDULO\ WUDQVDORLG �XQOLNH
WKH K\SRQRUPDO RSHUDWRUV� GRPLQDQW RSHUDWRUV DUH QRW QHFHVVDULO\ QRUPDORLG��

,QVWHDG RI IRFXVLQJ RQ WKH QRUPDORLG DVVXPSWLRQ �DV ZH GLG ZKHQ ZH LPSRVHG
WKDW WKH SDUWV DUH WUDQVDORLG�� ZH PLJKW WU\ D ZHDNHU DVVXPSWLRQ E\ UHTXLULQJ WKDW
j

U�7 �  �  � N7N  �
k

LQVWHDG RI
j

U�7 �  N7N
k

� 7KLV ZDV FRQVLGHUHG LQ >��@ DQG
LV HTXLYDOHQW WR UHTXLULQJ WKDW WKH RSHUDWRUV EHORQJ WR D FODVV )� ZKLFK LV GHpQHG DV
IROORZV� /HW & EH DQ\ FODVV RI RSHUDWRUV VXFK WKDW & ? 4XDVLQLOSRWHQW v I2J� )RU
LQVWDQFH� HYHU\ VXEFODVV RI WKH QRUPDORLG RSHUDWRUV LV D FODVV ZLWK VXFK D SURSHUW\�
DV LW LV HYHU\ VXEFODVV RI WKH QRQTXDVLQLOSRWHQW RSHUDWRUV �H�J�� WKH LQYHUWLEOH RSHU�
DWRUV�� /HW ) EH XQLRQ RI DOO FODVVHV ZLWK WKLV SURSHUW\� WKDW LV� ) LV WKH ODUJHVW
FODVV RI RSHUDWRUV ZLWK WKH SURSHUW\ WKDW

) ? 4XDVLQLOSRWHQW v I2J�
,Q RWKHU ZRUGV� ) LV WKH FODVV RI DOO RSHUDWRUV IURP %>+@ VXFK WKDW LI ��7 �  I�J
WKHQ 7  2 �L�H�� RSHUDWRUV WKDW DUH QXOO ZKHQHYHU WKHLU VSHFWUDO UDGLXV LV ]HUR��

5HPDUN �� :H VKRZ WKDW WKH SURSHUW\ RI EHLQJ LQ ) IRU VRPH 7 LV QRW WUDQVIHUUHG
WR WKH WUDQVODWLRQV y, b 7 QHLWKHU WR WKH SDUWV 7 M0 � HYHQ LI ) LV LQWHUVHFWHG ZLWK
GRPLQDQW RSHUDWRUV� :H DOVR H[KLELW D GRPLQDQW RSHUDWRU QRW LQ ) DQG D GRPLQDQW
RSHUDWRU ZLWK DOO SDUWV LQ ) WKDW LV QRW LVRORLG�

�D� )LUVW REVHUYH WKDW LI DQ RSHUDWRU 7 OLHV LQ )� WKHQ LW PD\ KDSSHQ WKDW y, b 7

GRHV QRW OLH LQ ) IRU VRPH QRQ]HUR y � &� HYHQ LI 7 LV GRPLQDQW� )RU LQVWDQFH�
WDNH D XQLODWHUDO ZHLJKWHG VKLIW 6  VKLIW�I�NJ�N  �� RQ C�� ZLWK D ZHLJKW VH�
TXHQFH RI SRVLWLYH QXPEHUV WKDW FRQYHUJHV WR ]HUR� 6LQFH ��6�  I�J ZLWK �
LQ WKH UHVLGXDO VSHFWUXP RI 6� LW IROORZV WKDW WKLV LV DQ LQMHFWLYH TXDVLQLOSRWHQW
XQLODWHUDO ZHLJKWHG VKLIW� ,Q SDUWLFXODU� VHW �N  Nb� VR WKDW 6 LV D GRPLQDQW
RSHUDWRU DV ZH VDZ LQ 6HFWLRQ �� 3XW 7  , b 6� 6LQFH ��7 �  I�J� LW DOVR
IROORZV WKDW 7 LV D QRQTXDVLQLOSRWHQW GRPLQDQW RSHUDWRU� DQG VR D GRPLQDQW
RSHUDWRU LQ )� %XW , b 7  6 LV D GRPLQDQW RSHUDWRU QRW LQ ) �EHFDXVH 6 LV
D QRQ]HUR TXDVLQLOSRWHQW RSHUDWRU�� 6XPPLQJ XS� 7 LV D GRPLQDQW RSHUDWRU
LQ ) VXFK WKDW WKH GRPLQDQW RSHUDWRU , b 7 LV QRW LQ )�

�E� 1RZ REVHUYH WKDW SDUWV RI DQ RSHUDWRU LQ ) DUH QRW QHFHVVDULO\ LQ )� HYHQ LI
WKH\ DUH GRPLQDQW� )RU LQVWDQFH WKH RSHUDWRU 6 RI LWHP �D� LV D GRPLQDQW QRW
LQ ) EXW WKH �RUWKRJRQDO� GLUHFW VXP , j 6� ZKLFK LV FOHDUO\ GRPLQDQW� OLHV
LQ ) VLQFH LW LV QRW TXDVLQLOSRWHQW ���, j 6�  I�� �J��

�F� +RZHYHU� DOO SDUWV RI DQ LQYHUWLEOH RSHUDWRU EHORQJ WR )� ,QGHHG� LW LV HDV\ WR
VKRZ WKDW LI � �� ��7 �� WKHQ ��7 M0 � � I�J IRU HYHU\ QRQ]HUR SDUW 7 M0 RI 7 �
+HQFH DOO SDUWV RI WKH GRPLQDQW RSHUDWRU 7  , b 6 RI LWHP �D� OLH LQ ) �IRU
��7 �  I�J�� 0RUHRYHU� � LV QRW DQ HLJHQYDOXH RI 7 �DV � LV QRW DQ HLJHQYDOXH
RI 6� VR WKDW 7 LV QRW LVRORLG� 7KXV ZH KDYH SURYHG WKH IROORZLQJ DVVHUWLRQ�

&ODLP �� $ GRPLQDQW RSHUDWRU ZLWK DOO SDUWV LQ ) PD\ QRW EH LVRORLG�

�7KLV VKRZV D JDS LQ >��� 7KHRUHP �@� ZKHUH LW ZDV SURYHG WKDW LI DQ RSHUDWRU
7 LV GRPLQDQW DQG DOO SDUWV RI LW OLH LQ )� WKHQ � � �LV R�7 � LPSOLHV � � �3 �7 ���

,I ZH DVVXPH WKDW DOO WUDQVODWLRQV RI DOO SDUWV RI 7 OLH LQ )� LQVWHDG RI DVVXPLQJ
WKDW MXVW WKH SDUWV RI 7 DUH LQ )� WKHQ ZH JHW WKH IROORZLQJ H[WHQVLRQ RI 7KHRUHP ��



2 1 32 6 ,12 50 $/ 2 3(5$72 56 ��

&RUROODU\ �� ,I 7 LV D GRPLQDQW RSHUDWRU DQG y, b 7 M0 � ) IRU HYHU\ SDUW 7 M0
RI 7 DQG HYHU\ y � &� WKHQ 7 VDWLVpHV :H\O
V WKHRUHP�

3URRI� ,W LV FOHDU WKDW LI HYHU\ SDUW RI DQ RSHUDWRU 7 LV WUDQVDORLG� WKHQ y, b 7 M0
OLHV LQ ) IRU HYHU\ SDUW 7 M0 DQG HYHU\ VFDODU y� DQG WKLV ZDV ZKDW ZH QHHGHG WR
JHW WKH UHVXOW RI &ODLP � LQ WKH SURRI RI 7KHRUHP �� 7KXV� DV LW LV UHDGLO\ YHULpHG�
WKH VDPH SURRI RI &ODLP � VWLOO KROGV IRU WKLV FODVV RI RSHUDWRUV�

&ODLP �
� ,I y, b 7 M0 � ) IRU HYHU\ SDUW 7 M0 DQG HYHU\ y� WKHQ 7 LV LVRORLG�

7KHUHIRUH� LI DOO WUDQVODWLRQV RI DOO SDUWV RI 7 OLH LQ ) �L�H�� LI y, b 7 M0 � ) IRU HYHU\
SDUW 7 M0 RI 7 DQG HYHU\ y � &�� WKHQ HYHU\ WUDQVODWLRQ RI HYHU\ SDUW RI HYHU\ GLUHFW
VXPPDQG RI 7 OLHV LQ ) �UHDVRQ� LI �7 M5 �M0 LV D SDUW RI D GLUHFW VXPPDQG 7 M5
RI 7 � WKHQ 7 M0  �7 M5 �M0 LV D SDUW RI 7 �� DQG VR HYHU\ GLUHFW VXPPDQG RI 7 LV
LVRORLG E\ &ODLP �
� +HQFH 7 VDWLVpHV :H\O
V WKHRUHP E\ &ODLP � �DV LQ WKH SURRI
RI 7KHRUHP �� LI LW LV GRPLQDQW� e

5HPDUN �� +RZHYHU� VXFK DQ H[WHQGHG YHUVLRQ RI 7KHRUHP � GRHV QRW KROG XQGHU
D ZHDNHU K\SRWKHVLV ZKHUH MXVW WKH SDUWV RI D GRPLQDQW 7 DUH UHTXLUHG WR EH LQ ) �
&ODLP �
� $ GRPLQDQW RSHUDWRU ZLWK DOO SDUWV LQ ) PD\ QRW VDWLVI\ :H\O
V WKHRUHP�
�7KLV VKRZV D JDS LQ >��� 7KHRUHP ��@�� ,QGHHG� WDNH WKH XQLODWHUDO ZHLJKWHG VKLIW
6  VKLIW�INb�J�N  �� RI 5HPDUN � DQG FRQVLGHU WKH �RUWKRJRQDO� GLUHFW VXP �j 6

RQ &j C�� � :H VKRZ WKDW , b ��j 6� LV D GRPLQDQW RSHUDWRU ZLWK DOO SDUWV LQ )
WKDW GRHV QRW VDWLVI\ :H\O
V WKHRUHP� 7KH SURRI JRHV DV IROORZV� 6LQFH ��6�  I�J
DQG �3 �6�  "�

���j 6�  I�J > ��6�  I�J  I�J > �3 �6�  �3 ��j 6��

VR WKDW ��, b ��j 6��  I�J  �3 �, b ��j 6��� 0RUHRYHU� VLQFH GLP 1 �6�  �� ZH
JHW GLP 1 �, b �, b ��j 6��  GLP 1 ��j 6�  � VR WKDW }���, b ��j 6��  I�J�
)XUWKHUPRUH� 5�6� LV QRW FORVHG LQ C�� EHFDXVH � OLHV LQ WKH UHVLGXDO VSHFWUXP RI 6
EXW QRW LQ D RSHQ FRPSRQHQW RI LW� ,Q RWKHU ZRUGV� VLQFH 1 �6�  I�J DQG 6 LV QRW
ERXQGHG EHORZ� LW IROORZV E\ WKH %RXQGHG ,QYHUVH 7KHRUHP �VHH H�J�� >��� SS������@
WKDW 5�6� LV QRW FORVHG LQ C�� � DQG WKHUHIRUH

5
b

, b �, b ��j 6�
c

 5��j 6�  I�J j5�6�

LV QRW FORVHG LQ &j C�� � ZKLFK LPSOLHV WKDW � �� ���, b ��j 6��� 7KXV , b ��j 6�
GRHV QRW VDWLVI\ :H\O
V WKHRUHP� 6LQFH 6 LV GRPLQDQW� LW IROORZV WKDW �j 6 LV
GRPLQDQW� DQG VR LV , b ��j 6�� 7R FRPSOHWH WKH SURRI� REVHUYH WKDW DOO SDUWV RI
WKH RSHUDWRU , b ��j 6� DUH LQ ) EHFDXVH ��, b ��j 6��  I�J �UHFDOO� DOO SDUWV RI
DQ LQYHUWLEOH RSHUDWRU OLH LQ ) _ VHH 5HPDUN ��F���

5HPDUN �� 8QOLNH WKH GRPLQDQW RSHUDWRUV�0�K\SRQRUPDO RSHUDWRUV DUH RI FODVV )
>��� 7KHRUHP �@ �L�H�� WKH RQO\ TXDVLQLOSRWHQW 0 �K\SRQRUPDO LV WKH QXOO RSHUDWRU��
6LQFH WUDQVODWLRQV RI DQ0 �K\SRQRUPDO DUH WULYLDOO\0 �K\SRQRUPDO� DQG SDUWV RI DQ
0 �K\SRQRUPDO DUH DJDLQ 0 �K\SRQRUPDO >��@� LW WKHQ IROORZV WKDW y, b 7 M0 � )
IRU HYHU\ SDUW 7 M0 DQG HYHU\ y ZKHQHYHU 7 LV 0 �K\SRQRUPDO� 7KLV LPSOLHV WKDW

&ODLP �� 0 �K\SRQRUPDO RSHUDWRUV DUH LVRORLG�
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DFFRUGLQJ WR &ODLP �
 LQ WKH SURRI RI &RUROODU\ �� DQG DOVR WKDW 0 �K\SRQRUPDO
RSHUDWRUV VDWLVI\ WKH K\SRWKHVLV RI &RUROODU\ �� +HQFH &RUROODU\ � JLYHV VWLOO DQRWKHU
SURRI WKDW HYHU\ 0�K\SRQRUPDO RSHUDWRU VDWLVpHV :H\O
V WKHRUHP�

)LQDOO\� QRWH WKDW XQGHU WKH K\SRWKHVLV RI 7KHRUHP � �RU &RUROODU\ ��� LW DOVR
IROORZV WKDW :H\O
V WKHRUHP KROGV IRU I�7 � IRU HYHU\ DQDO\WLF IXQFWLRQ I GHpQHG RQ
DQ RSHQ QHLJKERUKRRG RI ��7 �� ([WHQGLQJ WKH SURRIV IURP 7 WR I�7 � IROORZ WKH
VDPH DUJXPHQW DV LQ >�@ RU >��@�

5HI HU HQF HV

�� % �$ � % DU Q HV� 0DMRU L] DW LRQ � U DQ JH LQ FOXVLRQ � DQ G IDFW RU L] DW LRQ IRU ERXQ GHG OLQ HDU RSHU DW RU V�
3 U RF� $ P HU � 0DWK � 6 RF� ��� ������� ���^����

�� 6 �.� % HU E HU LDQ � $ Q H[W HQ VLRQ RI : H\ O
V W KHRU HP W R D FODVV RI Q RW Q HFHVVDU LO\ Q RU PDO RSHU DW RU V�
0LFK LJDQ 0DWK � - � �� ������� ���^����

�� 3 �6 � % RX U G RQ � 2U ELW V RI K\ SRQ RU PDO RSHU DW RU V� 0LFK LJDQ 0DWK � - � �� ������� ���^����
�� 5�*� 'RX JODV� 2Q PDMRU L] DW LRQ � IDFW RU L] DW LRQ � DQ G U DQ JH LQ FOXVLRQ RI RSHU DW RU V RQ + LOEHU W

VSDFH� 3 U RF� $ P HU � 0DWK � 6 RF� �� ������� ���^����
�� % �3 � 'X JJDO DQ G 6 �9 � 'MRU G MHY LwF� * HQ HU DOL] HG : H\ O
V W KHRU HP IRU D FODVV RI RSHU DW RU V VDW �

LVI\ LQ J D Q RU P FRQ GLW LRQ � 0DWK � 3 U RF� 5R\ DO ,U LVK $ FDG � ��� ������� ��^�� �FRU U LJHQ G X P
VX E P LWWHG ��

�� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF DQ G & �6 � .X E U X VO\ � + HU HGLW DU LO\ Q RU PDORLG FRQ W U DFW LRQ V� $ FWD
6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����

�� % �3 � 'X JJDO DQ G & �6 � .X E U X VO\ � 3 DU DQ RU PDO FRQ W U DFW LRQ V KDYH SU RSHU W \ 3 ) � )DU ( DVW - � 0DWK �
6 FL� �� ������� ���^����

�� % �3 � 'X JJDO DQ G & �6 � .X E U X VO\ � : H\ O
V W KHRU HPV IRU SRVLQ RU PDO RSHU DW RU V� - � .RU HDQ 0DWK �
6 RF� �� ������� ���^����

�� % �3 � 'X JJDO DQ G & �6 � .X E U X VO\ � 7 RW DOO\ KHU HGLW DU LO\ Q RU PDORLG RSHU DW RU V DQ G : H\ O
V W KHRU HP

IRU DQ HOHPHQ W DU \ RSHU DW RU � - � 0DWK � $ Q DO� $ S S O� ��� ������� ���^����
��� 0�5� ( P E U \ � )DFW RU L] DW LRQ RI RSHU DW RU V RQ %DQ DFK VSDFH� 3 U RF� $ P HU � 0DWK � 6 RF� �� �������
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��� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V� % LU N K �DX VHU � % RVWRQ � �����
��� .� 2N X E R� 7 KH XQ LW DU \ SDU W RI SDU DQ RU PDO RSHU DW RU V� + RN N DLG R 0DWK � - � � ������� ���^����
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( [ S RVLWLRQ � ������� ���^����
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