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$EVW U DF W � $ Q DE VWU DFW Z DY HOHW LV D Q RQ ]HU R Y HFWRU Z LQ D + LOE HU W VS DFH +

WK DW JHQ HU DWHV DQ RU WK RQ RU P DO E DVLV IRU + LQ WHU P V RI D S DLU I'� 7J RI Q RQ �
FRP P X WLQ J E LODWHU DO VK LIWV RI LQ p Q LWH P X OWLS OLFLW\ RQ + VX FK WK DW '7 �  7'�
3 U RS HU WLHV RI VX FK DQ DE VWU DFW Z DY HOHW� DV Z HOO DV G HFRP S RVLWLRQ V RI WK H + LOE HU W
VS DFH + RQ Z K LFK Z OLY HV� DU H LQ Y HVWLJDWHG � ,W WX U Q V RX W WK DW WK HVH S U RS HU WLHV
DU H S U HFLVHO\ WK RVH RI / ��5��Z DY HOHWV�

�� ,QW U RGXF W LRQ

:H VKRZ LQ WKLV SDSHU WKDW WKH FRQFHSW RI / ��5��ZDYHOHWV FDQ EH H[WHQGHG WR
DEVWUDFW ZDYHOHWV _ WR EH GHpQHG DV ZDYHOHWV RQ DEVWUDFW +LOEHUW VSDFHV� $Q / ��5��
ZDYHOHW LV D IXQFWLRQ ��c� � / ��5� WKDW JHQHUDWHV D GRXEOH LQGH[HG RUWKRQRUPDO
EDVLV I�P�Q�c�J� �P�Q� � =d =� IRU WKH VHSDUDEOH +LOEHUW VSDFH / ��5� >��@ �VHH
DOVR >�@� >��@ DQG WKH UHIHUHQFHV WKHUHLQ�� 7KH JHQHUDWLQJ SURFHVV LV DFKLHYHG E\ WZR
ELODWHUDO VKLIWV RI LQpQLWH PXOWLSOLFLW\� ,W ZLOO EH VHHQ WKDW DQ DEVWUDFW ZDYHOHW KDV
DOO SURSHUWLHV RI DQ / ��5��ZDYHOHW�
%DVLF QRWLRQV� QRWDWLRQ DQG WHUPLQRORJ\ DUH SRVHG LQ 6HFWLRQ �� 5HVXOWV RQ VSDQ

RI LPDJHV RI VHWV XQGHU LQYHUWLEOH RSHUDWRUV� ZKLFK ZLOO SOD\ D FUXFLDO UROH LQ WKH
VHTXHO� DUH FRQVLGHUHG LQ 6HFWLRQ �� (TXLYDOHQW GHpQLWLRQV DQG HVVHQWLDO SURSHUWLHV
RI +LOEHUW VSDFH ELODWHUDO VKLIWV DUH GLVFXVVHG LQ 6HFWLRQ �� $EVWUDFW ZDYHOHWV DUH
WKHQ LQWURGXFHG LQ 6HFWLRQ � DV QRQ]HUR YHFWRUV WKDW JHQHUDWH RUWKRQRUPDO EDVHV IRU
+LOEHUW VSDFHV LQ WHUPV RI WZR QRQFRPPXWLQJ ELODWHUDO VKLIWV RI LQpQLWH PXOWLSOLFLW\
' DQG 7 VXFK WKDW ' LQWHUWZLQHV 7 � WR 7 � :DYHOHW H[SDQVLRQV DUH WDNHQ XS LQ
6HFWLRQ �� 7KHUH ZH VKRZ WKDW DQ DEVWUDFW ZDYHOHW YHFWRU� DQG WKH RUWKRQRUPDO
EDVLV RI YHFWRUV JHQHUDWHG E\ LW� UHVXOW LQ WZR IDPLOLHV RI RUWKRJRQDO VXEVSDFHV WKDW
GHFRPSRVH WKH XQGHUO\LQJ +LOEHUW VSDFH� )XUWKHU SURSHUWLHV RI WKHVH VXEVSDFHV DUH
LQYHVWLJDWHG LQ 6HFWLRQ �� :H FORVH WKH SDSHU E\ FRQVLGHULQJ SURMHFWLRQV RQ ZDYHOHWV
LQ 6HFWLRQ �� 7KHVH� LQ WKH FDVH RI / ��5��ZDYHOHWV� UHVXOW LQ WKH VR�FDOOHG 'LVFUHWH
:DYHOHW 7UDQVIRUP �':7� IRU 6LJQDO 3URFHVVLQJ�

�� 3U HO LP LQDU LHV

/HW + EH D �FRPSOH[� LQpQLWH�GLPHQVLRQDO� EXW QRW QHFHVVDULO\ VHSDUDEOH� +LOEHUW
VSDFH� %\ D VXEVSDFH RI + ZH PHDQ D FORVHG OLQHDU PDQLIROG RI +� DQG E\ DQ RSHU�
DWRU RQ+ ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI+ LQWR LWVHOI� /HW %>+@ EH WKH
XQLWDO %DQDFK DOJHEUD RI DOO RSHUDWRUV RQ +� 7DNH DQ\ / � %>+@ DQG OHW /e � %>+@

' DW H� - X O\ ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��& ���
. H\ Z RU GV� % LODWHU DO VK LIWV� + LOE HU W VS DFH� LQ Y DU LDQ W VX E VS DFHV� RU WK RJRQ DO G HFRP S RVLWLRQ �

X Q LWDU \ RS HU DWRU V� Z DY HOHWV� Z DQ G HU LQ J VX E VS DFHV�

�
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GHQRWH WKH DGMRLQW RI /� 7KH OLQHDU PDQLIROG UDQ/  /�+� LV WKH UDQJH RI /� DQG
WKH VXEVSDFH NHU/  /b��I�J� LV WKH NHUQHO �RU QXOO VSDFH� RI /� $Q LVRPHWU\
LV DQ RSHUDWRU 9 � %>+@ VXFK WKDW N9 [N  N[N IRU HYHU\ [ � + RU� HTXLYDOHQWO\�
VXFK WKDW 9 e9  ,� ZKHUH , GHQRWHV WKH LGHQWLW\ LQ %>+@� 5HFDOO WKDW LVRPHWULHV
SUHVHUYH LQQHU SURGXFW� $Q LQYHUWLEOH RSHUDWRU LV RQH WKDW KDV D ERXQGHG LQYHUVH�
DQG D XQLWDU\ RSHUDWRU LV DQ LQYHUWLEOH LVRPHWU\ �HTXLYDOHQWO\� DQ LQYHUWLEOH RSHUDWRU
8 VXFK WKDW 8b�  8e�� 7KH RUWKRJRQDO FRPSOHPHQW +k0 RI D VXEVSDFH 0 RI
+ ZLOO EH GHQRWHG E\ 0"� ,I I0qJ LV DQ\ LQGH[HG IDPLO\ RI SDLUZLVH RUWKRJRQDO

VXEVSDFHV RI + �L�H�� 0o " 0p ZKHQHYHU o � p�� WKHQ WKHLU GLUHFW VXP
/

q 0q

�WKH +LOEHUW VSDFH FRQVLVWLQJ RI DOO VTXDUH�VXPPDEOH IDPLOLHV RI YHFWRUV LQ + ZLWK
HDFK YHFWRU LQ HDFK 0q� LV XQLWDULO\ HTXLYDOHQW WR WKHLU WRSRORJLFDO VXP� WKDW LV�
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ZKHUH | VWDQGV IRU XQLWDU\ HTXLYDOHQFH� �$V XVXDO� ZH VKDOO ZULWH  IRU | ��
7KURXJKRXW WKH SDSHU� LQGLFHV P� Q� M� N ZLOO DOZD\V UXQ RYHU WKH VHW RI DOO LQWHJHUV
=� XQOHVV RWKHUZLVH VSHFLpHG�

�� 6SDQ RI ,P DJHV

7KH �OLQHDU� VSDQ RI D VXEVHW $ RI +� GHQRWHG E\ VSDQ$� LV WKH OLQHDU PDQLIROG RI
+ FRQVLVWLQJ RI DOO �pQLWH� OLQHDU FRPELQDWLRQV RI YHFWRUV LQ $� LWV FORVXUH �VSDQ$�b

�DOVR UHIHUUHG WR DV WKH VSDQ RI $� LV D VXEVSDFH RI +� XVXDOO\ GHQRWHG E\ :
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/HPPD �� ,I $ LV DQ\ VHW RI YHFWRUV LQ + DQG / LV DQ RSHUDWRU RQ +� WKHQ
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&RUROODU\ �� 7DNH DQ\ VHW $ RI YHFWRUV LQ + DQG OHW / EH DQ RSHUDWRU RQ +�

�D� /
B

$ LV FORVHG

LI DQG RQO\ LI

�E� /
B

$  
B

/$�

3URRI� �D� LPSOLHV �E� E\ /HPPD �� 7KH FRQYHUVH LV WULYLDO�

&RUROODU\ �� 7DNH DQ\ VHW $ RI YHFWRUV LQ +� ,I DQ RSHUDWRU / RQ + LV D FORVHG

PDSSLQJ �L�H�� WDNHV FORVHG VHWV LQWR FORVHG VHWV�� WKHQ

/
B

$  
B

/$�

3URRI�
:

$ LV FORVHG DQG VR LV /
:

$ LI / LV D FORVHG PDSSLQJ� $SSO\ &RUROODU\ ��

&RUROODU\ �� ,I $ LV DQ\ VHW LQ + DQG / LV DQ LQYHUWLEOH RSHUDWRU RQ +� WKHQ

/
B

$  
B

/$�

3URRI� ,I / LV LQYHUWLEOH �ZLWK D ERXQGHG LQYHUVH�� WKHQ LW LV D FORVHG PDSSLQJ �VHH
H�J�� >��� 7KHRUHP ����@� VR WKDW ZH FDQ DSSO\ &RUROODU\ ��

&RUROODU\ � ZLOO EH DSSOLHG RIWHQ LQ WKH VHTXHO� :H PLJKW EH WHPSWHG LQ DSSO\LQJ
&RUROODU\ � IRU RSHUDWRUV ZLWK FORVHG UDQJHV� LQ SDUWLFXODU� IRU LVRPHWULHV RU RUWKRJ�
RQDO SURMHFWLRQV� +RZHYHU� WKHVH DUH QRW QHFHVVDULO\ FORVHG PDSSLQJV� 7KH UHPDUN
EHORZ XVHV RUWKRJRQDO SURMHFWLRQV WR VKRZ WKDW &RUROODU\ � LV WKH EHVW ZH FDQ KDYH
DV IDU DV ?PRYLQJ RSHUDWRUV LQVLGH VSDQV� LV FRQFHUQHG�

5HPDUN �� 5HFDOO WKDW WKH UDQJH RI D FRQWLQXRXV SURMHFWLRQ �LQ SDUWLFXODU� RI DQ
RUWKRJRQDO SURMHFWLRQ� LV D �FORVHG� VXEVSDFH� 4XHVWLRQ� $UH RUWKRJRQDO SURMHFWLRQV
FORVHG PDSSLQJV" ,Q SDUWLFXODU� LV WKH LPDJH 3 � 1 � RI D �FORVHG� VXEVSDFH 1 RI +
XQGHU DQ RUWKRJRQDO SURMHFWLRQ 3 � + � + D �FORVHG� VXEVSDFH RI + " 7KH DQVZHU
LV ?1R�� 7KHUHIRUH �&RUROODU\ ��� ZLWK 1  

:
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/HW 3 � + � + EH WKH RUWKRJRQDO SURMHFWLRQ RQWR 0"  
:IH�NJ�N  � �L�H�� UDQ3  

0" DQG VR NHU3  0�� 2EVHUYH WKDW
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IRU HDFK Q y � VR WKDW I[QJ
LV D VHTXHQFH RI YHFWRUV LQ 3 �1 �� 1RWH WKDW I[QJ FRQYHUJHV LQ C�� WR [  

3�

N  �
�
N
H�N

LQ C�� � +RZHYHU� [ �� 0� 1 �FI� >��� 3UREOHP ����@� VR WKDW [  � 3 �1 �� 7KXV WKH
&ORVHG 6HW 7KHRUHP HQVXUHV WKDW 3 �1 � LV QRW FORVHG�

�� %LO DW HU DO 6KLI W V

7KHUH DUH VRPH DOWHUQDWLYH �EXW HTXLYDOHQW� ZD\V RI GHpQLQJ ELODWHUDO VKLIWV RQ D
+LOEHUW VSDFH �VHH H�J�� >�@� >�@� >�@� >�@� >��@� >��@� >��@�� 2QH RI WKHP JRHV DV IROORZV�

'HpQLWLRQ �� $Q RSHUDWRU 6 RQ + LV D ELODWHUDO VKLIW LI WKHUH H[LVWV DQ LQpQLWH
IDPLO\ I: NJ LQGH[HG E\ = RI QRQ]HUR SDLUZLVH RUWKRJRQDO VXEVSDFHV RI + WKDW
VSDQV + DQG 6 PDSV HDFK : N LVRPHWULFDOO\ RQWR : N � ��

7KDW LV� DQ RSHUDWRU 6 RQ + LV D ELODWHUDO VKLIW LI WKHUH H[LVWV D IDPLO\ I: NJN � =
RI QRQ]HUR VXEVSDFHV RI + VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV�

�D� : M " : N ZKHQHYHU M � N�

�E�
:

N : N  + �ZKLFK� DFFRUGLQJ WR �D�� PHDQV
/

N : N  +��
�F� 6M : � � : N � : N � � LV D XQLWDU\ WUDQVIRUPDWLRQ IRU HDFK N�

&RQGLWLRQ �F� HQVXUHV WKDW I:NJ LV D IDPLO\ RI XQLWDULO\ HTXLYDOHQW VXEVSDFHV� DQG
VR WKHVH VXEVSDFHV : N DUH DOO RI WKH VDPH GLPHQVLRQ� �1RWH� KHUH GLPHQVLRQ PHDQV
?RUWKRJRQDO� GLPHQVLRQ� FDUGLQDOLW\ RI DQ\ RUWKRQRUPDO EDVLV�� 7KLV FRPPRQ GL�
PHQVLRQ �WKH FRQVWDQW GLP : N� LV WKHPXOWLSOLFLW\ RI 6� :LWK UHVSHFW WR WKH �RUWKRJ�
RQDO� GLUHFW VXP GHFRPSRVLWLRQ +  

/�

N  b�
: N RI FRQGLWLRQV �D� DQG �E�� 6 LV

LGHQWLpHG ZLWK WKH IROORZLQJ �GRXEO\� LQpQLWH PDWUL[ RI WUDQVIRUPDWLRQV �WKH LQQHU
SDUHQWKHVLV LQGLFDWHV WKH ]HUR�]HUR HQWU\��
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ZKHUH HYHU\ HQWU\ GLUHFWO\ EHORZ WKH PDLQ EORFN GLDJRQDO LQ WKH PDWUL[ RI 6� QDPHO\�
8N  6M : � � LV XQLWDU\ DV LQ �F� DQG WKH UHPDLQLQJ HQWULHV DUH DOO QXOO� 7KXV LW LV
UHDGLO\ YHULpHG WKDW 6e6  66e  ,� ZKLFK PHDQV WKDW D ELODWHUDO VKLIW 6 LV XQLWDU\�

$ VXEVSDFH : RI + LV ZDQGHULQJ IRU DQ\ RSHUDWRU / RQ + �RU /�ZDQGHULQJ� LI

: " /Q: IRU DOO SRVLWLYH LQWHJHUV Q�

3URSRVLWLRQ �� ,I 8 LV D XQLWDU\ RSHUDWRU� WKHQ : LV 8�ZDQGHULQJ LI DQG RQO\ LI

8 M : " 8N : ZKHQHYHU M � N�
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3URRI� /HW 8 EH D XQLWDU\ RQ + DQG WDNH DUELWUDU\ LQWHJHUV M DQG N LQ =� 6LQFH
8 LV LQYHUWLEOH DQG LWV LQYHUVH LV XQLWDU\� LW IROORZV WKDW 8 M LV XQLWDU\� 5HFDOO WKDW
XQLWDU\ RSHUDWRUV SUHVHUYH LQQHU SURGXFW� 7KXV� IRU DQ\ VXEVSDFHV : DQG0 RI +�

: " 0 �� 8 M : " 8N0�

7KHQ� IRU HDFK LQWHJHU Q y �� : " 8Q: LI DQG RQO\ LI 8 M : " 8 M � Q: VR WKDW

: " 8Q : �� 8 M : " 8N : ZKHQHYHU M � N�

,I 8 LV D XQLWDU\ RSHUDWRU RQ + DQG : LV D 8 �ZDQGHULQJ VXEVSDFH RI + VXFK WKDW
I8N : J VSDQV +� WKHQ ZH VD\ WKDW : LV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH� ,Q RWKHU
ZRUGV� D 8 �ZDQGHULQJ VXEVSDFH : RI + �IRU VRPH XQLWDU\ 8 � %>+@� LV JHQHUDWLQJ
LI �FI� 3URSRVLWLRQ ��

B

N

8N :  + RU� HTXLYDOHQWO\�
0

N

8N :  +�

/HW 6 EH D ELODWHUDO VKLIW DV LQ 'HpQLWLRQ �� 6LQFH 6 LV XQLWDU\� DQG

: M " : N DQG : P� N  6P: N

IRU HYHU\ N�P DQG HYHU\ M � N� DOO LQ =� LW DOVR IROORZV E\ 3URSRVLWLRQ � WKDW : � LV
6�ZDQGHULQJ� DQG VR D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH IRU 6 E\ �D�� �E�� 7KDW LV�

6M : � " 6N : � ZKHQHYHU M � N DQG
B

N

6N : �  +�

0RUHRYHU� WKH PXOWLSOLFLW\ RI 6 LV SUHFLVHO\ WKH GLPHQVLRQ RI : �� $FFRUGLQJ WR �E�
+ LV VHSDUDEOH LI DQG RQO\ LI : � �HTXLYDOHQWO\� DQ\ : N� LV VHSDUDEOH� ,Q WKLV FDVH� D
VKLIW RI FRXQWDEOH PXOWLSOLFLW\ z LV WKH �FRXQWDEOH� RUWKRJRQDO� GLUHFW VXP RI z VKLIWV
RI PXOWLSOLFLW\ RQH� 5HFDOO WKDW WZR VKLIWV KDYH WKH VDPH PXOWLSOLFLW\ LI DQG RQO\ LI
WKH\ DUH XQLWDULO\ HTXLYDOHQW� DQG WKDW D pQLWH SRZHU Q RI D VKLIW RI PXOWLSOLFLW\ z
LV DJDLQ D VKLIW� QRZ RI PXOWLSOLFLW\ Qz �VHH H�J�� >�� 6HFWLRQ �@ DQG >��� &KDSWHU �@��
7KXV D VKLIW RI �pQLWH� HYHQ PXOWLSOLFLW\ KDV D XQLTXH VTXDUH URRW WKDW LV DJDLQ D
VKLIW� DQG VR KDV D VKLIW RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\ �VHH H�J�� >�� S����@�� 1H[W
ZH FRQVLGHU DQ HTXLYDOHQW GHpQLWLRQ RI D ELODWHUDO VKLIW �VHH H�J�� >�� &KDSWHU �@��

'HpQLWLRQ �� $ ELODWHUDO VKLIW 6 RQ + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH LV
VXEVSDFH 9 RI + �FDOOHG RXWJRLQJ VXEVSDFH� VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV�

�L� 6 9 ~ 9 �
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b� ,QGHHG� WKH IDPLO\ RI VXEVSDFHV I6N 9 J LV GHFUHDVLQJ
�L�H�� 6N � � 9 ~ 6N 9 � E\ FRQGLWLRQ �L�� DQG KHQFH 6N6
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RYHU� VLQFH 8e LV XQLWDU\ ZKHQHYHU 8 LV XQLWDU\� D ELODWHUDO VKLIW FDQ EH VLPLODUO\
GHpQHG LQ WHUPV RI LV DGMRLQW 6e  6b� E\ UHSODFLQJ WKH DERYH FRQGLWLRQV ZLWK

�L�� 9 � ~ 6e 9 ��

�LL��
7

N 6
N 9 �  I�J�

�LLL��
b
6

N6
N 9 �

cb
 +�



� &$5/ 2 6 6 � . 8%586 / < $1' 1+$1 / (9$1

ZKHUH WKH VXEVSDFH 9 � RI + LV UHIHUUHG WR DV LQFRPLQJ VXEVSDFH� ,QGHHG� SXW

9 �  6 9 �

6LQFH 6 LV XQLWDU\� LW KDV D FRQWLQXRXV LQYHUVH� DQG VR WKH OLQHDU PDQLIROG 9 � LV DV
FORVHG DV 9 �9 � LV D VXEVSDFH RI + ZKHQHYHU 9 LV�� 1RWH WKDW 6e 9 �  6e�6 9 �  9 �
6LQFH 6 9 ~ 9 E\ �L�� ZH JHW 9 �  66e 9 �  6 9 ~ 9  6e 9 �� 7KLV VKRZV KRZ
�L� LPSOLHV �L��� WKH FRQYHUVH IROORZV E\ WKH VDPH DUJXPHQW RQFH 6 LV XQLWDU\� 7KH
HTXLYDOHQFH EHWZHHQ �LL� DQG �LL��� DQG DOVR EHWZHHQ �LLL� DQG �LLL��� DUH WULYLDOO\ YHU�
LpHG VLQFH 6N 9 �  6N � � 9 DQG 6N 9  6N6e 9 �  6Nb� 9 �� 2EVHUYH WKDW WKH IDPLO\
RI VXEVSDFHV I6eN 9 �J LV DQ LQFUHDVLQJ IDPLO\ �L�H�� 6eN 9 � ~ 6e�N � �� 9 �� DFFRUGLQJ WR
FRQGLWLRQ �L��� $FWXDOO\� FRQGLWLRQV �L� DQG �L�� DUH HTXLYDOHQW WR

�L� 6N � � 9 ~ 6N 9 DQG �L�� 6eN 9 � ~ 6e�N � �� 9 �

IRU HYHU\ N LQ =� UHVSHFWLYHO\� 7KH OLQN EHWZHHQ 'HpQLWLRQV � DQG � LV JLYHQ E\ WKH
IROORZLQJ UHVXOW� �)RU D SURRI VHH� IRU LQVWDQFH� >��@ DQG WKH UHIHUHQFHV WKHUHLQ� LQ
SDUWLFXODU� VHH >�@ DQG >��@��

3URSRVLWLRQ �� /HW 6 EH D XQLWDU\ RSHUDWRU RQ D +LOEHUW VSDFH + DV LQ 'HpQLWLRQ

� DQG OHW 9 EH WKH RXWJRLQJ VXEVSDFH� 7KHQ

: �  9 k 6 9

LV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH IRU 6 VXFK WKDW

9  
�
0

Q �

6Q: ��

DQG 6 LV D ELODWHUDO VKLIW DV LQ 'HpQLWLRQ � ZLWK : N  6N : � IRU HDFK N LQ =�

5HPDUN �� 6LQFH WKH LQFRPLQJ VSDFH 9 �  6 9 LV VXFK WKDW 6e 9 �  9 � GXDO H[SUHV�
VLRQV RI WKRVH LQ WKH DERYH SURSRVLWLRQ UHDG DV IROORZV�

: �  6e 9 � k 9 � DQG 9 �  
�
0

Q �

6Q: �  
b�
0

Q b�

6eQ: ��

�� : DYHO HW 9HF W RU V

)RU VLPSOLFLW\ ZH VKDOO DVVXPH� IURP QRZ RQ� WKDW + LV D VHSDUDEOH +LOEHUW
VSDFH VR WKDW VKLIWV RI LQpQLWH PXOWLSOLFLW\ RQ + DUH QHFHVVDULO\ RI FRXQWDEO\ LQpQLWH
PXOWLSOLFLW\� 7KH EDVLF DVVXPSWLRQ LV� VXSSRVH

�$�� ' DQG 7 DUH ELODWHUDO VKLIWV RQ + RI LQpQLWH PXOWLSOLFLW\�

7KXV ' DQG 7 DUH XQLWDULO\ HTXLYDOHQW� $VVXPH WKDW WKH XQLWDULO\ HTXLYDOHQW VKLIWV

' DQG 7 GR QRW FRPPXWH EXW ' LQWHUWZLQHV 7 � WR 7 VR WKDW 7 � LV XQLWDULO\ HTXLY�

DOHQW WR 7 YLD WKH XQLWDU\ '� 7KDW LV� VXSSRVH

�$�� '7 � 7' DQG '7 �  7'�

7KH QH[W SURSRVLWLRQ H[KLELWV D FROOHFWLRQ RI FRQGLWLRQV HTXLYDOHQW WR'7 �  7'
LQ $VVXPSWLRQ �$���
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3URSRVLWLRQ �� 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� '7 �  7'�

�E� 'P7 �
�

 7'P IRU HYHU\ P � =�
�F� 7

�
� � 'P  'P7 IRU HYHU\ P � =�

�D�� '7 �Q  7Q' IRU HYHU\ Q � =�
�E�� 'P7Q�

�

 7Q'P IRU HYHU\ P � = DQG HYHU\ Q � =�
�F�� 7

�
� � 'P  'P7Q IRU HYHU\ P � = DQG HYHU\ Q � =�

3URRI� 1RWH WKDW DQ\ RI WKH DERYH DVVHUWLRQV WULYLDOO\ LPSOLHV �D�� 7KXV ZH VKDOO
VKRZ WKDW HDFK RI WKHP LV LPSOLHG E\ �D�� 7R YHULI\ WKDW �D� LPSOLHV �E� SURFHHG DV
IROORZV� ,I '7 �  7'� WKHQ 'Q7 �

�

 7'Q KROGV WDXWRORJLFDOO\ IRU Q  �� � DQG�
LI WKLV KROGV IRU VRPH Q y �� WKHQ LW KROGV IRU Q� �� ,QGHHG�

'Q� �7 �
��� �

 ''Q7 �
�
� ''Q7 �

�

7 �
�

 '7'Q7 �
�

 '7 �'Q  7''Q 7'Q� ��

ZKLFK SURYHV E\ LQGXFWLRQ WKDW

'7 �  7' LPSOLHV 'Q7 �
�

 7'Q IRU HYHU\ Q y ��

6LQFH 7 LV D ELODWHUDO VKLIW RI LQpQLWH PXOWLSOLFLW\ � LW KDV D XQLTXH LWHUDWLYH VTXDUH
URRW� ZKLFK PHDQV WKDW WKHUH H[LVWV D XQLTXH VTXDUH URRW �7

�
� � �

�
� RI 7

�
� � IRU HDFK

Q y �� ,Q WKLV FDVH� LW DOVR IROORZV WKDW�

'7 �  7' LPSOLHV 'bQ7
�
� �  7'bQ IRU HYHU\ Q y ��

,QGHHG� 7 �  �'b�7
�
� '�� VR WKDW �XQLTXHQHVV RI WKH VTXDUH URRW� 7  'b�7

�
� '�

DQG KHQFH WKH VRXJKW UHVXOW KROGV IRU Q  �� ,I LW KROGV IRU VRPH Q y �� WKHQ
�7

�
� ��� � ��  7

�
� �  'Q7'bQ  �'Q7

�
� 'bQ�� VR WKDW �XQLTXHQHVV RI WKH VTXDUH

URRW DJDLQ� 7
�

� ��� �  'Q7
�
� 'bQ  'Q'7'b�'bQ� DQG KHQFH WKH VRXJKW UHVXOW

KROGV IRU Q� � �L�H�� 'b�Q� ��7
�

� ��� �  7'b�Q� ���� ZKLFK FRPSOHWHV WKH SURRI E\
LQGXFWLRQ� )URP WKH DERYH WZR LPSOLFDWLRQV ZH FDQ LQIHU WKDW �D� LPSOLHV �E�� 1RZ�
WR VKRZ WKDW �E� LPSOLHV �F�� PXOWLSO\ �E� E\ 'bP ERWK IURP OHIW DQG IURP ULJKW�
DQG UHSODFH P ZLWK bP �VLQFH �E� KROGV IRU HYHU\ P � =� WR JHW WKH IRUP LQ �F��
1H[W� WR SURYH WKDW �D� LPSOLHV �D��� REVHUYH WKDW �D�� LV D WDXWRORJ\ IRU Q  �� �D�
LPSOLHV �D�� IRU Q  � WULYLDOO\ DQG� LI �D�� KROGV IRU VRPH Q y � WKHQ� E\ �D��

'7 ��Q� ��  '7 �Q7 �  7Q'7 �  7Q7'  7Q� �'�

ZKLFK SURYHV E\ LQGXFWLRQ WKDW

'7 �  7' LPSOLHV '7 �Q  7Q' IRU HYHU\ Q y ��

DQG WKHUHIRUH 7bQ'  '7b�Q IRU HYHU\ Q y � EHFDXVH 7 LV LQYHUWLEOH� 7KXV �D�
LPSOLHV �D��� 6LQFH 7Q LV D ELODWHUDO VKLIW RI LQpQLWH PXOWLSOLFLW\ IRU HYHU\ Q y ��
LW IROORZV WKDW �D�� LPSOLHV �E�� DV �D� LPSOLHV �E�� DQG VR �E�� LPSOLHV �F�� DV �E�
LPSOLHV �F��
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5HPDUN �� 5HFDOO WKDW �/b��e  �/e�b� DQG �/b��Q  �/Q�b� �GHQRWHG /bQ� IRU
HYHU\ LQYHUWLEOH RSHUDWRU / DQG HYHU\ LQWHJHU Q � =� DOVR �/Q�e  �/e�Q �GHQRWHG
/eQ� IRU HYHU\ RSHUDWRU / DQG HYHU\ LQWHJHU Q y � �RU HYHU\ LQWHJHU Q � = LI / LV
LQYHUWLEOH�� DQG WKDW /e  /b� LI / LV XQLWDU\� 7KXV DVVHUWLRQV �D�� �E�� �F�� �D���
�E�� DQG �F�� RI 3URSRVLWLRQ � DUH HTXLYDOHQW WR

�De� '7 e�  7 e'�

�Ee� 'P7 e�
�

 7 e'P IRU HYHU\ P � =�
�Fe� 7 e

�
� � 'P  'P7 e IRU HYHU\ P � =�

�De�� '7 e�Q  7 eQ' IRU HYHU\ Q � =�
�Ee�� 'P7 eQ�

�

 7 eQ'P IRU HYHU\ P � = DQG HYHU\ Q � =�
�Fe�� 7 e

�
� � 'P  'P7 eQ IRU HYHU\ P � = DQG HYHU\ Q � =�

UHVSHFWLYHO\� 7KHUHIRUH� DVVHUWLRQV �D�� �E�� �F�� �D��� �E�� DQG �F�� RI 3URSRVLWLRQ �
DQG WKH DERYH �De�� �Ee�� �Fe�� �De��� �Ee�� DQG �Fe�� DUH DOO SDLUZLVH HTXLYDOHQW�

0RUHRYHU� DOVR DVVXPH WKDW I'P7QZJ�P�Q� � =d= LV D �GRXEOH LQGH[HG� FRXQWDEOH�
RUWKRQRUPDO EDVLV IRU WKH �VHSDUDEOH� +LOEHUW VSDFH + IRU VRPH QRQ]HUR YHFWRU Z
LQ +� 7KDW LV� VXSSRVH WKHUH H[LVWV � � Z LQ + VXFK WKDW

�$��

�

!

!

�

!

!

�

�D� 'P7QZ " 'M7 NZ ZKHQHYHU �P�Q� � �M� N� LQ =d =�
�E� N'P7QZN  � IRU HYHU\ �P�Q� � =d =�
�F�

:

P�Q'
P7QZ  +�

'HpQLWLRQ �� ,I ' DQG 7 DUH RSHUDWRUV RQ + VDWLVI\LQJ $VVXPSWLRQV $� DQG $��
WKHQ DQ\ QRQ]HUR YHFWRU Z LQ + WKDW PDNHV I'P7QZJ�P�Q� � =d= DQ RUWKRQRUPDO
EDVLV IRU + DV LQ $VVXPSWLRQ $� LV D ZDYHOHW �RU DQ RUWKRJRQDO ZDYHOHW�� DQG WKH
YHFWRUV ZP�Q  'P7QZ DUH WKH ZDYHOHW YHFWRUV JHQHUDWHG IURP WKH ZDYHOHW Z�

5HPDUN �� ,I + UHSUHVHQWV VRPH FRQFUHWH +LOEHUW VSDFH RI IXQFWLRQV� WKHQ WKH WHUP
?ZDYHOHW IXQFWLRQV� LV XVHG LQVWHDG RI ?ZDYHOHW YHFWRUV�� )RU LQVWDQFH� LI+  / ��5�
DQG [ � / ��5�� WKHQ WKH RSHUDWRUV ' DQG 7 RQ / ��5� GHpQHG E\

\  '[ ZLWK \�W�  
S
�[��W�

DQG
\  7[ ZLWK \�W�  [�Wb ��

�IRU DOPRVW DOO W LQ 5 ZLWK UHVSHFW WR /HEHVJXH PHDVXUH� DUH ELODWHUDO VKLIWV RQ / ��5�
VDWLVI\LQJ $VVXPSWLRQV $� DQG $� �VHH >�� S��@ IRU GLVFXVVLRQV RQ $VVXPSWLRQ $���
$ ZHOO�NQRZQ ZDYHOHW DVVRFLDWHG ZLWK WKH DERYH RSHUDWRUV LV WKH VR�FDOOHG +DDU
ZDYHOHW �H�J�� >��� S����@�� WKH IXQFWLRQ Z LQ / ��5� GHpQHG �DOPRVW HYHU\ZKHUH� E\

Z�W�  

�

!

!

�

!

!

�

�� � � W x �
� �

b�� �
� � W x ��

�� W � 5Q��� �@�

0RUH JHQHUDOO\� IRU DQ\ UHDO QXPEHU o OHW 7o RQ / ��5� EH GHpQHG E\
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\  7o[ ZLWK \�W�  [�Wb o�

DOPRVW HYHU\ZKHUH LQ 5� ,W LV UHDGLO\ YHULpHG WKDW WKLV LV DJDLQ D ELODWHUDO VKLIW RQ
/ ��5� _ WKH VKLIWLQJ XQLW LV QRZ o UDWKHU WKDQ � _ WKDW WRJHWKHU ZLWK ' VDWLVI\
$VVXPSWLRQ $�� 1RWH WKDW DQ\ LQWHJHU SRZHU� VD\ Q� RI 7o FRLQFLGHV ZLWK 7Qo�

7 Q
o  7Qo IRU HYHU\ Q � = DQG o � 5�

DQG KHQFH WKH LGHQWLWLHV RI 3URSRVLWLRQ ��E�F� DUH JLYHQ E\

'P7�
�
o  7o'

P DQG 7 �� � '
P  'P7o

IRU HYHU\ P � = DQG HYHU\ o � 5�

�� : DYHO HW ([SDQVLRQ

1RZ WDNH DQ DUELWUDU\ [ � + DQG FRQVLGHU WKH IROORZLQJ IDPLOLHV I: P�[�JP� =
DQG I+Q�[�JQ� = RI VXEVSDFHV RI +�

���� 7KH VXEVSDFHV : P�[�� )RU HDFK YHFWRU [ � + OHW I: P�[�JP� = EH D IDPLO\
RI VXEVSDFHV RI + GHpQHG E\

: ��[�  
B

Q

7Q[ DQG : P�[�  'P: ��[�  'P
B

Q

7Q[ IRU HDFK P � =�

ZKHUH WKH VSDQV UXQ RYHU DOO LQWHJHUV Q LQ =� VR WKDW

: P�[�  : P�7
N[� DQG : P� N�[�  'N : P�[� IRU HDFK P� N � =�

$FFRUGLQJ WR &RUROODU\ �� WKHVH VXEVSDFHV FDQ DOVR EH ZULWWHQ DV

: P�[�  
B

Q

'P7Q[ IRU HDFK P � =�

:H VKDOO VHH EHORZ WKDW LI Z � + LV D ZDYHOHW� WKHQ I: P�Z�J LV D IDPLO\ RI
SDLUZLVH RUWKRJRQDO VXEVSDFHV� DQG WKLV LPSOLHV WKDW HDFK : P�Z� LV QRW '�LQYDULDQW
QRU 'e�LQYDULDQW EHFDXVH ' : P�Z�  : P� ��Z� DQG 'e : P� ��Z�  : P�Z��

3URSRVLWLRQ �� ,I Z LV D ZDYHOHW� WKHQ : ��Z� LV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH

IRU WKH ELODWHUDO VKLIW ' VR WKDW I: P�Z�J LV WKH IDPLO\ RI VXEVSDFHV WKDW DFWXDOO\

GHpQH WKH ELODWHUDO VKLIW ' DV LQ 'HpQLWLRQ �� 7KDW LV�

�D� : M�Z� " : P�Z� ZKHQHYHU M � P�

�E�
:

P : P�Z�  + �ZKLFK� DFFRUGLQJ WR �D�� PHDQV
/

P : P�Z�  +��
�F� 'M : � � : P�Z�� : P� ��Z� LV D XQLWDU\ WUDQVIRUPDWLRQ IRU HDFK P�

3URRI� %\ OLQHDULW\ LQ WKH pUVW DUJXPHQW DQG FRQWLQXLW\ RI WKH LQQHU SURGXFW� DQG
DOVR E\ &RUROODU\ �� LW IROORZV IURP $VVXPSWLRQ $��D� WKDW� ZKHQHYHU P � M�

'P: ��Z�  : P�Z�  
B

Q

'P7QZ "
B

N

'M7 NZ  : M�Z�  'M : ��Z��

7KHQ : ��Z� LV D ZDQGHULQJ VXEVSDFH IRU WKH XQLWDU\ RSHUDWRU ' DFFRUGLQJ WR
3URSRVLWLRQ �� ZKLFK LQ IDFW LV D JHQHUDWLQJ VXEVSDFH E\ $VVXPSWLRQ $��F�� ,Q�
GHHG� E\ XQFRQGLWLRQDO FRQYHUJHQFH RI WKH )RXULHU VHULHV �IRU WKH GRXEOH LQGH[HG
RUWKRQRUPDO EDVLV I'P7QZJ IRU WKH +LOEHUW VSDFH + RI $VVXPSWLRQ $�� ZH JHW
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B

P

'P: ��Z�  
B

P

B

Q

'P7QZ  
B

Q

B

P

'P7QZ  
B

P�Q

'P7QZ  +�

7KXV DVVHUWLRQV �D� DQG �E� IROORZ E\ WKH YHU\ GHpQLWLRQ RI WKH VXEVSDFHV : P�Z��
DQG DVVHUWLRQ �F� IROORZV IURP WKH IDFW 'M : � LV DQG LVRPHWU\ �UHDVRQ� UHVWULFWLRQ
RI DQ LVRPHWU\ WR DQ\ VXEVSDFH LV DJDLQ DQ LVRPHWU\�� ZKLFK LV VXUMHFWLYH �DJDLQ� E\
WKH YHU\ GHpQLWLRQ RI : P�Z�� VR WKDW 'M : � LV D XQLWDU\ WUDQVIRUPDWLRQ�

5HPDUN �� &RQVLGHU WKH VHWXS RI 3URSRVLWLRQ �� 1RWH WKDW WKH LQFRPLQJ VSDFH 9 �Z�
RI 'HpQLWLRQ � �ZLWK UHVSHFW WR WKH ELODWHUDO VKLIW '� LV� E\ 3URSRVLWLRQ ��

9 �Z�  
�
0

Q �

'Q: ��Z�  
�
0

Q �

: Q�Z�  
�
B

Q �

: Q�Z��

ZKHUH WKH WKLUG LGHQWLW\ IROORZV IURP 3URSRVLWLRQ ��D� VR WKDW� E\ &RUROODU\ ��

'N 9 �Z�  
�
B

Q �

'N : Q�Z�  
�
B

Q �

: Q� N�Z�  
�
B

Q N

: Q�Z� IRU HDFK N � =

DQG DOO FRQGLWLRQV RI 'HpQLWLRQ � DUH YHULpHG� DV H[SHFWHG� ,QGHHG�

�L� 'N � � 9 �Z�  :�

Q  N � � : Q�Z� ~
: �

Q N : Q�Z�  'N 9 �Z� IRU HYHU\ N � =�
�LL�

7

N '
N 9 �Z�  I�J �FI� PDWUL[ UHSUHVHQWDWLRQ RI WKH ELODWHUDO VKLIW '��

�LLL�
b
6

N'
N 9 �Z�

cb
 

:

N '
N 9 �Z�  :

N : N�Z�  + �FI� 3URSRVLWLRQ ��E���

,I Z � + LV D ZDYHOHW� WKHQ 3URSRVLWLRQ ��D�E� VXSSOLHV DQ RUWKRJRQDO GLUHFW VXP
GHFRPSRVLWLRQ RI + LQWR I: P�Z�J �DOVR VHH >�@� >�@� >��@� >��@� >��@� >��@ DQG >��@��

+  
0

P

: P�Z�  
B

P

: P�Z�  
B

Q

B

P

'P7QZ  
B

P�Q

'P7QZ�

ZKLFK LV UHIHUUHG WR DV D ZDYHOHW H[SDQVLRQ� ,QGHHG� IRU HDFK SDLU RI LQWHJHUV �P�Q� LQ
=d = FRQVLGHU WKH ZDYHOHW YHFWRU ZP�Q  'P7QZ � + JHQHUDWHG IURP WKH ZDYHOHW
Z � +� 7KXV� DFFRUGLQJ WR $VVXPSWLRQ $�� HYHU\ YHFWRU [ � + KDV D )RXULHU VHULHV
H[SDQVLRQ [  

3

P�QK[ �ZP�QLZP�Q LQ WHUPV RI WKH GRXEOH LQGH[HG RUWKRQRUPDO

EDVLV IZP�QJ IRU + JHQHUDWHG IURP WKH ZDYHOHW Z DV LQ 'HpQLWLRQ �� 1RWH WKDW� DV
LW KDSSHQV IRU DQ\ GRXEOH LQGH[HG RUWKRQRUPDO EDVLV IZP�QJ IRU D +LOEHUW VSDFH
+� WKH )RXULHU VHULHV H[SDQVLRQ RI HYHU\ YHFWRU [ LQ + KDV D ?)XELQL�OLNH� SURSHUW\
ZKHUH WKH VXPPDWLRQ RUGHU FDQ DOZD\V EH LQWHUFKDQJHG�

[  
;

P

;

Q

K[ �ZP�QLZP�Q  
;

P�Q

K[ �ZP�QLZP�Q  
;

Q

;

P

K[ �ZP�QLZP�Q�

GXH WR WKH XQFRQGLWLRQDO FRQYHUJHQFH RI WKH )RXULHU VHULHV�

���� 7KH VXEVSDFHV +Q�[�� )RU HDFK YHFWRU [ � + OHW I+Q�[�JQ� = EH D IDPLO\
RI VXEVSDFHV RI + GHpQHG E\

+��[�  
B

P

'P[ DQG +Q�[�  +��7
Q[�  

B

P

'P7Q[ IRU HDFK Q � =�

ZKHUH WKH VSDQV UXQ RYHU DOO LQWHJHUV Q LQ =� VR WKDW �FI� &RUROODU\ ��

+Q�[�  'N+Q�[� DQG +Q� N�[�  +Q�7
N[� IRU HDFK Q� N � =�
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$Q LPSRUWDQW IHDWXUH RI WKHVH VXEVSDFHV LV WKDW� IRU DQ\ YHFWRU [ � + �LQ SDUWLF�
XODU� IRU D ZDYHOHW Z � +�� HDFK +Q�[� UHGXFHV '� ZKLFK PHDQV WKDW HDFK +Q�[�
LV ERWK '�LQYDULDQW DQG 'e�LQYDULDQW� ,Q IDFW� 'e  'b� DQG 'h�+Q�[�  +Q�[�
�DFFRUGLQJ WR WKH DERYH FRQVHTXHQFH RI &RUROODU\ �� IRU HYHU\ Q � =�
5HFDOO WKDW� LI Z LV D ZDYHOHW� WKHQ I: P�Z�J LV D IDPLO\ RI SDLUZLVH RUWKRJRQDO

VXEVSDFHV RI + WKDW DUH QRW '�LQYDULDQW� DQG VR WKH\ FDQQRW EH XVHG WR GHFRPSRVH
WKH ELODWHUDO VKLIW'� 7KH QH[W UHVXOW H[SORUHV WKH IDFW WKDW I+Q�Z�J LV DJDLQ D IDPL�
O\ RI SDLUZLVH RUWKRJRQDO VXEVSDFHV VSDQQLQJ +� WKXV DQRWKHU ZDYHOHW H[SDQVLRQ�
B

P�Q

'P7QZ  
B

P

: P�Z�  
0

P

: P�Z�  +  
0

Q

+Q�Z�  
B

Q

+Q�Z� 
B

Q�P

'P7QZ

�DOVR VHH >��@� >��@� >��@ DQG >��@�� ZKLFK KDV WKH H[WUD SURSHUW\ RI UHGXFLQJ '�

7KHRUHP �� ,I Z � + LV D ZDYHOHW� WKHQ I+Q�Z�J LV D IDPLO\ RI SDLUZLVH RUWKRJ�

RQDO VXEVSDFHV RI + WKDW VSDQV +�

+  
0

Q

+Q�Z��

0RUHRYHU� HDFK +Q�Z� UHGXFHV ' VR WKDW

'  
0

Q

'Q�Z��

ZLWK HDFK 'Q�Z�  'M+ � �Z� EHLQJ D ELODWHUDO VKLIW RI PXOWLSOLFLW\ RQH DFWLQJ RQ HDFK

VXEVSDFH +Q�Z��

3URRI� 6LQFH I'P7QZJ�P�Q� � =d= LV DQ RUWKRQRUPDO EDVLV IRU +� LW IROORZV WKDW
I+Q�Z�J LV D IDPLO\ RI SDLUZLVH RUWKRJRQDO VXEVSDFHV RI+� DQG 7KHRUHP � IURP >��@
HQVXUHV WKDW

/

P: P�Z�  
/

Q+Q�Z�� 7KXV +  
/

Q+Q�Z� E\ 3URSRVLWLRQ ��E��
)XUWKHUPRUH� DV ZH VDZ DERYH� HDFK +Q�[� UHGXFHV ' VR WKDW '  

/

Q'M+ � �Z��
3XWWLQJ 'Q�Z�  'M+ � �Z� IRU HDFK Q ZH JHW

'Q�Z�ZP�Q  'M+ � �Z�'
P7QZ  'P� �7QZ  ZP� ��Q�

+HQFH HDFK 'Q�Z� VKLIWV WKH RUWKRQRUPDO EDVLV IZP�QJP� = IRU HDFK +LOEHUW VSDFH
+Q� DQG VR HDFK 'Q�Z� LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ RQH DFWLQJ RQ +Q�

�� 3U RSHU W LHV RI : P�[� DQG +Q�[�

7DNH DQ DUELWUDU\ YHFWRU �QRW QHFHVVDULO\ D ZDYHOHW� [ � +� :H KDG DOUHDG\ VHHQ
WKDW� IRU DQ\ LQWHJHUV N�P� Q � =�

'N : P�[�  : P� N�[�  'P� N : ��[� DQG 'N+Q�[�  +Q�[�  +��7
Q[�

�WKH VHFRQG LGHQWLW\ VKRZLQJ WKDW HDFK +Q�[� UHGXFHV '� VR WKDW WKH DFWLRQV RI '
RQ : P�[� DQG +Q�[� DUH HYLGHQW IURP WKH YHU\ GHpQLWLRQV RI WKHVH VXEVSDFHV� :H
KDG DOVR VHHQ _ DJDLQ� DV DQ LPPHGLDWH FRQVHTXHQFH RI WKH GHpQLWLRQV RI : P�[�
DQG +Q�[� _ WKDW� IRU DQ\ LQWHJHUV N�P� Q � =�

: P�[�  : P�7
N[� DQG +Q� N�[�  +Q�7

N[��

ZKLFK VKRZ KRZ WKHVH VXEVSDFHV DUH DoHFWHG �RU QRW DoHFWHG� E\ LPDJHV RI DOO
LQWHJUDO SRZHUV RI 7 � $SSO\LQJ 3URSRVLWLRQ � ZH QRZ SURYH IXUWKHU UHODWLRQV LQ WKLV
OLQH� ,Q SDUWLFXODU� ZH FRQVLGHU WKH DFWLRQ RI 7 RQ : P�[� DQG +Q�[��
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IRU HYHU\ Q y �� WKXV SURYLQJ �Ge��

2EVHUYH WKDW WKH IXOO DFWLRQ RI 7 RQ : Q�[� LV FOHDU IURP 3URSRVLWLRQ ��D�De��
+RZHYHU� WKHUH LV QR FRXQWHUSDUW RI DVVHUWLRQV �D� DQG �De� IRU +Q�[�� 7KDW LV� ZH
FDQQRW H[SUHVV WKH DFWLRQ RI 7 RQ +Q�[� LQ WHUPV RI +I�Q��)[� IRU VRPH SDLU RI
IXQFWLRQV I DQG ) � ,QGHHG� DOO ZH JHW IURP &RUROODU\ � DQG 3URSRVLWLRQ � LV
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ZKHUH 7Qo  7 Q

o IRU HYHU\ Q � = DQG HYHU\ o � 5� DV LQ 5HPDUN �� 7DNH DQ\
IXQFWLRQ [ � / ��5� �QRW QHFHVVDULO\ D ZDYHOHW�� )RU HDFK UHDO QXPEHU o� FRQVLGHU
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,Q WKLV SDUWLFXODU FDVH WKH H[SUHVVLRQV RI 3URSRVLWLRQ � DUH JLYHQ DV IROORZV�
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�� 3U RMHF W LRQ RQ : DYHO HW V

/HW 0 EH D VXEVSDFH RI + DQG OHW 30 � + � + EH WKH RUWKRJRQDO SURMHF�
WLRQ RQWR 0 �L�H�� WKH XQLTXH RUWKRJRQDO SURMHFWLRQ 30 RI + LQWR LWVHOI VXFK WKDW
UDQ30  0�� ,Q SDUWLFXODU� IRU DQ\ XQLW YHFWRU \ LQ + �L�H�� IRU DQ\ \ � + ZLWK
N\N  ��� WKH SURMHFWLRQ RQ \ LV WKH RUWKRJRQDO SURMHFWLRQ 3\ � + � + RQWR WKH
RQH�GLPHQVLRQDO VSDFH VSDQQHG E\ \ �L�H�� WKH XQLTXH RUWKRJRQDO SURMHFWLRQ 3\ RI
+ LQWR LWVHOI VXFK WKDW UDQ3\  VSDQ I\J�� ZKLFK LV JLYHQ E\

3\[  K[ � \L\ IRU HYHU\ [ � +�

7KHRUHP �� /HW ' DQG 7 EH RSHUDWRUV RQ + VDWLVI\LQJ $VVXPSWLRQV $� DQG $��

DQG OHW Z EH D ZDYHOHW LQ +� (YHU\ [ � + DGPLWV WKH IROORZLQJ GHFRPSRVLWLRQV�
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ZKLFK \LHOGV WKH UHVXOWV LQ �F��

7KHVH GHFRPSRVLWLRQV LQ �D�� �E� DQG �F� DUH UHIHUUHG WR DV VFDOHV� WLPH�VKLIWV

DQG WLPH�VWHSV GHFRPSRVLWLRQV� UHVSHFWLYHO\�

5HI HU HQF HV

�� ,� $ Q WRQ LRX DQ G .� *X VWDIVRQ � : DYHOHW V DQ G VW RFKDVW LF SU RFHVVHV� 0DWK � & RP S X W� 6 LP X ODWLRQ
�� ������� ��^����

�� 5� % HDOV� 7 RSLFV LQ 2SHU DW RU 7 KHRU \ �7 K H 8 Q LY HU VLW\ RI & K LFDJR 3 U HVV� & K LFDJR� ������
�� & �.� & K X L� $ Q ,Q W U RGXFW LRQ W R : DYHOHW V �$ FDG HP LF 3 U HVV� % RVWRQ � ������
�� - �% � & RQ Z D\ � 7 KH 7 KHRU \ RI 6 XEQ RU PDO 2SHU DW RU V �0DWK HP DWLFDO 6 X U Y H\ V DQ G 0RQ RJU DS K V
9 RO� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� ������

�� ; � 'DL DQ G '�5� /DU VRQ � : DQ GHU LQ J 9 HFW RU V IRU 8 Q LW DU \ 6 \ VW HPV DQ G 2U W KRJRQ DO : DYHOHW V�
�0HP � $ P HU � 0DWK � 6 RF� 9 RO� ���� Q R� ���� 3 U RY LG HQ FH� ������

�� 3 �$ � )LOOP RU H� 1 RW HV RQ 2SHU DW RU 7 KHRU \ �9 DQ 1 RVWU DQ G � 1 HZ < RU N � ������
�� 7 �1 �7 � *RRG P DQ � 6 �/� /HH DQ G : �6 � 7 DQ J� : DYHOHW V LQ Z DQ GHU LQ J VXEVSDFHV� 7 U DQ V� $ P HU �
0DWK � 6 RF� ��� ������� ���^����

�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� 3 �5� + DOP RV� $ + LOEHU W 6 SDFH 3 U REOHP %RRN � �Q G HG � �6 S U LQ JHU � 1 HZ < RU N � ������
��� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ �% LU N �

K �DX VHU � % RVWRQ � ������
��� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ �% LU N K �DX VHU � % RVWRQ � ������
��� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � ' XDO� VKLIW GHFRPSRVLW LRQ RI + LOEHU W VSDFH� 6 HP LJU RX S RI 2S HU �

DWRU V� 7 K HRU \ DQ G $ S S OLFDWLRQ V� 5LR G H - DQ HLU R� ���� �2S WLP L]DWLRQ 6 RIWZ DU H� /RV $ Q JHOHV�
����� ���^�����

��� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 6 KLIW U HGXFLQ J VXEVSDFHV DQ G LU U HGXFLEOH� LQ YDU LDQ W VXEVSDFHV

JHQ HU DW HG E\ Z DQ GHU LQ J YHFW RU V DQ G DSSOLFDW LRQ V� 0DWK � & RP S X W� 6 LP X ODWLRQ �� ������� ���^
����

��� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 2Q JHQ HU DW LQ J Z DQ GHU LQ J VXEVSDFHV IRU XQ LW DU \ RSHU DW RU V� $ G Y �
0DWK � 6 FL� $ S S O� �� ������� ��^���

��� 3 �'� /D[ DQ G 5�6 � 3 K LOOLS V� 6 FDW W HU LQ J 7 KHRU \ �$ FDG HP LF 3 U HVV� 1 HZ < RU N � ������
��� 3 �*� /HP DU LwH DQ G < � 0H\ HU � 2Q GHOHW W HV HW EDVHV KLOEHU W LHQ Q HV� 5HY � 0DW� ,E HU RDP HU LFDQ D� �

������� �^���
��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � $ Z DYHOHW ?W LPH� VKLIW � GHW DLO� GHFRPSRVLW LRQ � 0DWK � & RP S X W�

6 LP X ODWLRQ �� ������� ��^���
��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 7 LPH� VKLIW V JHQ HU DOL] HG PXOW LU HVROXW LRQ DQ DO\ VLV RYHU G\ DGLF�

VFDOLQ J U HGXFLQ J VXEVSDFHV� ,Q W� - � : DY HOHWV 0X OWLU HVROX W� ,Q I� 3 U RFHVV� � ������� ���^����
��� 6 � 0DOODW� $ : DYHOHW 7 RXU RI 6 LJQ DO 3 U RFHVVLQ J �$ FDG HP LF 3 U HVV� 6 DQ 'LHJR� ������
��� - �% � 5RE HU WVRQ � 2Q Z DQ GHU LQ J VXEVSDFHV IRU XQ LW DU \ RSHU DW RU V� 3 U RF� $ P HU � 0DWK � 6 RF� ��

������� ���^����
��� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� ,Q YDU LDQ W 6 XEVSDFHV �6 S U LQ JHU � 1 HZ < RU N � ������

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU

'HSDU W P HQW RI (O HF W U LF DO (QJLQHHU LQJ� 8QLYHU VLW \ RI & DO LI RU QLD LQ /RV $QJHO HV� /RV

$QJHO HV� & $ � � � � � �� � � � � 86$

( � PDLO DGGU HVV� OHYDQ#HH�XFOD�HGX


